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B(E2;0] — 27) values of even-even Sn isotopes
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The 2{ energies and B(E2; 0] — 27) values of even-even Sn nuclei with mass numbers between 102 and 130
have been calculated within the framework of the S D-pair approximation of the nuclear shell model. We employ
monopole and quadrupole pairing plus quadrupole-quadrupole interaction with optimized parameters. Good
agreement is obtained between the calculated results and experimental data. The robustness of our calculated
2 level and E2 transition rates with respect to different sets of effective charge and different forms of the

Hamiltonian is studied.
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I. INTRODUCTION

The '%-1328n isotopes provide one of the longest chains
of semimagic nuclei currently accessible to nuclear struc-
ture studies. In recent years, the B(E2; OT — 2?) strengths
[abbreviated as B(E21)] of Sn isotopes with even neutron
numbers have been of experimental interest [1-8]. Previous
experiments [1-7] based on Coulomb excitation showed the
measured B(E21) values decrease as the neutron number
increases from the midshell nucleus !'°Sn towards the N = 82
shell closure and follow a parabolic behavior, that the B(E21)
values below ''°Sn increase first from ''°Sn to ''#Sn and
then stay nearly constant within the experimental uncertainties
down to '9°Sn. However, the recent measured lifetimes of the
first excited 2+ for !127124Sn [8] indicated a shallow minimum
of the B(E2%) values at ''°Sn, followed by a smooth increase
up to '?Sn (A < 116) and '?°Sn (A > 116), respectively.

A number of theoretical studies of the 2 energies (denoted
by E2]+) and B(E21) values have been carried out in the
Sn isotopes, and we summarize these studies as follows.
(1) The single-; seniority scheme [9] predicted that the E,+
values are nearly constant and that the B(E21) values follow
a smooth parabolic behavior with the maximum at ''°Sn.
Recently, a schematic two-level, generalized-seniority study
[10] described the observed B(E21) values in Ref. [8], in terms
of the order of filling these orbits. (2) The seniority truncated
large-scale shell-model (SM) calculations [1,11,12] presented
parabolic behavior for B(E21) of '927139Sn, assuming the
lds/z, 0g7/2, 1d3/2, 2S1/2, and 0h11/2 orbitals. Expanded
shell-model calculations [5] showed certain deviations from
the symmetric behavior with respect to the midshell but
could not reproduce the experimental data. (3) The relativistic
quasiparticle random-phase approximation (RQRPA) calcula-
tions [13,14] for '9-134Sn (and the QRPA calculation [15]
for 114~134Sn) described reasonably the experimental B(E21)
values but showed large deviations from the E,+ values.
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(4) The quasiparticle-phonon model (QPM) calculations [16]
reproduced the E,: values and the observed deviations of
B(E2%) from the parabolic behavior along the chain of Sn
isotopes. They explained the asymmetry of B(E21) by using
evolution of the single-particle energies, polarization of the
N = Z = 50 core, interplay between pairing plus quadrupole,
and quadrupole pairing interactions.

The purpose of this paper is to perform systematic studies of
the E,+ values and B(E21) strengths of even-even 102-130gp
nuclei from a new perspective. Within the framework of the
nucleon pair approximation (NPA) of the shell model, we
diagonalize a phenomenological nuclear shell-model Hamil-
tonian and calculate the low-lying level scheme as well as E2
transition strengths between these levels. Our configuration
space is constructed by valence neutron pairs with spins zero
and two (denoted by S and D pairs, respectively), with respect
to the doubly closed shell nuclei '°°Sn and '*2Sn for neutron
particles and neutron holes, respectively. For 2] states, the
S D-pair subspace is believed to be a good approximation of
the full shell-model space, although the dimension of the NPA
wave functions is tremendously smaller than that of the exact
shell-model space [17,18].

This paper is organized as follows. In Sec. II we give a brief
introduction to the NPA, including the Hamiltonian, transition
operators, and parametrization in our calculations. In Sec. III
we present our calculated results including the E,+ values
and B(E21) strengths. We also discuss the robustness of our
calculated results, in spite of a different set of effective charge,
and different forms of the Hamiltonian. The summary and
conclusions are given in Sec. IV.

