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Variation of nuclear level density with angular momentum
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Neutron evaporation energy spectra have been measured in coincidence with γ rays of different multiplicities
for 119Sb∗ in the excitation energy range of ∼31–43 MeV. The inverse level density parameter (k) have been
extracted for different angular momentum regions corresponding to different γ -ray multiplicities by comparing
the experimental neutron energy spectra with statistical model prediction. It has been observed that the level
density increases with the increase in angular momentum. Possible reasons for this variation have been discussed.
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I. INTRODUCTION

Nuclear level density (NLD) is an important ingredient of
the statistical model, which is generally used for studying a
wide variety of nuclear reactions, such as particle evaporation,
fission, multifragmentation, and spallation. An accurate deter-
mination of NLD, and its dependence on excitation energy and
spin in particular, is essential for precise prediction of cross
sections using the statistical models. For a spherical nucleus
of mass number A at moderate excitation energy E∗ and spin
J , the single-particle level density, ρint(E∗, J ), is calculated
using the analytical expression based on Fermi gas model [1]
as follows:

ρint(E
∗, J ) = (2J + 1)

12

(
h̄2

2�eff

)3/2 √
a

×exp[2
√

a(E∗ − Erot − �P )]

(E∗ − Erot − �P )2
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where a is the nuclear level density parameter, Erot

[= h̄2

2�eff
J (J + 1)] is the rotational energy, and �eff [=�0(1 +

δ1J
2 + δ2J

4)] is the effective moment of inertia [2] of the
system. The details of the parameters used in Eq. (1) are given
in Table I.

For the nuclei with appreciable ground-state deformations,
it has been conjectured by Ignatyuk et al. [3] that, at low
excitation energies, there should be collective enhancement
of NLD due to the coupling of the rotational as well as the
vibrational degrees of freedom with the single-particle degrees
of freedom, and the enhanced level density ρ(E∗, J ) may be
expressed as

ρ(E∗, J ) = ρint(E
∗, J )Kcoll(E

∗), (2)

where Kcoll(E∗) [=Kvib(E∗)Krot(E∗)] is the collective en-
hancement factor, consisting of both vibrational and rota-
tional contributions. In deformed nuclei, the most important
contribution to the collective enhancement comes from the
rotational excitations, whereas in the case of spherical nuclei,
the collective enhancement can be caused by vibrational
excitations [4]. The long-range correlations, which are mainly
responsible for the enhancement of level density, are expected
to die out at higher excitation. Björnholm, Bohr, and Mottleson
[5] suggested that the collective enhancement should fade out

beyond a critical temperature Tc, which is given by

Tc = h̄ω0β2 ∼ 40A−1/3β2 MeV, (3)

where ω0 is the mean oscillation frequency and β2 is
the ground-state nuclear quadrupole deformation parameter.
However, the results of some of the recent experiments,
although they indicate such changes in some cases, are not
quite conclusive [6,7].

Although several attempts have been made in recent years
to understand both theoretically as well as experimentally the
excitation energy (temperature) dependence of NLD [8–11],
the information available about its angular momentum depen-
dence is quite limited. Henss et al. extracted the NLD at high
spin by measuring the neutron spectra for the 1n evaporation
channel in coincidence with the Yrast γ rays measured with
a 4π gamma detector array [12], but they did not explore the
dependence of NLD in different angular momentum regions.
In a recent experiment, the γ -ray multiplicity-gated α-particle
evaporation spectra were measured for a number of nuclei with
A ∼ 110 to 125 and excitation energies in the range of ∼30 to
40 MeV [13]. In this measurement, the inverse level density
parameter k (k = A/ã) was found to increase with the increase
in angular momentum, except for 113Sb, where it showed a
decreasing trend at higher J values. However, the calculations
based on the statistical theory of hot rotating nuclei [14]
predicted that the value of k would increase with J in all cases.

It is thus evident that the interplay of the key parameters,
such as ground-state deformation, excitation energy, and spin
in NLD has to be properly understood. The system chosen for
the present study is 119Sb, which is near the shell closure and
has a ground-state deformation given by β2 = −0.122 [15].
So, from Eq. (3), the collective enhancement of NLD due to
this deformation, if any, is expected to be damped with the
increase in excitation energy at Tc = 0.99 MeV. In the present
paper, we report the measurement of γ -ray multiplicity-gated
neutron energy spectra in the decay of 119Sb∗ in the excitation
energy range of ∼31 to 43 MeV, which corresponds to the
average temperature in the range of ∼1.0 to 1.4 MeV. The
light-ion–induced reaction (4He + 115In) has been chosen in
the present study to populate the compound nucleus 119Sb∗, as
it has some specific advantages over the heavy-ion fusion route
of production, which is evident from Fig. 1. It is seen from the
figure that, in the case of the light-ion–induced reaction (upper
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TABLE I. Description of symbols used in Eq. (1).

