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Photon production from a quark-gluon plasma at finite baryon chemical potential
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We compute the photon production of a QCD plasma at leading order in the strong-coupling with a finite
baryon chemical potential. Our approach starts from the real-time formalism of finite-temperature field theory.
We identify the class of diagrams contributing at leading order when a finite chemical potential is added and
resum them to perform a full treatment of the Landau-Pomeranchuk-Migdal effect similar to the one performed
by Arnold, Moore, and Yaffe [J. High Energy Phys. 11 (2001) 057] at zero chemical potential. Our results show
that the contribution of 2 +— 3 and 3 +— 2 processes grows as the chemical potential grows.
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I. INTRODUCTION

Heavy-ion collision experiments at RHIC typically create
a medium where the net baryon density is nonvanishing [1,2].
As we enter a new era of precision measurements, it is
therefore important to consider the effect of a nonvanishing
baryon chemical potential on the thermal photon yield of
the quark gluon plasma. Previously, the effect of nonzero
chemical potential in 2 <> 2 processes was studied in [3—-6].
The complete leading order calculation of photon production
including the effect of collinear enhancement in the 2 — 3 and
3 — 2 cases was first carried out by Arnold, Moore, and Yaffe
(AMY) starting from first principles within the framework
of quantum field theory at finite temperature [7]. The analysis
of [7], however, is mostly carried out at zero chemical potential.
The effect of adding a chemical potential was mentioned, but
a detailed analysis was not fully performed.

The chemical potential will modify the quark and gluon
self-energies as well as change the statistical factors, thereby
potentially modifying the power-counting analysis of AMY. In
this paper, we will precisely determine under which circum-
stances the power counting must be modified to account for the
presence of a chemical potential. We also explore numerically
the consequences of including a chemical potential in the
photon production.

As in the previous cases, the most convenient basis to work
in when analyzing the parametric sizes of diagrams is the
Keldysh or r, a basis whereas the rates are most conveniently
written in the usual 1, 2 basis. The addition of a finite chemical
potential also changes the way in which we switch from the
1, 2 basis to the r, a basis, and we will carefully explain the
required changes.

The organization of this paper is as follows. In Sec. IT A,
we briefly recall the structure of perturbation theory in the
real-time formalism and outline the basic formula giving
photon production in terms of Feynman diagrams. In Sec. II B,
we show how to generalize a result of Heinz and Wang [8]
that allows one to express Green’s functions in the 1, 2 basis
in terms of a reduced set of Green’s functions in the r, a
basis. In Sec. I C, we show how a finite chemical potential
alters quark and gluon thermal masses. Then, in Sec. III,
we perform a power-counting analysis to determine which
diagrams contribute at leading order in the strong coupling g
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and resum these in Sec. IV. Finally, some numerical results
are shown in Sec. V.

II. DIAGRAMMATIC APPROACH TO CALCULATING
PHOTON PRODUCTION

A. Perturbation theory at finite temperature and chemical
potential

We start by briefly outlining the structure of real-time
perturbation theory at finite chemical potential. Since we are
interested in a QCD plasma, our starting point is the QCD
Lagrangian

- 1
L= 050 =M= ghTy = yFLES, ()
!

where the sum is over the Ny fermion flavors and the
gauge group is SU(N,) with N, = 3.! This Lagrangian has a
conserved charge Q => 7 f d3x1//}(x)1p r(x) which is equal
to the net fermion (quark) number. The density operator de-
scribing the grand-canonical ensemble is therefore e PH-1O),
In the imaginary-time formalism, one can show that this
changes the Matsubara frequencies from iw, to iw, + i
[9,10]. The chemical potential here is hence the guark chemical
potential, which is 1/3 of the baryon chemical potential.

To connect the imaginary- and real-time formalisms, one
defines the retarded and advanced propagators as

Gred(x) = 10O ({ (x), ¥ (0)}) g 2)
Gaw(®) = =i0(=){(x), ¥ (O} g, 3)

The anticommutators above are replaced with commutators for
gauge fields. By using the spectral representation of imaginary-
time propagators (for instance, see [9,10]) one can show that
the retarded propagator is obtained by analytically continuing
the Matsubara propagator through the prescription iw, + @ +—
p® +ie and the advanced propagator is obtained from the
continuation iw, + u +> p° —ie, where p° is an arbitrary
real number.

'Our metric convention is guv = diag(l, —1, —1, —1).
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In the real-time formalism, one is forced to double the
degrees of freedom because when constructing a generating
functional from the partition function, the time integration
contour has to traverse the real-time axis once forward and
backward (the Schwinger-Keldysh closed time path) [11]. The
first set of fields v, ¥, and A" corresponds to fields with a
time argument on the forward directed part of the contour and
conversely the set of fields ¥, ¥, and A3" corresponds to
fields with time arguments on the backward directed part.

For computational purposes, it is sometimes more conve-
nient to use a basis other than the 1, 2 basis above. One such
basis is the r, a or Keldysh basis [11,12], defined as follows:

o = $1 v2L<P2’ @

Pa = @1 — P2, ®)
where ¢ denotes any of our fields. By using the above algebraic
relation and the spectral representation of propagators in the
r, a basis, one can show that for fermions

G (P) = (5 —ns(p" — ) p(P), (6)
Gar(P) = Gaav(P), (N
Gra(P) = Gra(P), ®)

Gaa(P) = 0. )

The above equations allow us to compute real-time propagators
by analytically continuing imaginary-time ones. From now on,
we use capital letters for four-momenta and lowercase letters
to denote the magnitude of the three-momenta. For instance,
P = (p°, p) in the above expressions and p = |p|.

