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Extended Skyrme interaction in the microscopic optical model of nucleon-nucleus scattering
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The microscopic optical potential model based on calculations of the mass operator of the single-particle
Green function has been refined by using the extended Skyrme-force variant, which involves additional both
density- and momentum-dependent terms, and is employed for describing simultaneously properties of nuclei,
nuclear-matter characteristics, and the nucleon-nucleus scattering observables in a self-consistent approach. From
analyzing a differential cross section and polarization for a chosen case of the elastic neutron-nucleus scattering
while controlling the characteristics of nuclear matter and finite-nuclei structure, a few sets of parameters have
been determined for new variants of the extended Skyrme forces. It has been shown that the allowance for both
the density- and momentum-dependent terms makes it possible to significantly improve the agreement with
experimental data. The proposed extended Skyrme-force variants provide a satisfactory description for cross
sections and analyzing powers of the neutron and proton scattering in a wide range of the target-nucleus mass
numbers at different incident nucleon energies, as well as for a variety of nuclear structure characteristics.
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I. INTRODUCTION

Starting from Ref. [1], extensive investigations have been
devoted to the elaboration of effective nucleon-nucleon (NN)
forces of the Skyrme type [2], which are widely used in
microscopic calculations of nuclear structure and properties
of nuclear matter. At the present time, in the literature (see,
for example, Refs. [3–5]) much attention is given to the
problem of searching for effective NN forces which could
be simultaneously applicable for describing the ground-state
and spectroscopic properties of nuclei, in particular, of exotic
ones, the properties of excited states of nuclei, including giant
resonances, and for astrophysical problems, such as calcula-
tions of neutron stars. The methods of determining parameters
of these forces are being refined and generalizations are being
considered, which make their form more flexible. On this basis,
it is of interest to extend the field of application of the Skyrme
forces to the description of nuclear scattering processes. In this
article, the authors continue their previous investigations [6–8]
of the nucleon-nucleus (NA) scattering at medium energies on
the basis of the model of microscopic optical potential (MOP)
with using the density-dependent Skyrme NN forces.

The NA MOP model under consideration is based on ap-
proximate calculations of the mass operator of the one-particle
Green function. In Ref. [6], the real and imaginary parts of the
sought MOP were calculated in the nuclear-matter and local-
density approximations by perturbation theory up to the second
order on the basis of the Skyrme NN forces. This approach is
close to the method used in Refs. [9,10]. In Refs. [7,8], this
model was refined by using the Hartree-Fock (HF) potential for
finite nuclei as the real part of the MOP, as well as by adding the
spin-orbit potential. An important distinction of our studies in
Refs. [6–8] is the fact that in them we employed self-consistent
calculations of the NA MOP and the nucleon densities of
target nuclei, while in Refs. [9,10] phenomenological nucleon
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densities were used. In Refs. [7,8], a revision of the parameters
of the standard-form Skyrme forces was carried out based
on the proposed procedure of analyzing differential cross
sections of the elastic neutron-nucleus (nA) scattering with
the simultaneous control of certain characteristics of nuclear
structure. In those papers, it was noted that some problems
arising in the description of the differential cross sections in
the region of large scattering angles with the neutron energy
increase might indicate that it was necessary to improve the
model for the imaginary part of the MOP, and probably also
to use a more sophisticated model of the Skyrme forces.
In this connection, it should be emphasized that at present
some possible modifications of the form of Skyrme NN forces
are discussed in the literature with the aim to improve the
description of different characteristic properties of nuclear
structure and also to refine the neutron-star models. One such
modification is the inclusion of terms depending on both the
nuclear density and the relative momentum of the interacting
nucleons [11–14] or alternatively of terms corresponding to
the momentum-dependent three-particle forces [15].

In this article, the NA MOP model considered by us is
also improved by making use of the extended variant of
Skyrme forces that involves both the density- and momentum-
dependent terms. The allowance for such terms in the Skyrme
forces is of interest for constructing the NA MOP because
they can yield important contributions to the surface region
of the imaginary part of the optical potential, which should
have an essential effect on the behavior of observables of the
NA scattering. Note that in the aforementioned Ref. [10] the
NA scattering cross sections were described using the GS2
force from Ref. [11], which involves some of the terms of this
type.

In view of the fact that in Refs. [7,8] we succeeded in
finding variants of the standard-form Skyrme forces that
provided promising results for describing the NA scattering
observables, here we carry out a search for new variants of
the extended Skyrme forces of the type being considered. We
employ a procedure of optimizing the NN force parameters

064613-10556-2813/2012/86(6)/064613(13) ©2012 American Physical Society

http://dx.doi.org/10.1103/PhysRevC.86.064613


V. V. PILIPENKO AND V. I. KUPRIKOV PHYSICAL REVIEW C 86, 064613 (2012)

to ensure a satisfactory description of angular distributions
of the elastic nA scattering cross sections and polarizations
and, simultaneously, of characteristics of nuclei and nuclear
matter. In doing this, a wider set of the characteristics of
nuclear matter and finite-nuclei structure are controlled than
as was done in Refs. [7,8]. Further, we use the found variants
of the extended Skyrme forces for calculations of cross
sections and polarization characteristics of the elastic nA and
proton-nucleus (pA) scattering.

