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Bound state form factors from knockout in 10Be(d,t) neutron pickup
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Existing 10Be(d ,t)9Be neutron pickup data are analyzed using the same bound-state form factors for the
〈10Be|9Be + n〉 overlap as in a recent analysis of single-neutron knockout [Grinyer et al., Phys. Rev. Lett.
106, 162502 (2011)]. While the knockout data were well described by a bound-state form factor calculated
using the variational Monte Carlo (VMC) technique, including an appropriate neutron binding potential, the
10Be(d ,t)9Be pickup data are significantly overpredicted using this form factor. In addition, the no-core shell model
(NCSM) and VMC form factors yield the same calculated pickup cross sections whereas the knockout results
using these form factors differed by 20%. We explore possible sources of ambiguity in the pickup calculations
that affect our ability to compare the absolute magnitudes in cross sections between these two very different
reactions.
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I. INTRODUCTION

Low-energy—of the order of a few tens of MeV—single-
nucleon pickup reactions induced by light ions such as p,
d, and 3He have been used as probes of single-particle
structure in nuclei for many years, see, e.g., Ref. [1] for a
general summary of a large body of work of this type or
Refs. [2,3] for a recent systematic study of (d,p) and (p,d)
reactions. In recent years, with the advent of fast radioactive
beams single-nucleon knockout reactions at energies of the
order of 100 MeV/nucleon have been employed to extract
similar information on the structure of exotic nuclei, see, e.g.,
Ref. [4] for a convenient summary of this important body
of work. Since spectroscopic information depends solely on
the structure of the particular nucleus under investigation,
different experimental probes should give identical results,
within a reasonable level of uncertainty, provided that the
analysis tools adequately model the dynamics of the processes
employed.

Perhaps the largest single source of ambiguity in the
analysis of low-energy direct nuclear reactions to extract
spectroscopic information is the choice of bound-state form
factor. A recent analysis of new single-neutron knockout data
for 10Be [5] employed form factors derived from standard
shell model (SM), variational Monte Carlo (VMC) and no-
core shell model (NCSM) calculations. Existing data for the
10Be(d,t)9Be single-neutron pickup reaction at an incident
deuteron energy of 15 MeV [6] provide an excellent opportu-
nity to compare the analysis of standard direct reaction data
using the same bound-state form factors as for the knockout
data. We report such an analysis in this work using standard
direct reaction models and find that while the VMC form factor
gives excellent agreement with the knockout data, all the form
factors investigated significantly overpredict the low-energy
pickup data.

*keeley@fuw.edu.pl

II. TEST CALCULATIONS

It is important to use the same bound-state form factors
when comparing spectroscopic information obtained from
single-nucleon pickup and single-nucleon knockout reactions
due to the sensitivity of the results to these quantities. However,
there is the added complication for pickup reactions that two
form factors must be defined, one for the target-like overlap
(which may be fixed as that used in the knockout reaction) and
one for the projectile-like overlap. In light ion reactions this
latter is usually fixed using some theoretical or parametrized
wave function, e.g., those of Reid [7] or Hulthén have often
been employed for the 〈d|p + n〉 overlap in (p,d) pickup
analyses. In this work, we used the bound-state form factor
of Eiró and Thompson [8] for the 〈t |d + n〉 overlap, as in a
previous study of the 40Ca(d,t) and (d,3He) reactions [9].

Since the choice of form factor for the 〈t |d + n〉 overlap
could have a significant influence on the overall normalization
of the (d,t) angular distribution we repeated the zero-range
distorted wave Born approximation (DWBA) calculations of
Ref. [6] in the full finite-range DWBA using the original optical
potentials and 〈10Be|9Be + n〉 form factor with the Eiró and
Thompson 〈t |d + n〉 form factor. The 〈10Be|9Be + n〉 binding
potential was of Woods-Saxon form with r0 = 1.15 fm, a =
0.57 fm, and a spin-orbit component of the same geometry with
depth VSO = 6.0 MeV, the depth of the central potential well
being adjusted to give the correct neutron binding energy. The
corresponding spectroscopic factor was 2.19. We confine our
attention to the 10Be(d,t)9Beg.s. pickup since this corresponds
directly to the knockout reaction of Ref. [5].