To tie this formalism to the problem of photon production,
we recall the standard formula that relates the emissivity of
the plasma to a Wightman current-current correlator [9,10]:

ar, 4’k @
il A DK eD(KYWH(K), 10

where we have defined the Wightman current-current correla-
tor by

WH(K) = / d*x e (1(0)" (%)) 0. (11)

Wightman functions are most naturally expressed in the 1, 2
formalism of the real-time theory:

agy d°k [ d*Py d*p, [(py + 0% + P%H]

72 kI J eot] @t 2py(pry + k)

X (P11 - Pr1)Gin(=P, K+ P, —K — P,, P),
(12)

where G2, is a fermionic four-point function where two
external vertices are of the “1” type and the others are of the “2”
type. The “paralle]” component of p is always defined relative
to the fixed direction of the emitted photon momentum k.

A schematic diagram for dI", is shown in Fig. 1. Our
convention is that fermion momenta flow into the shaded box.
Arrows going into the shaded box correspond to insertions of
the particle operator ¥, and arrows coming out of it correspond
to antiparticle insertions .

dr, =
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Qy=K+P, Qy=-K P,

K
—

Q,=-P, Q=h

FIG. 1. The momentum assignments for computing the Wight-
man function. Arrows on fermion lines going into the shaded box
correspond to insertions of the particle operator and those coming out
of it correspond to insertions of the antiparticle operator. All momenta
flow into the shaded box.

B. Going from the 1, 2 to the r, a basis

For power counting and actual computations, the r, a basis
is more convenient than the 1, 2 basis. By using the algebraic
relation between fields in the 1, 2 and r, a bases [cf. Eq. (4)],
we can express G122 as alinear combination of the 16 possible
four-point functions in the r, a basis. The result is

1 1 1
G1122 = Grrrr + EGrarr + zGarrr + ZGaarr
1 1 1 1
_iGrrar - §Grrra + ZGrraa - ZGrara
1 1 1
ZGraar - ZGarar + §Garaa

1 1 1 1
_gGaara + gGraaa - gGaaur + EGaaaa- (13)

1
1 Garra -

One can show that, in general, G,...(1,2,...,n) =0, and
hence we can immediately eliminate one of the 16 terms in the
above (see, for example, [12]). Wang and Heinz [8] showed
that the remaining 15 terms can be reexpressed in terms of 7
four-point functions and their complex conjugates.

The authors of Ref. [8] only considered the case of a real
scalar field. However, their derivation works equally well for
fermions (see Appendix A). Hence the following results from
the reference still hold:

G = a1Gaarr + @2Gagar + 03Gaara + 44Garaa
+ &5Graaa + 6Garra + @7Garar
+B1Goyy + PGl + B3Glgra + BiGra
+ B5G yua + B6Grnpra + B1G s (14)

with the coefficients «; and f; composed of Fermi-Dirac
distribution functions instead of Bose-Einstein distribution
functions and G denoting the charge conjugate (i <> ) of G.
Here all G...(Q1, O3, O3, Q4) are functions of four-momenta.
Our convention is that the momenta O, and Q4 correspond to
the insertion of ¥ and Q and Q3 correspond to the insertion
of .

This expression greatly reduces the number of diagrams
we need to estimate. As a matter of fact, what emerges from
our power-counting analysis is that only G, contributes to
photon production at leading order. This is because only this
labeling gives rise to pinching poles as we will explain shortly.
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Thus, we only need to know the coefficients «; and ;. These
are given by

ar =nz(q) + w)nyg(qd — w). (15)

Br=—[1=np(ad + w1 —ns(a — )]
L—np(a +0) —ny(a — 1)
L—ny(g3 +n) —nplay —n)

This is proven in Appendix A. One can intuitively understand
the signs of p in the above by recalling that n(E — ) is
the distribution function for particles while n (E + () is the
distribution function for antiparticles. Since Q| and Q3 corre-
spond to antiparticle insertions, they must be associated with
the distribution nf(q[-0 + w), and conversely for O, and Q4.

As we will discuss in Sec. 111, all gluon exchange momenta
must be soft at leading order in the strong coupling g.
Therefore, we have that P; ~ P, in Fig. 1. Hence, Q| >~ — Q4
and Q, ~ — Q5 and, consequently, B >~ n ;(q? + pwn (g3 —
w) = ay. Further, one can verify that Gaarr(—P1, K +
Pi,—K — P>, P)) = Guurr(—P1, K + P1, —K—P,, P5) (see
Appendix B). Therefore, only the real part of G, is relevant
to photon production at leading order.

(16)

C. Self-energies at finite chemical potentials

When we compute the Wightman correlator to derive the
photon production, we need to do a power-counting analysis
to identify all leading order diagrams. In this analysis, the
appearance of “pinching poles” makes it crucial to resum the
thermal self-energies into the quark and gluon propagators.
Therefore, we need to know how the presence of a chemical
potential affects the self-energies of quarks and gluons. This
is well known and dates back to the original paper by Braaten
and Pisarski on hard thermal loops [13].

In order to keep our work self-contained, we review the
derivation of self-energies with a full inclusion of a chemical
potential in Appendix C. In this section, we simply quote the
final results.

The gluon polarization tensor at finite chemical potential p
takes the form

Q@  plu,v,
w(P) = Shev + | ——2#EF ) 17
M (P) = mD( 0ro f4np0—v.p+ie> a7

where, in the above, m?%, = gz(NfTT2 + N"3T' ]\;fn ") is the
Debye mass, and v, = (1, v) with v = k/|K|.

Similarly, the quark self-energy at finite chemical potential
is

sp(py= £ (12 1 fdg—yj
’ 8 72 A pO —v.p+ie’

(18)

The above two results show that the only effect of the
chemical potential is to shift the dependence of self-energies
on T2 by a u? term. As we will see, the consequence of this
is that, in carrying out our power-counting analysis, we need
not alter the arguments of Arnold, Moore, and Yaffe as long
as u < O(7).
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III. POWER COUNTING WITH A FINITE CHEMICAL
POTENTIAL

When evaluating the Wightman function, there are two
regions of the spatial part of the loop momentum integration
that are of interest: 1. the non-collinear region, where p; ; and
p2.1 are both O(T), and 2. the near-collinear region, where
P11 orpay is O(gT) or less.

