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Derivation of the Fermi function in perturbative quantum field theory
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We postulate that the Fermi function should be derived from the amplitude, not from the solution of the Dirac
equation, in quantum field theory. Then, we obtain the following results: (1) We give the amplitude and width
of the neutron § decay, n — p + e~ + ,, to the first order in «. We evaluate it using Feynman parameters. (2)
As the result, we confirm the terms, which can be interpreted as the Fermi function expanded to order «. (3) We
give the same result using the contour integral. (4) We check that there are no such terms in a similar process,
U, + p — et + n. (5) We perform the Fermi function expanded to the second order in & using contour integral.
(6) The conventional Fermi function affects the convergence of perturbation theory.
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I. INTRODUCTION

To evaluate the § decay rates, for example,n — p +e~ +
., we introduce the Fermi function. It represents the effect
of the electromagnetic potential caused by the proton. The
electron runs through this potential. This function affects the
B spectrum, the decay width, and the lifetime of the parent
particle.

The Fermi function has been derived so far as the solution
of the Dirac equation in electromagnetic potential [1-4]. In
B decay, the decay itself is caused by weak interaction and
is treated as the intermediate state, which is represented as
the amplitude. The final-state particles are in electromagnetic
potential. This effect is factorized as the Fermi function [5]. For
the nonrelativistic limit in neutron f decay, it takes the form

2ma/v

Fr = 1 — e—2ma/v ’

ey
where « is the fine structure constant and v is the electron
velocity in the neutron rest frame. To calculate the decay
width, the Fermi function is multiplied by the absolute square
of the amplitude and integrated over the phase space. This is
the same for the loop amplitude. For the sake of simplicity, in
most of this paper, we set the parent and daughter nucleons as
neutron and proton, respectively.

From a quantum field theoretical point of view, this
potential effect is also the interaction of the intermediate
state. Generally, the created particles should be considered
as the asymptotic fields in the far future. The asymptotic fields
are free from the interactions between the created particles.
The electromagnetic interaction should be derived from the
loop diagrams. Furthermore, this effect should appear in
perturbation theory as
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order by order with respect to «. References [6,7] men-
tioned that the Coulomb term appeared in the one-loop
correction.

In Refs. [6,7], this term was factored out as a part
of the Fermi function following the usual convention. It
is appropriate for perturbation theory of order «. How-
ever, Fnr is actually expanded with respect to «/v rather
than «. This affects order « correction as we discuss in
Sec. V.

In this paper, we give the Fermi function up to order . In
Sec. II, the B-decay amplitude and the decay width to the first
order in « are obtained by computing the integral directly using
Feynman parameters. In Sec. III, we extract only the Fermi
function to the first order in o using the contour integrals. In
Sec. IV, we perform the Fermi function to the second order in
a. In Sec. V, the conclusion and discussion are given.

II. A ONE-LOOP CALCULATION INTRODUCING THE
FEYNMAN PARAMETERS

The tree-level B-decay diagram is depicted in Fig. 1,
where the parameters in each set of parentheses represent
their momenta. Also, the one-loop diagrams are depicted
in Fig. 2 with the field-strength renormalization. According
to Ref. [8], the one-loop amplitude is divided into three
partsasiMy, = iM; + i M, + i M3. We calculate only i M +
i M,, which does not depends on ¢""k, in the numerator
of proton propagator, where o”¥ = i(y*y" — y"y*)/2. To
cancel the infrared divergence, we consider the sum of two
bremsstrahlung diagrams, i M},.

The detailed calculations are given in Appendix A, and the
result is
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FIG. 1. Tree-level diagram.
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where kyy = m, —m, — E.; Gg, m,, m,, m,, and E, are the
Fermi constant, neutron mass, proton mass, electron mass, and
electron energy, respectively; C represents the Gamow-Teller
coupling constant relative to the Fermi constant; and Li(x) is
the Spence function defined as

Li(x) = —/x dzw. )
0

Z

kys can be interpreted as the maximum radiated photon energy
for given E, in the bremsstrahlung diagrams. We set m, =~
my, > E,, m, and the neutrino mass is zero. dI'; is a part
depending on i M3, which does not depend on v [8]. We do not
calculate dI'; in this paper. The electron velocity is represented
as v = |q’|/q}, in the neutron rest frame. The first term in the
curly brackets of Eq. (3) is inversely proportional to v. This
term is interpreted as the Fermi function expanded to the first
order in o, which is expressed in Eq. (2).