II. THE NA MOP MODEL WITH THE EXTENDED
SKYRME INTERACTION

In the NA MOP model under consideration and in calculat-
ing the nuclear structure characteristics, we make use of the
extended variant of Skyrme interaction determined as follows:

VSk = vc1(r) + vc2 (r, ρ) + vso(r). (1)

Here the central density-independent part of NN force has the
conventional form

vc1(r) = t0(1 + x0Pσ )δ(r)

+ 1
2 t1(1 + x1Pσ )[k′2δ(r) + δ(r)k2]

+ t2(1 + x2Pσ )k′δ(r)k, (2)

and for the density-dependent part of the interaction we use
the following extended expression:

vc2 (r, ρ) = 1
6 t3 (1 + x3Pσ ) ργ (R)δ(r) + 1

2 t4 (1 + x4Pσ )

× [k′2ργ4 (R)δ(r) + δ(r)ργ4 (R)k2]

+ t5 (1 + x5Pσ ) k′ργ5 (R)δ(r)k. (3)

In Eqs. (2) and (3), the conventional notation is used: r =
r1 − r2 and R = (r1 + r2)/2 are the relative and center-of-
mass radius vectors of the interacting nucleons; ρ = ρn + ρp,
ρn, and ρp are the total, neutron, and proton densities of
the target nucleus; k = −i∂/∂r and k′ = i∂/∂r′ are the
momentum operators of the relative motion of the nucleons
in the initial and final states, respectively; Pσ is the operator
of the nucleon spin permutation. Formula (3), in distinction
to the standard-form Skyrme forces [1,2], which involve only
the first term from Eq. (3), additionally contains both density-
and momentum-dependent terms (the second and third ones)
in the same form, as was used in Refs. [13,14]. The spin-orbit

part of the NN forces has the standard form [1,2]

vso(r) = iW0 (σ 1 + σ 2) [k′ × δ(r)k] . (4)

The NN interaction under consideration is characterized by the
phenomenological parameters tn, xn (n = 0–5), and W0. Note
that for the both density- and momentum-dependent terms,
whose magnitude is determined by the parameters t4, t5, x4,
and x5, arbitrary density exponents γ4 and γ5 are allowed,
which in the general case are different from the exponent γ in
the standard density-dependent term.

The optical potential describing the NA scattering is found
from calculations of the mass operator of the one-particle
Green function by perturbation theory up to the Goldstone
diagrams of the second order, inclusive (see Refs. [8,10]).
Using the transformation from the nonlocal Skyrme-Hartree-
Fock equation to its local form [16], it is possible to represent
the NA MOP for incident nucleons of sort q (q = ±1 ≡ n, p)
in the following form:

Uq (r, E) = Vq (r, E) + 1

r
VSO,q (r) (l · σ )

+ iWq (r, E) + δq,p

m∗
q (r)

mq

VC (r) . (5)

In Eq. (5), the central real part of the energy-dependent local
potential is given by the formula

Vq (r, E) = m∗
q

mq

[V (HF) (r) + V (m) (r)]q

+
(

1 − m∗
q (r)

mq

)
M

M + mq

E. (6)

Here E is the laboratory energy, mq and M are the incident-
nucleon and target-nucleus masses, and the effective incident-
nucleon mass m∗

q in the nucleus is defined according to the
expression

mq

m∗
q

= 1 + 2mq

h̄2

1

4
[ρ(g1 + g2 + g4ρ

γ4 + g5ρ
γ5 )

+ ρq (−h1 + h2 − h4ρ
γ4 + h5ρ

γ5 )]. (7)

In Eq. (7) and below, we use the notation for such Skyrme-
parameter combinations: gi = ti(1 + 1

2xi), hi = ti( 1
2 + xi). In

Eq. (6), the quantity V (HF) corresponds to the HF potential for
finite nuclei with allowance for the rearrangement potential
[1], which arises owing to the density dependence of the NN
forces, and is determined by the following expression (see also
Ref. [13]):

V (HF) = ρg0 − ρqh0 + 1

4
(g1 + g2 + g4ρ

γ4 + g5ρ
γ5 )τ + 1

4
(−h1 + h2 − h4ρ

γ4 + h5ρ
γ5 )τq

+ 1

6
ργ (ρg3 − ρqh3) + 1

12
γργ−1

[
ρ2g3 − (

ρ2
n + ρ2

p

)
h3

] + 1

4
(g4ρ

γ4 + g5ρ
γ5 )τ

+ 1

4
(−h4ρ

γ4−1 + h5ρ
γ5−1)(ρnτn + ρpτp) + 1

8
[−3g1 + g2 − (3 + 2γ4)g4ρ

γ4 + g5ρ
γ5 ]�ρ

+ 1

8
(3h1 + h2 + 3h4ρ

γ4 + h5ρ
γ5 )�ρq + 1

16
[−(3 + 2γ4)γ4g4ρ

γ4−1 + γ5g5ρ
γ5−1](∇ρ)2

+ 1

8
γ4h4ρ

γ4−1(ρq�ρ + ρn�ρn + ρp�ρp) + 1

8
(3γ4h4ρ

γ4−1 + γ5h5ρ
γ5−1)(∇ρ · ∇ρq)
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− 1

16
(γ4h4ρ

γ4−1 + γ5h5ρ
γ5−1)[(∇ρn)2 + (∇ρp)2] + 1

8
γ4(γ4 − 1)h4ρ

γ4−2ρq(∇ρ)2

− 1

16
(γ4t4x4ρ

γ4−1 + γ5t5x5ρ
γ5−1)J 2 + 1

16
(γ4t4ρ

γ4−1 − γ5t5ρ
γ5−1)

(
J 2

n + J 2
p

) − 1

2
W0

[
2

r
(J + Jq) + d

dr
(J + Jq)

]
. (8)

In Eq. (8), τq is the kinetic-energy density of nucleons of sort
q, τ = τn + τp, and the functions Jq(r) and J (r) = Jn(r) +
Jp(r) are the spin-orbit nucleon densities [1]. These quantities
together with the nucleon densities ρq(r) and ρ(r) are found
from the self-consistent calculations (see Refs. [1,17]) of the
target nucleus structure by solving the HF equations allowing
for the nucleon pairing in the BCS approximation with the
constant pairing forces Gp,n = 19.5[1 ± 0.51(N − Z)/A]/A
(in MeV) [18]. In the calculations, we take into account the
direct and exchange parts of the Coulomb potential:

VC (r) = e2
∫

ρp(r ′)
|r − r′|dr′ − e2

(
3

π

)1/3

ρ1/3
p (r) . (9)

When solving the HF equation, we allow for the c.m. motion
in a traditional way [1] by introducing the factor (A − 1)/A in
the kinetic-energy term.