The non-collinear region corresponds to the contributions
of the basic 2 — 2 processes treated by Kapusta ez al. [14]
and Baier et al. [15]. The near-collinear region will have both
pinching pole and near-collinear enhancements. It corresponds
to the contribution of the bremsstrahlung and inelastic pair
annihilation processes modified by the Landau-Pomeranchuk-
Migdal (LPM) effect.

We briefly review how pinching pole enhancements arise.
As will be shortly shown, the leading order diagrams for
photon radiation all contain a pair of fermionic propagators
as shown in Fig. 2. The spatial part p of the loop momentum
P is assumed to be nearly collinear with k. In other words,
p1. ~ gT. Given that we impose the collinearity of p and Kk,
we may focus just on the frequency integral

dp®
/Z_GAdv(K + P)GRre(P)
P
W 1
2 [(p0+2) = B2J[(p0 + k0 — ) = E2,, ]
(19)

where we have absorbed the Dirac matrix structures into the
vertices. InEq. (19), 'y = Im[X(P)]/(2E}) is the decay width
of the quark generated by the imaginary part of the self-energy.
To leading order in g, it can be replaced by its asymptotic value
I = lim,_ o(I'p) [16,17].

The poles of the integrand are at the following locations:
p’=+E, — il and p° = —k® + Epyx + 4T It is straight-
forward to see that Eyix ~ pj+k when p, k are O(T)
and colhnear Hence the two pole positions p® = E,, —iT'/2
and p° = —k° + Epyx +iI'/2 almost coincide at py =p - k
although they are located on opposite halves of the contour
(cf. Fig. 3).

a P r

Y

a P+ K r

FIG. 2. The pair of fermionic propagators carry momenta which
differ by K. We assume that K is nearly collinear with P and that the
other parts of the diagram are essentially constant over the region of
width g2T centered around the pinching poles of the integrand.
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—p) — 2k +iT/2 P+ i)z
h=( X
—p| —il'/2 py—il/2

FIG. 3. The locations of the four poles of the frequency integrand
when p and k are nearly aligned. The poles above the real line belong
to G,av(K + P) and the ones below belong to G (P). The integration
contour is along the real axis. We see that two of the poles nearly
coincide at py. These poles are said to “pinch” the integration contour.

We use the residue theorem to close the contour and pick
up the contributions of the poles located below the real axis.
For the case where p > 0, this gives

d 0
/giawm+Pwmw>
JT
N —i
T 2Ey(k + Ep — Epsk — iD)(k + Ep + Epyy — i)’
20)

When p; <0, the factors in the denominators should be
replaced by the general expressions

Ep — Epy +k — Epsign(py) — Epqxsign(py + k) +k
= SE, 21

Ep+Ep+k+k —iI'—= Ep sign(pH)+Ep+ksign(pH +k)+k
~ 2(py + ). (22)

Therefore, the frequency integral is approximately

1
(23)

But I' and 8 E are both of order g2T, while p and k are hard.
Hence, we get a 1/g>T? enhancement from the frequency
integral. These enhancements make a large class of diagrams
contribute at leading order even though we would naively
expect them to be subleading.

Suppose that in the above demonstration we had not
taken the integrand to be the product of an advanced and
a retarded propagator but rather f Gadv(P)Gagy(P + K) or
[ Gret(P)Gret(P + K). Then all poles would have been
on one side of the frequency integration contour only and

dp®
5 Gaav(K + P)Gre(P) =
s
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roa v a

FIG. 4. All ladder diagrams contribute at leading order when the
gluon exchange momenta are soft.

we could have closed it on the side with no poles. Since
the contribution from great circles at infinity vanishes, this
means that the integral would vanish. Hence pinching pole
enhancements only arise when we have a retarded and an
advanced propagator. This is the reason why only Gug,
contributes to the leading order photon production. Because
there is no aa propagator [cf. Eq. (9)] and an interacting vertex
must contain an odd number of a fields [12], any other labeling
leads to reduction of the number of pinching poles.

We will illustrate general power-counting arguments by
estimating the size of the ladder diagram shown in Fig. 4.
We start with the ladder diagram that has only a single rung
(Fig. 5). Notice that the assignment of the r, a indices ensures
we have a retarded and an advanced propagator in each pair
of quark propagators. To get a pinching pole enhancement, we
need the quark with momentum P to be nearly collinear with
the emitted photon. Further, if the gluon carries a soft exchange
momentum Q ~ gT, then it cannot disturb the collinearity of
the quark with the emitted photon. Therefore, the second pair
of propagators also gives a pinching pole enhancement. So we
have a g~ x g~2 enhancement. A soft gluon rr propagator is
of order g~ T ~2 because of the Bose-Einstein factor, provided
n < O(T). However, a soft gluon also brings in a phase-space
suppression of order g, which cancels this enhancement.

Gathering all powers, we have for suppressions

@) g2 from the integral over P, which is O(gz) since this
is the near-collinear regime,
(ii) g* from the soft Q spatial integral over Q,
(iii) g? from two gluon exchange vertices, and
@iv) g2 from the P, - (P + Q). factor arising from the
contraction with the external photons,

and for enhancements we have

(a) g2 x g2 from two pinching pole enhancements and

(b) g~ from the soft gluon propagator.

P+K+Q

FIG. 5. A ladder diagram with one rung only. It has two pinching
pole enhancements and a further enhancement coming from the size
of the soft gluon rr propagator.
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o >M+ @M + @ .

FIG. 6. The resummed vertex D,, sums all ladder diagrams with one photon vertex removed. All external legs are amputated.