Symbol Meaning Value

r0 Radius parameter 1.17
δ1 Deformability coefficient 0.9 × 10−5

δ2 Deformability coefficient 0.2 × 10−8

�P Pairing energy 12/
√

A

�0 Rigid-body moment of inertia 2
5 A5/3r2

0

E∗ Excitation energy
Erot Rotational energy

part), there is only one major residue 117Sb (yield >90%)
produced via the 2n channel at E∗ = 31.3 MeV; on the other
hand, a similar compound nucleus (115Sb∗) at similar excitation
energy produced through the heavy-ion fusion route, will lead
to two prominent residues 113Sb (yield ∼55%) and 113Sn (yield
∼38%), produced via 2n and pn channels, respectively (lower
part). So, the level density extracted in the latter case is not that
of a particular nucleus; rather, it is averaged over the more-
than-one nuclei (residues). As the excitation energy increases,
more reaction channels open up; even then, at E∗ = 42.9 MeV,
the light-ion fusion route is still dominated by only the one
residue 116Sb (yield ∼77%), whereas the latter case is far
worse because there are more than two dominant residues.

II. EXPERIMENTAL DETAILS

The experiment was carried out using 4He ion beams at
bombarding energies of 30 and 42 MeV from the Variable
Energy Cyclotron Centre (VECC) cyclotron. A self-supporting
115In target of thickness 1 mg/cm2 was used. Four liquid
scintillator (BC501A) detectors (typical dimensions ∼5′′ × 5′′
and 7′′ × 5′′) [16] were used to detect neutrons produced in
this reaction in coincidence with a 50-element BaF2-based
low-energy γ multiplicity filter array [17] to estimate the
populated angular momentum on an event-by-event basis. The
filter was split into two blocks of 25 detectors each and was
placed on the top and bottom of a thin-wall reaction chamber
(wall thickness ∼3 mm) in a staggered castle-type geometry.
The multiplicity filter was kept at 5 cm from the target position
and typical solid angle coverage was ∼56%.

The neutron detectors were placed outside the scattering
chamber at angles 75◦, 90◦, 105◦, and 150◦ with respect to the
beam direction and at a distance of 150 cm from the target.
Neutron energies were measured using the time of flight (TOF)
technique whereas the n-γ discrimination was achieved by
pulse shape discrimination (PSD) and time of flight. To keep
the background of the neutron detector at a minimum level, the
beam dump was kept at 3 m away from the target and was well
shielded with layers of lead and borated paraffin. The event
collection was triggered when at least two of the multiplicity
detectors fired in coincidence with any one of the neutron
detectors. Empty frame run of nearly equal time duration was
taken after each run to estimate the neutron background, which
was subsequently used to correct the respective spectrum. The
data were collected on an event-by-event basis using an online
VME data acquisition system and were analyzed offline as
detailed below.
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FIG. 1. Statistical model calculation of the relative yields of
various evaporation residues produced in two different entrance
channels.

III. DATA ANALYSIS

The measured γ -ray fold distribution was converted to an
angular momentum distribution using the Monte Carlo simu-
lation technique based on the GEANT3 toolkit [17]. Here, fold is
defined as the number of BaF2 detectors fired simultaneously
in an event. The realistic experimental conditions (including
the detector threshold and trigger condition) have been taken
into account in the simulation. Different input multiplicities of
the low-energy γ rays have been obtained by creating a random
number according to the multiplicity distribution P (M),

P (M) = (2M + 1)

1 + exp
[ (M−Mmax)

δm

] , (4)

where Mmax is the maximum of the distribution and δm
is the diffuseness. Low energy γ rays for each randomly
generated multiplicity were thrown isotropically from the
target center and the corresponding fold was recorded on
an event-by-event basis. The angular momentum distribution
used in the simulation was obtained from the statistical model
code CASCADE [1]. The conversion of the angular momentum
distribution to the multiplicity distribution was achieved using
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TABLE II. Measured values of γ fold, average angular momentum, inverse level density parameter, and temperature.

