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Investigation of the nuclear phase transition using the Landau free-energy approach
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Fragment yield data have been analyzed using the Landau free energy approach to investigate the critical
phenomena of fragmenting quasi-projectiles formed in 64Zn + 64Zn, 64Ni + 64Ni, and 70Zn + 70Zn reactions at
beam energy of 35 MeV/nucleon. Pairing coefficients normalized to the temperature of the fragmenting source
(ap/T ) were extracted from yield data of N = Z fragments in order to correct for odd-even effects in free energy
calculations. Plots of fragment free energy (F/T ) versus the neutron-proton asymmetry show three minima,
indicating the system to be in a first-order phase transition regime. Values of fitting parameters to the Landau free
energy equation as well as ap/T , which are related to thermodynamic properties of the fragmenting systems,
exhibit a dependence on the neutron-proton asymmetry in addition to their dependence on the excitation energy
of the fragmenting source.
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Studying the behavior of nuclear matter under extreme
conditions of temperature and density, including possible
phase transitions, is one of the most interesting phenomena
in heavy-ion collisions in the Fermi energy domain. The exis-
tence of a nuclear phase transition is currently the subject of
many investigations. Several papers have presented evidence
for the observation of critical behavior in experimental data.
This was done through caloric curves [1,2], critical exponents
[3], negative heat capacities [4], and other observables [5–9].

Nuclei are two-component systems (consisting of protons
and neutrons), and the change in nuclear energy associated
with changing neutron-proton asymmetry is defined as the
asymmetry energy. In earlier studies [10–14], the asymmetry
energy has been shown to be the dominant contribution to the
Landau free energy of fragments produced in various systems
in the vicinity of the critical point. Note that, near the critical
point for a liquid-gas phase transition, volume and surface
have very small contributions. The effect of the Coulomb term
has been observed to be of negligible importance in systems
approaching the critical point [11,14].

The nature of the phase transition of nuclear matter is
expected to be of the liquid-gas type due to the specific
form of the nucleon-nucleon interaction. This nuclear mat-
ter phase transition is qualitatively very different from the
phase transition phenomena studied in relativistic heavy-ion
collisions (RHIC) [15]. Similar to ground-state shape phase
transitions [16], the liquid-gas phase transition is sensitive to
the proton-neutron interactions.

In this brief report, we have investigated the role of the
neutron-proton asymmetry of the fragmenting source within
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the Landau free energy approach of phase transitions. A
detailed analysis of fragment yield data from fragmenting sys-
tems formed in the symmetric entrance channels 64Zn + 64Zn,
64Ni + 64Ni, and 70Zn + 70Zn at 35 MeV/nucleon is presented.
A similar work was performed with different systems by
Tripathi et al. [12–14]. Increased silicon coverage, greater
isotopic resolution and increased statistics have provided the
opportunity to carry out a more detailed analysis presented
here. It has been shown that a nuclear phase transition is
driven by the difference in proton-neutron concentration of
the fragments.

The experiment was performed at the Texas A&M Uni-
versity Cyclotron Institute. Charged particles were measured
using the NIMROD-ISiS 4π detector array, which was housed
inside the TAMU Neutron Ball [17]. The granularity and
excellent isotopic resolution provided by the array enabled the
reconstruction of the quasi-projectile (QP) in mass, charge,
and excitation energy. The QP is the large excited primary
fragment of the projectile following a non-central collision
with the target which will subsequently undergo breakup.
The Neutron Ball [17] provided event-by-event multiplicity of
the free neutrons emitted during each reaction. Details on the
experiment are reported in Refs. [18–20]. In order to minimize
the contribution from events that were dominated by non-
equilibrium emission, limits were set on the deformation of the
QP through a quadrupole cut [21]. The QPs were reconstructed
by selecting events with the condition that the longitudinal
velocity of fragments with Z = 1, 2, � 3 be in the range
of ±65%, ±60%, and ±40%, respectively, of the velocity of
the heaviest fragment in the event [21,22]. The QP mass was
restricted to be in the range 54 � A � 64. Its excitation energy
was deduced using the measured free neutron multiplicity,
the charged particle kinetic energies, and the Q-value of the
breakup [22]. To minimize any contribution from collective
effects, the fragment kinetic energy was calculated using only
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the fragment transverse velocity. Data were sorted into four
different bins in QP source asymmetry [ms = (Ns − Zs)/As]
ranging from 0.04 to 0.24 with bin width of 0.05. The source
asymmetry ms was calculated on an event-by-event basis from
A and Z of the detected fragments. This value was corrected
for free neutrons emitted by the QP [21,23]. The central ms

values corresponding to these ms bins are 0.065, 0.115, 0.165,
and 0.215. The four ms bins will be referred to with their central
values in the rest of the discussion. Effects of QP excitation
energies on the thermodynamic quantities were investigated
by gating the data into six bins of 1 MeV in the range of
3–9 MeV/nucleon.