Adding up all powers of g, we get that this two-loop diagram
is of order g2, the same as the non-collinear one-loop diagram.

The above analysis easily extends to ladder diagrams with
an arbitrary number of rungs. Each additional rung brings with
it one more pinching pole enhancement, giving a g~2, and a soft
gluon propagator of order g 3. It also brings in a g suppression
from the spatial integral over the new soft gluon momentum
and a g? suppression from the two additional gauge boson
exchange vertices. Adding these up, we get a net contribution
of g%, so that at least all ladder diagrams contribute at leading
order.

One ought to make an important remark at this point. Since
the thermal mass of the gluon goes roughly as T2 + u?/2n2,
the spectral function can be of higher order than g =2 if  is of
order T/ g. In this case, the size of the soft 7r gluon propagator
fails to cancel the g* phase space suppression that we get
from a soft gluon loop momentum. Consequently, all ladder
diagrams are subleading when u = O(T/g), and it becomes
unnecessary to resum the contributions of all ladder diagrams.

The rest of the power-counting analysis aims at identifying
which combinations of external r, a indices contribute at
leading order, showing that all other diagram topologies are
subleading, and also proving that gauge boson momenta of
order higher or less than g7 also give subleading contributions.
As we have argued, as long as u < T/g, the size of the
propagators comprising each diagram is parametrically the
same as in the analysis of [7]. We will not pursue it here in
more detail.

IV. RESUMMATION OF LADDER DIAGRAMS

In the regime where u < O(T), the power-counting anal-
ysis of [7] is unchanged. Therefore, the conclusion that one
needs to resum ladder diagrams (and only these) to get the
photon emissivity at leading order is also valid. Hence, we can
apply the same resummation procedure as [7]. Here we briefly
outline that resummation procedure.

Graphically, the sum we need to evaluate is illustrated in
Fig. 6. We have defined the photon resummed vertex D,, as
the sum of all ladder diagrams with the leftmost photon vertex
and pair of quark propagators removed. From Fig. 6, one
sees that each ladder is constructed from the previous one
by concatenating a gluon rung attached to two quark-gluon
vertices and a pair of quark propagators to the previous one,
where the quark propagators must be evaluated at the location
of pinching poles. The ladder diagrams form a geometric
series:

D, =T, + MFI, + MFMFI,

+ MFMFMFL, + . 24)

The graphical operator F adds the pinching pole pair of
propagators. In the above equation, each F contributes a pair
of pinching poles:

F(P;K) = Gagy(K + P)Gret(P)
—1
" 4py(py+ k)T +i0E

4 8[2p° + k°

— Epsign(p)) — Eppsign(py + k)], (25)
The operator M adds the rung as illustrated in Fig. 7:
M(P, Q. K) = ig’Crap(p) + K.K,G(Q).  (26)

Finally, Z,, is the bare photon vertex on the far end of the ladder
diagram as illustrated in Fig. 8.

The resummed vertex D, then satisfies the following
integral equation:

D,(P,K)=T,P,K) +/ M(P, Q, K)F(P+ Q,K)
Qo
x D, (P + Q, K). 27

After  defining the variable  f#(p,k) =4p)(p +
k)f %}"(P, K)YD*(P,K), the integral equation (27)
becomes [7]

d’q
@2n)y

C(@Lf"(p. k)
(28)

2P* + K" = iSEf™(p, k) +/

- f“p+qu, k]

After applying a sum rule, the collision kernel C(q) is found
to have the simple form [18]

dq” 1 1
[ g gm =
with p and k strictly collinear. The term § E is the difference
between the locations of the pinching poles of the quark
propagators, as seen in Eq. (21). Through the energies of
the quarks, it includes their asymptotic thermal masses 7.
Therefore, the chemical potential enters through both m , and

P
_r
F(P:K) = M(P.Q.K) = ¢
P+ K
P+ K

FIG. 7. The graphical operator F adds a pair of propagators
evaluated at the location of the pinching poles. The rung M adds
a soft gauge boson propagator.
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P

FIG. 8. Bare quark-photon vertex Z,,.

M. Recall that

N¢T* N.T*> N:u?
2 2 f ¢ il
= , 30
Mo =8 ( 6 3 zyﬂ) 30)
2C F 2
miozg—Z() T2+M— ] (31)
4 2

Finally, the contribution of the 2 — 3 and 3 +— 2 processes
to the Wightman correlator (and thus to the photon emissivity)
is given by

d*P (py +k)?*+ pj

R e By AR
x [1 —np(p’ — WIT"(P, K)
x Re[F (P, K)D'(P, K)]. (32)

V. NUMERICAL CALCULATIONS

Following a method developed by Aurenche et al. [19],
we can solve Eq. (27) numerically by solving the differential
equation in impact parameter space. As in Ref. [20], we
decompose the photon emission rate as follows:

dr 1
(271)3E = A(k)[ln(T/moo) + 5 In2k/T)

+ C2<—>2(k/T) + Cbrem+ann(k/T)] ’ (33)

where

2
.A(k) = 2agMm (d}: Z q,~2) mToonf(k) (34)

r=u,d,s

Here, k is the magnitude of the emitted photon’s momentum
and n is the Fermi-Dirac factor.

Since the 2 <> 2 part of the spectrum has been already
calculated [3-6], we only plot v, (k) = Ak)Coremtann(k/ T)
in Fig. 12. The plots show the contribution of the 2 — 3 and
3+ 2 processes with the full treatment of the LPM effect.
The temperature of the plasma was taken to be 250 MeV. We
see from Fig. 12 that as the ratio u/7T increases, the photon
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[ — u=0 ]
7 r u=0.5T 1
N - u=T 1
N --- u=2T 1
6 - n=3T ]
N -— pu=4T ]
S glio~. u=5T J
e SN .
2 r S ]
ZaF I =
N e ]
= B TS R
6 ko 4
>3 7
e e E
1 S |

0 PR A N AT S T T AT O AN S (NN SR NSNS NN S S
0 2 4 6 8 10 12 14 16 18 20

FIG. 9. Combined ¢ and g bremsstrahlung contribution to the
photon emission. The ratio against the u = 0 case increases with
increasing u/T.

production rate also increases. This finding is consistent with
the behavior of the 2 <> 2 emission rates.