The term V (m)(r) in Eq. (6) arises in the transformation from
the nonlocal HF equation to the Schrödinger equation with
energy-dependent local potential owing to the dependence of
the effective incident-nucleon mass on the radius and has the
form [16]

V (m) (r) = 1

2
�

h̄2

2m∗
q(r)

− m∗
q(r)

2h̄2

[
d

dr

h̄2

2m∗
q(r)

]2

. (10)

We take the real spin-orbit potential in Eq. (5) in the form
that corresponds to the HF theory of finite nuclei with the
Skyrme interaction (1)–(3)

VSO,q(r) = m∗
q(r)

mq

{
1

2
W0

d

dr
[ρ(r) + ρq(r)] + 1

8
(t1 − t2

+ t4ρ
γ4 − t5ρ

γ5 )Jq(r) − 1

8
(t1x1 + t2x2

+ t4x4ρ
γ4 + t5x5ρ

γ5 )J (r)

}
. (11)

The imaginary part of the MOP Wq(r, E) is calculated with
the NN interaction (1)–(3) in the nuclear-matter and local-
density approximations analogously to the approach described
in detail in Refs. [6–10] and it is defined by the following
formulas:

Wq (r, E) = − 1

64π5

7∑
i=1

Wi, (12)

W1 =
(

2g00 +2

3
g03ρ

γ + 1

18
g33ρ

2γ

)
[I1(q, n)+I1(q, p)]

−
(

2h00 + 2

3
h03ρ

γ + 1

18
h33ρ

2γ

)
I1(q, q), (13)

W2 =
[

2(g01 + g04ρ
γ4 ) + 1

3
ργ (g13 + g34ρ

γ4 )

]
× [I2(q, n) + I2(q, p)] − [2(h01 + h04ρ

γ4 )

+ 1

3
ργ (h13 + h34ρ

γ4 )]I2(q, q), (14)

W3 = 1

2
(g11 + 2g14ρ

γ4 + g44ρ
2γ4 )[I3(q, n) + I3(q, p)]

− 1

2
(h11 + 2h14ρ

γ4 + h44ρ
2γ4 )I3(q, q), (15)

W4 = 2[2(g02 + g05ρ
γ5 ) + 1

3
ργ (g23 + g35ρ

γ5 )]

× [I4(q, n) + I4(q, p)], (16)

W5 = 2(g12 + g24ρ
γ4 + g15ρ

γ5 + g45ρ
γ4+γ5 )

× [I5(q, n) + I5(q, p)], (17)

W6 = 2(g22 + 2g25ρ
γ5 + g55ρ

2γ5 )[I6(q, n) + I6(q, p)]

+ 2(h22 + 2h25ρ
γ5 + h55ρ

2γ5 )I6(q, q), (18)

W7 = 4W 2
0 [I7(q, n) + I7(q, p) + I7(q, q)]. (19)

Here the notation is used: gij= ti tj [1 + xixj + (xi + xj )/2],
hij = ti tj [xi + xj + (1 + xixj )/2]. The quantities Il(q, qμ)
are integrals over the momenta of intermediate nucleon states,
which arise in the calculations of the imaginary part of MOP
from the second-order diagrams, and their form is considered
in Refs. [7,9]. The integrals Il(q, qμ) depend on the magnitude
of the incident-nucleon wave vector kα being related to the
nucleon energy E in the laboratory frame by the dispersion law

k2
α = 2m∗

q

h̄2

[
ME

M + mq

− V (HF) − δq,pVC

]
. (20)

It should be noted that, since the potential V (HF) contains
the rearrangement potential, the latter essentially affects
the magnitude of the imaginary part of MOP through the
dispersion law (20), as it was discussed in detail in Ref. [6].

To demonstrate the results given by the described model,
in Figs. 1 and 2 we present examples of calculations of the
differential cross section σ (θ ) ≡ dσ (θ )/d� and analyzing
power Ay(θ ) for the elastic scattering of 13.9-MeV neutrons by
120Sn nuclei, which we have carried out with different known
variants of the Skyrme forces. The results of calculations
with the standard-form NN forces KDE0 [19], SV-mas07
[20], BSk17 [13], and SkOP2 [8] are shown in Fig. 1. We
stress that the variant SkOP2 was obtained by us from the
Skyrme-parameter optimization by analyzing the differential
cross section of the elastic n + 116Sn scattering at the same
energy of 13.9 MeV. As can be seen from the figure, the SkOP2
force provides a significantly better description of the nA

scattering experimental data from Ref. [21]. However, there
are some discrepancies with the data at large scattering angles,
which worsen when the incident neutron energy increases
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FIG. 1. Differential cross section σ (θ ) (a) and analyzing power
Ay (θ ) (b) of the elastic scattering of 13.9-MeV neutrons on 120Sn
nuclei calculated with different standard-form Skyrme forces.

(see Ref. [8]). For this reason, it is interesting to investigate
whether the situation could be improved by using the extended
Skyrme-force model under consideration. In Fig. 2, we show
the results obtained with these types of Skyrme forces GS2
[11], BSk18 [13], and BSk19 [14]. We have also performed
calculations with the forces BSk20 and BSk21 from Ref. [14],
which yield results very close to those for BSk19 and,
therefore, we do not present them here. Note that the GS2 force
does not yield an acceptable agreement with the experimental
NA scattering observables [21]. It should be mentioned
that in Ref. [10] the calculations with GS2 gave a better
description of NA scattering cross sections, but in Ref. [10]
the rearrangement potential was not taken into account and,
besides, phenomenological nuclear densities were used, i.e.,
the self-consistent calculations of the nuclear structure were
not carried out. Our calculations with the BSk forces give a
reasonable description of the data at not very large scattering
angles, but the agreement with the experiment worsens when
the scattering angle increases. For this reason, as well as taking
into account the considerable spread of the calculation results
for different Skyrme forces, it is appropriate to optimize the
extended-Skyrme-force parameters to improve the description
of NA scattering by using a procedure analogous to that
employed in Ref. [8].

FIG. 2. The same as in Fig. 1, but calculated with different
extended Skyrme forces.

