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A systematic study on the effect of secondary decay on the symmetry energy coefficient extracted by isoscaling
and the recently proposed isobaric yield ratio methods within the statistical multifragmentation model (SMM)
is performed. The correlations between the input symmetry energy coefficients and the calculated ones from
both primary and secondary fragment yields are analyzed. Results for secondary fragments show that the best
estimation of the input symmetry energy coefficient within SMM is obtained by the isoscaling method, using the
yields of light fragments. A comparison to experimental results is also presented.
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Theoretical predictions [1] suggest that information on the
symmetry energy term of the nuclear equation of state can be
extracted from the isotopic distributions of primary fragments
produced in multifragmentation reactions. However, quanti-
tative information is difficult to extract as most fragments,
produced in excited states [2,3], decay to lighter stable isotopes
on a typical time scale of ∼10−20 s [4], before being detected.
These latter fragments are commonly referred to as secondary
fragments. Previous work has evaluated the excitation energies
of primary fragments [2,3] and indicated that secondary decay
may distort the signatures of the symmetry energy contained in
primary fragment observables [5,6]. It is therefore important to
study model predictions for observables that can be calculated
for both primary and secondary fragments.

A systematic study on the effect of the secondary decay
as predicted by the statistical multifragmentation model
(SMM) [7] is presented in this report, with particular emphasis
on the comparison between the recently proposed isobaric
yield ratio method [8] and the well-known isoscaling [6,9–13].
To ascertain the degree of confidence that can be obtained
in experimental results, the correlation between input values
and the quantities that can be extracted from secondary
fragments was established. A comparison of SMM predictions
to experimental data measured in 78, 86Kr + 58, 64Ni reactions
at 35 MeV/nucleon with the Neutron Ion Multidetector for
Reaction Oriented Dynamics (NIMROD) - Indiana Silicon
Sphere (ISiS) array [14] is also presented.

Isoscaling parameters deduced from isotopic yields mea-
sured in two similar reactions with different isotopic compo-
sition are commonly used observables [11,15,16] to access
the symmetry energy in heavy-ion collisions. The statistical
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interpretation of isoscaling links the isoscaling parameter α
to the symmetry energy coefficient Csym of the equation of
state [11,15,17]:
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2] and the (Z/A)i values correspond to the

proton fraction of the n-poor (i = 1) and n-rich (i = 2)
sources, respectively [11,15]. Other definitions of the quantity
� have been recently suggested [18,19], which take into
account the fragment isotopic composition rather than the
source composition. However, the debate on the proper choice
of � is still open. In this work, we will restrict ourselves
to the � definition suggested in Refs. [11,15], which is the
one first used for the statistical interpretation of the isoscaling
parameters.

The isobaric yield ratio method, recently proposed in
Ref. [8], allows one to extract Csym from the yield ratio of two
pairs of isobars, A, produced by the same reaction systems:

Csym

T
≈ −A

8
ln[R(3, 1, A)] − ln[R(1,−1, A)] − δ(3, 1, A)

(2)

where R(3, 1, A) and R(1,−1, A) are the ratio of the yields
of isobars A, with N − Z = 3, 1 and 1, −1, respectively. The
quantity δ(3, 1, A) is the difference in the mixing entropies of
isobars A, with N − Z = 3, 1 and can be neglected [8].

In this work the SMM model [7] was used to simulate
the statistical fragmentation of sources corresponding to
the Kr projectile in the reaction systems 78Kr + 58Ni and
86Kr + 64Ni [20] that were experimentally measured. This will
allow the comparison of simulated and experimental data.
The version of SMM used for the calculation is the one
described in Refs. [21,22]. The breakup density was chosen
to be ρ = ρ0/6 [10]. The input symmetry energy coefficient
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C in
sym was varied between 0 and the standard value of the

symmetry energy at normal density, 25 MeV. Source excitation
energies (E�) of 3, 5, and 7 MeV/nucleon were chosen,
allowing comparison with previous experimental data [20]. To
achieve a statistical uncertainty on the yield of every analyzed
fragment better than 10%, 106 events were generated for
each case analyzed in this paper. Isotopes for which fewer
than 100 counts were obtained in the calculation were not
used in the analysis. Isotopes with Z > 17 were not included
in the analysis, since Z = 17 corresponds to the highest
fragment charge detected with a good isotopic resolution by the
NIMROD apparatus [14], used in the experimental campaign.
Final fragment yields were obtained by using the standard
de-excitation procedure implemented in SMM. All ground
and nucleon-stable excited states of light fragments, as well as
in-medium modification of fragment properties at the breakup
stage were taken into account [22]. The transition energy for
the beginning of restoration of the properties of isolated nuclei
was chosen to be 1 MeV/nucleon. Such a value has, however,
to be considered as a lower limit [22].

