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In the context of a 3P, quark-pair creation model for the process p — 77, a method is developed for taking
relativity into account in the calculation of hadron decays. Following a brief review of relativistic quantum
mechanics, an expression is derived for the general relation between a momentum-space, two-particle, instant
form wave function in an arbitrary frame and the wave function associated with the c.m. frame. This relation
is used to develop relativistic wave functions for the = and p mesons. Second quantized state vectors for 7
and p states are constructed with the help of these relativistic wave functions. The p — 77 transition amplitude
is obtained by using these state vectors to calculate matrix elements of a second quantized 3P, quark-pair
creation operator derived from a scalar Lagrangian density. The amplitude differs from the one obtained using
nonrelativistic wave functions in the appearance of Wigner rotations. In spite of the complications arising from
these rotations the calculation of the relativistic amplitude is reduced to carrying out a two-dimensional integral.
The amplitude is of the same form as one derived from an effective prr Lagrangian except for the presence of
a form factor that depends on the magnitude of the three-momentum of a final-state pion. The shape of the form
factor is determined by the relativistic 7 and p wave functions. Using the p — w7 transition amplitude as a
vertex interaction in a relativistic model of w7 scattering, the p-wave, mm scattering amplitude is calculated and
fit to data by adjusting the interaction strength and the p bare mass. This leads to a mass shift and decay width
for the p meson. Using nonrelativistic wave functions to calculate the form factor leads to a negligible mass shift,
whereas using the relativistic wave functions leads to a bare p mass of 855.7 MeV, corresponding to a physical
p mass of 775.5 MeV. The quark-pair creation operator strength parameter for the relativistic case is roughly a
factor of 2 larger than that for the nonrelativistic case.
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I. INTRODUCTION

Here relativistic quantum mechanics refers to the frame-
work for developing relativistic models that grew out of
an important paper by Dirac [1] in which he discussed the
various ways for incorporating interactions in the generators
of the Poincaré group. Dirac called these various possibilities
the instant form, the point form, and the front form. Each
form is associated with a three-dimensional hypersurface in
Minkowski space that is invariant under a supgroup of the
Poincaré transformation, x’ = ax + b, and intersects every
world line just once. For the instant, point, and front forms the
hypersurfaces can be taken to be ¢t = const., ¢’t?> — x*> = a?
with > 0, and ct 4 z = 0, respectively. In Dirac’s approach
the generators associated with these hypersurfaces are taken to
be noninteracting, and interactions are put into the remaining
generators. In the instant form, which is the one we adopt
here, the three-momentum P and the angular momentum
J are noninteracting, while the Hamiltonian H and the
generator of rotationless boosts K contain interactions. Since
P and J generate translations and rotations in ordinary three-
dimensional space, it is clear that these transformation do not
move a space-time point off of the hypersurface ¢ = const.

A practical method for constructing models in the various
forms of relativistic quantum mechanics is due to Bakamjian
and Thomas [2,3]. In their approach for constructing instant
form generators the 10 Poincaré generators are expressed in
terms of the 10 operators {M, P, S, X}, where M is the mass
operator, S is a spin operator, and X is the so-called Newton-
Wigner position operator [3,4]. This set of operators satisfies
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much simpler commutation rules than the Poincaré generators,
which facilitates the construction of models. In the Bakamjian-
Thomas scheme P, S, and X are taken to be noninteracting,
and an interaction is put only in the mass operator M.

Here we show that the Bakamjian-Thomas scheme provides
a natural framework for constructing relativistic quark models
in which the strong coupling to decay channels is taken into
account by means of the 3P, quark-pair creation model. In
this model it is assumed that the gg pair that is created has
the quantum numbers of the vacuum. This implies that the
qq pair must be a color singlet and a flavor singlet and have
zero total linear momentum and zero total angular momentum.
For a fermion-antifermion pair P = (—1)"*!and C = (—1)/**,
where P is parity, C is charge conjugation, [ is orbital angular
momentum, and s is spin angular momentum. For the vacuum
we have jP€ = 07 therefore the gg pair must have [ = 1
and s = 1 combined to give j = 0; i.e., the gq pair is created
in a 3P, state.

The 3P, model grew out of some work by Micu [5] in
which he used the model to calculate the decay rates of meson
resonances described by the quark model. The model was
subsequently applied to both meson and baryon strong decays
by Le Yaouanc et al. [6,7]. A very thorough early application
of the 3P, model to three-meson vertices was carried out
by Chaichian and Kogerler [8]. All of these analyses used
nonrelativistic gg and gqq wave functions to describe the
hadrons. Here we propose a remedy for dealing with this
shortcoming.

The 3Py mechanism is somewhat similar to the mechanism
for strong decays that arises in the Isgur-Paton [9] flux-tube
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model, a model derived from the strong-coupling Hamiltonian
lattice formulation of QCD. The flux tubes provide the
interactions between quarks as well as a decay mechanism. A
decay can occur when a flux tube breaks, thereby leading to the
appearance of a quark and an antiquark on the new ends [10].
Ultimately the flux-tube decay model turns out to be a fairly
straightforward extension [11,12] of the usual 3Py model. In
the usual model the ¢ and g are assumed to be pointlike and to
occur with equal amplitude everywhere in space. Geiger and
Isgur [11,12] introduced three modifications. In their model
the pair is created in a finite region defined by the overlap of
the initial and final flux-tube wave functions, a form factor
is introduced to take account of the constituent quark size,
and another factor is introduced to suppress pair creation
at short distances. Here we do not deal explicitly with the
Geiger-Isgur extension of the 3Py model, but it will become
clear that the relativistic approach developed here is capable of
doing so.

One of the most interesting questions that arises when
strong coupling to decay channels is included in quark
models is the effect on the hadron mass spectrum. These
couplings can provide self-energy contributions to the masses
of mesons (m) through the process m — m’ +m” — m, as
well as to baryons (b) through the process b — b’ +m — b.
Furthermore, mixing between hadrons with the same quantum
numbers can arise from processes such as m — m’ + m”
m” and b — b' +m — b”. These processes, of course, are
associated with loop diagrams.

The effect of loop diagrams on the meson spectrum was
investigated in detail by Tornqvist [13—16] and on the baryon
spectrum by Tornqvist and Zenczkykowski [17-19]. In their
approach the loop diagrams are generated by unitarity so the
model is referred to as the unitarized quark model (UQM).
With this model the mass shift of hadron A due to various open
and closed decay channels can be written as the dispersion

relation
Z / (s, mB,mc)d ’

Sthreshold mA -

i =(B,C),

(1.1)

where the sum runs over the decay channels. Here m% and m 4
are the bare mass and physical or dressed mass of hadron A,
respectively, ¢ is a spectral function, w;* is a numerical weight,
and mp and m¢ are the masses of the hadrons that comprise
channel i. If A is a meson then B and C are mesons, while if
A is abaryon B is a baryon and C is a meson. The weights and
the spectral function can be determined within a specific decay
model such as the 3P, pair-creation model. With the UQM it is
possible to explain many mass shifts, mass widths, and mixing
effects among the light mesons and among the heavy cc and bb
states [13—16], as well as among the ground state and P-wave
baryons [17-19].

In a variation of the UQM Silvestre-Brac and Gignoux [20]
used the dispersion relation

T em0 E; — E®+ (12)
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where E; is the perturbed energy of a state, E? is the
corresponding unperturbed energy, and the sum on c is over
the various decay channels. In their calculations the matrix
elements, V;.(k), that determine the coupling of state i to the
decay channels ¢ are taken from the >Py model. Their analysis
helps to explain the order and importance of spin-orbit splitting
in L = 1 baryons, as well as partial and total decay widths.

Roberts and Silvestre-Brac [21] developed a very general
formalism for applying the *Py model to any hadron decay
of the form A — B + C. Capstick and Roberts [22-24] used
this formalism to calculate the decay amplitudes of nonstrange
baryons to a large number of baryon-meson decay channels.
They employed hadron wave functions derived from the
relativized quark model of Capstick and Isgur [25]. This model
uses the relativistic expression E = /p? + m? for the quark
energies rather than the nonrelativistic form E = p?/2m + m,
and in it the quark masses m that appear in the potentials with
E = \/p? + m? are also replaced. A very useful review paper
on quark models of baryon masses and decays is by Capstick
and Roberts [26].