The calculations were performed using the code FRESCO

[10] and prior-form DWBA with the full complex remnant
term. The calculations of Ref. [6] were unable to describe
satisfactorily the data without the use of a lower radial cutoff,
a cutoff of 4 fm being found to give reasonable fits to the shape
of the angular distributions while predicting substantially the
same value for the peak cross section as calculations with
no cutoff. We therefore performed finite-range calculations
with and without a lower cutoff of 4 fm; both calculations are
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FIG. 1. Finite-range DWBA calculations for the 10Be(d ,t)9Be
pickup to the 3/2− ground state of 9Be at Ed = 15 MeV with (solid
curve) and without (dashed curve) a lower radial cutoff of 4 fm.
Optical potentials and 〈10Be|9Be + n〉 form factors were taken from
Ref. [6] and the 〈t |d + n〉 form factor from Ref. [8]. The dotted curve
denotes the result of a zero-range DWBA calculation using the same
normalization factor as Ref. [6]. The data are from Ref. [6].

compared with the data in Fig. 1. Also included in Fig. 1 is the
result of a zero-range DWBA calculation performed using the
code DWUCK4 [11] and the same normalization as in Ref. [6]
(plus the appropriate finite-range correction factor of 0.845)
with a lower radial cutoff of 4 fm.

It will be noted from Fig. 1 that the use of a radial
cutoff in the finite-range calculations considerably improves
the agreement with the shape of the experimental angular
distribution while the effect on the value of the peak cross
section is small, as found in the original zero-range calculations
of Auton [6]. More importantly in the context of the current
work, we find that the use of the Eiró and Thompson
〈t |d + n〉 form factor leads to a slight overprediction of the
data, by factors of 15% and 10% for the calculations with
and without cutoff, respectively. However, the zero-range
DWUCK4 calculation agrees very well with the full finite-range
calculation, so we may conclude that the Eiró and Thompson
〈t |d + n〉 form factor is at least as good as one widely
used choice of zero-range (d,t) normalization (there are a
number of different normalizations in use in the literature). The
apparent off-set in normalization between the present DWUCK4
calculations and the original JULIE calculations of Auton may
be accounted for by the finite-range correction factor; if this is
omitted from the DWUCK4 calculations the experimental peak
cross section is well matched. In any case, the differences
between the calculated and measured peak cross sections lie
within the stated uncertainty of the spectroscopic factor given
by Auton [6] for pickup to the 3/2− ground state of 9Be.
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FIG. 2. CRC calculation (solid curve) for the 10Be(d ,t)9Be pickup
to the 3/2− ground state of 9Be at Ed = 15 MeV where deuteron
breakup has been modeled using CDCC. No radial cutoff was
employed. The dashed curve denotes the result of a finite-range
DWBA calculation including a lower radial cutoff of 4 fm while the
dotted curve denotes the result of a finite-range DWBA calculation
with no radial cutoff. The data are from Ref. [6].

It is often assumed that the need for a lower radial cut-off
in DWBA calculations involving deuterons in entrance or
exit channels simulates the influence of deuteron breakup.
To test this we performed a coupled reaction channels
(CRC) calculation where the entrance channel optical po-
tential was replaced by a continuum discretized coupled
channels (CDCC) calculation similar to that described in
Ref. [12]. The necessary diagonal and transition potentials
were calculated using Watanabe-type folding based on the
global nucleon optical potential of Ref. [13] and the deuteron
internal wave function of Ref. [7]. The n + p continuum
was discretized into bins in momentum (k) space of width
�k = 0.125 fm−1 up to a maximum value kmax = 0.625
fm−1, corresponding to a deuteron “excitation energy” of 18.6
MeV. The transfer step was modeled using CRC and thus
included the non-orthogonality correction but was otherwise
unchanged.

