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An ab initio calculation scheme for finite nuclei based on self-consistent Green’s functions in the Gorkov
formalism is developed. It aims at describing properties of doubly magic and semimagic nuclei employing
state-of-the-art microscopic nuclear interactions and explicitly treating pairing correlations through the breaking
of U(1) symmetry associated with particle number conservation. The present paper introduces the formalism
necessary to undertake applications at (self-consistent) second order using two-nucleon interactions in a detailed
and self-contained fashion. First applications of such a scheme will be reported soon in a forthcoming publication.
Future works will extend the present scheme to include three-nucleon interactions and implement more advanced

truncation schemes.
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I. INTRODUCTION

Over the past decade the reach of ab initio nuclear structure
calculations has extended up to the region of medium-mass
systems. Despite the significant progress from both theoretical
and computational points of view, methods such as coupled-
cluster (CC) [1], in-medium similarity renormalization group
(IMSRG) [2], or Dyson self-consistent Green’s function [3]
(Dyson-SCGF) are, however, currently limited to a few tens
of doubly closed shell nuclei. Neighboring nuclei with 1 or
42 nucleons can also be reached with particle attachment or
removal formalisms [4,5]. While improving further the conver-
gence of such existing schemes, it is essential to extend their
reach and the intrinsic predictive character of ab initio methods
to truly open-shell nuclei. One way of doing so involves
the development of multireference schemes, such as, e.g.,
multireference CC [6] or a valence-space shell-model based on
microscopic inputs from the ab initio calculation of a doubly
closed shell core nucleus of reference [7,8]. Alternatively,
one may prefer to keep the simplicity of a single-reference
method. This requires, however, in any of the approaches
mentioned above, formulation of the expansion scheme around
a vacuum that can tackle Cooper pair instabilities, e.g., to
build the correlated state starting from a Bogoliubov vacuum
that already incorporates zeroth-order pairing correlations. The
objective of the present work is to realize the latter program
within the particular frame of SCGF theory.

As alluded to above, SCGF methods are being successfully
applied to the study of nuclear systems. Over the past two
decades considerable progress has been made in the devel-
opment of suitable formalisms and computational algorithms
both for finite nuclei and infinite nuclear matter [4]. In infinite
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systems, bulk and single-particle properties are typically
computed through the resummation of particle-particle (pp)
and hole-hole (hh) ladder diagrams, i.e., in the self-consistent
T -matrix approximation, that tackles short-range correlations
induced by the hard-core of conventional nucleon-nucleon
(N N) interactions. Results have been obtained at zero and
finite temperatures for both symmetric and pure neutron
matter based on various conventional NN potentials [9-11].
Recently, microscopic three-nucleon (N N N) forces have been
incorporated [12,13]. There also have been attempts to take
into account nucleonic superfluidity through the consistent
treatment of anomalous propagators [14,15].

In finite systems the most advanced SCGF calculations
feature the Faddeev random-phase approximation (FRPA)
technique, which allows the simultaneous inclusion of pp, hh,
and ph excitations, together with interferences among them
[16,17]. By employing a G-matrix resummation of scattering
diagrams not included in the chosen model space it is also
possible to use interactions with strong repulsive cores [18].
An important characteristic of the FRPA expansion is that it
is based on combining one- and many-body propagators, each
one representing different experimental processes including
nuclear excitations and transfer of one or two nucleons. The
method has, therefore, been applied to a variety of problems,
including the quenching of spectroscopic factors [19], anhar-
monic excitations [20], two-nucleon knockout [21,22], and
the derivation of optical potentials [23,24]. At the moment,
applications can access all doubly closed shell nuclei up
to Ni together with neighboring systems with 41 or 42
nucleons [3,19].