According to Appendix A, the amplitude is approximately
written as

iMo+iM, > iM, (1 n iISa)
47

SiM 1+7rot+,ozlo 4mg v?
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0 2v 2v g w2 1 —v?
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for v <« 1, where u is the photon mass introduced to regulate
the infrared divergence. The last term does not affect the one-
loop decay width but affects the two-loop one as explained
later.

III. EXTRACTING ONE-LOOP FERMI FUNCTION

We derive Eq. (5) again. Here, we use the contour integral.
According to Appendix A, Is, contains this term. /5, originates
from one-loop diagram in Fig. 2, not from the bremsstrahlung
or field-strength renormalization terms. Furthermore, the
integrand of Is, does not contain k in its numerator. Therefore,

n(p) =My,

FIG. 2. One-loop diagram.
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we start from

d*k —4e>Myp' - q'
Qr)* (p' —k)? —m? +ie
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iM; >

(6)

where i€ is a convergence factor; e is the electromagnetic
coupling constant.

Next, we integrate Eq. (6) over ko. The k¢ integral can
be performed as a contour integral in the complex plane. We
close the contour downward, picking up the poles at kg = p;, +

,/p(/)2+k2—ie, ko = —q) +\/q(’)2+k2—2q’~k—ie, and

ko = \/k*> + u? — ie. Since we focus on the terms propor-
tional to /v, which dominate for v = |¢’|/g) < 1, we set

Py > q; > 1q'|. The contributions that converge for v — 0
can be ignored. For |k| 2 g, the integral over |k| converges
even if we set v — 0, though we keep v finite. Hence,
we set g, > |k|, and the locations of poles are ko > 2py,

ko >~ 2—}]/(’(2 —2q' -k —ie), and kg >~ /k? + u? — ie. When
0
we write only the contribution from the second pole explicitly,

d’k 1
Qr)Y k2 +2q -k —ie

iM; > 2eqhi My

1
X ————— + -, 7
k4 u? —ie )
where “+ - - -” represents the contribution from other poles.

By defining x = k/|q'|, x = |x|, cos = q" - k/(Iq'||k]),
and & = u/|q’|, the integrand becomes dimensionless as

d cosO0dx x2

x2+2xcosh —ie x2+ % —ie

eziMO q(,)
272 |q'|

()liM() *°
> [ xd
TV Jo

In the right-hand side, “+ - - " is ignored since these terms are
not proportional to the factor 1 /v. Generally, the dimensionless
integrand does not contain the factor v. Then, we can ignore
the terms that do not have the factor 1/v as a coefficient of the
integral.

Here, if the numerator of the integrand has the term that
contains k, it gives additional factor |¢’| when we take the
integrand dimensionless. Then, such a term cannot be the
candidate of the Fermi function.

The x integral can be performed as a contour integral in
the complex plane. Since the integrand in Eq. (8) is an even
function, the amplitude can be written as

iMl B

log(x? + 2x —i€) — log(x? —2x — i€)
X )
x24 g% —ie

®)

M5 o ” /oo xdx log(x® + 2 )
i — ————[log(x X —ie€
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— log(x? — 2x —ie)]. 9)
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To apply the residue theorem, we integrate Eq. (9) by parts
to form

My s ZiM /oo d x
1 —1 X
Y0 ) T G 2x —ie)(x? — 2x — i)
x log(x? 4+ i —ie). (10)

By applying the residue theorem, the amplitude becomes
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where the contour is depicted in Fig. 3.
This result is consistent with Eq. (5), not only the real part
but also the imaginary part in the curly brackets.

A. Verification in the scattering process

No more than one charged particles exists at the same
time in the scattering process v, + p — et + n. Therefore,
the electron and proton are not affected by the electromagnetic
potential and the amplitude should not contain the /v terms,
which can be interpreted as a part of the Fermi function. Here,
we verify it.