The elastic scattering data of Auton [6] were well described
by this calculation and the calculated angular distribution for
the 10Be(d,t)9Be pickup to the 3/2− ground state of 9Be
is compared to the relevant data in Fig. 2 as well as the
finite-range DWBA calculations with and without the 4 fm
cutoff. Figure 2 shows that the majority of the improvement
in the description of the shape of the (d,t) angular distribution
produced by the radial cutoff in the DWBA calculation does
indeed appear to be due to the effect of deuteron breakup. In
particular, the magnitude of the second peak is much better
described compared to the no cut-off DWBA calculation and
the second minimum now appears unambiguously, although

014619-2



BOUND STATE FORM FACTORS FROM KNOCKOUT IN . . . PHYSICAL REVIEW C 86, 014619 (2012)

it is still not as deep as that in the DWBA calculation with
cutoff or the data. We have thus established that CRC/CDCC
calculations with no radial cutoff and using the Eiró and
Thompson 〈t |d + n〉 form factor provide a solid basis for
testing the three 〈10Be|9Be + n〉 form factors used in the
analysis of the knockout data [5].

III. CALCULATIONS WITH FORM FACTORS
FROM KNOCKOUT

We now proceed to compare the results of calculations using
the three bound-state form factors from the knockout study
of Grinyer et al. [5] with the 10Be(d,t)9Beg.s. pickup data of
Auton [6]. We performed a series of CDCC/CRC calculations
using each of the three form factors of Grinyer et al. [5]—SM,
NCSM, and VMC—and different choices for the exit channel
t + 9Be optical potential. These were: the potential used by
Auton [6] in the original DWBA analysis (parameter set H′),
the global triton potential of Becchetti and Greenlees [14],
the global mass-3 potential of Pang et al. [15], and finally the
four empirical t + 9Be optical potentials of Schmelzbach et al.
[16], the latter being at almost precisely the required energy.
All calculations employed the Koning and Delaroche global
nucleon potential [13] as the basis for the CDCC part.

In contrast to the knockout analysis, where the VMC
form factor gave excellent agreement with the measured
cross section, all three form factors considerably overpredict
the pickup data regardless of which exit channel t + 9Be
optical potential is employed. The closest agreement with the
magnitude of the peak cross section was obtained with the
global potential of Pang et al. [15], while potential BA17 of
Schmelzbach et al. [16] gave a slightly better description of
the shape of the angular distribution. In Fig. 3 we compare the
results of calculations with the SM, NCSM, and VMC form
factors and the Pang et al. and BA17 potentials with the data
of Auton [6].

The first thing to note from Fig. 3 is that the NCSM and
VMC form factors predict identical angular distributions for
the 10Be(d,t)9Be pickup whereas in the knockout analysis the
NCSM cross section is ∼20% larger than the VMC one. Why
this should be so is unclear. The reduction factors required
to fit the experimental peak cross sections in each case are
given in Table I, together with the corresponding factors from
the knockout analysis of Ref. [5]. The differences cannot be
accounted for by the slight (∼15%) overprediction of the (d,t)
cross section in the test calculations due to the use of the Eiró
and Thompson [8] 〈t |d + n〉 form factor: the ratio of the pickup
to knockout reduction factors is not constant. Nor can they be
accounted for by the experimental uncertainty in the measured
knockout cross section. This suggests that the discrepancy
could be due to a too simplistic picture of the reaction
mechanism in the pickup analysis. Two sets of couplings
not included in the calculations presented in Fig. 3 suggest
themselves as possible sources of the apparent discrepancy
between the pickup and knockout analyses: pickup proceeding
via the strongly coupled 3.37 MeV 2+ first excited state of 10Be
in the entrance partition and coupling to the breakup degree of
freedom of 9Be in the exit partition.
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FIG. 3. (a) CRC calculations for the 10Be(d ,t)9Be pickup with
the SM, NCSM, and VMC form factors of Ref. [5] and the Pang
et al. [15] global triton potential in the exit channel. (b) As for
(a), but with potential BA17 from Ref. [16]. The data are from
Auton [6].