The isoscaling and the isobaric yield ratio methods were
applied to the SMM-calculated primary fragment yields in-
cluding all the isotopes for each element in the calculation. The
symmetry energy coefficient to temperature ratio Csym/T was
extracted for each A from the isoscaling parameter α and the
isobaric yield ratios according to Eqs. (1) and (2), respectively.
To allow a comparison of the two methods, the results Csym/T
may be plotted as a function of A for the isobaric yield ratio
method and versus A = 2Z for isoscaling. For the isobaric
yield ratio method fragments produced in the 78Kr source
were considered. Similar results were obtained from the 86Kr
source. The symmetry energy coefficient extracted from the
data analysis with both methods will be referred to as Cout

sym
to distinguish it from the input symmetry energy coefficient
C in

sym.
The microcanonical temperature predicted by SMM was

used as the source temperature T . In Fig. 1 the weighted
average of the Cout

sym values obtained for each A from the
isoscaling [Fig. 1(a)] and isobaric yield ratio method [Fig. 1(b)]
for different E� are plotted as a function of the input C in

sym

value. The expected values, Cout
sym = C in

sym, are also plotted for
reference (full red line). The error bars reflect the statistical
uncertainties in the fragment yield and in the temperature.
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FIG. 1. (Color online) Correlation between C in
sym and Cout

sym values
obtained from the analysis of primary fragment yields. Cout

sym is
obtained by the isoscaling (a) and the isobaric yield ratio (b) methods
for all the E� and C in

sym combinations.

The Cout
sym values are monotonically increasing with C in

sym,
independent of the method used, but the calculated values are
systematically higher than the input values. The discrepancy
could be ascribed to the value of the temperature used to
determine Cout

sym. Indeed, the microcanonical temperature is
different from both the “kinetic” [23] and the “chemical” [24]
temperatures that can be extracted from particle kinetic
energies and isotopic yield ratios, respectively, and that are
typically used in similar analysis [6,11,25]. Essentially, no E�

dependence of Cout
sym values is observed. A small deviation of

the order of 10% is present only for the isoscaling-extracted
Cout

sym at C in
sym = 25 MeV for E� = 7 MeV/nucleon. Comparing

Figs. 1(a) and 1(b), we observe that the values extracted with
the two methods applied to primary fragments are similar,
although a slightly larger deviation from the expected values
is obtained by the isobaric yield ratio analysis rather than the
isoscaling. Moreover, the observed correlations suggest that
conclusions on the symmetry energy coefficient value, with a
systematic uncertainty on average of ∼20% and 40%, could
be drawn by analyzing primary fragments with isoscaling and
isobaric yield ratio methods, respectively.

Several works aimed to reconstruct primary fragments from
measured quantities [2,26]. Nevertheless, in the majority of the
experiments such information is not available. Therefore we
analyze the impact of the secondary decay on the C in

sym to
Cout

sym correlations that can be obtained with the two methods.
The same analysis procedures applied to primary fragment
yields were applied to secondary fragments to build the
C in

sym vs Cout
sym correlation presented in Fig. 2. Values obtained

by the isoscaling and the isobaric yield ratio methods are
plotted in the left and right panels, respectively. Note that
the y scale is different in the two columns. Cout

sym values were
extracted including in the calculation all fragments [referred
to as inclusive—Figs. 2(a) and 2(d)], 4 � A � 12 [Figs. 2(b)
and 2(e)] and 16 � A � 24 [Figs. 2(c) and 2(f)] fragments.
We recall that A = 2Z for the isoscaling. We now focus on the
values obtained with the isoscaling method [Figs. 2(a)–2(c)].
Largely, Cout

sym increases monotonically with C in
sym. This is true

both for inclusive [Fig. 2(a)] and light fragment [Fig. 2(b)]
isoscaling-extracted values, independent of the source E�. The
exception is the E� = 7 MeV/nucleon inclusive case, in which
a Cout

sym of about 10 MeV is obtained for C in
sym = 25 MeV.