III. PROCEDURE OF OPTIMIZING THE
EXTENDED-SKYRME-FORCE PARAMETERS

Let us consider the procedure we use for determining values
of the parameters of the extended variant of Skyrme NN
forces (1)–(3), which would be applicable for a satisfactory de-
scription of the characteristics of nuclear matter and structure
of finite nuclei, as well as of the NA scattering observables on
the basis of the considered model of NA MOP. An analogous
problem of improving the parameters of the standard-form
Skyrme forces was considered by us in Refs. [7,8] with the
help of the optimization procedure proposed in those papers.
Here we perform a search for new extended variants of the NN
forces using a similar procedure.

As in the approach used in Refs. [7,8], the procedure of
optimizing the parameters of the extended NN forces includes
a fitting of observables of the elastic neutron scattering on
a chosen target nucleus at a certain energy on the basis
of the considered model of NA MOP while controlling
the characteristics of symmetric nuclear matter. The correct
description of the parameters of symmetric (ρn = ρp = ρ/2 =
const) nuclear matter is a usual requirement in determining
Skyrme-force parameters. The set of controlled characteristics
of nuclear matter, as it also was in Refs. [7,8], includes the
average binding energy per nucleon E/A, the equilibrium
density ρ0, the effective nucleon mass in nuclear matter m∗,
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and the symmetry energy J . In distinction to Refs. [7,8],
to these quantities are added the enhancement factor of
the Thomas-Reiche-Kuhn energy-weighted sum rule κ for
the isovector giant dipole resonance, which is related to the
isovector effective nucleon mass m/m∗

v = 1 + κ , as well as
the incompressibility coefficient of the nuclear matter Kv . Note
that the expressions we use for these quantities as functions of
the parameters of the extended Skyrme forces (1)–(3) coincide
with those presented in Refs. [5,13], and therefore we do not
give them here. At the present time, for the aforementioned
nuclear-matter parameters there are certain estimates of their
acceptable numerical values, and therefore, when optimizing
the NN force parameters, we do not allow them to deviate
too widely from these values. For this purpose, we include
these quantities in the set of independently varied parameters
together with the Skyrme parameters t2, x2, x3, W0, t5, x4,
and x5, while other NN force parameters t0, t1, t3, x0, x1, and
t4 are calculated through the chosen independent quantities
according to the following formulas:

t4 = 1

3
ρ

−γ4
0 C4

m, (21)

t3 = − 16

γρ
γ+1
0

[
E/A + 1

5 (2m/m∗ − 3)
h̄2

2m
k2
F

+ 3
80

(
γ4C

4
m + γ5C

5
m

)
ρ0k

2
F

]
, (22)

t0 = 8

3ρ0

[
E/A − 3

5
m/m∗ h̄2

2m
k2
F − 1

16
t3ρ

γ+1
0

]
, (23)

t1 = 1

3

[
Cm − 5t2

(
1 + 4

5
x2

)]
, (24)

x0 = 4

t0ρ0

{
1

3

h̄2

2m
k2
F − J − 1

8

[
t0 + 1

3
t3

(
1

2
+ x3

)
ρ

γ

0

]
ρ0

− 1

8
t1x1ρ0k

2
F + 1

6
t2

(
1 + 5

4
x2

)
ρ0k

2
F

− 1

24

[
C4

mx4 − 5t5

(
4

5
+ x5

)
ρ

γ5
0

]
ρ0k

2
F

}
, (25)

x1 = 1

t1

{
8

h̄2

2m

κ

ρ0
− t2 (2 + x2)

−t4 (2 + x4) ρ
γ4
0 − t5 (2 + x5) ρ

γ5
0

}
− 2. (26)

In Eqs. (21)–(26), kF = (3π2ρ0/2)1/3 is the nucleon Fermi
momentum, and the following notations are used:

C5
m = 5t5(1 + 4x5/5)ργ5

0 , (27)

C4
m = 80

9γ4(3γ4 − 3γ + 4)ρ0k
2
F

{
9(γ + 1)E/A

− 3

5
[(2 − 3γ )(2m/m∗ − 3) + 3]

h̄2

2m
k2
F

− 9

80
γ5(3γ5 − 3γ + 4)C5

mρ0k
2
F + Kv

}
, (28)

Cm = − 16

3ρ0k
2
F

{
6

5

h̄2

2m
k2
F + 9

8
t0ρ0 + 3

16
(γ + 1)t3ρ

γ+1
0

+ 3

80

[
(3γ4 + 5)C4

m + (3γ5 + 5)C5
m

]
ρ0k

2
F

}
. (29)

When optimizing the parameters of the Skyrme forces
under consideration, as distinct from Refs. [7,8], the fitting
was performed not only for the differential cross section but
also for the corresponding analyzing power for the chosen
case of elastic NA scattering. Specifically in this work, for the
analysis we have chosen the experimental data on the elastic
scattering of neutrons on 120Sn at the energy of 13.9 MeV
from Ref. [21]. When fitting the scattering observables, we
also controlled the binding energies and charge rms radii of the
target nucleus (as was done also in Refs. [7,8]) and additionally
of two more nuclei, namely, 40Ca and 208Pb, in order to improve
the description of these characteristics of nuclei in a wide range
of the mass numbers. Besides, we also controlled the spin-orbit
splitting energy for the neutron 3p1/2 and 3p3/2 levels for the
208Pb nucleus. Therefore, the following modified χ̃2 value was
minimized in the fitting:

χ̃2 = 1

Nσ,ex − Npar

Nσ,ex∑
i=1

[
σ (θi) − σex (θi)

�σ
(i)
ex

]2

+ 1

NA,ex

NA,ex∑
i=1

[
Ay (θi) − Ay,ex (θi)

�A
(i)
y,ex

]2

+
3∑

n=1

⎡
⎣

(
E

(n)
b − E

(n)
b,ex

�Eb

)2

+
(

r
(n)
ch − r

(n)
ch,ex

�rch

)2
⎤
⎦

+
(

εso − εso,ex

�εso

)2

. (30)