We first investigated the effect of including pickup via
the 3.37 MeV 2+ state of 10Be and performed a series of
calculations based on the SM form factor and with the t + 9Be
optical potential from the global systematics of Pang et al.
[15]. The tests were carried out with the SM form factor
in order that a consistent set of spectroscopic factors for
the 〈10Be(2+)|9Be + n〉 overlap could be used. Spectroscopic
factors for the 1p3/2 and 1p1/2 neutrons were taken from Cohen
and Kurath [17], the same source as for the 〈10Be(0+)|9Be + n〉
overlap SM spectroscopic factor of Grinyer et al. [5], and
increased by the same A/(A − 1) center-of-mass motion
correction. The same parameters were used for the binding
potential well as for the 〈10Be(0+)|9Be + n〉 overlap [5];

TABLE I. Reduction factors for the CRC calculations shown in
Fig. 3 required to fit the experimental peak cross sections, plus the
corresponding factors for the knockout analysis of Ref. [5]. The final
two columns give the ratios of the reduction factors for the (d ,t)
analyses to those from the knockout analysis.

Pang BA17 knockout Pang/knockout BA17/knockout
[5]

SM 0.52 0.49 0.76 0.68 0.64
NCSM 0.64 0.59 0.84 0.76 0.70
VMC 0.62 0.57 1.00 0.62 0.57
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while in principle they could be somewhat different for the
〈10Be(2+)|9Be + n〉 overlap this choice should be sufficient
for the purposes of our test calculations. The B(E2; 0+ → 2+)
value was taken from Raman et al. [18] while the nuclear
deformation length was taken from Table 5 of Auton [6]. (Note:
the B(E2; 0+ → 2+) given in Auton [6] is approximately a
factor of two smaller than the recommended value of Raman
et al. [18]. However, the B(E2) of Auton gives the same result
as that of Raman et al.; as might be expected the inelastic
excitation of 10Be by deuterons is insensitive to the Coulomb
part.)

Inclusion of this transfer path had no influence on the pickup
cross section, provided that the entrance channel potentials
were readjusted to yield the same elastic scattering as in
the calculations without coupling to the 10Be 2+ state (if
this was not done the peak cross section for pickup was
slightly larger than for the case where no 2+ coupling was
included). We therefore conclude that this transfer path may
be safely ignored and its omission is not responsible for
the apparent discrepancy between the pickup and knockout
results.

Assessing the influence of 9Be breakup in the exit partition
is more problematical. To model this process accurately would
require the use of four-body continuum discretized coupled
channels (CDCC) theory, which has to date not been attempted
for 9Be breakup and is beyond the scope of the present work,
representing a formidable theoretical challenge. Nevertheless,
the 3/2− ground, 2.43 MeV 5/2−, and 6.38 MeV 7/2−
states of 9Be are reasonably well approximated as a K = 3/2
rotational band. We therefore simulated the effect of 9Be
breakup coupling using the standard coupled channels method,
deriving the necessary Coulomb coupling strengths from the
measured ground state quadrupole moment [19] and taking the
nuclear deformation lengths from Ref. [20]. The exit channel
t + 9Be optical potential was based on parameter set BA17
of Ref. [16], retuned using SFRESCO, the searching version of
FRESCO [10], to recover a reasonable fit to the 17 MeV elastic
scattering data of Schmelzbach et al. [16] with the inelastic
couplings included.

The pickup calculation employed our standard CRC/CDCC
methodology and included transfer couplings to the 3/2−
ground state using the VMC form factor of Grinyer et al.
[5] and the 2.43 MeV 5/2− state with the form factor of
Auton [6], the spectroscopic factor for the latter transition
being reduced by a factor of 15% so that the calculated peak
cross section matched the measured one. We did not include
pickup to the 6.38 MeV 7/2− state of 9Be due to the lack
of a value for the spectroscopic factor for this overlap (this
state was not observed in the experiment of Auton [6] so is
presumably weakly populated). The influence of coupling to
the 2.43 MeV 5/2− and 6.38 MeV 7/2− states of 9Be had
only a small effect on the cross section for pickup to the 3/2−
ground state, leading to a slight increase its magnitude and
thus worsening the agreement with the data. We therefore
conclude that coupling to the breakup of 9Be is also probably
not responsible for the apparent discrepancy between pickup
and knockout reactions. This is not a definitive conclusion
due to the necessarily approximate way in which the breakup
coupling has been modeled and it is certainly possible that

a more realistic calculation of the breakup effects could
modify it.