This indicates that high source E� might be an issue when
extracting Cout

sym including heavy fragments in the analysis. A
reasonable agreement within 30%–40% of the value of C in

sym

and Cout
sym is observed for C in

sym � 14 MeV. Above such value,
the increase of Cout

sym with C in
sym is reduced for the inclusive

and 4 � A � 12 cases, while a saturation is observed when
applying the isoscaling to heavy fragments [Fig. 2(c)]. This is
probably due to the decay toward stability of exotic isotopes.
Therefore, within the SMM framework, experimental values
of or close to 14 MeV, recently reported in Refs. [6,27–29],
should be interpreted as the lower limit for the real C in

sym
value, especially if heavy fragments are included in the
analysis. The stronger dependence between C in

sym and Cout
sym

when only light fragments are considered indicates that a
better understanding of heavier fragment production should
be sought. Reconstruction of primary fragments could provide
a better understanding. Correlation techniques may provide a
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FIG. 2. (Color online) Correlation between C in
sym and Cout

sym values
obtained from the analysis of secondary fragment yields. Cout

sym is
obtained by the isoscaling [(a)–(c)] and the isobaric yield ratio
[(d)–(f)] methods for all the E� and C in

sym combinations. In the analysis
all fragment masses [(a), (d)], 4 � A � 12 [(b), (e)] and 16 � A � 24
[(c), (f)] were considered. For isoscaling, A = 2Z.

powerful tool for primary fragment reconstruction [2,26]. A
small dependence on E� is observed for any mass range (except
for C in

sym = 25 MeV). This indicates that the different effects
of secondary decay on fragments with different excitation
energies mainly cancel out when taking the ratio of the same
isotope produced in two similar sources

A monotonic increase of Cout
sym with C in

sym is observed for
the isobaric yield ratio method [Figs. 2(d)–2(f)]. This is
true independent of the mass range. A strong disagreement
of a factor of up to 4–6 is found between the input and
the output values with an inclusive analysis [Fig. 2(d)] and
when limiting the analysis to heavy fragments [Fig. 2(f)].
A better agreement between C in

sym and Cout
sym is obtained for

light fragments [Fig. 2(e)]. Although the output values are still
higher than the expected values, they present a behavior similar
to that observed for primary fragments and appear to be only
shifted by a constant offset. This suggests that, with the aid
of a simulation to estimate the shift, the input values could be
retrieved. In addition, a source E� dependence is observed
for the Cout

sym values. This indicates that, when analyzing
experimental data, a source excitation energy selection should
be applied to the data to extract meaningful information. It is
clear that, within this picture, the Cout

sym values extracted with
this method are strongly affected by secondary de-excitation
effects and it is more difficult to restore the correct C in

sym for
hot fragments without relying on a simulation.
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FIG. 3. Csym/T values determined by the isoscaling (a) and the
isobaric yield ratio method (b), from primary, secondary, and filtered
secondary yield distributions. The values obtained from GEMINI de-
excitation and those obtained for Ar and Hf sources are also plotted
(see text). C in

sym = 25 MeV and E� = 5 MeV/nucleon were used in
the calculation.

To investigate in more detail the effect of the secondary
de-excitation on the Cout

sym values extracted with the two
methods, we analyze the dependence of Cout

sym/T on the
fragment mass A. In addition to results on the fragmentation of
78,86Kr sources, fragmentation of 39, 43Ar and 156, 172Hf sources
with E� = 5 MeV/nucleon were also simulated by the SMM
model. The four sources have the same N/Z of 78Kr and 86Kr,
but charges half and double the Kr charge, respectively, and
were used to investigate possible finite-size effects.

In Fig. 3, Cout
sym/T values obtained for both primary

(triangles) and secondary (stars, squares, and circles) frag-
ments from isoscaling [Fig. 3(a)] and the isobaric yield ratio
[Fig. 3(b)] methods are plotted for C in

sym = 25 MeV and E� =
5 MeV/nucleon for the Kr sources. Values of Cout

sym/T obtained
for secondary fragments for 39, 43Ar (crosses) and 156, 172Hf
(X) sources are also plotted and will be discussed later. The
secondary de-excitation was performed, for comparison, both
by SMM (stars and circles) and the statistical sequential
secondary decay code GEMINI (squares) [30] applied to pri-
mary fragments generated by SMM. Indeed GEMINI includes
information on the nuclear structure and the energy levels for
higher-mass nuclei, in contrast to a more schematic description
included in SMM [7]. The secondary yields filtered for the ex-
perimental acceptance, thresholds, and resolution are labeled
as “ +Filter” (open symbols) and are also plotted in the figure.