Here the first two terms are the χ2 values for the fitted
scattering observables; σ (θi), σex (θi), Ay (θi), and Ay,ex (θi)
are the theoretical and experimental values of the cross section
and analyzing power; �σ (i)

ex and �A(i)
y,ex are the values of

their experimental errors; Nσ,ex, NA,ex, and Npar are the
corresponding numbers of experimental points and the number
of fitted parameters. Equation (30) also involves the magni-
tudes of deviations of the calculated binding energies E

(n)
b

and charge radii r
(n)
ch for three chosen nuclei (40Ca, 120Sn, and

208Pb) and aforementioned spin-orbit splitting energy εso from
their experimental values E

(n)
b,ex, r

(n)
ch,ex, and εso,ex (�Eb, �rch,

and �εso specify the permissible values of these deviations).
The calculated charge radii of the nuclei were found with the
allowance for the proton and neutron form factors and the
spin-orbit correction [22–24].

When searching for new extended NN forces, we have con-
sidered a variety of their possible variants with different values
of the density-dependence exponent γ = 1

12 , 1
6 , 1

3 , which were
used in the literature, and we have also employed different
combinations of these values of γ with the following values of
two other exponents: γ4 = 1

6 , 1
3 , 1 and γ5 = 1

12 , 1
6 , 1

3 , 1. It
should be noted that a number of the variants obtained during
the search for the NN force parameters yielded results more or
less comparable in the quality of describing the experimental
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TABLE I. Parameters of the found Skyrme forces.

SkOP3 SkOP4 SkOP5 SkOP6

t0 (MeV fm3) −1836.14 −1829.89 −1781.69 −3948.54
t1 (MeV fm5) 1219.16 1894.98 642.39 990.09
t2 (MeV fm5) −321.93 −515.29 −203.20 −703.29
t3 (MeV fm3+3γ ) 11935.86 11854.67 11373.99 22094.40
t4 (MeV fm5+3γ4 ) −1559.89 −2076.24 −1657.30 −1073.88
t5 (MeV fm5+3γ5 ) 372.49 593.61 343.30 606.78
x0 0.5583 0.3390 0.0821 0.6344
x1 0.8311 0.6276 −0.0664 0.3689
x2 0.4936 0.4354 0.1184 2.0044
x3 0.7867 0.4471 −0.0354 0.7898
x4 1.2343 0.8149 −0.1079 0.7592
x5 0.9728 0.5015 1.6648 2.9723
W0 (MeV fm5) 122.83 125.06 130.76 123.48
γ 1/3 1/3 1/3 1/12
γ4 1/3 1/6 1 1/3
γ5 1/3 1/6 1 1/12

data under consideration. Nevertheless, from them we pick
out four variants of forces with the exponent values γ = γ4 =
γ5 = 1

3 (SkOP3), with γ = 1
3 and γ4 = γ5 = 1

6 (SkOP4),
with γ = 1

3 and γ4 = γ5 = 1 (SkOP5), and with γ = γ5 = 1
12

and γ4 = 1
3 (SkOP6), for which we present the results of

calculations below. The parameter values found for these new
variants of the extended Skyrme NN forces are presented in
Table I and the corresponding values of the parameters of
nuclear matter are given in Table II.

The results of the optimization analysis of the differential
cross section and analyzing power of the elastic n + 120Sn
scattering at 13.9 MeV for the four found variants of the
extended NN forces are shown in Fig. 3. It is seen from
Fig. 3 that all NN forces found in this work provide a good
description of the fitted scattering cross section, especially
improving the agreement with the experimental data at large

TABLE II. Parameters of nuclear matter for the found Skyrme
forces.

SkOP3 SkOP4 SkOP5 SkOP6

E/A (MeV) −16.123 −16.016 −16.012 −15.953
ρ0 (fm−3) 0.1585 0.1585 0.1585 0.1586
m∗/m 0.7569 0.7525 0.7599 0.7083
J (MeV) 31.886 30.870 31.851 30.424
L (MeV) 81.0 74.5 79.8 87.1
Kv (MeV) 220.4 222.6 220.9 220.0
K ′ (MeV) 484.5 454.9 526. 4 412.4
κ 0.495 0.494 0.491 0.491
G0 −0.024 −0.031 0.020 0.41
G′

0 0.40 0.45 0.36 0.31
G1 0.52 0.61 0.46 0.48
G′

1 0.54 0.48 0.58 0.60
F0 −0.24 −0.24 −0.24 −0.29
F ′

0 0.98 0.90 0.98 0.77
F1 −0.73 −0.74 −0.72 −0.88
F ′

1 0.39 0.37 0.40 0.17

scattering angle, as compared with the results obtained for the
standard-form forces SkOP2, which have been shown in Fig. 1.
Simultaneously, we have obtained a satisfactory description
of the angular distribution of the analyzing power except for
the region of very large scattering angles. Note that the best
description of the fitted observables is provided by the force
variants SkOP3 and SkOP4.

The found extended Skyrme forces also yield a satisfactory
description of the binding energies and charge rms radii not
only for the 40Ca, 120Sn, and 208Pb nuclei, which are involved in
the optimization procedure, but also for various other medium
and heavy nuclei. This is shown in Fig. 4, which presents the
relative deviations (in percentages) of the theoretical values
from the experimental data [25,26] for binding energies,
δEb = (Eb,ex − Eb,th)/Eb,ex, and charge radii, δrch = (rch,ex −
rch,th)/rch,ex, which have been obtained from the self-consistent
HF calculations with these new Skyrme forces for a number
of nuclei. As seen from Fig. 4, the found variants of the
Skyrme forces reproduce the experimental data for binding
energies within an accuracy of 1%, which is better than in
the case of the variants of the standard-form Skyrme forces
SkOP1 and SkOP2 found in Ref. [8], and the accuracy for
charge radii is within 1.5%. Note also that for the difference
rn − rp of the neutron and proton radii of the 208Pb nucleus,
which is discussed in the literature, the new Skyrme-force
variants SkOP3, SkOP4, SkOP5, and SkOP6 give the values
0.187, 0.192, 0.206, and 0.185 fm, respectively, which agree
with the experimental value (see Ref. [27]). For the spin-orbit
splitting of the neutron 3p level in the 208Pb nucleus, which
was controlled in the fitting, all these forces yield values of
about 1 MeV, which is also close to the experimental value
(see Ref. [1]).