In the present work, SCGF calculations of finite nuclei
are implemented within the Gorkov scheme, allowing for an
explicit treatment of nucleonic superfluidity. Suitable numer-
ical techniques are developed in order to perform systematic
studies of doubly magic and semimagic medium-mass nuclei,
as will be soon reported on in a forthcoming publication [25],
referred to hereafter as Paper II.
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One of our goals is to be able to tackle various types of
nuclear interactions, in particular chiral potentials based on ef-
fective field theory (EFT) [26] and low-momentum potentials
obtained through the further application of renormalization
group (RG) techniques [27]. There are also yet unanswered
fundamental questions as to what microscopic processes are
responsible for the superfluid character of open-shell nuclei
[28-37]. This is one among several long-term objectives of the
project to provide a fully ab initio answer to such questions.
The present work eventually relates as well to the long-
term development of so-called nonempirical energy density
functionals (EDFs) [31,33,38]. There exist ongoing efforts
to construct nuclear EDFs starting from underlying nuclear
interactions, with the main goal of improving the predictive
power away from known data that is rather poor for existing
phenomenological EDF parametrizations. The connection
with NN and NNN interactions is typically obtained by
means of density matrix expansion (DME) techniques [39] and
many-body perturbation theory, which allow for the construc-
tion of schemes that can be systematically tested and improved
order by order in the interaction [40—44]. In this regard, recent
developments and applications of low-momentum potentials
[45-47], which exhibit a more perturbative nature than
traditional nuclear interactions, are instrumental. Schemes
toward nonempirical EDFs, however, are presently available
only in their first stages. Their development necessitates a
comparison with fully microscopic methods that can provide
useful benchmarks over which EDFs parametrizations can
be tested and improved. In this context, SCGF techniques
represent a valid ab initio method of reference. In particular, as
the breaking and restoration of symmetries (e.g., translational,
rotational, and particle number) is central to nuclear EDF
methods, it is crucial to develop an approach that includes
and exploits the same concept [48], which is the case of
Gorkov-Green’s function method regarding particle-number
symmetry.

The present paper aims at providing a detailed account
of Gorkov’s formalism that is eventually applied in Paper
II. Given that the present work is the first nuclear structure
application of the ab initio Gorkov self-consistent Green’s
function method, it is relevant to provide a self-contained
account of the formalism expressed in a discrete basis, which
is suited to finite nuclear systems. The present formalism is
further specified to second order in the self-energy expansion
and formulated in terms of NN interactions only. The
extension to more advanced truncation schemes and to the
inclusion of NN N forces is postponed to future works.

The paper is organized as follows. Section II introduces
the general form of the nuclear Hamiltonian employed in
the present work while Sec. III defines generic features of
Gorkov’s formalism. Section IV discusses Gorkov’s equation
of motion under the form of an energy-dependent eigen-
value problem before computing normal and anomalous self-
energies at second order and rewriting Gorkov’s equation
under the form of a more convenient energy-independent
eigenvalue problem. Further details regarding the extraction
of observables are provided in Sec. V, while Sec. VI discusses
the conserving character of the employed truncation scheme.
Finally, conclusions are given in Sec. VII followed by several
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appendices complementing the body of the paper with relevant
technical details.

II. NUCLEAR HAMILTONIAN

A. Single-particle basis

Let us first introduce the particular labeling of single-
particle states that will be used throughout the work. We
consider a basis {ag} of the one-body Hilbert space H; that
can be divided into two blocks according to the value (or more
precisely to the sign) of an appropriate symmetry quantum
number. To any state a belonging to the first block, one can
associate a single-particle state @ belonging to the second
block and having the same quantum numbers as a, except for
the one differentiating the two blocks. Typically there exists
an antiunitary transformation 7, leaving the Hamiltonian
invariant and connecting, up to a phase 1,, state a with state
a. With that in mind one defines a basis {c'zj;}, partner of the
initial one, {al}, throughl

al(n) = naal(t), a1 = neaz(t) (1)
which corresponds to exchanging the state a by its partner a
up to the phase 7,. By convention a = a with n, n; = —1.

As discussed in Sec. C, 7 will eventually be specified as the
time-reversal transformation in our applications to even-even
nuclei with /7' = 0% ground states.