According to Ref. [9], the diagram is depicted in Fig. 4.

We extract the terms we are interested in using a similar
manner as in the 8 decay,

MO 5 / d'k___4ep-q'My
Qm)* (p' —k)* —m? +ie
1
X
(@ —k)?>—m2+iek?—u>+ie

. (12

which corresponds to Eq. (6) in B decay. We integrate over
ko. We close the contour upward, picking up the poles at
ko =~ —ZLPE)(k2 —i€) and ko =~ —2Lq(/)(k2 —2q’ -k —i€) using
the same approximation with the 8 decay. Each residue has

FIG. 4. One-loop diagram.
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FIG. 5. Two-loop diagram.
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the same value with the opposite sign. Then, the amplitude
becomes
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where i M|} is the tree-level amplitude.

As a result, this scattering process does not have the o /v
term, which can be interpreted as the part of the Fermi function.
This is because the signs on & in the electron and proton propa-
gators are the same. It is just equivalent to the two charged par-
ticles, which do not exist at the same time. Also, the one-loop
correctionof 71~ — 70+ e + 9, decay is given in Ref. [10],
which does not have the «/v term. These support the idea that
the /v terms in decay correspond to the potential effect.

IV. TWO-LOOP FERMI FUNCTION

A two-loop ladder diagram is depicted in Fig. 5, where k;
and k, are the photon momenta, respectively. There are some
other-two loop diagrams. However, we are only interested in
the term proportional to (a/v)?. This term originates only from
i My . According to Appendix B, after a calculation similar to
that of the previous section, the amplitude contains

. ol r ., 1 s T I
lMZL > —lM()p (—ﬁflf +§10g E+710g5> .
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FIG. 6. Contour and poles of I”(¢) in the complex x, plane.
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Im

FIG. 7. Contour of the integral in the complex ¢ plane.

Summing this equation, Eq. (11), and the tree-level ampli-
tude, we give

iMo+iMy +iMy

alMo{l—i-E—glogE
v 2
2 - . _
o I , 1. ,a im i
(=210 B T )L 4
v2<24”+2°g2+2°g2 (14

The absolute square of them is
liMo+iMyy +iMyp|?
a?
3p2

> |iM0|2<1 +”Ta+ )+O(a3). (15)

The logarithmic terms in Eq. (14) are canceled. For v « 1, the
decay width has the form

T 7'L'2Ol2

dl —dl'; o« 1 + — .
3 +v+3v2

This is consistent with the Fermi function up to order o’

(16)

V. CONCLUSION AND DISCUSSION

We conclude the main results as follows:

(1) We reviewed the one-loop B decay amplitude to confirm
the terms proportional to «/v. It can be interpreted as the
part of the Fermi function.

(2) The scattering process v, + p — e +n does not have
such terms.

(3) We give the result that the two-loop B decay amplitude
has the terms proportional to (c/v)?. These are consistent
with the expanded Fermi function up to order o>

The «/v term is factored out in Refs. [7,8]. Reference [8]
may omit the explanation about this term. Equation (3) differs
in the constant in the curly brackets from Refs. [7,8]. We show

the process of calculation in Appendix A.
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To confirm our conclusion, it is necessary to carry out the
Fermi function to higher order. If the systematic calculation
will be carried out, we will be able to sum up all the order of
contributions.

In a two-loop calculation, we are only interested in the
terms proportional to («/v)?. However, the terms proportional
to «?/v may exist. These terms also affect the decay width.
We should consider them for the higher order calculation.

For «/v 2 1, the perturbation up to the finite order does
not work. We must sum up all order of «/v. The result should
become the full Fermi function written in Eq. (1). Then, we
propose the decay width to form

3 7
dr —dry = L2 94
T " Q2n)

n o 3o mp 1 4L' 2v
— — — — ——Li
21 gme 2w 1+v

1 _ ky 3 2k pr
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e

2

_ e—27rot/v
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We can extend this study to other nuclear species by
changing the expression in curly brackets and exchanging
a — Za, where Z is the atomic number of the daughter
nucleus, since the loop diagrams that contain the photon
propagator between parent nucleus and the daughter particles
do not give the /v term as explained in the calculation of the
scattering process. Also, we confirmed that the («/v)? term
does not appear in the corresponding two-loop diagrams. Our
study is more important for larger Z.