We now focus on the Cout
sym/T values obtained for pri-

mary fragments (triangles) with both methods. As already
mentioned, the values obtained with the two methods are in
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good agreement. Moreover the Cout
sym/T values show a slightly

increasing trend as a function of A, more pronounced for higher
C in

sym. This dependence of Cout
sym/T on A could be attributed,

according to our analysis, neither to Coulomb contribution, nor
to a different average temperature at which different masses
are produced. The Cout

sym/T values extracted by isoscaling from
secondary fragment yields [open symbols and stars—Fig. 3(a)]
are lower than the values extracted from primary fragment
yields (triangles). Moreover, a constant behavior of Cout

sym/T as
a function of the fragment mass is observed, as opposed to the
slightly increasing behavior observed for primary fragments.
The obtained values show a gap between A = 14 and A = 16,
not present in the value obtained by GEMINI, which is due to the
change of the de-excitation mechanism implemented in SMM
for A = 16 [7]. The values obtained by SMM and GEMINI are
in good agreement for A < 16, within statistical uncertainty.
A good agreement of Cout

sym/T extracted from filtered (open
symbols) and unfiltered (stars) secondary yield distributions
with the isoscaling method is observed, which indicates that the
detection efficiency of the apparatus does not affect the values
obtained with this method. Finally, the Cout

sym/T values obtained
for the Ar and Hf sources are in good agreement with those
obtained for the Kr sources. This suggests that possible size
effects, if present, also do not affect the isoscaling-extracted
values.

We now focus on the values extracted with the isobaric
yield ratio method [Fig. 3(b)]. As opposed to the behavior
observed for isoscaling-extracted Cout

sym/T values, the Cout
sym/T

values determined from the yields of secondary fragments
are higher than those obtained from primary fragment yields
and present an increasing trend as a function of A. Within
the SMM model, such a trend can be ascribed to finite-size
effects. Indeed a much stronger increase and higher values
are observed for the Cout

sym/T obtained for the Ar source
(crosses), while a more constant behavior and values lower
than those obtained from the Kr source are found for the Hf
source (X). This is in agreement with the observed finite-size
effects affecting the yield ratio of isobars reported in Ref. [31],
within canonical and grand-canonical models. Moreover, the
values obtained by GEMINI are not in agreement with those
obtained by SMM and are rather scattered, as opposed to
the increasing trend observed for the SMM-calculated values,
especially for A � 14. Therefore, while the effects of the
secondary de-excitation are mitigated when taking the ratio
of the yields of the same isotope produced by similar sources,
as suggested in Ref. [10], this may not be the case when taking
the ratio of isobars produced by the same source, as done for
the isobaric yield ratio method. In addition, the experimental
filter response causes an increase in Cout

sym/T for 13 � A � 29,
as opposed to the good agreement observed for the isoscaling
method. A limitation of the isobaric yield ratio method as
compared to isoscaling is the more severe influence of the
background, of the relative contamination from neighboring
isotopes for the rarest isotopes and of the identification
efficiency of the experimental setup. Indeed, these effects
cancel out in the isoscaling method, while this is not true for
the isobaric yield ratio method, where the ratio of the yields
of different isotopes is considered. Therefore, the isobaric
yield ratio technique is more sensitive than isoscaling to the

experimental limitations; the Cout
sym values extracted for large

masses are particularly unreliable.
Finally, we compare the SMM predictions to experimental

data to infer, within the SMM framework, a C in
sym value. Re-

cently, isotopic yields of fragments produced in quasiprojectile
multifragmentation of 78, 86Kr + 58, 64Ni at 35 MeV/nucleon
were measured with the 4π NIMROD-ISiS array [14,32].
Good isotopic resolution was obtained for fragments up to
Z = 17. Information on the neutron multiplicity was provided
by the Texas A&M University Neutron Ball [32], in which
the charged particle array was housed. The mass, charge, and
excitation energy of the fragmenting quasiprojectile source
were reconstructed on an event-by-event basis, allowing
a selection of a well-defined source. The charge of the
source was constrained to be Z = 30 to 34. Details on the
experimental setup and on the source reconstruction can be
found in Ref. [20].