B. Hamiltonian

Let us consider a finite system of N fermions interacting
via a two-body potential VNN, The corresponding Hamiltonian
can be written as

Hoy =T+ V¥V
1

— % T
= Twala, + an > Vavea alajagac,  (2)
ab abcd
where
Ty = (alT|D) 3)

is the matrix element of the kinetic energy operator 7 and

Vavea = (ab|V¥"|ed)
= (1:a;2:b|VVV|1 :¢;2 :d)
—(1:a;2:b|VVN|1 :d;2 i) 4)
is the antisymmetrized matrix element of V¥V expanded in
terms of direct-product states, denoted by |1, 2). Whenever a

superscript or subscript index X appears in a matrix element (3)
or (4), the associated annihilation (creation) operator is to be

intended of the form (1), i.e., a, (c'zj;). It follows that, e.g.,

Ty5 = nanp @\TD), (5a)
Vabea = Na 1 (@bl VNV |éd), (5b)

'In the following, a tilde (*) always refer to the sole quantum
numbers of the opposite block while barred () quantities involve an
additional phase factor 1, /5.
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and so on. As discussed in Appendix C1, properties of operator
T leads to the following useful relations:

Tap = T, (62)
abed = Va*bcd~ (6b)

C. Center-of-mass correction

In the study of an N-body self-bound system, a separation
can be made between the motion of its center of mass (c.m.)
and the motion of the nucleons relative to it. Specifically, the
N-body Hamiltonian (2) can be divided into

Htot = Hc.m. + Hrela (7)

where H. ., represents the center-of-mass kinetic energy and
the internal Hamiltonian H, does not depend on center-
of-mass coordinates. Eigenfunctions of Hy can therefore
be expressed as products of eigenfunctions of H.p, and
eigenfunctions of H,. Consequently, the energy is the sum
of center-of-mass energy E. . and internal energy E.

Eio = Ecm, + Erel. (8)

Nuclei being self-bound objects, one is interested in the
translationally invariant, internal Hamiltonian H,; and the
corresponding energy FE.. Subtracting the (known) center-
of-mass kinetic contribution from the total Hamiltonian, one
indeed works with the internal Hamiltonian

Hyg = Hot — Hemn, = Tret + VNN- 9

The internal kinetic energy can be expressed either as a sum
of one- and a two-body operators

1 Pi - Pj
(a)
T —(1—ﬁ> i N§ = o

i<j

or as a straight two-body operator

1 (pi —p;)°
()
B DT (b

i<j

Here p; represents the momentum of the i-th nucleon, M
the nucleon mass, and N is the particle number operator.
In theories that do not conserve particle number, Egs. (10)
and (11) loose their equivalence if N is replaced by 1ts
expectation value. Considering a series expansion in N1,
could be shown [49] that Eq. (10) displays the correct power
counting and should be, therefore, employed in calculations
over Fock space.

In the following, we consider Hamiltonian (9) with
choice (10) at first order in N~ '; i.e., N~ is replaced by its
average value N ~!. For simplicity, and unless otherwise stated,
we denote in the following H, by H such that T actually
embodies the one-body part of T9 [first term in Eq. (10)] and

rel
such that VNV incorporates the two-body part of Tr(e[f) [second
term in Eq. (10)].
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III. GORKOV FORMALISM
A. Standard propagator and superfluid systems
Let us consider the N-body ground-state |¥') solution of
HIw) = Ef|w]) (12)
with the lowest eigenvalue EJ'. The fundamental object of

Green’s function theory [50-52] is the one-body propagator
defined as

iGN, 1) = (W T {aut)a) @) W), (13)

where the operator T orders a and a' according to their time
argument (larger times to the left) and where annihilation and
creation operators are in the Heisenberg representation

a.(t) = a)(t) = expli Ht] a, exp[—i Ht],
al(t) = [al(t)]" = expli Ht]af exp[—i H].

(14a)
(14b)

The knowledge of G enables the computation of expectation
values of all one-body operators plus the two-body ground-
state energy, i.e., the expectation value of the Hamiltonian if
only two-body forces are considered. One can define two-,
three-, ..., N-body propagators in a similar way, in order to
evaluate up to N-nucleon observables.

Green’s functions’ equations of motion take the form of a
set of N-coupled integro-differential equations, each of them
involving (i —1)-, i-, and (i 4+1)-body propagators. In order to
compute the one-body propagator, one can as well derive a
perturbative expansion that translates into an infinite series
of diagrams. Both approaches provide systematic ways of
approximating the exact solution. The connection between
the diagrammatic expansion and the equation of motion for
G leads to the definition of the (irreducible) self-energy % and
the derivation of Dyson’s equation

N,N N,N)(© N,N)(0) ¥ N,N
g( ) ( )()_i_Zga(w )()ECdgc(Ib )7 (15)

where G© is the one-body propagator of the unperturbed
system associated with a one-body Hamiltonian H of choice.