According to the modified Fisher model, the fragment yield
near the critical point is given by [14]

Y = y0A
−τ e− F

T
A , (1)

where F/T is the free energy per nucleon of the fragment
normalized with respect to the system temperature T , y0

is a constant, A is the fragment mass number and τ is a
critical exponent. In the Landau free energy approach, the
key assumption is that in the vicinity of the critical point,
the free energy (F/T ) can be expanded in a power series
in the order parameter m. This is given by the following
equation [14]:

F

T
= 1

2
am2 + 1

4
bm4 + 1

6
cm6 − H

T
m , (2)

where m = (Nf − Zf )/Af and Nf , Zf and Af are the neu-
tron, proton, and mass numbers of the fragment, respectively.
The quantity H is the conjugate variable of m and a, b, and
c are fitting parameters which depend on the temperature,
density or pressure of the fragmenting system. Note that in
the absence of H , the free energy F/T is symmetric in
the exchange of m to −m indicating that nuclear forces are
invariant when exchanging Nf and Zf . This symmetry is
violated in the presence of the H which arises when the source
is asymmetric in the chemical composition. The quantities
m and H are related to each other through the relation
m = −∂F/∂H [24,25]. In the absence of any external field
(H/T = 0), the condition for the minimum at m = 0 is a > 0
while the condition for two additional minima at |m| > 0 is
b � −2

√
ac. The curve defined by b = −2

√
ac is the phase

coexistence boundary which corresponds to superheating [24].
The condition for three minima at m = 0 and |m| > 0 to
be degenerate with F/T = 0 is b = −4

√
ac/3 [the line of

first-order phase transition] [24]. Non-zero external fields lead
to shifts of these boundaries.

The free energy F/T values are usually obtained by
normalizing fragment yields with respect to 12C yields to
eliminate the constant y0. However, for N = Z nuclei, where
pairing effects are more easily seen, the F/T values were
observed to significantly deviate from the regular behavior of
the N �= Z fragments. These so-called odd-even effects were
corrected by a pairing coefficient extracted from an analysis
of N = Z fragment yields. The following equation was used
for the fragment yield to take into account pairing effects:

Y = y0A
−τ e

−( F
T

− ap
T

δ

A3/2 )A
, (3)

E*/A (MeV)
3 4 5 6 7 8 9

/T
pa

2

2.1

2.2

2.3

2.4

2.5

2.6
=0.065sm
=0.115sm
=0.165sm
=0.215sm

FIG. 1. (Color online) ap/T values as a function of QP excitation
energy. Different symbols correspond to data of different ms bins.
Errors bars represent fitting errors.

where ap is the pairing coefficient and δ = −1, 0 and +1 for
odd-odd, odd-even and even-even nuclei, respectively. Note
that the pairing free energy used here corresponds to the
ground-state energy (Ep = apδ/A1/2). This term is expected
to be modified at different densities and temperatures.

As F/T = 0 for N = Z fragments, taking the logarithm of
Eq. (3) gives the following linear equation:

ln(YAτ ) = ln(y0) + ap

T

δ

A1/2
, (4)

where ap/T is the slope and ln(y0) the intercept. A linear fit
to the N = Z data allows the extraction of the values of ap/T
and y0.

In Fig. 1, the ap/T values obtained as slopes of the linear fit
to the N = Z data for different ms bins are plotted as a function
of the QP excitation energy. It is observed that ap/T values
systematically decrease with increasing QP excitation energy.
The same trend has been observed in previous work [14]. A
small dependence on the QP ms bin is observed. This suggests
a dependence of T and/or ap on the neutron-proton asymmetry
of the fragmenting source. The ap/T values obtained are used
to estimate the temperature of the QP for each ms bin. Using
ap = 12 MeV, the ground-state pairing energy coefficient, we
obtained the QP temperatures of 5.16 MeV for ms = 0.065 and
5.15 MeV for ms = 0.215 at E∗/A = 5.5 MeV. As the effect
of temperature, density and the neutron-proton asymmetry
on the pairing coefficient is not known, the QP temperature
values extracted here are only reasonable estimates. The
determination of temperatures and densities of the selected
QPs in the gas phase is discussed elsewhere [26].