Beam energy (MeV) Fold 〈J 〉 (h̄) k (MeV) T1 (MeV) T2 (MeV) T3 (MeV)

30 All 15.0 ± 5.9 8.6 ± 0.5 0.98 ± 0.03 0.53 ± 0.02
30 2 12.6 ± 4.9 9.4 ± 0.2 1.05 ± 0.01 0.61 ± 0.01
30 3 15.5 ± 5.2 8.7 ± 0.5 0.97 ± 0.03 0.52 ± 0.02
30 4 and more 19.7 ± 6.2 8.0 ± 0.3 0.87 ± 0.02 0.38 ± 0.01
42 All 16.9 ± 6.4 9.8 ± 0.2 1.39 ± 0.01 1.05 ± 0.01 0.39 ± 0.01
42 2 14.1 ± 5.2 11.1 ± 0.3 1.51 ± 0.02 1.16 ± 0.02 0.51 ± 0.01
42 3 16.8 ± 5.4 9.5 ± 0.5 1.36 ± 0.03 1.04 ± 0.03 0.39 ± 0.01
42 4 and more 21.1 ± 6.8 8.9 ± 0.3 1.26 ± 0.02 0.93 ± 0.02 0.12 ± 0.01

the relation J = 2M + C, where C is the free parameter
which takes into account the angular momentum loss due
to the particle evaporation and the emission of statistical γ

rays. The measured fold distribution was then compared with
the simulated fold distribution and the angular momentum
distribution for different folds was extracted. The measured
fold distribution (for 30 MeV incident energy) is displayed in
Fig. 2(a) along with the corresponding GEANT3 simulation fit.
The extracted angular momentum distributions corresponding
to different folds of the multiplicity filter have also been plotted
in Fig. 2(b). The extracted values of the average angular
momenta 〈J 〉 corresponding to different γ -ray folds of the
multiplicity filter have been given in Table II.
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FIG. 2. (Color online) (a) Measured γ -ray fold spectrum for beam
energy of 30 MeV (symbol, black) fit with GEANT3 simulation (solid
line, red). (b) The solid (black) line indicates the incident angular
momentum distribution used in the GEANT3 simulation. The long
dashed (red), medium dash (pink), short dash (blue) lines are angular
momentum distributions for fold 2, 3, and 4 & more, respectively.

Neutron time-of-flight data were converted to neutron en-
ergy using prompt gamma peaks in the TOF spectrum as a time
reference. The efficiency correction for the neutron detector
was done using the Monte Carlo computer code NEFF [18].
The laboratory neutron energy spectra were then corrected for
background before further analysis. The experimental neutron
energy spectra thus obtained at different laboratory angles have
been shown in Fig. 3. We have also estimated the scattered
neutron contribution due to scattering from the multiplicity
filter by comparing the data from two runs: one with a full
multiplicity filter and the other with only the lower part of the
filter (25 detectors) in position. The contribution from scattered
neutrons was found to be negligibly small.

The theoretical neutron energy spectrum was calculated
using the statistical model code CASCADE by using the
extracted angular momentum distributions for different folds
as input (see Fig. 2). The phenomenological nuclear level
density formula [Eq. (1)] was used in the calculation.

The NLD parameter “a” is related to the density of the
single-particle levels near the Fermi surface and is influenced
by the shell structure and shape of the nucleus, which in
turn depend on excitation energy. An improved excitation-
energy–dependent parametrization of the nuclear level density
parameter has been proposed by Ignatyuk et al. [19], which
incorporated the effect of nuclear shell structure at low
excitation energy and goes smoothly to the liquid-drop value
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FIG. 3. (Color online) The experimental neutron energy spectra
(symbol) at beam energy of 30 MeV for different angles displayed
along with the respective statistical model calculations (solid lines).
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expected at higher excitation energy. This is expressed as

a = ã

{
1 − �S

U
[1 − exp(−γU )]

}
, (5)

γ −1 = 0.4A4/3

ã
, (6)

where ã is the asymptotic Fermi gas value of the liquid-drop
NLD parameter at the excitation energy where shell effects
are depleted leaving a smooth dependence on A. Here, �S

is the shell correction obtained from the difference of the
experimental and the liquid-drop model masses and γ is the
rate at which the shell effect is depleted with the increase in
excitation energy. The parameter k (k = A/ã) has been tuned
in the calculation to reproduce the experimental data. The
transmission coefficients were calculated using the optical
model, where the optical model parameters for neutron,
proton, and alpha were taken from Refs. [20], [21], and [22],
respectively. The calculated neutron energy spectrum in the
c.m. frame thus obtained was converted to the laboratory
frame using proper Jacobian transformation. The CASCADE

spectra in the laboratory frame were then convoluted with the
time-of-flight energy resolution as given by

�E

E
= 2

√(
�L

L

)2

+
(

�t

t

)2

. (7)

Here, �E is the energy resolution, �L is the uncertainty in
flight path (detector length), �t is the time resolution, and t is
the flight time. Here, we have taken �t as the transit time of
the neutron within the detector. Organic scintillator detectors
generally have time resolutions of the order of 1 ns, when
measured using gamma source. However, in the case of neutron
measurement the time response is mainly determined by the
transit time of the neutron within the detector [23]. Transit
time of neutron in the detector has been calculated using
the NRESP7 code [18]. The convoluted spectra thus obtained
were compared with the measured neutron energy spectra for
different multiplicities using a χ2 minimization technique to
obtain the best fit.