One of the reasons for this enhancement turned out to be just
the statistical factors in Eq. (32). These factors represent three
different processes depending on the sign of p° and the relative
sizes of | p°| and k° = k > 0. To illustrate the effect of nonzero
w in each of the three processes, consider the following ratio
of the statistical factors in Eq. (32) and the same statistical
factors with u = 0:

. np(p® 4+ k% — wll —np(p® — Wl

35
ne(p? + kO —np(p2)] 33)

When p° > 0, the underlying physical process is the
bremsstrahlung from the quarks. In this case, the ratio is
mostly greater than 1. Hence the rate is enhanced. This
reflects the fact that a positive chemical potential enhances
the number of quarks more than the Pauli-blocking factor
reduces the emission rate. When p° < 0, [1 — nf(pO —wl=
n (] p°| + 1) becomes the antiquark phase-space density.
For p° <0 and k < |p°|, the factor nf(—lpol +k—pn =
1 —ng( p°| — k + ) represents the Pauli-blocking factor for
the antiquark bremsstrahlung. In this case, a positive chemical
potential reduces the phase density of antiquarks but enhances
the Pauli-blocking factor. But since Pauli blocking can never
be enhanced above 1, the effect is to reduce the photon
emission rate. The combined effect of quark bremsstrahlung
and antiquark bremsstrahlung is a net enhancement, as shown
in Fig. 9.

For p® <0 and k > |p°|, the factor nf(—|p°| +k—w
represents the density of quarks that can annihilate with
antiquarks to produce a photon with energy k. In this case r is
always smaller than 1, reflecting the fact that the annihilation
process is necessarily controlled by the lesser number of
antiquarks. In Fig. 10, we show the contribution of the
annihilation process to the photon emission rate for various
values of .
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0.8 =" -
s T 7 ; ~ T 1
£ 061 / y ; . - =27 _
= r S - 3T 1
- 7 / -= p=4AT 1
N / / u=sT ]
2 04 / _
> L / i

L ! -
/
02" -
ol Tl
0 2 4 6 3 10 12 14 16 18 20

k/T

FIG. 10. Pair annihilation contribution. The ratio against the © =
0 case decreases with increasing /T .

Among these three effects, the enhancement of the quark-
bremsstrahlung dominates because it increases much faster
than the reductions in the annihilation contribution and the
antiquark bremsstrahlung. Therefore, overall, the effect of
having i > 0 is to enhance the photon production at the same
temperature, as shown in Figs. 11 and 12. This trend was also
observed in studies of 2 <> 2 processes [4]. In one previous
study of 2 <> 2 processes [3], it was found that increasing
the chemical potential decreases photon production. However,
this was for constant energy density instead of constant
temperature.

Phenomenologically, the baryon chemical potential at the
Relativistic Heavy Ion Collider (RHIC) is about 30 MeV and at
the Super Proton Synchrotron (SPS) it is about 240 MeV [21].
The quark chemical potential is therefore about 10 and 80 MeV
for RHIC and SPS, respectively. With T = O (200 MeV), the
enhancement at RHIC is negligibly small and it will be modest
at SPS, no more than 5%.

13 \ ]
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FIG. 11. Plots of the ratios vy ,(10)/Vpra(t = 0)forO < pu < T
For p of the order of the temperature 7 of the plasma, the photon
emission rate increases by about 10% relative to the u = 0 value.
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FIG. 12. Plots of the ratios vy, (it)/vpra(t = 0) for 0 < pu <
10T. As u/T increases, so does the ratio.

VI. CONCLUSION

In this paper, we have explored the effect of nonzero baryon
chemical potential in thermal photon production. Following
the zero chemical potential study [7], we have computed
photon production from non-Abelian plasmas at leading order
by resumming ladder diagrams to fully incorporate the LPM
effect. After a careful analysis, we have found that, as long as
uw < O(T), the formulation in [7] is still valid with appropriate
changes in the statistical factors, thermal masses, and the
Debye mass. However, when © = O(T/g), resummation of
ladder diagrams is no longer necessary because thermal masses
become O(T) instead of O(gT). Hence, inverse powers of
thermal masses no longer provide enhancements.

Numerically, it is found that the inclusion of a chemical
potential up to w >~ T enhances the photon emission rate
moderately, up to 30% when p = T. This trend is also valid
for hard photons from the 2 <> 2 process [4]. Since the quark
chemical potential is relatively small compared to typical
quark-gluon plasma temperatures at RHIC and the Large
Hadron Collider (LHC), we expect a relatively small effect
from a finite 1 on thermal photon production at RHIC and the
LHC although it could be significant at SPS energies and also
for the lower energy runs at RHIC.
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APPENDIX A: KUBO-MARTIN-SCHWINGER CONDITION
WITH FINITE n

In this Appendix, our goal is to prove Eq. (14). This
equation was proven in Ref. [8] for the case of scalar fields.
Their argument exploits the Kubo-Martin-Schwinger (KMS)
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condition to derive a system of equations that allows them to
SOlve for Grrl‘r, Grrras Grrara Grarr: Garrrs Graars Graras and
Grraa ln terms Of Gaarr £ Gauar s Gaara ] Garaa s Graua ’ Gurra £
G 4rar» and their complex conjugates. Their procedure also goes
through for Dirac fermions in the grand canonical ensemble
provided we modify the usual KMS condition to include a
chemical potential.