Our result does not affect the practical use except forv < .
For instance, this result only slightly affects the Kurie plot [11]
and the main result of Ref. [12]. However, the theoretical
calculation of the nuclear lifetime is changed.

If the Fermi function is derived from the Dirac equation
or factored out from the loop correction, the one-loop decay
width is expressed as

I' FNR[I + O(ZO[)] = FNR + FNRO(ZOl). (18)
On the other hand, our study suggests that
I' x Fxg + O(Za). 19)

For instance, Eq. (19) differs from Eq. (18) about 0.la for
neutron 8 decay and Z« for tritium § decay. Furthermore, for
n > 2, the nth order correction contains the (a/v)"~! term after
factoring out the Fermi function. It affects the convergence of
perturbation theory.

These results suggest that the potential effect named the
Fermi function should be considered as a part of the amplitude.

APPENDIX A: THE DETAIL OF ONE-LOOP CALCULATION

The tree-level amplitude is

, iG
iMy= ——~

V2

Zia(p')(1 — CyHupialg)(1 — y*)v(g).

(AL)
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According to Ref. [8], the one-loop amplitude can be separate in three parts as
iMy, =iM; +iM,+iMs;. (A2)

i M, picks up the factors (2¢" + k)" from the electron propagator and (2p’ — k),, from the proton propagator. i M, picks up the
factors o #"k, from the electron propagator and (2p’ — k),, from the proton propagator. i M3 picks up the remaining factors.

1. dT
The tree-level width is
1 d*q 1 1 k2
ATy = ———— =S iMoP 2 Y (iMol? = 32Gmum, E.E,(1 +3C), A3
°= Swmom, @y 28, 2 &M g, 21 pampEeBu(l 437 -

where E, and m,, are the neutrino energy and the neutron mass, respectively; ) _, represents the spin sums.
The one-loop width is

1 ap 1 g 1 d*q 1
dl' =dTy + — —
"t o ((27‘[)3 2E,,,> <(2n’)3 2qu> ((27‘[)3 2Eq)
1
X z ;

1 ap 1 d*q 1 d*q 1 Pk 1 1
dTy = — — V() oS MO — p —g—q — k), (A4
5= om, ((27[)3 2E,,/)<(2rr)3 2Eq/><(27[)3 2Eq>((27r)3 2Ey)228:|’ oI p =P ma = =k (A

where 6 Z, and § Z, are the one-loop electron and proton field strength renormalization, respectively; dI', is the term originating
from the bremsstrahlung; and dI'; is the term originating from i M.

1 2
iMo + 5(8Z +8Z,)iMo +i M. 8Yp—p —q-4q),

2. iM,
i M, is written as
2iJ 1 b— b j
My = = ° togb—c)— — togtb+ o)t = — T |
4m)? [2cq? |1 +b—c I1+b+c (p' +q)? AS)
ezG - / - / / / /
J = —ﬁu(p Y (= Caysu(p)i(g)(p' - q" — mep)vu(1 — y5)v(q),
where b = p’ - ¢'/q? and ¢ = /(p’ - ¢')*> — p'2q"?/q'*. The cross term between i My and i M, is
. . " o . 1+v 2imE.v
D iMy (M)t = = |iMo[*v (log + < ) ) (A6)
. 4r . 1—v mp
Then, the decay width takes the form
o 6 14w
dl =dlg {1+ —Re Y I +vlog +dT3 +dTy, (A7)
2 P 1—v
where [; are defined in Appendix A 4.
3. dT,
The bremsstrahlung amplitude is approximately written as [6]
’ . k ’ . k
iMy ~ eio LK) e (A8)
q -k+ie p-k+ie

for small k, where €, (k) in the numerator represents the polarization vector of the external photon.
The absolute square of this amplitude is