II. THEORETICAL FRAMEWORK

The NPA of the shell model can be traced back to the
seniority scheme. The generalized seniority [9] and broken-
pair approximations [19] have been widely applied to study
the structure of single closed-shell nuclei. A number of NPAs
have been developed towards the microscopic foundation of
the interacting boson models [18]. A technique of constructing
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TABLE 1. Adopted single-particle (s.p.) energies (in MeV) for
nuclei below the neutron midshell nucleus ''®Sn (denoted by eﬁ.l)) and
at or above ''°Sn (denoted by 6;2) ). They are taken from Refs. [12]
and [28], respectively.

J S1/2 d3/2 d5/2 872 h11/2
et 1550 1.660 0.000 0.080 3.550
e? 0.332 0.000 1.655 2.434 0.242

symmetry-dictated SD pairs was invented by Ginocchio in
Ref. [20] and further developed by Wu and collaborators [21].
The general framework of the NPA was proposed by Chen in
Ref. [22] and refined in Ref. [23]. Theoretical studies have
demonstrated that pairs with spins zero (denoted by S), two
(denoted by D), and four (denoted by G) play dominant roles
in low-lying states [17,18,24]. The NPA was applied to some
even-even, odd-A, and odd-odd nuclei with A ~ 80, 130, and
210 in recent years [25-30].
The Hamiltonian H that we take is as follows:

H =Y ¢,CIC;+GyPO. PO
J
+G PP PP 40 - 0, M

where ¢ is the single-particle energy and Cj: and C; are single-
particle creation and annihilation operators, respectively. The
adopted single-particle energies in our calculations for nuclei
below (and at or above) the neutron midshell nucleus ''°Sn
(denoted by 6;-1) and 6;2), respectively) are shown in Table
I. They are taken from Refs. [12,28], respectively. We treat
nuclei with mass number A < 116 as valence neutrons in the
50-82 shell, assume e(il) as the single-particle energies, and

treat nuclei with A > 116 as neutron holes with 65-2) as the
single-particle energies:

. Z J2j+1
= : —5

O)f T ()
P (C; xCj)y

POt =3 "qjC x )y,

Ji’
0 =Y qUjNC] x C;). 2)

JJ’
Gy, Gy, and k of Eq. (1) are the two-body interaction
parameters for monopole and quandrupole pairing interactions
and quandrupole-quadrupole interactions between valence
neutrons. They are adjusted based on the experimental Ey+
and B(E21) values for A < 116 and A > 116, respectively,
as shown in Table II. The unit of G is MeV, and the

TABLE II. Parameters Gy, G», and « of our two-body interac-
tions. The unit of G is MeV; the units of G, and « are MeV/ra1 s
r2 = 1.012A"3 fm?.

Nucleus Gy G, K
A< 116 —0.180 —0.018 —0.039
A > 116 —0.131 —0.013 —0.034
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units of G, and k are MeV/rg, rg = 1.012A% fm?2. Here

.. )12 an
90ij") = T 1 C o jp (I nl'), where €305 i

is the Clebsch-Gordan coefficient and the matrix elements
(nl|r?|nl’y are the same as in Ref. [28].

The E?2 transition operator is defined as follows. T(E2) =
e, Q, where e, is the effective charge of valence neutrons. In
our calculations we use different effective charges, e, = 1.28¢
for A < 116 and —0.95¢ for A > 116. The effective charge
for A < 116 regions is larger than that for A > 116, due to the
different character of core excitations towards N = Z = 50
and N = 82 shell closure of the Sn isotopic chain studied in
Refs. [3,12]. The electric quadrupole moment is defined by
Q= \/@ T(E2).