Consider first the commutation relation between Dirac field
operators and the conserved charge O:

[0, V] = —y = f1Cy = e Pryefrl,

o B L _ . (AD)
0.V =V = eﬁ”Ql// — gﬂﬂweﬂﬂQ_
For Green’s functions in the 1,2 basis, these commutation
relations allow us to relate Green’s functions whose 1, 2 index
assignments are opposite each other. Indeed, consider

Gooia(xy, ..., x,)
= (Tl ) - YT Y () - Y]
XTI o) - U DY (as) - Y ) g (A2)

Note that the 2 index refers to the space-time points xy, . . . , X,
and the 1 index refers to the points x,,,41, . . ., X,. We have also
omitted spinor indices in the above for simplicity. Using the

fact that ef# is a time evolution operator in imaginary time
[V (t +iB) = e PHy(1)ePH], we obtain

Gooar (X1, ...y Xpn)
= (T[T (0 +iB) -y (x0 +iB)
XY (xlyy +iB) v (xh +iB)e 1]

XTI @) - W QDY O - Y@l - (A3)

The operators e*PH can be pulled outside of the reversed

time-ordering symbol. Therefore, when writing out the thermal
average explicitly in terms of the density operator ¢ #(H—#Q),
we obtain

Goora(xt, ..., x,)

= %Tr{eﬂ“éf‘[wT(x? +iB) -y (x2 +ip)
XY (xly +iB) - v (xp +iB)]

xe P i) - 9 G () - ().
(A4)

We want to commute the operators inside the reverse time-
ordering operator past e 19 and use the cyclicity of the trace to
take them to the right of the operators inside the time-ordering
symbol. Equation (A1) shows that, in doing this, we pick up
a factor of ¢#* when we are commuting a ¥ operator and a
factor of e~ for a Y operator. Let us define the symbol o;
to be equal to 1 if the space-time point x; has a ¥ operator
insertion at it or —1 if it has a i insertion. With this notation,
we obtain the following generalization of the KMS boundary

PHYSICAL REVIEW C 86, 034904 (2012)

condition to n-point functions:

Groia(X1, ..., Xn)

1 ) _ g A
= oS T PO [y )y o)

X Y)Y T (x) + i) - ¢ 1 (x + iB)
<Y (5 +1B) - ¥ (xy, + )]} (AS)

Finally, we use the well-known formula ¢(t + a) = e* ¢(¢)
to obtain

Gao1.a(x1, -0, Xp)
= o BTy () -y )

} Yagn) - YT [yl (x0) - i (x0)
) (xr) - () g

We are allowed to take the 2= #% operator outside of
the time-ordering symbol provided we take time-ordering to be
given by the 7* prescription. That is, the time-ordered n-point
function is defined to be the path integral of the product of the
n operators weighted by the exponential of i times the action.
For a discussion of this prescription, see, for example, [22].

We define the “tilde conjugate” G of a Green’s function G to
have the same 1, 2 index assignment but with the time-ordering
symbols reversed. Therefore, we can express our previous
result as

(A6)

_ B i =20 Foi ) A
LX) = € T2l Gi.12.20x1, ..., Xn).

(AT)

Grona(xg, ..

Wang and Heinz [8] use the fact that, in momentum space,
tilde conjugation is equivalent to complex conjugation. As this
is a key fact, we proceed to extend it to fermion fields at finite
chemical potential. For notational simplicity, we will focus on
the case where there are four fermion operators, two of which
bear “1” indices and the other two of which bear “2” indices.
Although this is not necessary for this discussion, we have also
included the y matrices which appear in the current-current
correlator (11). Extensions to other cases should be obvious:

G211(Q1, 02, 03, Q4)
4
= [ TTats e Ttacy v
i=1

X T (x3)y" v (xa)) g

Taking a complex conjugation and changing x; — —x;, we
obtain

(A8)

G511(Q1, 02, 03, Q4)
4
:/Hd4xi eiQ"‘xi(T[&(—)M))/VW(—)@)]
i=1

x Tl (=x2) " Y (—x))p -

Next, We_make use of CPT invariance. Recall that the Dirac
bilinear ¢ y*y transforms as follows under the anti-unitary
CPT transformation ®:

OV ()Y Y (»)O~! = =P (=y)y ¥ (—x).

(A9)

(A10)
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Then, by using anti-unitarity, thermal expectations of a product of fields can be related as follows:

(T (—xa)y " Y (=) T [P (—x2)y Y (—=x)]),
1 I - Lo
= - 2 (nle PO [ (—xa)y Y (—x) I T [ (—xa)y Y (—xn) )

1 ~ A _ ~ -
= 2(On0e P IHOT [ (—x)y Y (=) T[T (—x2)y " (—x1)]O " |On)

1 n A _ ~ —
— 2l PIHOT[OF (—xa)y " (=)0 ITIOF (—x2)y "y (—x)O ' IIn')

1 A - L
= 2 Wle P EHOT o)y Y Gl T Gy (e)llin')

= (TP 3)y " Y )T [P )y ¥ ()l g, -

(Al1)

We have used CPT invariance in commuting ® past e# # and relabeling the eigenstates |n') = ©|n). Further, note that the sign
of i changes as we commute ® past e##¢. Combining the above with our previous result, we obtain

4
G311(Q1, Q2, 03, Qu) = f [ [d*xi €@ (T (—xa)y " Y (—x)I T [P (—x2)y" Y (—x1)]) .1
i=1

4
= / [ [d*x &2 (T )y Y eOIT[F (xa)y "V () g
i=1

= G011(Q1, 02, 03, Ou),

where G denotes the charge conjugate (Y < ) of G.
Recapitulating, we have the two equations

VK, = ef Tumton gy (kK
LK) (A13)

Gr.01.1(Kq, ...
Garna(Ki, ..., K) =G5, (K, ..