The scheme is, in principle, exact if one can compute the
perturbative expansion up to infinite order. Approximations are
introduced by including only a certain class or subset of terms
in the computation of the self-energy. Such a subset is chosen
according to a hierarchy between the various types of diagrams
whose rationale depends on the system under consideration.
The validity of the standard perturbative expansion, however,
is not always guaranteed. In particular, nuclear interactions
inducing strong pairing correlations between constituents of
the many-body system make the usual expansion inappropriate
for the large majority of nuclei. The breakdown of the
perturbative expansion is signaled by the appearance of
(Cooper) instabilities, which occur when summing up certain
classes of diagrams and point to the necessity of developing
an alternative diagrammatic method [53-55].

B. Auxiliary many-body problem

In the presence of Cooper instabilities, one can develop
an alternative expansion method accounting in a controlled

064317-3



V. SOMA, T. DUGUET, AND C. BARBIERI

fashion for the appearance and destruction of condensed
nucleonic pairs.

Instead of targeting the actual ground state I\IJéV ) of the
system, one considers a symmetry-breaking state |W), i.e., a
wave packet, defined as a superposition of actual ground states
of (N—2)-, N-, (N+2)-, ..., particle systems, i.e.,

even

Wo) = ew [9)), (16)
N

where cy denote unknown complex coefficients. The sum over
even particle numbers is said to respect the (even) number-
parity quantum number. Together with such a state, one
considers the grand-canonical-like potential 2 = H — uN,
with y the chemical potential, in place of H.> The state | W)
is chosen to minimize

Qo = (Wo|2|Wp) (17)
under the constraint
N = (Wo|N W), (18)

i.e., it is not an eigenstate of the particle number operator but
it has a fixed number of particles on average. Equation (17),
together with the normalization condition

even

(WolWo) =Y " fenl” =1, (19)
N

determines the set of coefficients cy, while Eq. (18) fixes the
chemical potential p.

By targeting |Wp), the initial problem that aimed at
describing the many-body system with N nucleons is replaced
with an auxiliary problem, whose solution approximates the
initial one. The validity of such an approximation resides in
the degeneracy characterizing the ground state of the system.
The presence of a condensate (ideally) implies that pairs of
nucleons can be added or removed from the ground state of the
system with the same energy cost, independently of N. Such
a hypothesis translates into the fact that the binding energies
of the systems with N, N+£2, N£4, ..., particles differ by
2u; i.e., the idealized situation considered here corresponds
to the ansatz that all ground states obtained from the system
with N nucleons by removing or adding pairs of particles are
degenerate eigenstates of €2 such that their binding energies
fulfill

R EYTP—EY~E) —E) A~ x2u, (20)

with p independent of N . If the assumption is valid, the energy
obtained by solving the auxiliary many-body problem provides
the energy of the initial problem as

Q=) lenI’Q) ~ E) — uN, 1)
N
which follows from Eqs. (17), (19), and (20).

%Let us remark that the analogy with a grand-canonical ensemble
holds only on a formal level, as here eigenstates of €2 are pure states
|w(§" ), Wév £2y ..., while the admixture or symmetry breaking state
|Wy) is a pure state as well. In other words, one is not introducing a
statistical density operator to describe the system.
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C. Gorkov propagators

In order to access all one-body information contained in
|W), one must generalize the one-body propagator defined in
Eq. (13) by introducing additional objects that account for the
formation and destruction of pairs. One thus defines a set of
four Green’s functions, known as Gorkov propagators [56],
through

i GL(t, 1) = (VoI T{a,(1)al(t)} W), (22a)
i GL(t,1") = (Wo| T {aa(Nay(t)}| o), (22b)
i G2(1.1') = (Wo|T{al ()a) ()} Wo), (22¢)
i Go(t. 1) = (Wl T{al(Hay(t)}|Wo), (22d)

where single-particle operators associated with the partner
basis are as defined in Eq. (1) and where the modified
Heisenberg representation is introduced through

a,(t) = a'*¥(t) = expliQt) a, exp[—iQu], (23a)
al(r) = [a;‘?)(r)]T = expliQt]al exp[—iQr]. (23b)