Because we focus on the E,+ value and B(E21) strength,
our pair space is constructed by SD nucleon pairs, with
respect to the doubly closed shell nucleus 'Sn for A <
116 and '*?Sn for A > 116, respectively. We have made
comparisons between the calculated results of the SD-pair
subspace and those with larger configurations, for example,
inclusion of G pairs for the ground state, and the first
excited states. We find that the effect outside the SD space
is negligible (the relative deviation is ~0.001). For example,
our calculated B(E21) value for 12481 is 0.1730 (e%b?) in
the SD configuration space and 0.1737 (e?b?) in the SDG
configuration space. As in Refs. [27,28], we use the BCS pairs
as our S pair. The D pair is obtained by using the commutator
D' =310, s 1191

III. CALCULATED RESULTS

Our calculated results of Ey+ and B(E21) are presented
in Fig. 1 using solid squares in blue [gray]. The experimental
E, values and B(E21) strengths of 106.108gy 110§y 112-124gy,

and 126-1398n are taken from Refs. [1,4,5,8,31], respectively.
As is well known, the ground states of these even-even
Sn isotopes are dominated by S pairs, and the 2] states
are dominated by the |D(S)¥~'). Our calculated results
are consistent with this description. For comparison, we
also show the results of other theoretical works (the SM,
the QPM, and the RQRPA) taken from Refs. [12,13,16],
respectively.

One sees in Fig. I(a) that our calculated E,+ levels
agree well with the experimental ones. For the B(E21) in
Fig. 1(b), our results satisfactorily reproduce the following
two characteristics: the shallow minimum at ''*Sn and the
asymmetry for even-even Sn isotopes with A < 116 and
A > 116. For A > 122, our B(E21) values deviate from the
experimental data by approximately 0.01-0.04 ¢%b%. In order
to investigate whether we can obtain better agreement with
experimental data by expanding our model space, we have
performed calculations by adjusting the interactions in Table II,
or considering more non-S§ pairs (e.g., G pair). However, this
deviation is found to be very robust. Therefore, it will be
interesting in the future to study the origin of this deviation
(although very small). In Fig. 1, one also notices that an
increase in Ey+ values around 116Sn well corresponds to the
observed minimum of B(E21).
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FIG. 1. (Color online) The Ezf' and B(E?21) values of even-even
102-1308n nuclei. The experimental Eyy values and B(E21) strengths
of 106.108Gy 110Gy 112-124Qy and '26-130Sp are taken from Refs. [1.,4,
5,8,31], respectively. Our results are shown as solid squares in blue
[gray], with effective charges e, = 1.28¢ for A < 116 and —0.95¢
for A > 116. Results of other theoretical works (the SM, the QPM,
and the RQRPA) are taken from Refs. [12,13,16], respectively.

In Fig. 2 we present the SD pair structure coefficients.
One sees that the S D pairs consist essentially of two valence
neutrons in the g7/, and ds;, orbits (single-particle energies

6;1)) for A < 116 and of neutron holes in the 13, d3/2, and

s1/> orbits (single-particle energies 65-2)) for A > 116. This
picture is more apparent if one investigates the fillings of the
single-particle orbits in the 50-82 shell. In Fig. 3 we present
the occupation number n; inthe j = 1/2%,3/2%,5/2%,7/27,
and 11/27 orbits. Here n; is the expectation value of valence
neutrons in these five orbits for A < 116 or that of neutron
holes for A > 116. From Fig. 3, one sees that for nuclei
with N below 66 the favored orbits are g7/, and ds/,, and
the low-lying states of nuclei with N > 66 can be described
in terms of neutron holes in the A1/, d3/2, and s> orbits.
For both the ground state and the first 2+ state of ''%Sn, the
three single-particle (holelike) levels (112, d3/2, and sy,2)
are almost fully occupied by neutron holes (because n; ~
2j + 1). The effective number of valence neutrons (holes) that
contribute to the collective motion is smaller than it is based
on the counting scheme of the nearest magic numbers, 50
and 82. This is a feature of the subshell. In Ref. [7] it was
also pointed out that there seems to be a soft closed subshell
at N = 64 for the Sn isotopic chain; for 192=!!4Sn, the 27
state is dominated by the neutrons in the vds,; and vgy,,
orbits.
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FIG. 2. (Color online) The S and D pair structure coefficients of
even-even Sn isotopes. For A < 116 (A > 116), the pairs are given
by two valence neutrons (neutron holes) in the five orbits with single-
particle energies e;” (55.2)).