The above can be taken as the starting point to reproduce
the derivation of Heinz and Wang. However, the latter also
uses the energy conservation condition Y, kY =0 and the
identity n,,(k?) + nb(—k?) = —1. In order for the derivation
of Heinz and Wang to proceed in the same manner, we need
suitable generalizations of these to treat fermions at finite
chemical potential. By charge conservation, we must have that
Y i_, 0; = 0—Inother words, the Green’s function in question
must have an equal number of v and ¢ insertions to not
vanish. Therefore, we can define k = k + o, and maintain
“energy conservation” Y _, /E? = 0. Also, by performing the
customary replacement nb(k?) = —n f(l;f)), we preserve the
relation n,(k?) + np(—k?) = —1 since n;(E) + np(—E) = 1
in general.

The only relations among the k?’s that Heinz and Wang
use is energy conservation, and the only property of the
Bose-Einstein distributions they use is n,(k)) + n,(—k) =
—1. This is because, after they have used the KMS condition
like we have done above, their work consists of algebraic
manipulations such as solving large systems of equations
involving the Bose-Einstein distribution. In their work, it is
possible to treat G and G* as independent variables rather

(A12)

than considering the real and imaginary parts of G. Hence,
it causes no harm to their derivation to replace G* by G* as
is required by (A13). We conclude that we could in principle
perform the exact same manipulations as Heinz and Wang
by relabeling every ny(k?) as —n ¢(k). The net result is that
we make the same replacements in their final results, bearing
in mind that ¥ insertions come with a —n f(ko 4+ w) and ¥
insertions come with —n (k® — w).
Heinz and Wang [8] obtain

ar = n,(q))ns(43) (Al14)

and

1+ n,(q7) +np(93)
1+ ny(q3) +ni(af)
(A15)

Br = —[1+ns(g3)][1 +ns(a5)]

By making the replacements we have prescribed above, we get

ar =ns(q) + n)ny(qs — n) (A16)
and
Br=—[1—ny(g3 +w)][1 —ns(a — n)]
SRt Ui ) Rt e et ) BN

L —ng(q3 +p) —nys(qd — n)

as required.
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APPENDIX B: A SIMPLE IDENTITY INVOLVING CHARGE CONJUGATES

In this Appendix, we want to show that Guu. (K1, K2, K3, K4) = Gaurr(K1, Ko, K3, K4). It is sufficient to prove the

corresponding identity in position space:

Gaarr ()C] » X2, X3, .XI4) = (TC [Kza(xl)Wa(x2)¢r(x3)wr(x4)]>ﬂ,u

= Gaarr(xl » X2, X3, )C4)

= (TclVa()Wa )T () (x3)]) .
1 P - -
= - 2 (nle PO T (oa)ra (e (ea) ¥ (x3)] )

1 ., - - 4
= — 2 (CnlCe PO T [y (o) fra(x) ¥ (xa) ¥ (43)ICTIC)

1 4 A - -
= - 2 Wle I OCTe [ (o)) () (e)ICT 1)

1 . ~ _ _
= 5 2l OT [ Ca(02) () CTC P () (1) C i)

1 B - -
= 2 le IO Te [ (e i (x) Y (el

= Gaarr(xl » X2, X3, X4).

APPENDIX C: COMPUTATION OF SELF-ENERGIES AT
FINITE CHEMICAL POTENTIALS

In this Appendix, we closely follow the zero-u analysis
in [23] to compute self-energies in the hard thermal loop
approximation with a finite chemical potential.

Consider first the gluon self-energy Hﬁ’]’) The color struc-
ture of this tensor is trivial, so that 1%, = §*°I1,,,. We have
four diagrams to consider: the quark loop, the gluon loop, the
gluon tadpole, and the gluon ghost. Only the quark loop is
affected by the presence of a chemical potential and hence we
make it the focus of our attention. With all momenta labeled,
this diagram is shown in Fig. 13.

Our strategy is to evaluate this diagram in imaginary time,
invert it to get the gluon propagator, and then analytically
continue the result to retarded frequencies to get the real-time
ra propagator from which all other propagators in the r, a basis

Q=K-P

FIG. 13. The quark loop is the only contribution to the gluon
self-energy that is affected by the finite chemical potential L.

may be obtained. Proceeding, we first get

H;w(PE)
= @TrT) [ (aKe) TSP (KeonSP (o]
(CD)
In the above, the integration measure is {dKg} =

Ty %2 . [(dk), where (dk) = % is the spatial momentum
integration measure. Since we have factored out the color
structure of the gluon self-energy, there is no sum over a in
the Tr(T*T*) factor. Further, Kp = (iw,, K) is the fermionic
loop momentum and Qg = Kg — Pp = (iw, —iw,, K —p)
is the difference between the momentum of the gluon [Py =
(iwy, p)] and the virtual quark. The frequency iw, = 27 nT is
bosonic, and the frequency iw, = 2w (r + %)T is fermionic.
The color matrices T¢ are the generators of SU(3) in the
fundamental representation. In this representation, the group
factor Tr(7¢T?) is simply % S;" ) denotes the fermion propa-
gator time evolved using the “thermodynamics Hamiltonian”
H — 110 since this is what satisfies the periodic boundary
condition (see Appendix A for KMS conditions at finite w).