It has been reported in the literature [20,33] that better
isoscaling can be obtained when selecting two sources with
well-defined isotopic compositions rather than performing
a system-to-system isoscaling. The quasiprojectiles were
therefore identified by their excitation energy per nucleon and
their relative neutron excess ms = N−Z

A
, where N , Z, and A

are, respectively, the number of neutrons, protons, and total
nucleons in the reconstructed source. The excitation energy of
the quasiprojectile source was restricted to be between 3.5 and
5 MeV/nucleon (E� = 4.6 MeV/nucleon). Two bins in ms

were selected, which had average values of ms1 = 0.097 and
ms2 = 0.183 (ms2 − ms1 = 0.086, to be compared to 0.0859
obtained for the 78Kr and 86Kr sources, input of SMM).
Isoscaling was performed between the two sources, obtaining
a value of � = 0.0370 [see Eq. (1)], consistent within 2% with
the � value used to analyze the SMM data (� = 0.0378). The
isobaric yield ratio values for Csym/T were extracted for a
source whose average ms was equal to the difference in ms of
the sources used for the isoscaling. This allows us to compare
the results from the two different methods.

In Fig. 4 the experimental Csym/T (full symbols) and
the SMM Cout

sym/T prediction for secondary fragments (open
symbols) obtained by the isoscaling (circles) and the isobaric
yield ratio (triangles) methods are plotted as a function of the
fragment mass A. The values predicted by SMM were obtained
for C in

sym = 14 MeV and E� = 5 MeV/nucleon, which gives
the best agreement to the experimental mass and charge
distributions. We recall that a value of C in

sym � 14 MeV is in
agreement with previous experimental results [6,27,28], and
should be considered as a lower limit for the real C in

sym. The
predicted (open circles) and experimental (full circles) values
obtained by isoscaling method are in good agreement, espe-
cially for masses A > 16. We observe that SMM reproduces
both the experimental trend and the values. On the contrary,
the predicted (open triangles) and experimental (full triangles)
values obtained by isobaric yield ratio method are not in
agreement. This is true especially for masses A > 16, where
SMM predicts Cout

sym/T values higher by a factor of about 1.5
to 2 than the experimental values. Moreover the experimental
data are approximately constant as a function of A for masses
A < 20. The data for mass A = 21 and A = 23 have a larger
uncertainty due to the worsening of the isotopic resolution as
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FIG. 4. (Color online) Experimental (full symbols) and SMM
(open symbols) Csym/T values obtained with isoscaling (circles) and
isobaric yield ratio (triangles) methods. For the SMM calculation,
C in

sym = 14 MeV was used. The excitation energy was 5 MeV/nucleon
(see text).

the fragment mass increases. Moreover, the already mentioned
sensitivity of the isobaric yield ratio method to identification
efficiency effects makes Cout

sym/T values extracted for higher
masses (A > 20) less reliable. The increasing trend predicted
by SMM is not present in the data, within our isotopic
resolution. This might suggest that a more accurate description
of the de-excitation stage should be implemented in the model.

To conclude, the effect of the secondary decay as predicted
by SMM on the symmetry energy coefficient Cout

sym extracted
by the recently proposed isobaric yield ratio method was
investigated and compared to the symmetry energy coefficient
obtained by isoscaling. A monotonic increase of Cout

sym with
C in

sym independent of E� was observed for Cout
sym values extracted

from primary fragment yields, suggesting that conclusions on
Csym can be deduced from the yields of primary fragments
with both methods. A reasonable agreement of C in

sym and Cout
sym

was found for secondary fragment yields analyzed with the
isoscaling method, in particular when limiting the analysis
to lighter fragments. Experimental values of Csym � 14 MeV
should be considered as an upper limit, due to the saturation
of the Cout

sym values. The isobaric yield ratio method retains a
strong dependence of Cout

sym on C in
sym, but the obtained values

are higher than the expected values by a factor of ≈2 in the
best case.

The analysis of Cout
sym/T values extracted with the two

methods showed that the secondary decay affects different
observables to a different degree. In particular, the isobaric
yield ratio method is more vulnerable to secondary decay
and detection and identification efficiency effects than the
isoscaling method. This suggest that observables built from
the ratio of the yields of the same fragment should be preferred
to observables dependent on the absolute yields of different
fragments, according to SMM predictions. The discrepancy
of SMM and GEMINI results indicates that the impact of
the secondary de-excitation should be further investigated,
possibly with a more refined description of the secondary
decay.

Finally, a comparison of SMM predictions to experimental
data was presented. The SMM predictions reproduce well
the Csym/T values obtained with the isoscaling method for
C in

sym = 14 MeV, in agreement with previous experimental
results, which should be considered as a lower limit for the
real Csym.
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