. 2 . Qﬁ 1 E. + ko v2(1 - ,Bzwz)
283|sz| _guw Ee[Ee(l_vﬁw)+ & wpr | (A9)
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where 8 = |k|/ko and w = k - q¢'/(|k||q’]). Here, we define k = |k|, and
: kg2 1 E. + ko v2(1 — p2u? ko \’
IbE/dw/ dk—[2 4 Bet ko ﬁw)K]——O)
0o T ke LE2(T = vBw) E. K1 —vpw)? kut

o1 2 1 2% K2 2% 1
2|24 oM Zpi (2 ) C S(Tanh o (2 - M M o0 ZM ) (1 — ZTanh v ) |, (A10)
12E2 v 14+v v U v

where =,/ ké — |k|? is the photon mass. Then, the bremsstrahlung part is

I &q¢ 11 kK, o«
dry = —— Mo)*-M x —1,. All
b= $amum, @n) 2E. 22“ oE X ol (ALD)

Therefore, Eq. (A7) becomes

6
1
dT —dls =dTo | 1+~ Re (Y1 + vlog U . (A12)
2 P 1—v

According to Appendix A 4, the one-loop decay width finally takes the form

dT — dT 1G2 &g 29143031+ 2 131 L 4>
— = — RN S 0g — — — — —
Tn Py 2 gme 2w 1+v

+a(Lrannto - 1) (Lo 3+1 2k —i—lT h~'o (201 4+ ) + K ygaph-t
—lan v — - o an v v —_— — an v
v 3E, 2 %m, GE2

4. Il NIﬁ

We define I;’s. Here, I, + I3 is derived from 6 Z, /2. Similarly, I; + I4 is derived from § Z, /2. Also, I5s + I corresponds to i M.
The results are as follows:

1
3
I = / dx(1 — x)log [x*m) + (1 — x)u*] = -5+ logm,,
0

1
3
L= / dx(1 — x)log [x*m + (1 — x)u’] = —5 +logme,
0

(A13)
/ ld Zx(l—xz)mi Lol mf,
3‘/0 (o T
! 2x(1 — x*)m? m?
14:/ dxx2m2+(l—x) 7 = 1ttty
0 P w 128
1 1—x 1 , ,
15=/ dxf dy— ie{(Z—x)p’+yq}{xp + Q= y)q"Y = Isa + Isp + Isc, (Al4)
0 0 -
where A = m2x2 +m?y? — 2xp - q' + pHy + (1 — x)u?,
1* p-q b[4x? 2 2 b 14+b—
Is, = dx = — l+2i7rlog ¢ — log ¢ log +C+2Li _th-e
A —ie cl 3 c—c c—c b—c l1+b+c
) b—cl+b+c I L, (1+b+c I ,(b+cl+b—c
+2Li b+cl+b—c +§10g 1+b—c +§10g b—cl+b+c) |
! T 2p' —q) - (xp' = yq) -1 b+c
Is, = = 14+ — bH)log(h* — c*) —2¢ (1 —2i
5p /dx/ dy A —ic (1+b)2—c2|:( 4+ c¢* = b?)log(b” — ¢°) — 2¢ ogb_c i),
lx 2 1
I = — /dx/ &p' —yq')" _
A —ie 2
where ¢’ = \/(p' - ¢') — p?q” — (p' +q"212/q",
! 1=« 1+b m? 2c c
k= | d dy{—2log(A —i€)) =3 —logm? + ——— 2 _jog -2 —(—T h1s )
6 /0 x/o y{ og( i€)} Ogme+(l+b)2—c2 og 2+(l+b)2—02 an b—Hn
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We note here that b/c = 1/v, and the ultraviolet divergence is already removed.
The sum of these I;’s is

1+v u?r 1—22

e

6 3 2 2 2 2

5 mynme 2 2 2 2 2 2 4
E I; ~ —— +log p4 +—log'u—2Tanh_1v——Li< v )——(Tanh v)? +i+ﬂlog( Te Y )
P 2 7 v m v v

The last two terms diverge for v — 0. The latter one, which contains w, does not affect the one-loop decay width. However, this
term has a nontrivial, important role in the two-loop calculation, as explained in Appendix B.