It is also of interest to compare the single-particle spectra
of nuclei obtained when using the found variants of the
extended Skyrme forces with analogous spectra calculated
on the basis of other known Skyrme forces as well as with
experimental data. Such a comparison of the spectra is shown
for the 208Pb nucleus in Table III. Recall that the KDE0 force
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FIG. 3. Differential cross section σ (θ ) (a) and analyzing power Ay (θ ) (b) of the elastic scattering of 13.9-MeV neutrons on 120Sn nuclei
calculated with the found variants of extended Skyrme forces. The numbers in parentheses are the offsetting factor for the cross section and the
offset value along the ordinate axis for the analyzing power.

has the standard form, whereas the BSk18 force is of the
same form as in Eqs. (1)–(3). The single-particle spectra for
these forces have been taken from the original papers (the
calculations performed by us yield the same results). It is seen
from Table III that the found extended-Skyrme-force variants
describe the single-particle energies of the 208Pb nuclei on
the whole not worse than the NN forces obtained from fitting
only characteristics of nuclear structure and nuclear matter.
Moreover, our new NN forces improve the description of the
neutron spectrum above the Fermi level as compared to the
standard-form NN force KDE0 even to a greater extent than
the extended force BSk18 does.

From fitting the extended-Skyrme-force parameters, we
have obtained values (see Table II) of the main characteristics
of symmetric nuclear matter E/A, ρ0, m∗/m, J , κ , and Kv

involved in the optimization procedure, which are close to the
ones generally adopted at present in the literature (see, for
example, a discussion of these quantities in Refs. [5,13,14]).
Also, in Table II we present values of some other important

characteristics of symmetric nuclear matter, which are dis-
cussed in the literature, namely, the slope L of the symmetry
energy expansion in ρ at saturation density [see Eqs. (A24)
and (A25) in Ref. [13]], the skewness coefficient K ′ in the
third-order term of the energy-per-particle expansion in ρ in
the vicinity of ρ0 [see Eqs. (8a) and (9a) in Ref. [14]], as well
as the Landau parameters G0, G′

0, G1, G′
1, F0, F ′

0, F1, and F ′
1 at

the saturation density. As seen from Table II, the above-listed
quantities have values that do not contradict the constraints
usually imposed on them (see, for example, Refs. [5,14,28]
and references therein). With the found NN forces, we have
also performed calculations of the density dependence of the
Landau parameters, which have shown that these quantities
satisfy the usual requirement Gl,G

′
l , Fl, F

′
l > −(2l + 1) in

the density region up to 3ρ0, except for the parameter F0 at
density values below about 0.1 fm−3, which, however, is also
characteristic of other known Skyrme forces (see Refs. [5,14]).

In Refs. [13,14], it was noted that the introduction of both
the density- and momentum-dependent terms in the Skyrme

FIG. 4. Relative deviations δEb (a) and δrch (b) of the binding energies and charge radii calculated with the found extended Skyrme forces
from their experimental values for a number of nuclei.
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TABLE III. Proton and neutron single-particle energies (MeV) for the nucleus 208Pb calculated with different Skyrme forces. Experimental
values are taken from Ref. [1]. The asterisk denotes the Fermi level.

Orbits Expt. KDE0 BSk18 SkOP3 SkOP4 SkOP5 SkOP6

Protons
1g9/2 −15.43 −17.85 −16.3 −17.40 −17.01 −16.99 −16.87
1g7/2 −11.43 −13.77 −13.0 −13.66 −13.37 −13.12 −13.23
2d5/2 −9.70 −11.37 −10.2 −10.55 −10.05 −10.08 −9.75
1h11/2 −9.37 −9.87 −8.8 −9.16 −8.70 −8.89 −8.44
2d3/2 −8.38 −9.43 −8.4 −8.85 −8.35 −8.36 −8.06
3s∗

1/2 −8.03 −8.67 −7.7 −8.08 −7.53 −7.60 −7.30
1h9/2 −3.77 −4.00 −4.0 −3.73 −3.39 −3.28 −3.11
2f7/2 −2.87 −2.78 −2.2 −2.07 −1.47 −1.70 −1.23

Neutrons
1h9/2 −10.85 −12.39 −12.6 −12.64 −13.12 −12.63 −13.65
2f7/2 −9.72 −11.60 −11.6 −11.60 −11.89 −11.81 −12.05
1i13/2 −9.01 −9.33 −9.4 −9.86 −10.10 −10.05 −10.29
3p3/2 −8.27 −8.67 −8.8 −9.02 −9.27 −9.23 −9.46
2f5/2 −7.95 −8.59 −8.8 −8.99 −9.29 −9.19 −9.46
3p∗

1/2 −7.38 −7.54 −7.7 −8.03 −8.28 −8.21 −8.47
2g9/2 −3.94 −2.86 −3.5 −3.72 −3.87 −3.93 −3.96
1i11/2 −3.15 −1.65 −2.7 −2.59 −2.94 −2.60 −3.19
1j15/2 −2.53 −0.41 −1.2 −1.51 −1.61 −1.69 −1.73
3d5/2 −2.36 −0.43 −1.2 −1.61 −1.76 −1.69 −1.90
4s1/2 −1.91 0.08 −0.7 −1.05 −1.20 −1.05 −1.34
2g7/2 −1.45 0.38 −0.4 −0.91 −1.10 −1.06 −1.21
3d3/2 −1.42 0.56 −0.2 −0.63 −0.78 −0.65 −0.93

forces allows one to eliminate the ferromagnetic instability
and its attendant collapse of pure neutron matter, which
usually occur for Skyrme forces of the standard form [13],
and specifically for the forces SkOP1 and SkOP2, which we
obtained in Ref. [8]. In this connection, we have examined
the density-dependence behavior of the energy per nucleon
in pure neutron matter for the found variants of the extended
Skyrme forces. For all four parameter sets SkOP3–SkOP6,
we have observed the stability of neutron matter against a
ferromagnetic transition at least at densities ρ < 1 fm−3. As an
example, in Fig. 5 we present the equation of state (EoS), E/A

via ρ , for the unpolarized and completely polarized neutron

FIG. 5. Equations of state for the unpolarized and completely
polarized neutron matter for the found force SkOP4 and for the
standard force KDE0 [19]. Also shown is the realistic unpolarized-
state EoS V18 [29].