Figure 2 shows free energy (F/T ) values for different ms

bins at an excitation energy of 6.5 MeV of the QP. Only
charged particle yields are used in the Landau fitting since the
efficiency for measuring neutrons differs from the efficiency
for measuring charged particles. The calculated ms values are
not affected by the uncertainty in measuring free neutrons since
most of these neutrons are bound in the fragments. The value
of τ = 2.3 ± 0.1, obtained in earlier works from the power
law dependence of mass yields [10,11], was used in this work.
Solid lines (Landau Fit 1) are fits to the data using the complete
Landau free energy [Eq. (2)] with a, b, c, and H/T as free
parameters. Dashed lines (Landau Fit 2) are fits to data using
only the first and last terms of Eq. (2), a case corresponding
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FIG. 2. (Color online) F/T values as a function of fragment
neutron-proton asymmetry m for an excitation energy of 6.5 MeV
of the QP. Different panels correspond to different neutron-proton
asymmetry (ms) bins of the QP. The values of ap/T and y0 used in
the calculation of F/T were obtained from the analysis of N = Z

fragments. Solid lines (Landau Fit 1) are fits to the data using the
complete Landau free energy [Eq. (2)]. Dashed lines (Landau Fit 2)
are fits to data using only the first and last terms of Eq. (2). Error bars
corresponding to statistical errors are smaller than the points.

to single phase systems. It is seen in the figure, however, that
the complete form of Eq. (2) provides a better fit to the free
energy data. Three minima are seen in the free energy plot
where the central minimum is shifted from zero, indicating the
presence of an external field. The appearance of three minima
is a signature of a first-order phase transition [24].

The fitting parameters a, b, c, and H/T extracted for
each ms bin are plotted versus the QP excitation energy
in Fig. 3. The parameters a, b, and c, which are related
to thermodynamic properties of the fragmenting system,
show a dependence on ms . The parameter a decreases with
increasing QP excitation energy, while b generally increases
with increasing QP excitation energy. Within experimental
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FIG. 3. (Color online) Fitting parameters a, b, c, and H/T

obtained from fits to the free energy data as a function of the QP
excitation energy for different bins in ms . Error bars represent fitting
errors.
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FIG. 4. (Color online) Plot of −4
√

ac/3 as a function of b

for different bins in ms . Error bars represent fitting errors. The
long-dashed line corresponds to the line of first-order transition
(b = −4

√
ac/3) while the short-dashed line represents the phase

coexistence boundary (b = −2
√

ac).

uncertainties, the parameter c is almost constant over the
entire range of QP excitation energy. The values of H/T
show a systematic increase with increasing ms , except for
the lowest ms bin which shows a relatively flat behavior. This
linear dependence qualitatively verifies that H is the conjugate
variable of ms , as shown in Refs. [10–13,27]. A decrease of
H/T with increasing QP excitation energy is also observed.
The parameters a, b, and c very closely satisfy the condition
for a first-order phase transition b = −4

√
ac/3, as evidenced

in Fig. 4. Clearly, one sees that even considering the error bars
the data lie inside the phase coexistence region which is above
the short-dashed line (b = −2

√
ac). Below this line the system

can only exist in a single phase. However, this interpretation
would only be regarded as conclusive with data points at large
m values that give a better constraint on the parameters a, b,
and c.

In conclusion, fragment yield data from fragmenting
sources with different proton and neutron concentrations have
been analyzed using the Landau free energy approach. The
Landau equation was used to fit free energies obtained from
fragment yields. The fitted curves have shown three minima
that indicate the system to be in a regime of a first-order phase
transition. Extracted pairing coefficients from N = Z nuclei
give reasonable estimates of the temperatures of QP sources.
The parameters of the Landau equation as well as extracted
pairing coefficients which are related to the state variables of
the QP have been observed to depend on its proton and neutron
concentration and its excitation energy. This suggests that the
nuclear equation of state depends on the proton and neutron
concentration of the fragmenting system. The present results
lend further support to the validity of conclusions drawn in
previous works on the Landau free energy approach. Hence,
we regard these results as important from the perspective of
using the Landau free energy approach for the description of
the critical behavior in nuclei.
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