In addition to the time dependence and quantum numbers
a and b identifying single-particle states, Gorkov propagators
G%# carry two labels g, and g, that span Gorkov’s space.
When g; = 1 (g, = 2) a particle is annihilated in the block of
a (created in the block of @) and vice versa for g;; i.e., g» = 1
(g2 = 2) corresponds to a second particle created in the block
of b (annihilated in the block of b). Green’s functions G'! and
G?? are called normal propagators while off-diagonal ones,
G'? and G?!, are denoted as anomalous propagators.

D. Nambu’s matrix formalism

Gorkov’s propagators can be conveniently grouped into a
matrix representation, introduced by Nambu [57]. First, one
defines the two-component vector

(24a)

Al = @) a,)). (24b)

denoting generalized annihilation and creation operators. Their
components fulfill the anti-commutation relations

[A8(), AL (1)) = 84,4 8avs (25)

where the extra label labels the rows (columns) of the
annihilation (creation) vector operator. One can then write
the four propagators (22) in the matrix form

i Gup(t, 1) = (Yol T{AL(DAS ()} W)
Gl 1) GBE 1)

=i 2? / 22 Nl (26)
Gt 1) Gt t)

where the time ordering operator acts separately on each
element of the Gorkov’s matrix AA'. In general, any object
0%% defined in Gorkov’s space can be put into such a matrix
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form
oLk, 1)

27
03(t,1") @7

012 , /
0.1, 1) = ( ot t)>,

O2(t,t')

with g| and g, labeling, respectively, the rows and the columns
of the matrix.

E. Energy representation

For most applications it is convenient to transform the
propagators from time to energy representation. In systems
at equilibrium governed by a time-independent Hamiltonian,
one-body Green’s functions depend only on the difference
of their two time arguments, i.e., Gup(t, 1) = Gup(t — t').
Gorkov propagators in the energy domain are, thus, obtained
through the Fourier transformation

+0o0 } ,
Gup(w) = / dt — 1) Gyt —1).  (28)
—00
The energy representation is more suitable to analyzing the
physical content of single-particle propagators, as will become
clear in the following.

F. Gorkov’s equations

In the standard case, the derivation of the equations of
motion and the formulation of a diagrammatic expansion for
the one-body propagator lead to defining the irreducible self-
energy and Dyson’s equation, through which the propagator of
the interacting system can actually be computed. One proceeds
similarly in the Gorkov formalism. The first step consists in
separating the Hamiltonian into an “unperturbed” one-body
part and an interacting part. This is conveniently achieved
by introducing an auxiliary, one-body Hermitian potential U
taking the general form

U= Z[Uab ajlab —Uwp daéi + Uab alc’zg + Ujb agap|
ab
(29)

and by defining
Q=T+U—-uN+V\N_U. (30)
—_—
= QU = Q[

The one-body grand potential 2;; defines unperturbed Gorkov
propagators G’ in energy representation through

GO ' =w— Q. 31)

The choice of G corresponds to selecting an appropriate
unperturbed ground state which acts as a reference vacuum
for the application of Wick’s theorem and is crucial for the
convergence of the perturbative series. In particular, one cannot
expand the interacting superfluid ground state |\Wy) around a
nonsuperfluid unperturbed state, i.e., unperturbed propagators
must already contain the basic features characterizing the
interacting ones.

The requirement that the unperturbed ground state is
superfluid translates into a choice of a Qy that breaks
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particle number, as is evident from the form of the auxiliary
potential (29). Applying Wick’s theorem in the derivation of
the perturbative expansion, anomalous contractions naturally
appear and are afterward identified with anomalous Gorkov
propagators.