matter for one of our parameter sets SkOP4 in comparison
with the results of analogous calculations with the standard
Skyrme force KDE0. In this figure, we also present the results
of calculations for the realistic EoS V18 obtained in Ref. [29]
for the unpolarized neutron matter. (In Ref. [14] this EoS was
referred as LS2 and employed for obtaining the BSk21 force.)
One can see that in the case of SkOP4 the unpolarized-state
curve lies below the one for the polarized neutron matter in
the whole density range, unlike the case of the KDE0 force,
for which these curves cross each other, so that at sufficiently
high densities, ρ > 0.6 fm−3, the polarized state becomes the
ground one. Note that the unpolarized-neutron-matter EoS for
the SkOP4 force is close to the realistic EoS V18.

Thus, it follows from the considered analysis that the
extended Skyrme-force variants obtained in this work, along
with a good description of the fitted observables for the
considered case of the elastic neutron scattering, also quite
satisfactorily reproduce a variety of parameters of symmetric
nuclear and neutron matter, as well as the main characteristics
of finite nuclei in a wide range of mass numbers.

IV. CALCULATIONS OF OBSERVABLES OF THE
NEUTRON AND PROTON SCATTERING ON

DIFFERENT NUCLEI

Further, we have employed the extended Skyrme-force
variants SkOP3–SkOP6 found from the described optimization
analysis of the differential cross section and analyzing power
for the chosen case of n + 120Sn elastic scattering at 13.9 MeV,
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FIG. 6. Differential cross sections σ (θ ) and analyzing powers Ay (θ ) of the elastic neutron scattering on 58Ni nuclei at different energies
calculated with the found extended Skyrme-force variants SkOP3–SkOP6 and with the standard Skyrme force SkOP2 obtained in Ref. [8].
The numbers in parentheses are the offsetting factors for the cross sections and the ordinate-axis offset values for the analyzing powers.
Experimental data are from Refs. [30–32].

to use them for describing scattering observables of the neutron
and proton scattering on other target nuclei in a wide mass-
number range and at other incident-nucleon energy values.1

In Figs. 6 and 7, we present examples of such calculations
of differential cross sections and analyzing powers of the
neutron scattering on 58Ni and 208Pb nuclei at several energy
values. We compare these results with those obtained on the
basis of the MOP model under consideration, but using the
standard-form Skyrme force SkOP2, which was also found
from a similar optimization analysis of the nA scattering
earlier in Ref. [8]. It is seen from the figures that all new
variants of NN forces give in general a satisfactory agreement
with the experimental data on the neutron scattering on the
target nuclei belonging to quite different regions of the mass-
number range. Moreover, the found extended Skyrme forces
provide a better description of all experimental cross sections
and analyzing powers than the standard-form variant SkOP2

1The experimental data on cross sections and analyzing powers were
mainly taken from the electronic Experimental Nuclear Reaction Data
at http://www-nds.iaea.org/exfor/exfor.htm.

does. This improvement in the description of observables
becomes more appreciable at higher incident energies. The
agreement with experimental data worsens with an increase
in incident energy, which is a consequence of a too rapid
growth of the depth of the imaginary part of the MOP, as
was discussed in detail in Ref. [8]. However, this worsening
occurs more slowly for the extended Skyrme forces, which is
well exemplified by the n + 208Pb scattering at 40 MeV. In
this case, the calculation with the standard force SkOP2 yields
too pronounced diffraction oscillations of the cross section,
while the new extended Skyrme forces SkOP3 and SkOP4
provide a refraction damping of these oscillations, which
resembles the experimentally observed behavior. These facts
are caused by a slower increase of the depth of the imaginary
part of the MOP with energy for the extended Skyrme forces
as compared with SkOP2. Examination of the calculated
MOP shows that the behavior of its imaginary part is mainly
improved in the surface region owing to the contributions
coming from the both density- and momentum-dependent
terms of the NN forces. This is manifested especially well for
the variants SkOP3 and SkOP4. It should be noted that these
two variants give the best description of experimental data
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FIG. 7. The same as in Fig. 6, but for the neutron scattering on 208Pb nuclei. Experimental data are from Refs. [33–37].

in all cases under consideration. Besides, the results obtained
with SkOP3 and SkOP4 are fairly close to each other. For this
reason, below we shall restrict ourselves to the consideration
of calculations with only one of the new force variants,
namely, SkOP4.

We have also applied the MOP model under consideration
and the obtained variants of the Skyrme forces involving both

the density- and momentum-dependent terms to calculations
of the reaction and total interaction cross sections σr and σt ,
which are important integrated characteristics of the NA scat-
tering. In Fig. 8, we present the calculated energy dependences
of these cross sections for the neutron scattering on 90Zr and
208Pb nuclei for the chosen force variant SkOP4 in comparison
with the results for our standard-form variant SkOP2. The

FIG. 8. Reaction cross sections σr (a) and total cross sections σt (b) for the neutron scattering on 90Zr and 208Pb nuclei as functions of the
neutron energy E calculated with the extended force SkOP4 and the standard-form force SkOP2 from Ref. [8]. The numbers in parentheses
are the ordinate-axis offset values. Experimental data are from Refs. [38–40].
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FIG. 9. Differential cross sections σ (θ ) and analyzing powers Ay (θ ) of the elastic proton scattering on 58Ni and 90Zr nuclei at different
energies calculated with the new extended Skyrme force SkOP4 and with the standard-form force SkOP2 from Ref. [8]. The numbers in
parentheses are the offsetting factors for the cross sections and the ordinate-axis offset values for the analyzing powers. Experimental data are
from Refs. [41–44].

calculations with both SkOP2 and SkOP4 variants are in a
reasonable agreement with the corresponding experimental
data (the data for σr are for targets of natural isotopic
composition). However, we may note that the extended Skyrme
force SkOP4 provides a somewhat better description of the
reaction cross sections in the region of higher neutron energies,
as it also was in the case of differential cross sections of the
elastic nA scattering.