IV. SUMMARY AND CONCLUSIONS

Using the same 〈10Be|9Be + n〉 bound-state form factors
as a recent knockout study [5] in a reanalysis of existing
10Be(d,t)9Be pickup data [6], by removing the largest single
source of ambiguity, enabled an objective test of whether the
two experimental methods could yield the same spectroscopic
factors for the 〈10Beg.s.|9Beg.s. + n〉 overlap. Despite the fact
that the VMC form factor gave excellent agreement with the
knockout cross section in the analysis of Grinyer et al. [5],
none of the three form factors used in that work were able to
describe the pickup data—they all significantly overpredicted
the peak cross section. An additional puzzling result was
that the VMC and NCSM form factors gave identical results
in the pickup analysis whereas they yielded significantly
different cross sections in the analysis of the knockout
data.

In principle, the SM, NCSM, and VMC calculations repre-
sent increasing levels of sophistication. The SM calculations
[17] assume an inert core plus a number of active nucleon(s)
interacting via an effective force tuned to a specific shell.
The NCSM calculations [21] dispense with the inert core, all
nucleons being active and interacting via the CD-Bonn 2000
two-nucleon (NN ) force [22]. Finally, the VMC calculations
[23] employ a Hamiltonian constructed using the Argonne
v18 [24] and Urbana IX [25] two- and three-body forces,
respectively and include interactions with the continuum. The
VMC calculations should thus, in principle, give the most
realistic result for the bound-state form factor. The knockout
analysis [5] seems to bear this out, but our (d,t) analysis
is unable to differentiate between the VMC and NCSM
results.

Test calculations established that the discrepancy between
the pickup and knockout results could not be accounted for
by either transfer paths proceeding via the 3.37 MeV 2+
first excited state of 10Be or the influence of coupling to the
breakup of the weakly bound 9Be in the exit partition. This
latter conclusion is, however, somewhat tentative due to the
necessarily approximate modeling of the breakup process.
As a subsidiary result, our calculations appear to confirm
the supposition that the need for radial cutoffs in DWBA
calculations involving deuterons simulates to some extent the
influence of deuteron breakup.

Taken at their face value, consideration of these results
forces us to conclude that the knockout and pickup data cannot
be described using the same bound-state form factors with
existing reaction theories. However, there are three caveats
to this statement (in addition to that concerning the effect of
9Be breakup couplings): (i) the 〈t |d + n〉 form factor used
in our calculations [8] gives pickup cross sections some
15–20% larger than the data of Auton [6] when using the
same 〈10Be|9Be + n〉 bound-state form factor as the original
analysis (ii) the pickup data [6] were taken in direct kinematics
with a 10Be target manufactured in a reactor and the data
normalization is consequently rather more uncertain than usual

014619-4



BOUND STATE FORM FACTORS FROM KNOCKOUT IN . . . PHYSICAL REVIEW C 86, 014619 (2012)

(iii) corrections due to the Perey effect [26] have not been
taken into account. The first two issues are linked, in that
they both have a direct bearing on the normalization of the
calculations relative to the data, while the effect of the third
may be checked directly in zero-range DWBA calculations
using the code DWUCK4.