Once the unperturbed ground state is defined, one writes
down the perturbative series for the interacting propagator
G and defines normal and anomalous one-line irreducible
self-energies. Self-consistency is obtained by computing self-
energy diagrams in terms of fully dressed propagators G
and by only retaining skeleton diagrams, i.e., diagrams with
no self-energy insertions (see Appendix B1). Working in
the energy representation, the four irreducible self-energies

read
211
Sap(@) = ( a6 ()

i (w)
32
22 () ) G2

2 ()

and can be divided into a proper part and a contribution coming
from the auxiliary potential, i.e.,

Bap(@) = Zap(@) — Ugp. (33)

Eventually, standard Dyson’s equation is generalized as set of
coupled equations involving the two types of propagators and
self-energies. These are known as Gorkov’s equations [56] and
read, in Nambu'’s notation,

Gap(@) = G (@) + Y G() Bea(@) Gap(w).  (34)
cd

As Dyson’s equation in the standard case, Gorkov’s equations
represent an expansion of interacting or dressed one-body nor-
mal and anomalous Green’s functions in terms of unperturbed
ones. If the method is self-consistent, the final result does
not depend on the choice of the auxiliary potential, which
disappears from the equations once the propagators are dressed
with the corresponding self-energies. From a practical point of
view it is useful to track where the auxiliary potential enters
and how its cancellation is eventually worked out. This point
is addressed in Sec. IV A, where the solution of Gorkov’s
equations is discussed. In particular, and since such a solution
is to be found through an iterative procedure, one is still
interested in choosing a good auxiliary potential as a starting
point.

Let us further remark that, as the auxiliary potential (29)
has a one-body character, i.e., it acts as a mean field, the
search for the ground state of Q2 corresponds to solving a
Bogoliubov-like problem, as becomes evident when writing
the unperturbed grand potential in its Nambu’s form

Top + Uap — 14 8ap 0017
[Qulw = -t )
Uab —Tap — Uap + 14 8ap

(35)

In fact, a convenient choice for 2y is constituted by Qyps,
i.e., one, first, solves the Hartree-Fock-Bogoliubov (HFB)
problem and then uses the resulting propagators G® as the
unperturbed ones. Notice that the self-energy corresponding

to this solution, £HB, eventually differs from the first-order
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self-energy XV as soon as higher orders are included in the
calculation because of the associated self-consistent dressing
of the one-body propagators.

G. Lehmann representation
Let us consider a complete set of normalized eigenstates of
2 with no definite particle number
QW) = Q[ W) (36)

and spanning the Fock space F. Inserting the corresponding
completeness relation, G'(t, ') becomes
Gl 1)
= —i0(t — 1)) _(Wolaa| W) (Wilaf| W) /1P~
k
+i6(t' —1) Z(\I«)Iall‘l'k)(wk|aa|%> o—ilR0—ult—1)
k

Using the integral representation of the 6 function and reading
out the Fourier transform, one obtains the propagator in energy
representation under the form

(Wolaa|Wy) (Wy |a) | Wo)
Gll — b
@) = D [ — Q0]+ in

k

3 (Wola) |Wy) (Wy |aq | Wo) 37

o+ [ — Qo] —in .

One can proceed similarly for the other three Gorkov-Green’s
functions and obtain the following set of Lehmann represen-
tations:

Uk Lk Pl Pk
Giylw) =) { ——— @« bt (38)
T w—wy+1in o+ owp—1n
uk Vk* f}k* Zx_{k
Goplw)=>" Lt e b 1. (38b)
T w—w;+Iin o+ owp—1In
Vk uk* Z/_lk* f}k
Ghw)=>" Lt “ b1 (38)
Z w—w;+Iin w+owp—1In
Vk Vk* Z/_lk* Z/_{k
G22 — a b a b , 38d
ab(®) Xk:{a)—wk+in -+ wp —in (38d)
with Gorkov’s spectroscopic amplitudes defined as
U = (Wilaf W), (39a)
Vi = (Wilaa| W), (39b)
and
Uy = (Wilaf| W), (40)
Vit = (W laa| Vo), (40b)
from which follows that?
U = 4n, Uk, (41a)

3Similarly to Eq. (5), we may equivalently write Egs. (41) as L_{;‘ =
+UF and VF = — VK,
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VE = —p, VL (41b)