For the extraction of inverse NLD parameter (k), we used
the neutron data at the most backward angle (150◦), where
the contamination of the neutron spectrum by pre-equilibrium
and other direct reaction processes are negligibly small. In the
CASCADE calculation it was observed that the most sensitive
parameter influencing the shape of the neutron spectra is the
NLD parameter and the sensitivity is more for the higher-
energy part of the spectra. The experimental neutron energy
spectra at θlab = 150◦ for different γ -ray folds (inclusive, 2,
3, and 4 and more) for Elab = 30 and 42 MeV, together with
the respective CASCADE predictions using the best-fit values of
k, are presented in Figs. 4 and 5, respectively. The extracted
values of the inverse level density parameters for different
multiplicities are given in Table II. The k value thus obtained
was used to calculate the neutron spectra at other angles, which
has been shown in Fig. 3 along with the experimental spectra
for comparison. The k value extracted from the neutron data at
150◦ is found to reproduce the data at 105◦ and 90◦ reasonably
well. However, some deviation from the CASCADE calculation
was observed for the higher-energy tail part of the neutron
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FIG. 4. (Color online) Experimental (Elab = 30 MeV) neutron
energy spectra at θlab = 150◦ for different γ -ray folds (circles)
displayed along with the respective CASCADE predictions (red solid
lines).

spectrum at 75◦, which may be due to the contributions from
other nonequilibrium processes.

IV. RESULTS AND DISCUSSIONS

The theoretical fits to the neutron energy spectra for
different folds as shown in Figs. 4 and 5 indicate that the
best-fit values of the level density parameter tend to increase
at higher J values. For example, the value of a changes from
A/9.4 (fold 2) to A/8 (fold 4 and more) for Elab = 30 MeV
and from A/11.1 (fold 2) to A/8.9 (fold 4 and more) for
Elab = 42 MeV. This indicates that there is some enhancement
of level density in comparison with the same calculation
using the standard form of CASCADE using identical spin
distribution. The average temperatures corresponding to the
measured neutron spectra were found to be ∼1 and 1.4 MeV
for incident energies 30 and 42 MeV, respectively. In both the
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FIG. 5. (Color online) Same as Fig. 4 for Elab = 42 MeV.
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FIG. 6. (Color online) CASCADE-calculated neutron energy spec-
tra from different stages of decay chain. Figure in the top for
Elab = 30 MeV, in bottom for Elab = 42 MeV.

cases, the average temperatures are above Tc and therefore the
collective enhancement due to the ground-state deformation is
expected to be less significant.

In order to look into the above situation more deeply, we
have investigated the characteristics of the neutrons emitted at
intermediate stages. For this study, the present system comes in
very handy as there is predominantly only one residue and that
too is populated through a single path (2n and 3n channels at
Elab = 30 and 42 MeV, respectively). Figure 6 shows a typical
statistical model calculation of the neutron energy spectra from
the nuclei produced at various intermediate stages of the decay
cascade. It is seen that the slopes (and temperatures) of the
neutron energy spectra are different at different stages. The
nuclear temperatures at different stages have been extracted
and tabulated in Table II using the relation U = aT 2, where

U = E∗ − Erot − Sn − 〈En〉. (8)

The neutron separation energies (Sn) for 119Sb, 118Sb,
and 117Sb are 9.5, 7.4, and 9.8 MeV, respectively [24]. The
average kinetic energies (〈En〉) have been estimated from the
respective energy spectra. For the present system, the critical
temperature calculated using Eq. (3) is 0.99 MeV. It is clear
from Table II that, for each fold, the temperature is above
the critical temperature in the initial decay stages; however,
during the final decay stage, it is well below the critical
temperature. So the enhancement in level density visible in the
present case may be, at least partially, due to the ground-state
deformation.

V. SUMMARY AND CONCLUSION

The energy spectra of the neutrons emitted in the decay of
119Sb∗ have been measured at backward angles in coincidence
with the γ -ray multiplicity. The analysis of the γ -ray fold gated
neutron energy spectrum reveals that the k value decreases
with the increase in J , which is indicative of the fact that ρ

increases with J . Detailed analysis of the neutron spectra from
the intermediate stages of decay shows that the temperature
during the final stage of decay chain is always much less than
Tc. Thus, there is a finite possibility that the enhancement of
NLD, or at least a part of it is due to the presence of ground-
state deformation in the present case. Further systematic study
in this direction is needed, however, to understand the variation
in nuclear level density with angular momentum and also to
elucidate the mechanism of enhancement of NLD observed in
the present measurement.
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