It should be noted that introducing relativistic expressions
into nonrelativistic quark models does not guarantee Poincaré
invariance. In principle to do this it is necessary to establish
the existence of 10 Poincaré generators with which the unitary
operators that map quantum mechanical state vectors from one
inertial frame to another can be constructed. The Bakamjian-
Thomas scheme [2,3] described above is probably the simplest
way to satisfy this requirement for Poincaré invariance. In the
instant form, for example, it is only necessary to construct
a mass operator M that commutes with P, S, and X. A
number of authors have used the Bakamjian-Thomas scheme
to construct Poincaré invariant quark models for mesons and
baryons.

Coester and Riska [27] used the point form to construct
a Poincaré invariant quark model for the baryons. The
interaction in their mass operator involves harmonic oscil-
lator confinement, a hyperfine interaction whose spin-flavor
structure is motivated by the spin-flavor part of the interaction
mediated by the exchange of the octet of light pseudoscalar
bosons [28], and an angular-momentum-dependent term. An
interesting feature of their model is that the quark masses do
not appear in their mass operator. Their model reproduces the
empirical baryon masses up to ~1700 MeV to an accuracy
of ~6%. A more sophisticated version of the model [29]
reproduces the empirical spectra of the baryons in all flavor
sectors to an accuracy of a few percent. This model has
a confining interaction that is a function of a hyper-radial
variable that is the radius of a six-dimensional hypersphere. It
also includes an operator that depends on the flavor quantum
numbers of strangeness, charm, and beauty, as well as a
phenomenological hyperfine interaction.

The semirelativistic quark model for baryons due to
Glozman et al. [30] consists of a linear confinement interaction
and a Goldstone boson exchange potential. Wagenbrunn et al.
[31] made this model Poincaré invariant by reinterpreting its
Hamiltonian as a point form mass operator.

Krassnigg et al. [32] used the point form to construct a
Poincaré invariant quark model for vector mesons. Their model
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employs harmonic oscillator confinement and a hyperfine
interaction generated by Goldstone boson exchange.

Here we develop a method for incorporating a Poincaré
invariant version of the 3P, quark-pair creation model into
Poincaré invariant quark models such as those presented in
Refs. [27,29,31,32]. This is done in the context of a specific
decay process, i.e., p — mm. Here the p and m mesons are
each described as bound states of a quark and an antiquark.

In Sec. II we briefly review relativistic quantum mechanics
in the instant form, with emphasis on the Lorentz transfor-
mation of instant form state vectors from one inertial frame
to another. The relation between the momentum-space wave
function of a two-particle system in an arbitrary frame and in
a c.m. or rest frame is derived.

Section III presents a derivation of the *P, interaction from
the scalar Lagrangian density L;(x) = gW(x)lp(x), where
¥(x) is a Dirac quark field [33]. This shows that there is
nothing inherently nonrelativistic about the *Py interaction.

By using the momentum-space wave function relation
derived in Sec. II, the relativistic wave functions for the 7
and p mesons, including the color and flavor variables, are
presented in Sec. IV. The properly normalized w7 and p
second quantized state vectors are also given, which makes
it possible to evaluate the p — w7 transition amplitude by
taking matrix elements of the second quantized *Py interaction.

The p — m transition amplitude is developed in Sec. V.
Here we see the distinctive feature that occurs in the relativistic
treatment of the = and p wave functions, but not in a nonrela-
tivistic treatment—namely, the appearance of Wigner rotations
[3]. By using standard SU(2) relations we find that it is
possible, even with the complication of the Wigner rotations, to
reduce the calculation of the transition amplitude to evaluating
a two-dimensional integral. The final result is identical to the
form obtained from the effective hadronic, Lagrangian density
Lorn(x) = —gpnnlm(x) x 9,m(x)] - p*(x), except for the
appearance of a form factor that depends on the magnitude
of the three-momentum of a pion in the final state c.m. frame.
The momentum dependence of the form factor is determined
by the quark wave functions of the mesons in their rest
frames.

In Sec. VI asimple mass operator is given whose eigenstates
are the gg wave functions for the = and p mesons. The operator
consists of a harmonic oscillator confinement interaction and
a hyperfine interaction. Both mesons have the same gg rest
frame radial wave function, which is a simple Gaussian.

The nonrelatistic p — m transition amplitude is devel-
oped in Sec. VII. We find that the relativistic result found
in Sec. V goes over to the nonrelativistic one if a couple of
relativistic relations for energy and momentum are replaced
by the nonrelatistic ones and the Wigner rotations are “turned
off.”

In Sec. VIII we analyze p-wave w7 scattering using a mass
operator that acts in the space spanned by p-wave m and p
meson states. The only interaction is the vertex interaction that
follows from the p — s transition amplitude. The p-wave
m scattering amplitude is calculated and the two adjustable
parameters of the model are fit to the data. This leads to results
for the mass shift and width of the p meson. The nonrelativistic
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and relativistic results for these properties of the p meson are
compared.

Section IX gives a brief discussion of future extensions and
applications of the method developed here. Necessary results
for Wigner rotations are given in the Appendix.

Throughout we work in units in which = ¢ = 1.

II. RELATIVISTIC QUANTUM MECHANICS

Here we analyze the construction of states that have well-
defined transformation properties under Lorentz transforma-
tions and indicate how they are used in a Bakamjian-Thomas
construction of an instant form model of a two-particle system.

Single-particle states are denoted by |pm), where p is the
particle’s three-momentum and m is the z component of its spin
s. In the rest frame of the particle the state rotates according to

U(r)om) = >"10m") DY), (r), 2.1)

where U (r) is a unitary operator corresponding to the rotation
r, and D®(r) is a standard SU(2) matrix representative of
the rotation r. We boost the rest frame state to one of three-
momentum p by applying the unitary operator corresponding
to a canonical Lorentz boost /.(p), i.e.,

Ipm) = U[L(p)]|0m)[1/e(p)]"/?, (2.2a)
e(p) =+p*+m?,  p=(s(p)p), (2.2b)
(pm|p'm’) = 8(p — Py (2.2¢)

Here p is the mass of the particle. The square root factor in
(2.2a) is consistent with the inner product (2.2¢) [34]. The
canonical boost is given by

x =1(p)xem, p=0"p), (2.3a)
x() = (poxg.m. + p : Xc.m.)/W’

_ 0 P Xcm. B
W= p (2.3b)

Under a general Lorentz transformation x’ = ax the state
(2.2a) transforms according to [3,34]

Ua)lpm) = Y _|p'm') Dy, [re(a, p)lle(p)/e@)]'"?,
p =ap, (2.4)

where r.(a, p) is a so-called Wigner rotation [3,4] defined by

re(a, p) = 1. ' (ap)al (p). (2.5)
If a is a rotation r this simplifies to [3,34]
re(r,p)=r. (2.6)
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Two-particle states can be obtained by boosting from the
c.m. frame of the two particles according to [34]

Ipkmimz) = Ull(p)llkm;) ® |k, m2)
x [W(k)/E(p, k)", (2.72)
(e1(k), k) = I (p)(e(pr), ),
(e2(—K), —=K) = I (p)(e2(p2). P2). (2.7b)

(pkm ma|p'K'mimb) = 8> (p — p')8> (K — K81 S, -
(2.7¢)

Here k is the three-momentum of particle 1 in the c.m. frame,
p; and p; are the three-momenta of particles 1 and 2 in a
general frame, while the other quantities that appear are given
by

W(K) = e1(k) + &2(—Kk), (2.82)
p = (e(p1) + &2(p2), p1 + P2) = (E(p, k), p), (2.8b)
E(p. k) = vp? + W2(K). (2.8¢)

Under a general Lorentz transformation a, the state (2.7a)
transforms according to [3,34]

U(@)lpkmimz) = Y|, re(a, pkmimy) D)) [re(a, p)l

mym)
x D)) Ire(a, pILE®, K)/E®, K17,
p = ap. (2.9)

Using (2.4) in (2.7a) we can show that the direct product of
two single-particle states is related to the state (2.7) by the
relation

[pimy, pama) = |p1my) & |pama)
e1(Ke (k) E(k 17
B [ Wk s()e (Pz)]
x ) Ipkmim DDy Ars e (p) ki)
x DY), Ar e (p) Kol (2.10a)
ki = (e1(k), k), k» = (e2(—k), —k). (2.10b)

With the help of this relation we can derive the Jacobian
that relates the p;, p, variables to the p, k variables. The
completeness relations for the states that appear in (2.10) are
given by

1= / [pim, pama) & pid® py (pimy, pama|

myny

= % [ Ipkmim) ke plomme. 211)

mymz

Inserting (2.10a) into this relation immediately leads to the
result

Wk) epi)e(p)
d*prd’p, = d* pd’k
P = ek Epk 7
W (k) e(p1) &2 (p2) Ppdk. (2.12)