APPENDIX B: TWO LOOP CALCULATION USING THE CONTOUR INTEGRALS

We first note that we are only interested in the terms proportional to (a/v)> and we ignore the others. The two-loop ladder
amplitude contains

iM e 8 d*ky / d*ky a(q) YWk tm)y (kb +m)y P o)
2L = ; X
2 f Qm)* ) @n)* (ki +2q" - ki +i€){(ky + k2)> 4+ 2q" - (ki + kp) + i€}
« 7(p') Y =k +mpy, (B — ki — kb +mp)y, Py u(p ) 1 1
(ki =2p' - ki +i€){(ky + ka)> = 2p' - (ki + ka) + i€} —p2tiek? —p?+ie
et f d*ky / d*ky 4q/“‘q/“2ﬁ(q/)V”PLv(q)
V2 Qm)t ) @ry (K +2q" ki + i€) ki + k2)? + 24" - (ki + ko) + i€}
8 4p,,, P, u(p)y, PLu(p) 1 1 BD)
(k12 —2p ki + ie){(/q + k)2 —2p - (ky + k) + i€} kl2 —ur+ie k% —ut+ie’
where P, = (1 — y°)/2 and P, =(1- Cy>)/2.
By separating the integrations over k! and k9, the amplitude is written as
Ve 4et G Ak [ 49" ¢ ii(q")y” PLo(q) x 4p', pl i(p')y, Plu(p) x D, (B2)
[ — X v X u X as
Mo 3150k | 503 | Gy X 44 E@Y " PLv@) X Ap p, 8y, Prudp
where
D, —/dkodk" ! ! x ! !
‘T PR 2 ie K2 — 2 tie T KR 42q ki +ie (ki +ko)? +2q - (ki + ko) +ie
1 1
(B3)

X .
k% —2p' -k +ie (ky + ky)? —2p' - (k1 + k) + i€

We close the integration contour downward. The term we focus on is derived from the pole of [(k; + k»)? + 2q" - (k1 + ko) + ie]™!
for k? integral and then the pole of [kf —2p' ki +ie]™! for kg integral. By applying the approximation similar to one-loop
calculation, D, contains

D. 5 2 1 1 1 1 (B4)
¢ pEki+pt—ie k3+p*—ie B—ie A—ie’
where
A = (ki +k2)> +2q - (k) + k»), ®5)
B=ki+2q k.
Then, the amplitude contains
4e* 3k d’k, 1 1 1 1
iMy; > —i—G /2/—/—X4ﬁ/pPU x ia(py,P,u X
oL 7 Fqo 2ny | @ny (@")y” Prv(q) x a(p")y, P u(p) ot —ic B4l —ic B—ic A—iec
=4e4q62iM0 d*ky d*k, 1 1 1 1

@n)y ) @) k34 p? K3+ u® B—ie A—ie
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When we write k| and k, in spherical polar coordinates,

detqlliM k? k3 1 1
iMy; > Ll40/‘a’lqdcos@ldkzd00592 5 1 > 73 2 > - -
2m) ki+np? ky+np? B—ie A—ie
_ AetqFiMy k? k3 1

dkydkad cos ) ——
/ e lkf—}—/ﬂ k3 + u? ki +2q'ki cos ) —ie

1
X /dcos@z 5 5 —>
ki + k5 +2q'ki cos0; +2|q’ + ki |k cos 0, — i€

(2m)*

(B6)

where ky = k1|, k, = |ka2|,q' = |q'|,cos 61 = q' - k1/(¢'ky), and cos 6, = (¢’ + k1) - k2/(|q' + ki|k2). By performing the cos 6,
integral,