The cleanest way to compute the above is to use the spectral
representation

S (iw m—x/%hawi/mégu—n»w—
F rs - f( PL)]
0 —00 2

x Ke™™ 71 py(K). (C2)
Indeed, this expansion of the propagator makes the frequency
sum trivial. After performing the spin trace and employing
standard identities involving the Fermi-Dirac distribution, we
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obtain

PHYSICAL REVIEW C 86, 034904 (2012)

@ 2 dk° dqo
M, p) = 28°N; / (dK) f o / 29 (K )pol0)
T 2

ny(k° —M)—"r(q —M)

X (K,uQv + Q/LKV - guvK : Q) kO C] — ta)n (C3)
For the spatial component of the self-energy tensor, the result is
;(iw, p) = 2¢° Ny /(dk)4E Eq |:[ki61j +qik; +6;;(ExEq — k- q)]
ng(Ex +u) —ng(Eq+pn) np(Ex—p) —ng(Eq—p)
— kigj + qik; — 8;j(ExEq + Kk -
x< T e + kigy + qik; — 8/ Ex )

(Lo Bt W) —np(BEq—p)  1—ng(Eq+p) —nyp(Ex— 1) (C4)

iov+ Ex + Eq iw— Ex — Eg

where we have used po(K) = Eik[é(k0 — k) — 8(k° + k)]. The
above expression holds for arbitrary external momenta. Hence-
forth, we only consider the hard thermal loop approximation
so that p <« k after the analytic continuation iw > p° +ie
has been performed. It turns out that the self-energies in the
hard thermal loop approximation are also valid for arbitrary
external momenta P at the one-loop order [16,17]. Hence, we
will freely use our results as the self-energies of the gluons
and quarks when estimating the size of their propagators.
Using the fact that p < k, we obtain

vV-p
I (p°, p) = —g°N /dk w—
j(p P) 8 f ( )|:vvjp0—V-p~|-iE

d
X d—k[nf(k — ) +nptk+ w)]
1
+ (viv; — 8ij)%[nf(k — ) +ngpk+ M)]:|,

(C5)

where v = k/|K|. After an integration by parts and an applica-
tion of the result

Oodkk 1 1 _7[2T w?
0( ) eﬂ(k+n>+1+eﬁ(k—m+1 ~ 6 +7

(Co)
we get
2 272
u 7T a2
i == () [
X |:v,~v_,- - 8,/ — 2(vivj)poT-ll)J—}—ie:| .
(€7

By symmetry, we have [dQujv; = 1 [dQs;;. Thus, we fi-
nally obtain the hard thermal loop part of the gluon polarization
tensor:

ase pOU,'Uj
43 pO —v.p+ie’
(C8)

L (uE TR [ d
My(P) = &Ny (5 + —

By going through the same analysis, we can evaluate the
other components of the gluon polarization tensor. If we
include the contributions of the three other loops, we finally
have

a2 pvv
,(P) = 8o+ | ———L"—), (©9
Mu(P) = mD( 0 /4np0—v-p+ie> )

N, T? : N
— 4 N‘ST (12 ) is the

where, in the above, sz = gz( >

Debye mass and v, = (1, V).

The contribution of the quark loop to the gluon self-energy
corresponds to the screening of the strong interaction by quarks
in the medium. It is therefore natural to expect that the chemical
potential of the quarks will have an influence on the repeated
scattering events that occur during the photon emission
process. The chemical potential also appears explicitly in the
quark propagator and thus affects the thermal mass of the
quarks. This will affect the integral equation that we will derive
for photon production, so we turn to computing the self-energy
of the quarks. The relevant diagram is shown in Fig. 14.

The expression corresponding to the diagram in Fig. 14 is

X(Pg) = g°T"T" / {dQE}ySE(Pe — Qr)yyG™ (QF).
(C10)

Inthe above, [{dQr} =T Y . . [(dq)denotes a sum over
bosonic frequencies followed by an integration over the spatial
part of Q. As usual, T°T% = Co(F)1 = %1, where 1 is the

=,

P K

FIG. 14. The chemical potential appears explicitly in the quark
propagators, whence we need to resum the self-energy of the quark.
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identity matrix in SU(3). In the Coulomb gauge, we find
X(iwn, p)

= —g’Cy(F) / {dQ}[yos;”(KE)yo

1 dq° pL(q", q)
N\t | 3 ot —im

q 2n ¢Y —iw,

. - dq° pr(q°, q)
+J/iSF(“)(KE)Vj(3ij —QiCIj)(/ iu)],

27 ¢ —iw,
(C11)

where we have used the spectral representation of the lon-
gitudinal and transverse parts of the Coulomb gauge gluon
propagator following [23]. Here §; = ¢;/q. The above shows
explicitly that we have three contributions to the quark self-
energy: X(P) = Xc(P) + X.(P) + X7 (P).

The term ¢ (P) is the contribution of the 1/¢? term in the
longitudinal piece of the gluon propagator. This corresponds
to the instantaneous Coulomb interaction term. Explicitly, it
takes the form

1
Ze(P) = £OF) [0S Ko, (€12
Once again, using the spectral representation of the fermion
propagator, we obtain

5 1 [ dk®
Zc(P)=—g Cz(F)/(dq)—Z/ —
g J oo 27

x [1—ns(q° — Wlpo(K)yoKyo. (C13)
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This has no term proportional to g>72. Thus, we will not
pursue its computation any further, but we will rather focus
on the transverse part. As for the longitudinal part, p;, =0
at tree level, so that it gives a vanishing contribution. This is
not true for dressed propagators, and, in particular, p; does
contribute to the quark damping rate. After employing the
spectral representation of the fermionic propagators, we obtain
for the transverse self-energy

dkd dqg®
Sr(Pp) = —g2Ca(F) / (dq) / = / %

x (8:j — 4N Kypo(K)pr(q°, q)
9 + (%) — np(k° — )
ko+qo_(iwr +M) .

(C14)

Retarded boundary conditions are obtained from the above
by taking the analytic continuation iw, + p — p° +ie. Sim-
plifying the Dirac structure and applying the hard thermal
loop approximation as in the gluon self-energy calculation, we
get

2 2
=r(p) = 52270 CSZ(F) <T2+“—>/d9 ’

2 47 pO —v.-p+ie
(C15)

with v#* = (1, v).
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