T e K e (K e () + e (p2)
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By coupling angular momenta we can construct from the
state (2.7a) a state that transforms irreducibly under a Lorentz
transformation [3]. It is given by

[pklsjm)
=y > /ko|pkm1m2 VY (K)(s150m | smy)
mpmgmipmy
X (Ismymg|jm), (2.13a)
(pklsjm|p'k'l's' j'm’)
=8(p — Pk 28(k — K)811:8558 S - (2.13b)

Using the identities

510Dy = 3 3 Grjamimal IM)DYY DY

mlmzm’lmz
X (jiom\m5|J' M), (2.14)
Y (r'k) = ZY'"’ (k)D’(,?ml ), (2.15)

it can be verified that under the Lorentz transformation x’ = ax
the state (2.13a) transforms according to

U(a)lpklsjm) =Y |p'klsjm') D) [re(a. p)]
x [E(p, k)/E(p. k)],
p' = ap. (2.16)

We note that the transformation is very similar to the
transformation of a single-particle state as given by (2.4). By
solving (2.13a) for |pkmm;) and putting the result in (2.10a)
we find the relation

[pimi, pama)
_[el(knz(—k) E(p k) ]‘/2
B W k)  &(p1)e(p)

x YD 2 D Ipkisjm){ismim,| jm)

mymly lmy smy jm
X ¥ W) s 1somimy sm) DYy re ! [l (p) s Kl
L(p), 21} -

The result (2.17) will allow us to incorporate relativistic
wave functions for the bound states of quarks into the quark-
pair creation model. The framework we will use to construct
such wave functions is based on the Bakamjian-Thomas
[2,3] instant form scheme for relativistic quantum mechanics.
In a satisfactory relativistic quantum mechanics there exist
unitary operators U(a, b) that correspond to the Poincaré
transformation x’ = ax + b and map quantum mechanical
state vectors from the x frame to the x’ frame. For proper
transformations these unitary operators can be expressed in
terms of the 10 Poincaré generators, four of which are the
components of the four-momentum operator P = (H, P),
while the other six are the components of the three-vector
operators J and K. Here H is the Hamiltonian operator, P
is the three-momentum operator, J is the angular momentum
operator, and K is the generator of rotationless boosts.

x Dy Ar! (2.17)
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In a Bakamjian-Thomas scheme the 10 generators
{H,P,]J,K} are expressed in terms of another set of ten
Hermitian operators {M, P, S, X} by means of the relations

H =P+ M*)'?, (2.18a)

J=XxP+S, (2.18b)

Ke ‘xmamax- 2X5 s
2 M+ H

Here M is the mass operator, S is the spin operator, and X
is the Newton-Wigner [3,4] position operator. The advantage
of the second set of operators over the generators is that
they satisfy much simpler commutation rules. In particular
the only nonzero commutators are given by the well-known
commutation rules
[Pj, Xkl = —idjk, [Sj, Skl =1igjuS. (2.19)
The operators P, S, and X are chosen to be the same as those
for the system of particles without interactions, while the mass
operator M contains interactions. The commutation rules for
P, S, and X are then automatically satisfied, and in order to
guarantee Poincaré invariance it is only necessary to ensure
that
M, P]=0, [M,S]=0, [M,X]=0. (2.20)
With this scheme the generators P and J are noninteracting,
while H and K contain interactions. This defines an instant
form of relativistic quantum mechanics, since the Poincaré
transformations constructed from the noninteracting genera-
tors map a Minkowski subspace ¢ = const. into itself.
The representatives of the noninteracting operators in the
space spanned by the states (2.13) are given by

(pklsjm|P = p (pklsjml|,
(Pklsjm|S® = j (j + 1) (pklsjm|,
(pklsjm| Ss = m (pklsjm|,
(pklsjm| S1 = (pklsjm|(S; £1i9)

=[G+ 1) —m@mF DI'Y*(pklsj, m F 1].
(2.21)

(pklsjm| X =iV, (pklsjm|,

Using (2.21) and the conditions imposed by (2.20) we can
show that the matrix elements of the mass operator must be of
the form

<PleJm |M|p,k/lls/j,m/> = 53([) - p,)Sjj’Smm’M[J;,[fS'(ka k/)~
(2.22)
The operators M, P, S2, and S5 commute with each other;

therefore we can construct simultaneous eigenstates of them
according to

MIqWjm) = W|qWjm), (2.23a)
PqWjm) = qlqW jm),
S*lqWjm) = j (j + 1) |qWjm), (2.23b)
S31[qWjm) = m|qW jm).
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If we write the mass eigenstates in the form
qWjm) =Y / lqklsjm) k2dk ¢, (k),  (2.24)
Is

we see that they explicitly satisfy (2.23b). By putting this form
into (2.23a), contracting with one of the states (2.13), and using
(2.21) and (2.22), we find the integral equation

> / M Gk KDKPAK @) () = W) (k). (2.25)
U's’

We note that this equation verifies that the wave function

¢lv:j (k) that appears in (2.24) does not depend on q or m.
Assuming that

S [Tl wol wokdk=sm. 220
15 V0

and using (2.13b), we find that the mass eigenstates are
normalized according to
(@Wjmlg'W'j'm') = 8°(q — @)0ww 8 Smm. (2.27)

Using (2.10), (2.24), (2.13a), and (2.12) we find that in the
|[p1m1, pom>) basis the mass eigenstates are given by

lplflvljn’:; (plv P2§Q)
= (pimy, pomy |qW jm)

=& @- ) Ay L @)Y, ), (228a)
A, (D1 D2)

3 [sl(k)sz(—k) E (p.k) }1/2
B WEk) e(pr)e2(p2)

x Dy Are [l (p) ki) D), (rclle(p),kal), - (2:28b)
Vi ()

= D> (sisomima|sm)

Is mymg
x (Ismymy| jm)Y}" (K)y,” (IK]). (2.28¢)

p = (e(p1) + &2(p2), P1 + P2)

= (E(p. k). p) = (V/p? + W2(K). p). (2.28d)
ky = 17" (p)(e(p1). p1) = (e1(K), K),
ky = 17" (p)(e(P2). p2) = (2(—K), —K). (2.28¢)

Equation (2.28a) gives the relation between \II,Y,V,"m”; (P1, P25 Q),
the wave function of the system in an arbitrary frame, and
Y (K), the rest frame wave function of the system. This
equation plays an essential role in incorporating relativistic
wave functions into the 3Py quark-pair creation model. For
future reference we note that by inverting (2.10a) we can easily
show that

(pkmymy |qWjm) =8 (p— @ ¥, 7" (k). (2.29)
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III. THE INTERACTION

The interaction in the quark-pair creation model can be
derived from the quantum field theory Hamiltonian [33]

H; = g/d3x Y()Y(x), t=0, 3.1

where 1 (x) is a Dirac field operator associated with the space-
time point x. Since under a Lorentz transformation x” = ax,
the interaction density ¥ (x) v (x) is a Lorentz scalar function
the above interaction can be said to be relativistic. The field
operator can be expanded in the form

[ (P)e” " u,(p)

e >—Z/(2 L
+<—1)’+‘dj(p>e’”vr(p)]. (3.2)

Here bI and dj create a quark and an antiquark, respectively.
The corresponding spinors are given by

4r () = 8(P)+m|: Xr }
r =\ A~ o-p s
2m e(p)+m Xr
o-p /
v (p) = ‘g(pz)# [s(p);f," X’} , (3.3a)
/ 1 / 0
XN=X=X12= gl X2=TX1=X-12= ||
(3.3b)

The factor (—1)" ™! that appears in (3.2) has been put there

so that drT creates angular momentum states that follow the
Condon-Shortley phase conventions [35]. With this factor the
angular momentum operator is given by

J= /de v [L )+ %a} ¥ )

. 1

r,s

1
+d] (p) [SML (p) + iam] d, (p) }
L(p) =iV, xp.

(3.4a)
(3.4b)

Thanks to the (—1)*'factor the roles of the quark and
antiquark creation and annihilation operators are completely
symmetrical in their application to creating angular momen-
tum eigenstates.