As is distinct from Ref. [8], in which we considered the
application of the MOP model of this type to describing the
neutron scattering only, in this work we have additionally
performed calculations of observables of the proton scattering
on various target nuclei in a wide range of mass numbers

and in a rather wide region of incident energies, using both
the new variants of the extended Skyrme forces and the
standard-form variants SkOP1 and SkOP2. The performed
analysis has shown that, just like it was in the case of the
neutron scattering, the MOP model under consideration allows
us to obtain a satisfactory description of experimental data on
the pA scattering. Besides, it should be noted that the SkOP3
force again gives results close to those for the SkOP4 force,
and the results for SkOP1 are close to those for the SkOP2
force. As an example, in Figs. 9 and 10 we show results of
some such calculations of the differential cross sections and
analyzing powers for the elastic proton scattering on 58Ni,
90Zr, 120Sn, and 208Pb nuclei while making use of two chosen

FIG. 10. The same as in Fig. 9, but for the proton scattering on 120Sn and 208Pb. Experimental data are from Refs. [42,45–48].
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FIG. 11. Reaction cross sections σr for the proton interaction
with 58Ni, 116Sn, and 208Pb nuclei as functions of the proton energy
E for the new extended force variant SkOP4 and the standard-form
variant SkOP2 from Ref. [8]. The numbers in parentheses are the
ordinate-axis offset values.

variants of the Skyrme forces: the extended SkOP4 force and
the standard-form SkOP2 force. As can be seen from Figs. 9
and 10, the new Skyrme force SkOP4 gives a good agreement
of the calculated observables for the proton scattering on
various nuclei with the corresponding experimental data,
significantly improving the description of both the angular
and energy dependence of these quantities as compared to the
results of calculations with the standard-form NN force SkOP2.
The improvement of the description of the energy dependence
of pA scattering observables on the basis of the MOP model
under consideration while making use of the extended Skyrme
forces is also confirmed by the calculations of the total cross
sections of pA reactions, which we have performed in a rather
wide range of the incident proton energies. Examples of such
calculations with the SkOP4 and SkOP2 forces for the 58Ni,
116Sn, and 208Pb target nuclei are shown in Fig. 11. As in the
case of the neutron scattering, the results of calculations of
σr (E) with the SkOP4 force are in better agreement with the
experimental data from Ref. [49].

V. CONCLUSION

We have considered a model of the NA microscopic optical
potential, in which the latter is obtained from calculations
of the one-particle Green function mass operator making
use of the extended variant of Skyrme forces that involves
terms depending on both the density and momentum of the
interacting nucleons. This model has been employed for
searching for values of the parameters of the NN forces
of this type on the basis of the optimization procedure
proposed by the authors. This procedure includes an analysis
of certain chosen angular distributions of the cross section and
analyzing power of the elastic neutron scattering by nuclei
with the simultaneous control of the main parameters of

nuclear matter (the binding energy per nucleon, the equilibrium
density, the symmetry energy, the isoscalar and isovector
effective nucleon masses, and the incompressibility coefficient
of nuclear matter). When performing specific calculations,
we have fixed upon fitting the observables of the 13.9-MeV
neutron scattering on 120Sn nuclei. During the fitting, we
also controlled the binding energies and charge radii for the
target nucleus and two additional nuclei belonging to different
regions the mass-number range, namely, the 40Ca and 208Pb
nuclei, as well as the spin-orbit splitting of the neutron 3p

levels of the 208Pb nucleus.
Basing on this optimization procedure, we have found a

number of parameter sets of the extended Skyrme forces
involving both the density- and momentum-dependent terms
for different values of the density exponents. These new
variants of NN forces significantly improve the description
of the analyzed scattering observables as compared with the
results of calculations both with the Skyrme forces known
from the literature (including the extended ones of the same
type) and with the standard-form forces obtained by us in the
previous work of Ref. [8] on the basis of the optimization
analysis of an nA scattering cross section. The found new
variants of the extended Skyrme forces provide a satisfactory
description of the main characteristics of even-even nuclei.
These forces also yield values of the main parameters of
symmetric nuclear matter close to those generally adopted
at present in the literature. This is the case both for the
parameters involved in the optimization procedure and for
a number of parameters that were not controlled during the
fitting. In contrast to many standard-form NN forces, for all
found variants of the extended Skyrme forces, the stability
of pure neutron matter against a ferromagnetic transition is
observed in a wide range of neutron densities.

The performed calculations also show that this model of
the NA MOP based on the new variants of extended Skyrme
forces yields a good description of differential cross sections
and analyzing powers of the elastic scattering of both neutrons
and protons on various target nuclei in a wide range of
mass numbers at different incident nucleon energies. In all
considered cases, there is observed a better agreement with the
corresponding experimental data in comparison with results
obtained with the standard-form NN Skyrme forces, especially
at higher incident energies. The same situation takes place also
in calculations of the cross sections of nA and pA reactions and
of the total nA interaction cross sections. However, it should be
stressed that, as was in our previous work (see Ref. [8]), certain
problems in the description of the NA scattering observables
arise when the incident energy increases, which are caused
by a too rapid increase of the depth of the imaginary part of
the MOP. At sufficiently high energy values, these problems
cannot be eliminated by using the extended variant of Skyrme
forces, and therefore, a further refinement of the model of the
imaginary part of the MOP is required.
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