4e*q(ti M, kt k3 1
iMy, 5 0120 /dkldkzdcosel 5 :
(2m)* ki + u? k3 + p? ki +2q'ky cos 0 —ie
x ————(log((k2 + |g' + k1)* — g”* — i) — log((ky — g’ + k1])* — ¢”> — i€)}, (B7)
2|q" + kilky

where |¢' + k| = \/k% +2q’k; cos 0 + g2
By defining x; = ky/q’, x, = ka/q’, x1 = |x1|, x2=1x2|, § =q'/q', i = u/q', r = /1 + i€ to make the integrand
dimensionless and performing the x, integral,
2e*q%i M, 2 1 1
M/dxldcosel 2x1 —— — —
q"*Qm)* x4+ A% x; +2x,cos ) — i€ |§' + x1]

iM,; >

X2 A 2 2 A~/ 2 2
X /dxz—2 — {log((x2 + 1¢" + x1))” — r7) —log((x2 — 1§" + x1])" —rO)}. (B3)
Xy 4+

When we substitute ¢t = \/xlz + 2x1cosb; + 1 = |§’ + x|, the amplitude is

8aZiMy [ X xi+1 1 00 %
My, 5 ———— dx)——— dt —— dx;———{1 02— —1 PN
IMsp 02(271)2/0 xlxlz—l—,az —/Izcl—l 72 X./o x2x§+ﬂ2{og((x2+ ) —r?) —log ((x2 — )" — 1))

Here, we define

' = / dxy——— [log{(xs + 1)* — r*} — log{(xs — 1)* — r}],
0 X5 +
(B9)

1 o0 X1 atl 1
I=- dx,———s dt I"@).
2/(; 1x12+,a2 \/Xl—ll 2 —r2 ()

Then, the amplitude is written as

40%i M
iMy, > 20 (B10)
vl
We now calculate 7”(¢). Since it is an even function, we can change the integrating interval to form
" [ X2 22 2_ 2
I'(t) = 3 dxy———[log{(x2 + 1)" — r°} — log{(xy — 1)" — r}]. (B11)
2 J_s X5 + it
After integrating by parts, it becomes
1
1"(0) = 7 [log (x3 + %) llog{(xa + 1) = r?} = log{(xa — 1)* = 1|7,
00 12—+ r2)
dxr 1 2, =2 2 . B12
i /_oo S R T e T ey 12
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The first term is 0. We evaluate the x, integral along the contour shown in Fig. 6. By applying the residue theorem and
changing the variable x, = iz, we have
1"(t) = 2miRes(t + r) + 2riRes(—1 + r) /mmd (—27i) (g —r+r7)
t) =2miRes(t +r wiRes(—t +r) — X2(—2mi
in ’ [Ce2 + 17 = P21[(x2 — )7 — 7]

i o t(=2 =12 +7r?)
= —[log{(t 4+ r)* 4+ @*} —log{(t — r)* + > —Zn/ dz . B13
S log((r +1r)* + %) — log{(t —r)? + )] IS e oy (B13)
After performing the integral over z, it becomes
1"(t) = im[log(ii — ir — it) — log(@ — ir + i1)]. (B14)
Changing the order of integration, we obtain
X|+1
/ dx, / ”(t) = / dt/ dx)——— ! ”(t)
ot X +M2f2 1] 12 _2f2
= 4_1/ dtllog{(t + 1)* + 2%} — log{(t — 1)* + }] I”(t) (B15)
0
Since the integrand is an even function, this expression becomes
it [
I = §/ dtflog{(t + 1)* + %} — log{(t — 1)> + ;-ﬁ}]t2 5 x [log(@t — ir —it) —log(fi — ir +in)].  (B16)
oo _

Applying the residue theorem to I, we evaluate the ¢ integral along the contour shown in Fig. 7. We define the contribution
of the contour around the cut that starts from point ¢ as Cut(¢). This expression becomes

I = 2mwiRes(r) — Cut(1 4+ i) — Cut(—1 +if), (B17)
where
27iRes(r) T o2 B
wiRes(r) = —— log” — — — log —
! 4 %37 g By
2 1 = =
—Cut(l +ip) = % (gnz + Ein log% + EIng %) , (B18)
2 /7 1 [l 1 [
—Cut(—1+ip) = —% <ﬁn2 + Ein log% + Elog2 %) .
Our result then becomes
2 1 I T I
M M —— 7?4 —log> = + —log = B19
12L9102(247T+20 2+2 g2> ( )
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