Putting (3.2) into (3.1) we find that the quark-pair creation
part of the interaction Hamiltonian is given by

Hopc = 82/d3171d3192 (p oo bi(p1)d! (p2)
x 83(p1 + P2)it, (P1)vs (p2)(—1)* . (3.5)
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By using (3.3) it is straightforward to show that

. i t — _ 1)y +1
le_1przn_)0 ;mbr (p1) dg (p2) ur (p1) vs (P2) (—1)

8 B 1
= —,/? {yl L(p) bl (p1)d] (p2) — Ey? D)
x [bl (p1)d} () + bL (p1) d (p2)]

+ Vi ()63 (p1)d3 (p2) } (3.62)
= (p1—p2)/2, (3.6b)
where
W (p) = \/Tn&n p=[pIY{"(P), (3.7
with &, a spherical unit vector defined by
&4 = :F% (eg £iey), &9=e;. (3.8)

The result (3.6) can be written more compactly by introduc-
ing the Clebsch-Gordon coefficients (1, 1, m, —m|0, 0) and
(1/2,1/2, my, my|1, —m) and slightly changing notation. This
leads to the following expression for the quark-pair creation
interaction:

d*pi1d°p,

Hape = -2 *@Z/ JE@DE P2
X ZZ(L 1a m, _m|01 0> y;’l (p)

m mpmy

X<1/27 1/29mlam2|17_ )

8 (p1 + p2)

(P02 (3.9)

In order to apply this interaction to quarks we must
introduce the flavor and color degrees of freedom. For the
SU(3) flavor singlet ¢y and the SU(3) color singlet wy we

write
do = (1/v/3)(—uii + dd + %),
B (3.10)
wo = (1/v/3)(—rF + yy + bb).

It should be noted that we are following deSwart’s conventions

[36] for the SU(3) Clebsch-Gordon coefficients. Numbering

the quark flavor and color states 1, 2, 3, we can write
(@0)i,i, = Niyiy = 8iia iy / V3,

(SjljZ N /\/g’

m=mn=1

(@0)jjy = Mjijy = (3.11)
m=-1,

We now take for our quark-pair creation operator
d’pid’ py

- _Zm"yzzf JePDE D)

itz JiJj2

X ZZ (1,1, m, —m]| 0, 0) yin (pl ;p2>

m mjpmj

x (1/2,1/2, my, ma|1, —m)
X bl PO M id i (P2)

—————8(p1 +p2)

(3.12)
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where m, is a quark mass and y is a dimensionless strength
parameter.

IV. MESON STATE VECTORS

To specify the state vectors of the 7 and p mesons we must
add color and flavor variables to the relativistic wave function
(2.28). The color singlet for these mesons is the wy given by
(3.10) and (3.11). The flavor states for them are the same and
are given by

fi=ud, fo=/V2)wu+dd), f,=dui, (4.1)
which describe particles with isospin one. u and d have isospin
components i = 1/2 while d and u have isospini = —1/2. If
we let i} and i, designate the isospin components of particles
1 and 2, we can write

(i, = (1/2,1/2, 11, ir|11),

t ==1,0. (4.2)
Since our meson states involve only up and down quarks and
antiquarks the ss term in (3.10) makes no contribution, so in
(3.11) and (3.12) we can make the replacements

21 _ 1 -
(P0)ivin = Niriy = —v2/3(1/2,1/2,11,12]0,0).  (4.4)

Adapting the wave function (2.28) by adding the color and
flavor variables, we can specify the & and p state vectors by
writing

t

Ty jrmaiajo (P15 P25 @)
=5 - Y AV (b1 ) (172, 1/2,m). my0,0)
mm)
x(1/2,1/2,ir,ia|1, 1) nj, ¢ (k) /v/4r,
Ponsiy jimiajo (P15 P25 Q)
=5@- Q)ZAfififﬁfm% (1, p2) (1/2, 172, m’, mh|1, m)
mm)

x(1/2,1/2, iy, i2|1, ) mj, j, x (IK[) /v 4.

(4.5a)

(4.5b)

In order to condense our notation we let o be a cover index for
the indices m,i, and j, i.e.,« = {m, i, j}. Using this notation,
along with (2.12), (2.26), (2.28b), and (3.11), we can easily
show that the orthonormality relations of the = and p state
vectors are given by

wratinat) = Y [ d*md’ps

[e31e%)
X 7l (P1. P2 TL (P P2 )
= 83(‘1 - q/)atl’a (4.6a)

PHYSICAL REVIEW C 86, 055205 (2012)

(ogmt|pg'm't’) = Z/d3p1d3pz

mtx

X P (1, P2: Q) Pl e, (P1. P23 q)
= 8%(q — q)nm i, (4.6b)

(rqtlpq'm't’y = 0. (4.6¢)

In order to use the 7 and p wave functions in conjunction with
the quark-creation operator (3.12) we write the 7 state vector
and the p state vector in second quantized form, i.e.,

rqit, T@n) = (1/82) Y | dpid’pad®pid’ps

a0304
x bl (p1)d}, (p2) b, (p3)d], (p4)|0)

4]

X 7T o (D1 P23 A1) 7T, (P35 P43 q2)

(4.72)
logmt) =Y | d’pid’ pabl, (p1)d, (p2)10)
ajan
X Pogre, (P15 P25 Q) - (4.7b)

The normalization factor (1 /ﬁ) in (4.7a) requires some
justification. If we attempt to evaluate the inner product
(mqit1, Tqut|Tq3t3, TQats) we encounter in the integrand the
expression

o, (P1, P2 1) T, (D3, Pas @) [e 4 (13)(24) — (13)
—2HIr,, (1, P2 A3) T, (P35 Pas Ga) (4.8)

where the permutations act on the subscripts of the «’s and
P’s, but not on those of the #’s and q’s. The permutation
(13)(24) switches the quarks and antiquarks between the
two pions, while (13) switches just the quarks, and (24)
switches just the antiquarks. If we envision the final-state
pions in a configuration-space, time-dependent picture, we
recognize that the pions are far apart and receding from
each other. The issue of antisymmetrizing between two
nonoverlapping systems is discussed in a number of references
[21,37,38]. Here we consider a simple argument. If we
ignore relativity for the moment and let ry, ry, r3, and ry4
be the position vectors corresponding to the p’s in (4.7a)
then the bound-state, quark-antiquark wave functions are
significant only when rj = |r; — 1| and r34 = |r3 — 14| are
small. When, for example, we switch quark 1 and quark 3,
then r;p, — r3» = |r3 — ry| and r34 — ri4 = |r; — r4|, where
both r3; and rj4 are large, so the quark-antiquark wave
functions become vanishingly small. As a result of this
thf produc.t T (1, T2 QTS (U3, X5 Q)75 (3, 123 Q)
nam(rl, ry;qq) essentially vanishes, and similarly for the
(24) switch. The upshot of this is that in determining the
normalization factor for the pion-pion final state only the first
two terms in (4.8) are taken into account. Using (4.6a) we
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find

(1/2) Z /.d3p1d3172d3p3d3p4ﬂé,'122 (pl,p2§QI)7Té2324 (P3, P4:92)

10200304
X 78 o (01, P23 Q3) Tl o, (P35 P43 Qa) + 700 o, (D1, P23 G4) 7000, (D3, P4 G3)]
= (1/2)[8* (@1 — 43) 81,1,8° (@2 — @) Sror, + 87 (A1 — Q) 8,,8” (@2 — Q3) 81 |-

The factor (1/2) takes care of the fact that there are two contributions to the normalization of the state.

(4.9)

V. THE p - zt AMPLITUDE
Combining (3.12), (4.4), and (4.7) we find, for the p — w7 amplitude,

=Q@my/N3) Y Y Y / d’ p1d® prd’ pad® pa{le + (13) (24) — (13) — (24)]

mymym3maiyizizia ji j2 j3 ja

8 (p1 +p2)
1%
Xnmlil_/’l,mziz/z (1, P2:q) 7 Tomsis js maia ja (p3’p4’q2) e(p) e (p2) Z 1,1, n,—n|0,0)

n(P1—P PR m
Y ( — 2>(1/2,1/2,m1,m2|1,—n)<1/2,1/2,11,12|o,0>n,~1,2pm§,m,,w4(p3,p4;q).