The soft subshell effect at N = 64 would give a shallow
minimum in B(E21) of Snisotopesat A = 114 otherthan A =
116 (which was observed to have the minimum B(E2) value
[8]), if the same effective charge of valence neutrons were
assumed for all nuclei. The observed minimum of B(E21) at
A = 1161s given by an interplay between the N = 64 subshell
and the smaller effective charges for nuclei with A > 116,
which is based on the asymmetry of B(E?2) values, as discussed
below.

We now come to the asymmetry of B(E21) strengths for
A < 116 and A > 116. Apparently, the B(E21) value here
is sensitive to the effective charge of valence neutrons. In
Fig. 4, we present the B(E21) values calculated by using
effective charge in the NPA (e, = 1.28¢ for A < 116 and
—0.95¢ for A > 116) and the QPM (effective charge = 1.05¢
for protons and 0.05¢ for neutrons), denoted by the NPA-1 and
QPM-1. For A < 116 the resultant effective charge is larger.
This implies larger core polarizations due to particle-hole
excitations for nuclei with A < 116 and a different character
of core excitations towards N = Z = 50 and N = 82 shell
closure, as pointed out in Refs. [3,12]. The QPM analysis
supports the same picture. In the 2] states of 106-118Sp,
configurations of the N = Z = 50 core (in particular, proton
degree of freedom) contribute to the B(E?2) values. This leads
to a larger effective charge of valence neutrons for these nuclei.
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FIG. 3. (Color online) The expectation value of occupation
number n; in the 1/2%,3/2%,5/2%,7/2%, and 11/2~ orbits versus
mass number A. Panels (a) and (a'): the spin-zero ground state. Panels
(b) and (b'): the first excited state with spin 2. In panels (a) and (b)
we present the number of valence neutrons (A < 116), and in panels
(") and (b") we present the number of neutron holes (A > 116) in the
corresponding single-particle orbits.

For comparison, we present calculated B(E21) in the NPA by
assuming e, = e for A < 116 and —e for A > 116, denoted
by NPA-2. The QPM-2 assumes bare charge (i.e., e for protons
and zero for neutrons). One sees very large deviations from
experimental B(E2) values in both the NPA-2 and QPM-2
calculations if one assumes ¢, = ¢ for A < 116 and —e for
A > 116.

Here it would be useful to compare our effective charges in
this work with those in some previous studies. In the QPM
calculations excitations of both protons (in the core) and
neutrons are considered. The effective charges are close to the
bare charges of protons (e) and neutrons (zero charge) [16]. In
the large-scale shell-model calculations, the effective charge
is 1.5¢ for protons and 0.5e for neutrons if one assumes *°Zr as
the inert core, or 1-1.5¢ for valence neutrons if one assumes
1008n as the inert core, for the Sn isotopes of mass number A
below 116 [12]; the effective charge is —0.7-0.8e for neutron
holes if one assumes '3?Sn as the closed-shell core for Sn
isotopes of mass larger than 116 [32]. Therefore, the effective
charge that we use in this work is compatible with those in
previous studies. The value of effective charge depends on the
model space considered in the calculation.

We finally investigate the robustness of our results with
respect to different forms of the Hamiltonians. In Fig. 5
we take three forms of the Hamiltonian. H-1 includes only
the spherical single-particle energy term and the residual
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FIG. 4. (Color online) The B(E21) values with effective and
bare charges. NPA-1 and NPA-2 are our results with effective
charges (e, = 1.28¢ for A < 116 and —0.95¢ for A > 116) and
equal effective charges (e, = e for A < 116 and —e for A > 116),
respectively. QPM-1 and QPM-2 are results using effective charges
(1.05¢ for protons and 0.05e for neutrons) and bare charges (e for
protons and zero charge for neutrons) in Ref. [16].