The first point is difficult to resolve completely, as without
analyzing a large data set of (d,t) reactions involving different
targets it is impossible to decide objectively whether a
given 〈t |d + n〉 form factor or normalization (for zero-range
calculations) is the most realistic. Our choice agrees well with
zero-range DWUCK4 [11] calculations using the same normal-
ization as Auton [6] and applying an appropriate finite-range
correction factor, although we note that significantly smaller
normalization factors for (d,t) reactions exist in the literature,
e.g., that used by Cossairt et al. [27]. The normalization used
by Auton is that due to Bassel [28], calculated assuming the
Hulthén wave function for the deuteron and the Irving-Gunn
wave function for the triton. Cossairt et al. employed the
normalization due to Hering et al. [29], calculated using a
Hulthén n + d potential and giving a normalization some
24% lower than that of Bassel. However, it is possible to
state unambiguously that by itself the larger normalization
of the pickup cross section due to our use of the Eiró
and Thompson overlap [8] cannot account for the apparent
discrepancy between pickup and knockout results. Regarding
the second point, Auton [6] states that the absolute cross
sections are accurate to within 30%, including both statistical
and systematic errors. It is also stated (in a note to Table 1 of
Ref. [6]) that the amount of 10Be in the target was determined
to within ±10% by normalizing the elastic scattering data to
various optical model calculations. Based on this, it seems
reasonable to assume a value of at most about ±20% as the
systematic uncertainty in the data normalization. However, we
note that the 10Be + d elastic scattering at Ed = 15.0 MeV
was recently remeasured in inverse kinematics as part of a
10Be(d,p) study [30] and that the data of Auton [6] had to be
renormalized by a factor greater than 1.0 to match the new data.

If these two factors are combined in the same sense,
i.e., if we reduce the spectroscopic factors for the 〈t |d + n〉
overlap by 15% and increase the data normalization by 20%,
together they could just account for the apparent discrepancy,
as Fig. 4 shows. It should be recalled, however, that the
data normalization could equally well be 20% lower than its
nominal value. There is also the question of why the NCSM
and VMC form factors give identical angular distributions in
the 10Be(d,t) analysis but significantly different cross sections
in the knockout analysis, which cannot be accounted for by
a simple normalization problem. Nevertheless, as may be
seen in Table I, the reduction factors extracted from the (d,t)
and knockout analyses do agree to within an uncertainty of
30–40%, of the same order as the total uncertainty in the direct
reaction model ingredients and the overall data normalization.

Corrections for the Perey effect, due to the use of wave
functions generated by the local equivalents of intrinsically
nonlocal optical potentials, can be important for nucleons but
usually quickly diminish in importance with mass. We applied
the standard corrections to the entrance and exit channel
distorting waves in DWUCK4 calculations, using nonlocality
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FIG. 4. CRC calculation for the 10Be(d ,t)9Be pickup to the 3/2−

ground state of 9Be at Ed = 15 MeV (solid curve) compared with the
data of Ref. [6] (filled circles) renormalized by a factor of 1.2. The
calculation employed the 〈t |d + n〉 form factor of Ref. [8] with the
spectroscopic factors multiplied by 0.85 and the VMC 〈10Be|9Be + n〉
form factor from Ref. [5]. The exit channel t + 9Be potential was
calculated using the global systematics of Pang et al. [15].

parameters βd = 0.54 and βt = 0.25 [31], and found that the
results were unchanged.

Returning to the question of why the NCSM and VMC form
factors give identical results for the calculated 10Be(d,t) cross
section while the knockout cross sections calculated with these
form factors differ by ∼20%, it may simply be a “kinematic”
effect, in that the high-energy knockout and low-energy pickup
reactions probe different regions of the bound-state radial
wave function. The plausibility of this explanation may be
demonstrated by performing DWBA calculations at a much
higher incident deuteron energy—200 MeV—and comparing
the resulting pickup cross sections. When this is done it
is found that, except at extreme forward scattering angles
(θc.m. � 5◦) where the two calculations agree in magnitude,
the cross section calculated with the NCSM form factor is
uniformly ∼30% larger than that calculated with the VMC
form factor.

In summary, it seems that the overall conclusion is that
while the spectroscopic information extracted from these two
very different reactions cannot be completely reconciled using
existing direct reaction models, the level of agreement is such
(∼30–40%) that it almost falls within the total uncertainty
of the absolute data normalization and the ingredients of the
pickup calculations.
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