(rqit1, T Q2| T | pqmt)

As aresult of the orthogonality relation (4.6¢), the e and the (13)(24) terms drop out. We now consider the (13) term. If we switch
the indices on the p’s, i’s, and j’s according to (12)(34), and use (4.5) and (2.83), we find that the (13) term transforms into the

(24) term, so we can replace [e + (13)(24) — (13) —

(rqity, 1qui| T |pqmt) =

—amyVH Y Y Y [d

(24)] with [—2(24)], leading to

1 *

*prd® pod’ psd’ pamy i (P1Pai )

mymamsmaiyizizis ji j2j3 ja

x 2%

With the help of (3.11) and (4.5), we find that the color
factor in (5.1) is given by

Z MjijaNjsjoMji o Mjsis = 1/3- 5.2)

J1j2J3Ja

Using (4.5) and (3.8), we find that the flavor factor is given by

D 12,172, i, ial1, 1)(1/2,1/2, 3, a1, 1)
i|i2[3i4
x(1/2,1/2,1i,i2]0,0)(1/2,1/2, i3, i4]1, t)
i * *
=5 (67 x 1) & (5.3)
According to (5.1), the total and relative momentum variables

that appear in the meson wave functions (4.5a) and (4.5b), are
defined by

pij = (e(pi) +&(P;), pi +P;j) = (E(pij, kij), pij), (5.4a)
kij = (e(ki), kij) = 17 (pip)(e@i), Pi)
= (e(—kij), —=kij) = 17" (pij)(e(P)), P))- (5.4b)

m3i3 j3,mais j (P3. P2 Q) === (P e (p2)
x(1/2,1/2,mi,mall, =n)(1/2,1/2, i1, 8210, 01, o Ot o maiaje 035 Pa3 @) -

8 (p1 +p2) Z“’ 1,n, —n 0,0) J" (Pl ;Pz)

(5.1

We can use (2.12) to replace the integration elements in (5.1)
according to

d3 p1d® prd® p3d py
W ki)  e(p1)e(ps)

— d® prad’kisd’ prd® ps.
g (kia) e (—kia) E (P14, Kia) Puad fiad b3

(5.5)

We now assume the p meson is at rest, i.e., ¢ = 0. With the
help of (4.5b), (2.26), and (2.5), we find that the rest frame p
wave function is simply

Pmyms (P35 P43 0)

=8 (p3 + pa) (1/2,1/2, m3, ma|1, m) x (|—pal) /47,
(5.6)
where we have removed the color and flavor factors. If we
integrate out pi4, P2, and ps3, and use the inverse of the Lorentz

transformation (2.3) to express k4 and K3, in terms of the p;’s,
we find that

p32 = (ply —P1a). ka2 — K,
P32 = (E(q2, k1), qo). (5.7)

P2 = —P1, P3 > —P4,
pi1s — (E(qi, ki4), q1),

055205-8
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We now let k = k4, q = q;, and p; — p and define

PHYSICAL REVIEW C 86, 055205 (2012)

q1 = (E(q’ k)? q)’ 942 = (E(_q’ _k)’ _q)’ (58a)
ki = (e(k), k), ky = (e(=Kk), —K), (5.8b)
E(q,k)e(k) +q -k [ q-k } q
e — , =k 4+ |elk) + . 5.8¢
®) W) P W Ea o+ wio | wao 659
With the help of these relations, as well as (2.28b) and (4.5), we find that the amplitude (5.1) can be written in the form
_ 5 2may s e &k,
(mqut1, Q| T pOme) = 6*(q1 + Q2)[ - (lzﬂ)g/z](sn x &) emngmz / oy (KDx(p —ab
x (1/2,1/2, n1, 1410, 0) D2 r M ie(qr), ki 1} DS le(qn). ka1}
X (1/2,1/2, n3, n2|0, 0) D2 r . le(q2), kil} Dy {r ' He(g2), kol
X Z(l ) la n, _Vl|0, 0>y11(p)<1/21 1/27 miy, m2|1a _n><1/2a ]/27 ms, m4|17 m) (59)
Using the results from the Appendix, we can write for the Wigner rotations that appear in (5.9)
DY {r Mie(gn), kil} = D2 {r Lo, ko) = exp(—i6 - 0/2) = DVP(@), 6 =¢(q, ku(g,k),  (5.10a)
DY {r Mg ot} = DY r e(ga), k1) = exp(—i§ -0/2) = DYP(®). § = —¢(q. —ku(g. k),  (5.100)

where ¢ and u are given by (A9) and (A8c), respectively.
Clearly the D’s in (5.10) are the spin-1/2 irreducible repre-
sentations for the Wigner rotations. We also need the spin-1,
irreducible representations for these rotations. The spin-1 D’s
can be expressed in terms of the spin-1 matrix given by

&g &_ 0
S = —& 0 €_1 5 (51 1)
0 —&1 —&y
which has the convenient property
S-w'=S-u (5.12)

By using this property, it is straightforward to show that the
spin-1 D is given by

DY) = DV(yru)
=exp(—iyS-u)
=1—i(S-wsin(¥) — (S-w?[1 — cos(y)].
(5.13)

We now turn our attention to carrying out the sums that
appear in (5.9). Putting (5.10) into (5.9) we are led to define

Buw =Y (1/2,1/2,n1,14]0,0)(1/2,1/2, n3, 1|0, 0)

nynanang

x Y DMD@O)DD(0)(1/2,1/2. m1, my|1, —n)

nyny nany
mymy

x > DM@ DD (E)(1/2, 172, m3, mall, m).

msmy

(5.14)

Using the well-known identity [see (2.14)]

pUY pu»  _ Z Uty josmy, malJ, M>D§12w

mymy " mym!,
JMM'

X {ji, Jo, my, mylJ, M), (5.15)

we can rewrite (5.14) in the form

Bnm = Z Z(l/z’ 1/2,n1,n4|0, O>

ninan3zngn'm’
X (l/zv 1/25 ns, }’l2|0, O)(l/zv 1/21 ny, }’l2|l, _n/>
x (1/2,1/2,n3, n4l1,m"yD), _ (@)D} (&).  (5.16)

A straightforward evaluation of the Clebsch-Gordon coeffi-
cients in (5.16) leads to the result

Bun = (1/2)) (=1)*DY, _, @)D, (5.17)
a
With the help of the identity [37]
Dy = (="M DY (5.18)

we can further simplify (5.17) to the result
By = (1/2)(—=1)"[DV1(0) DV (&)l
= (1/2)(=1)"{expli(6 + &)S - ul}um
= (1/2)(—DY"{I +i(S - w)sin(@ + &) — (S - u)*
x [1 — cos(@ + &)1}ums (5.19a)
0 =¢q.k), §=1¢(q, —k), (5.19b)

According to (5.9) we now need to calculate

Cn =Y (1, 1,n,=n]0, )V (p) By

u = u(q, k).

= (1/V41)) (=1 ey P)Bum.  (5.20)
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where we have used (3.7). Using the identity

€1 >N) €_1
axb=idet| &,-a e&-a e_;-a |, 5.21)
e -b e-b e b
we can derive the results
(5.22a)

D (&0 PIS Wiy =iy - (p x W),

Z(sn : p)[(s ' u)z]nm =&py [ll X (p X ll)] =€&€n-P
(5.22b)

In deriving (5.22b) we used the fact that u-p = 0, which
follows from (AS8c) and (5.8c). Using these results in (5.20)
we obtain

C, =—(1/+/16m)e,, - [pcos(®@ + &) + (u x p)sin@ + &)].
(5.23)

Combining the above results, we find that (5.9) becomes

(7T(ht1,7TQ2l2|T|00ml‘)

=3 ((11-1-(12)48«/§ 2( P xEr) e

—¢°(k
( )¢ (IkDx(p —al)

X Ep - {P COS[E(qv k) + ;(qv _k)] + (ll X P)
X Sin[g(‘l’ k) + ;(q’ _k)]}7

With the help of (A9) and standard trigonometric identities,
we can easily show that

cos[¢(q, k) + ¢(q, —K)]
[E(q, k)m+W (K)e(k)]?

=2 -1, (5.25a)
[E(q, K)e(k) + W(k)m]? — (q - k)?
sin[¢(q, k) + ¢(q, —K)]
21,2 211/2
[@’k* — (q - K)*1'*[E(q, K)m+W (K)e(K)] (5.25b)

[E(q, k)e(k) + W(K)m]* — (q - Kk)?

Putting these results, along with (A8c) and (5.8c¢), into (5.24),
we are led to define

P*(IKDx(Ip — ql)

&(p)
(p - @)sin[¢(q, k) + ¢(q,

[¢°k> — (q - k)*]'/?

<z>2(|k|)x(|p—q|)HS(k)+ q-k ]
e(p) E(q, k) + W(k)

y cos[¢(q, k) + ¢(q, —K)]

—k)] }

F(q. k) = { cos[¢(q, k) + ¢(q, —k)]

—k)] }

+ , (5.26a)

W (k)
_ (p-Kk)sin[(q, k) +¢(q,
[q°K?> — (q - k)*]'/?

(5.26b)

PHYSICAL REVIEW C 86, 055205 (2012)

Now we can rewrite (5.24) as

(7TQ111,7TQZt2|T|,00m1)

=8(q, + q2) (e x &) &

48J§ 2
X /dsk Em * [F(q, k)k + G(‘l» k)‘l], q=4q = —q2.