monopole pairing interaction between valence neutrons. H-2
further considers the residual quadrupole pairing interaction
based on H-1, and H-3 considers the quadrupole-quadrupole
interaction based on H-2. There are two interesting remarks to
make, according to the results shown in Fig. 5. (1) In H-1, the
observed B(E?21) strengths can be well reproduced, but the
calculated E,+ values have large deviations from the experi-
mental ones. This has been already discussed by the results
of a schematic two-level, generalized-seniority calculations
in Ref. [10], whose Hamiltonian includes only the spherical
single-particle energy term and monopole pairing interaction.
(2) The interplay of quadrupole pairing and quadrupole-
quadrupole interaction is important to reproduce both the
energies and the transition strengths. The contributions from
quadrupole pairing and quadrupole-quadrupole interaction to
the B(E21) values cancel out each other, as shown in Fig. 5(b).
B(E27)decreases (or increases) if only the quadrupole pairing
(or the quadrupole-quadrupole interaction) is added to H-1.
This behavior was discussed in Ref. [24] for the ground-
state energy of nucleons in a single-j shell. Reference [16]
also pointed out the quenching and smoothing effect of the
quadrupole pairing for the Sn isotopes. As for the E+ values
in Fig. 5(a), only when both the quadrupole pairing and
quadrupole-quadrupole interactions are added (H-3) can we
obtain a satisfactorily agreement with the experimental data.

IV. SUMMARY

In this paper we calculate the E,+ and B(E21) values of
even-even Sn isotopes with mass numbers from 102 to 130
within the S D-pair approximation of the nuclear shell model.
The contribution from configurations beyond the S D nucleon
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FIG. 5. (Color online) The E21+ and B(E?21) values of the present
work with different forms of the Hamiltonian (denoted as H-1, H-2,
and H-3, respectively.). H-1 includes the spherical single-particle
energy term and the residual monopole pairing interaction between
valence neutrons. H-2 further considers the residual quadrupole
pairing interaction to the H-1. H-3 adds the quadrupole-quadrupole
interaction to the H-2. The value of effective charge is e, = 1.28¢
for A < 116 and —0.95¢ for A > 116.

pairs is very small for the ground and the first excited states of
even-even Sn isotopes and is thus neglected in our calculation.
We take the phenomenological shell-model Hamiltonian,
which includes the single-particle energy term, monopole and
quadrupole pairing, and quadrupole-quadrupole interaction
between valence neutrons. In order to describe the B(E21)
values properly, we use two sets of single-particle energies,

PHYSICAL REVIEW C 86, 054304 (2012)

two-body interaction parameters, and effective charges for
A < 116 and A > 116. Our calculated results satisfactorily
reproduce the observed E,+ levels, the asymmetry of B(E21)
forA < 116and A > 116, and a shallow minimum of B(E21)
at 116Sn.

Our calculation shows that when the neutron number is
around 64, the g7,, and ds,, orbits are almost fully occupied,
while the hyy/2, d3,2, and 51/, orbits are nearly unoccupied.
This is given by the soft subshell around neutron number
N = 64. Therefore, the effective valence neutron numbers
for A >~ 114 are smaller than they are based on the counting
scheme considering the nearest magic numbers, 50 and 82.
On the other hand, the asymmetry of B(E2) values requires
smaller effective charge of valence neutrons for A > 116,
which further reduces the calculated B(E2) value for A = 116
and leads to the shallow minimum of B(E21) values at
A =116 instead of A = 114. In other words, the shallow
minimum of E2 transition rates at A >~ 116 of even-even Sn
isotopes is given by the interplay between the soft N = 64
subshell and different core polarization of the '°°Sn and *?Sn
(i.e., different effective charges for nuclei with A < 114 and
A > 116).

The robustness of our calculated E,+ and B(E21) with
respect to different effective charges and different forms of
the Hamiltonian is studied. If one assumed a Hamiltonian
that includes only the single-particle energy term plus the
monopole pairing term, the observed B(E?21) strengths could
be well reproduced, but the calculated E,+ values would have
large deviations from the experimental results. The interplay
of quadrupole pairing and quadrupole-quadrupole interaction
is shown to be important to reproduce both the energies and
the transition strengths.
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