(5.27)

With the help of (5.8c) we see that F(q, k) and G(q, k) are
actually only functions of ¢ = |q|, k = |k|, and x =7q - k.
Accordingly, we can write

1

F(q, k) = ZZFI@ k)Ylm*(k)Zl V@,

I=0m=-I

N (5.28a)
Fi(g.k) = 2+ dez<x)F(q, k),
G, k) = Z Z Gi(q, k)Y'"*(k)—Y’"(q)
[=0m=—1
2041 (!
Gi(q, k) = 5 / dx P(x)G(q, k). (5.28b)
-1

Using these expressions in (5.27), along with (3.7), and
integrating over the direction of k, we find that

(7T(I1l1,7T(I2l2|T|P0WU>

= 5 (qi + @) s ﬁ S (e} x &) & (e - DE),
(5.292)
4=qi=-q, g¢=Ig, x=G-k
[e%e) 1
E(q) = / dkk2/ 2rndx[xF(q,Kk)(k/q) + G(q, Kk)].
0 —1
(5.29b)

It is worth noting that flldx x F(q, k) vanishes as g goes to
zero, so the integral in (5.29b) is well defined in this limit.
For the physical process p — mm the magnitude of the final
momentum of each pion is given by

g, = [m,/2)* —m2]"2, (5.30)
We define a form factor normalized to one at ¢ = g, by
Alg) = E(q)/E(q)). (5.31)
With this definition (5.29) becomes
(rqin, 7T(l2l2|T|,00mf)

mgy (Qp)

=8 (@ +
(ai (1)48\/§2

(ef x &) -& (em - QA(q),

1=q =—q. (5:32)

It is instructive to compare this result with the one obtained
from the effective pmr 7 interaction Lagrangian density and the
corresponding Hamilton given by

Lpﬂﬂ(x) = _g[)ﬂﬂ[n('x) X 8#”()()] . PM(X),

Hpnn = _/d3XLpnn(x)|t=0- (533)
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A straightforward calculation leads to the amplitude

(mqity, T Qoto| Hyrr | 0Omt)

gpmz ( "

Q)Y 2w, (@) i, X &L) e (en @

=8(q1 + qv)
(5.34)

Comparing this result with (5.32) at ¢ = g, we see that we
can rewrite (5.32) as

ig

(w1, TQata|T|pOmt) = 8 (q + %)W(e: x &)
& (&m - QA(g),

q=q = —q. (5.35)

VI. MESON MASS OPERATOR

In order to construct a mass operator for the 7 and p mesons
we need representatives of the various angular momentum
operators. From (2.9) it follows that

(pkmuma|UT(r) =y~ D0 =YD (e, rk,mm
mym)y

6.1)
where the relevant representations for the rotations are given
by
r(¥) = exp(—iy - j),
U(r) = exp(=iy - J),
Expanding both sides of (6.1) to first order in v, comparing,
and using (2.21), we find

(jl)mn = —i&mn,
DY2(r) = exp(~i¥ - 6/2). (6.2)

J=XxP+L+7X, (6.3a)
(pkmmy|L = L(K){pkm m;|, L(k) =iVk x kK, (6.3b)
Y = z(l)+z(2)
(Pkmimy |V =3 (pkmim)|(1/2)0,,) Spims
mm)
(pkmmo| 2 = " (pkmim) Sy, (1/200)), . (6.3¢)
mymy
According to (2.18b) the spin operator is given by
S=L+7X. (6.4)
For our mass operator we choose
M = Mo+ M, (6.52)
(pkm ma| Mg = [W?(K) 4 40* (i Vi)’ 1(pkm ma|,  (6.5b)
), 5@ ,
M=cT—2— o¥=2350 (6.5¢)

u

where M, is a harmonic oscillator interaction and M, is
a hyperfine interaction. We suppress the color and flavor
variables since they do not play a role here. We choose the
masses of the up and down quarks to be the same.
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We note that the operators L and X satisfy the commutation
relations

(L, Mo] = [%, My] = [L, M\] = [X, M;] =0; (6.6

therefore we can construct simultaneous eigenstates of M, P,
L2, ¥2, 8, and S;. Extending (2.23), we can write

M|qWlisjm) = W|qWlisjm),

PlqWisjm) = qlqWisjm),

L2|qWisjm) = I(l + 1)|qWlisjm),
$21qWisjm) = s(s + D|qWlisjm), ©7
S’lqWisjm) = j(j + DlqWlisjm),
S3|qWisjm) = m|qWlisjm).

We see from (2.13a) and (2.21) that except for the mass
eigenvalue equation all of these equations are satisfied by the
state

awisin) = [ laksimidko . 69

for any choice of the function ¢,‘f’ (k). Of course the mass
eigenvalue equation determines this function. By using the
elementary identity oV - 6 = 2%? — 3 we can replace the
mass eigenvalue equation with

2s(s +1)—37°
2

M2|qWlsjm) = |:W —-C } IqWisjm). (6.9)

u

With the help of (2.13) we can show that

4ot 92
(pklsjm|MZ = [Wz(k) _ i—k 4o

Ia+1
k2
(6.10)

Letting this identity act on (6.9), and using (6.8) and (2.13b),
we find the differential equation

X (pklsjm]|.

1 92 IA+1) kK*+m?
Kok R o
1 25+ D =37 ,ws
+ o 4[W c%] }¢,‘f’(k)=0. (6.11)

The solution of this harmonic oscillator differential equation
is well known and is given by

1/2 2S(S+1)—3

2 ’
u

6.12)

W = [4m} + 80> (2n +1 + 3/2)]

n=0,1,2,..., [=0,1,2,...,

b’ (k) = Gu(k)
(kY £\ L3 K
= Nul — exp ) n, 22
1
— Ny (XY exp L W vy
"\ w 202 ) (143/2), " w?)’

(6.13a)

2(1+3/2), }1/2

Ny = [m (6.13b)
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Here M (a, b, z) is a Kummer function, L,(f‘)(z) is a generalized
Laugerre polynomial, and (z),, is a Pochhammer symbol.

In order to verify the Poincaré invariance of our model we
must check to see whether we have agreement with (2.22). Our
mass eigenstates have the normalization

(ql’tlS]m |q/n’l’s’j/m’) = 83((1 - q/)ann’all’ass’ajj’SMHV1

(6.14)

which leads to the following representation for the mass
operator:

M= /|qnlsjm)d3anls(qnlsjm|. (6.15)

nlsjm

Using (6.8) and (2.13b) we find

/vay)

(pkisjmiqnl's’' j'm'y = 83 (P — Q818558 Spm 1 (k).
(6.16)

which in turn leads to
(PKLsjm|MIPKT's' j'm’) = 83(p — P8 S M, 1 (K, K,
(6.17a)
Mg (e K = 810865 but () Waty b (K.

(6.17b)

This validates (2.22), so we have Poincaré invariance.

For both the = and p we have n = [ = 0, while their spins
are given by s = 0 and s = 1, respectively, so it follows from
(6.13) that their common spatial wave function is given by

2 k2
d(k) = x (k) = doo(k) = 717 P (_Z_a)z) (6.18)

and from (6.12) their masses are given by

3C
my = /4m?2 + 120* — —,
m

u

C
m = \/4m? + 120 + —.
m

u

(6.19)

The superscript on mfoo) has been introduced to indicate that this
is not the physical mass of the p since it has been determined by
amodel in which the decay channel p — 7 has been ignored.
We will rectify this omission in Sec. VIII. Determining C from
the difference of the masses we have C/m?2 = (mi)o) —my)/4,
which in turn leads to

0)\ 2
(,()22l —mﬁ+3m§)) —m2 .
3 8 "

VII. COMPARISONS

(6.20)

Here we compare the relativistic result for the p —
amplitude, given by (5.29), with the nonrelativistic result.
In order to obtain the nonrelativistic result we make the
replacement

(1/2,1/2)
Am]/mz’{n']m/z(pla p2) — amlm/] 8m2m’2

(7.1)
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in (4.5). By putting the resulting 7 and p wave functions
in (5.1), and using (5.2), (5.3), and (5.14) and (5.16) with
0 = & = 0, itis straightforward to show that the nonrelativistic
amplitude is given by

(rqity, Q12| T, | pqmt)

iy . o 3
= W(é‘,] X 6‘,2) ~e,/d3p1d%p2d%p3d3p4

x 83 (p1 + ps — q1)8(p3 + P2 — q2)8°(p1 + p2)
% 83(p3 + pa — (K14 D([ksa ) x (ks I (p‘ ;‘”),
Ky = (P — Pb)/2.

Here k,, is the nonrelativistic rest frame momentum for
particle a. If we replace the integration variables p; and p4
with p14 = p1 + p4 and k = k4, integrate out p, and p3 using
the delta functions, and set q = 0, we find

(7.2)

(mrqitr, Q2| T | 0Omt)
iy

3 * *
=4(qr + m)W(% X 3[2) &
x / d’kp(KD*x(Ip — qDewm - p.
p=k+q/2, q=q =—q. (7.3)

We note that the p defined here is given by a nonrelativistic
expression, while previously it was given by the relativistic
result (5.8c). Comparing (7.3) with (5.4), we see that (7.3)
is transformed into (5.4) if we let e(p) — my, replace the
relativistic expression for p with the nonrelativistic one, and
turn off the Wigner rotations by letting { — O.

For the 7 and p wave functions we use (6.20). The integral
in (7.3) can be done analytically, which leads to

iyov2 ..
(maqit1, Tqota| T | pOmt) = 8°(q -HIz)m(en xej)

2
& (€m : Q)eXP(_%wz>
(7.4)

If we compare (7.4) with (5.34) at ¢ = g, we see that we can
replace (7.4) with

3 i8pnn % "
(mquty, T qatz| T | pOmt) = 5°(qu +QZ)W(% x €}
€ (em : Q) Anr(q)v (753.)
2 2
q9-—4q,
Anr = - T3A o |
(@) eXP( P2 )
q=9q = —q. (7.5b)

VIII. p-WAVE PION-PION SCATTERING

Here we construct a simple, Poincaré invariant model of
p-wave m scattering in a model space spanned by p-wave
m states and p states. The o states are given by (2.7) and
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(2.8) with isospin indices added, i.e.,
Ipanir2) = Ulle(p)llat)
® - q.0)[W@/E@. @]"%  (8.1a)
W(@) =2w(q), E(p.q@=vp*+Wq),
(8.1b)
(panilp'q' 1) = 8 (p—p)8°(@— ¢ 8ry.  (8.10)
The p states are given by (2.2) with an isospin index added,
ie.,
lpmt) = Ull(p)]|0m1)[m, /w,(@]'?,  (8.22)
(pmtlp'm't’y = 8P — P)mS1v- (8.2b)
We assume that the w7 states are orthogonal to the p states.

The noninteracting mass operator is defined by its action on
the above states. We have
Molpqtitr) = W(Q)Ipatit),  Molpmt) = m|pmt).
(8.3)

The only interaction is a vertex interaction, which according
to (5.35) can be taken to be

(patit2|VIp,mt) = 8°(p — p,)V(qtit2; mt), (8.4a)
igg?ﬂ * *
V(gtitr;mt) = W(SZ, X 6,2) & (& - Q) A(g).

(8.4b)

The superscript (0) has been added to the coupling constant
to indicate that it will be renormalized, as we shall soon see.
By using the techniques described in Sec. V of Ref. [34] it
is relatively straightforward to verify that the interaction V
commutes with P, X, and S, the three-momentum, position,
and spin operators for the noninteracting w-p system. This
ensures that the mwm-p model presented here is Poincaré
invariant.

Using the time-independent theory of scattering we can
take for our scattering states the solutions of the equation

o o

|W(p'q'tty)) = [p'q'tjth) + [W(q) +ie — Mo]™'V
x |W(p'q't{1})), (8.5)

where we have taken for our “initial state” the mm state
[p'q’t{;). The projections of our state vector onto our basis
states are given by

(pmt|W(p'q't|ty) = 8 (p — p )W (mt; q'tjty),  (8.6a)
(patitx| U (p'q't]15)) = 8°(p — PV (gtitr; q'1113).  (8.6b)

Using (8.3)—(8.6) along with the completeness relation for
the states given by (8.1) and (8.2), we can readily derive the
coupled equations

Ymdnn) = [Wd) —mi?)]_lZ/ VI(q't{1);mr)
'y

I

x d3q"y(q"t/t); q'11), (8.7)

Y (Qhi6: q'11) = 8(q— q)8,, 81, + W) +ic — W(Q)]™
x ZV(qtltz;m”t”)l//(m”t”;q't{té). (8.8)

m't"
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Inserting (8.7) into (8.8) we find that the 7 component of the
wave function can be obtained by solving the equation

1o

11h) = 8°(q — 48,811,
n Z B[qtll?; q/’f{’tz”; W(q)]
— | W(q)+is— W(q)

o

Y(qtitz; q

x d*q"y (g1 q'11y), 8.9)
where B is an effective w7 potential given by
B(qtith; q'tith;7) = ZV(qtltz;m”l”)(Z - mﬁ”)fl
ot
x V¥(q'trity;m"t"). (8.10)

It is straightforward to verify that the solution to (8.9) can be
expressed in the form

Yt q'115) = 8(q — )88
X[gtit; q't{ty; W(Q') + i€l

T riewe 0 O
where X is the solution of the equation
X(qhtr; q't115;2) = B(qtit; q't11y5 2)
i
xd’q"X "1/ q'152). (8.12)

This equation can be simplified by coupling the isospins
according to the relations

DY L Lt nlT, M)X(qhit; gt 1: 2)(1, 1, 1, 5T, M)
hh 1t

=87 Smum X1(q, 4’5 2), (8.13a)
D3 L Lt n|T, M)B(qhb: gt (1 1L 1], 5T, M')

hty 1t

= 877 8mum Br(q, q'5 2). (8.13b)
Instead of (8.12) we now have
dSq//
X7(q.q'52) = Br(q. q;2) + / Br(q,q";2) —————
z— W(q")
x Xr(q", q'; 2). (8.14)

Combining (8.10), (8.4b), (8.13b), and the identity

ZZZ(], L1, 6|T, M)(e; x ;) &, & (e x &)

ht ney, ot

x (1,1, l‘i, té|T/, M’) = 2877 8mm Ot1, (8.15)
we find that
0)2 ’
/ 8prx A(q)A(q")
B ,q32) =8r1——= m " ———— (e - q).
T(q q Z) T1 47'[37’112 ;(6 q) . — m(po) (em q)

(8.16)
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As a result of the separable nature of the potential (8.16) it
is straightforward to solve (8.14). With the help of (3.7) we
find

[gAPIA(g)q']

Xi(q, q,z)—s(‘”ZYl() e Y™ @),
m=—1
(8.17)
02
8
(0)_ PITTT
v ¥ (8.18)
)
o'} 4A2(q)
d@z) =z — m® “”f 429 819
@=z=m = | M g G

We take for the on-shell, p-wave elastic scattering ampli-
tude
sOkAK)]?
Xk) = M (8.20)
d[W(k +ie)]

It follows from (8.19) that

Red[W(k +ie)]
= W) —m® —sOP / _a'N@ (8.21a)
W(k) W(g)’
AWk +ie)] —d[W(k —ie)]
2i
=Imd[W(k +ie)] = %s;‘QPW(k)AZ(k). (8.21b)

Writing d = |d| exp(—Bll), where 8% is the p-wave, wm phase
shift, and using (8.21) we can easily derive the results

4 el . rel
Xk) = WOk exp [i8{(k)]sin[8{(k)], (8.22a)
1 B _Red[W(k—f-is)]
cot[8(k)] = mdWE ol (8.22b)

We determine the position of the p resonance by setting

Re(d) = 0, which gives the relation between the physical p
mass m,, and the bare mass m(”, i.e.,
41\2(61)
(0) (0) =
m, o P / =0. (8.23)
— Wig)

Using this equation to eliminate mﬁ)o) from (8.19) we find

Red[W(k + ie)]
= [W(k) —m,]

©0)
{l—i-s 73/ [W(k)

As in the renormalization of the Lee model [39,40], we define
a renormalization parameter Z, by requiring that

q*A%(q) }
W@llm, — W(g1)
(8.24)

hm Red[W(k +ie)l/[W(k) —m,] = Z,",

—>mp

(8.25)
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which leads to
RSO

— )
Zp_{l—i-s 73/ —W()]2

From here it appears that Z, < 1, but because of the peculiar
nature of the principal value integral [41] this is not necessarily
s0. Solving for the number one in (8.26) and putting the result
in (8.24), we find

—1
} . (8.26)

Red[W(k +ig)] = Z;' (W) —mpl[1+ J(k)], (8.27a)
J(k) = [W(k) - mp]sﬂpP
/°° q* A (q)
X dq )
o [WE)-W(@Im,—W(g)I*
(8.27b)
where
e
= Zs{) = Snpz”m” 5 Bomn = 2785 . (8.28)
Using these expressions in (8.20), we can write
2
X(k) = SulkABOI . (8.29)
(W) —mpl[1 + J(K)] +il'(k)/2
T(k) = (77 /2)57,k> W (k) A2 (k). (8.29b)

Evaluating (8.29b) at g, the momentum of each pion in the
final state of the p decay, and using the fact that A(g,) =1,
we find

2 3
8pnnp
6mrm? ’

P

172

I'(gy) = g0 = [(mo/2* —m2]"*. (8.30)
In fitting our model to data we assume m, = my =
200.0 MeV, and we take as our adjustable parameters the

bare p mass m' and the bare coupling constant () . The

interaction (8.4) depends on 8,58371 and on the parameters that
appear in the cutoff function A(g). The relativistic cutoff
function is defined by (5.29b)—(5.31), and it is determined
by the functions F(q, k) and G(q, k), which are given by
(5.25) and (5.26). The meson wave functions, ¢ (k) and x (k),
which are given by (6.18), depend on the bare p mass m!”
through (6.20). The nonrelativistic cutoff function is given by
(7.5b), (6.20), and (5.30). According to (5.32), (5.35), (7.4),
and (7.5), the relativistic and nonrelativistic relations between
the strength parameter y that appears in the quark-pair creation
operator (3.12) and the bare coupling constant gg),?n are given
by

 12V6rg?, 8l exp (¢2/1207)g %,
Yy = 3/2° VYnr = /4. 3/2
E(g,)mgm), 8!/ Mp

(8.31)

Our fit to the 7t p-wave phase shifts [42,43] is shown
in Table I. The results for the parameters are given in
Table II.

We see that there is a significant difference between the
relativistic and nonrelativistic results for the bare p mass
m'?). This suggests that relativistic effects can be important in
determining the effect that strong coupling to decay channels
has on the hadron spectrum. It is interesting to note that the
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TABLE 1. p-wave wr phase shifts.

W (MeV) §] (o) relativistic 3] (o) nonrelativistic 8] (o) experiment

689.89 34.6 343 348 £ 14
707.18 42.6 42.4 425 £ 14
731.38 56.9 57.0 557 £ 0.7
748.67 69.4 69.5 67.6 £ 0.7
810.90 113. 113. 111. £ 2.1
831.65 123. 123. 123. £ 0.7
848.94 130. 129. 130. £ 0.7
869.68 136. 136. 136. £ 0.7
890.43 141. 141. 139. £ 0.7
911.17 144. 145. 145. £ 0.1

differences between the relativistic and nonrelativistic values
for the bare and renormalized coupling constants, ggﬁzn and
8pnn» are quite small. The value of g,,, obtained here is
rather close to the value g,,» = 6.199 used in hadronic models
of the pion-nucleon system [44]. The widths found for the p
resonance are comparable to the value I', = 149.1 & 0.8 given
in the most recent review of particle physics [45]. The differ-
ence between the relativistic and nonrelativistic values of w,
which determines the strength of the quark-antiquark harmonic
oscillator interaction, suggests that relativistic effects can be
significant in determining the properties of the interactions
between quarks and antiquarks. The fact that the relativistic
and nonrelativistic values of the quark-pair creation operator
strength parameter y differ by over a factor of 2 also makes
clear the importance of relativistic effects.

It should be noted when comparing values of y with those
obtained by Le Yaouanc et al. [6,7] that our quark-pair creation
operator, given by (3.12), differs somewhat from theirs. They
put a factor of 3 in their quark-pair creation operator to cancel
the 1/3 that arises from the color factor given by (5.2). Also in
(3.12), where we have m, //e(p1)e(p2), they have 1. Dividing
our nonrelativistic result for y in Table II by 3 gives yrey =
1.88. It should be noted that y,,,, given by (8.31), when divided
by 3 agrees with the expression given by Le Yaouanc et al. [6]
for the relation between y and the pmm coupling constant.
Downum et al. [46] have obtained a value for y. The relation
between our y and theirs is given by y = 34/24m yp. By fitting
a number of strong decays they decide on y = 10.4, which
differs from our nonrelativistic result by roughly a factor of
2. Clearly there is no reason to believe that y is a universal
constant.

TABLE II. Model parameters.

Parameter Relativistic Nonrelativistic
m, (MeV) 775.5 775.5

m;‘)) MeV) 855.7 776.3

gﬁfﬁﬂ 5.704 5.595
8pnm 6.033 6.065
Z, 1.119 1.175
I'y(q,) MeV) 152.7 154.4

w (MeV) 157.4 135.5

y 13.637 5.640
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IX. DISCUSSION

There are a number of obvious extensions and applications
of the present work that should be considered.

As mentioned in Sec. I, the results obtained here can also be
applied to the flux-tube model for decays studied by Isgur et al.
[9-12]. This will test relativistic effects when nonpoint quarks
are considered, when it is no longer assumed that quark-pair
creation occurs with equal probability everywhere in space,
and when pair creation is suppressed at short distances.

Clearly our calculation of the p mass shift and decay width
should be extended to more of the meson spectrum. Results for
these shifts and width can be compared to those obtained by
Tornqvist [13—-16] using the UQM. It is interesting to note that
our relation between the bare and physical p mass, given by
(8.23), is similar in structure to the dispersion relations used
in the UQM, i.e., (1.1) and (1.2).

The method developed here for meson decays can be
extended to baryon decays. The essential ingredient in all of
this is the transformation of hadron, quark-model, momentum-
space wave functions from an arbitrary frame to a c.m. frame.
The analysis of three-particle states presented in Ref. [34]
makes it possible to obtain this transformation for three-quark
wave functions, and hence for baryons. Relativistic results for
baryon mass shifts and widths can be compared to the UQM
results presented by Tornqvist and Zenczkykowski [17-19]
and Silvestre-Brac and Gignoux [20], as well as the extensive
results obtained by Capstick and Roberts [22-24].

APPENDIX: WIGNER ROTATIONS

The Wigner rotations that are of interest to us are given
by [3]
relle(@), K1 = 17 (Pe(lek),  p = L(g)k. (A1)
In deriving formulas for this rotation it is convenient to work
with the elements of SL (2,C), the covering group for the
Lorentz transformations [3]. This group is the set of all 2 x 2
complex matrices with determinant +1. With this group four-
vectors are represented by 2 x 2 Hermitian matrices,

(A2)

3

u x4+ x3 xl—ix?
X =x"o0, = ,

xl+ix? 20 —x
where the x* are the components of a four-vector x, oy is the

unit matrix, while o}, 0,, and o3 are the usual Pauli matrices.
A Lorentz transformation is given by

X - X' = AXA!,  det(A) = +1. (A3)
The four-momenta that appear in (A1) are given by
q=(E@,q, E@=vg+W, W=,qq,
k= (e(k), k), ek =vk*+m?, p=((p)p),
e(p) = Vp? + m?. (A4)
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The rotationless boosts determined by these momenta are
defined by

L.(q) =exp(w-06/2), ®=wq, =tanh"'[|q|/E(q)],
(ASa)

Lk) =exp(n-0/2), n=nk, n=rtanh'[k|/s@)],
(A5b)

L.(p)=exp(A-0/2), A=Ap, A=tanh '[|p|/e(p)].
(A5¢)

The SL(2,C) representative of the Wigner rotation (Al) is of
the form

DD rcll(q). K1} = exp(i¢ - 0/2), ¢ =tu u-u=l,

(A6)

where we note that DU/? is also an SU(2) representative. In
order to find { = ¢u we solve the equation

Le(p)exp(ig - 0/2) = L(q)L(k). (AT)

PHYSICAL REVIEW C 86, 055205 (2012)

We find
cos(¢/2) = cosh™! (A/2)[cosh(w/2) cosh(n/2)

+ (q - K) sinh(w/2) sinh(n/2)], (A82)
sin(¢ /2) = cosh™'(A/2)[1 — @ - K)]"/? sinh(w/2) sinh(/2),

(A8b)

qxk qxk
laxkl  [q?K —(q K22
Upon dividing (A8b) by (A8a) and using standard identities

for hyperbolic functions we find that the angle for the Wigner
rotation is given by

u(q, k) = (A8c)

¢(q,k) =2tan"! { [q’k* — (q - k)*]'/? }
: (E(q) + Wie®) +ml+q-k

Clearly, ¢ depends on |q|, |K|, and q - k. Finally, we can write
for our Wigner rotation

DY2rll(q). k1} = explit(q - k)-0 /2]
= lcos[¢(q - k)/2]
+iZ(q-K) - o sin[¢(q-k)/2].  (A10)

(A9)
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