The poles of the propagators* are given by wy = Q — Qo.
The relation of such poles to separation energies between the
N-body ground state and eigenstates of the N £ 1 systems
is polluted by the breaking of particle number symmetry and
is less transparent than for standard Dyson-Green’s function.
Still, the structure of the propagator naturally suggests approx-
imating one-nucleon separation energies as

Ef = p+op = (V| H|Wy) — (Yol H|Wo)

— (W IN[W) — (N 4+ D], (42a)
E; =p — o = (WolH|[Wo) — (Wi | H|Wy)
+ w [(We|N|Wi) — (N — D], (42b)

where the error associated with the difference between the
average number of particles in state |\W;) and the targeted
particle number N =+ 1 is taken care of by the last term in
Eqgs. (42a) and (42b).

It is useful to introduce a Nambu representation for the
Lehmann form of the propagators by defining the two-
component vectors

XE = (WAL W) = (U Vi), (43a)
Vk*
Y = (Wi |A, W) = (L_{i*> : (43b)

where A and A" have been introduced in Eq. (24), and by
writing

Gup(@) =)

k

Y YK
+—4b 1. (44)
W+ wp —1n

Note that vectors (43) contain equivalent physics information
and are transformed into each other by

Xt — (? ‘01> Y (45)

Xi X,
o —owp+in

H. Symmetry properties

The four Gorkov propagators and self-energies are not
independent of each other and can be related through certain
symmetry operations. Starting from the definition of Gorkov
Green’s functions (22) and their Fourier transforms (28), one
can first prove that

Go(@) = —n4ny Gjh(—w) = — Gii(—w),  (46a)
Gi(@) =+ 141 Gjo(—w) = + G (—w),  (46b)
Go(@) =+ 1.0 Gor(—0) = + Gii(—w).  (460)

“4As discussed later, eigensolutions of Gorkov’s equations come in
pairs (wy, —wy) such that one should only sum on positive solutions
in Eq. (38).
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Result (46) is easily derived from Lehmann representation
(38), together with properties (41), as

Vk Vk* Z/_l"*l/_{k
G =) 1 —""— S
T w—w;+1n W+ oy —1n
3 ViV Uk Uy
N P -+ —in —o—wy+in
= —G}l(-w), (47a)
and
Vkuk* Z/_{k* f}k
G21 — a~"b a b
ah(w) Xk:{w_wk+i7]+w+0)k—i7]

—w+wy—in  —o—wy+in

_y { Vi (U u§*<—V£>}
k

= Gil(—w). (47b)

By separating the real and imaginary parts of the poles in
Eq. (44) the Gorkov propagator splits into its Hermitian and
anti-Hermitian components

Awp(@)  Cup(w) . Bup(w)  Dgp(w)
Gab(a)) - T ~ +1 T ~ 5
Cop(@)  Agp(w) D, (@) Bap(w)

(48)

where A,,(w) and B,,(w) are Hermitian matrices in the
one-body Hilbert space H;. Note that because of the presence
of an anti-Hermitian component Géz(a)) #* [G;}l(a})]* and
GZ,',(a)) #+ [Gt'i%(a))]*. From Eqgs. (46a) and (46b) it follows
that

Awp(@) = —Agz(—w),

Bup(@) = =Bz (—w),

Cap(w) = +Cpa(—w),

Dyp(w) = +D554(_w)
Similar symmetry properties are valid for normal and
anomalous self-energies. Starting from Gorkov’s equation (34)
and making use of relations (46) one can prove that the equiv-

alence between Gorkov’s equation (34) and its conjugate (A9)
requires

o) = =1 Tp(—w) = — Bjk(—0),  (49a)
Top(@) =+ 14mp Tpo(—w) = + Tj2(—w),  (49b)
o) =414 TH(—w) = + Bl (—w). (490

Such properties are general and should be required from
any truncation scheme used to compute self-energies. At first
order, they are confirmed by the explicit evaluation of normal
and anomalous diagrams in Eq. (65). At second order one can
check that they are indeed fulfilled by expressions (77) and
(79).

I. Spectroscopic content of Gorkov propagators

Let us now discuss quantities that are useful to analyze
the spectroscopic content of Gorkov propagators. First, one

PHYSICAL REVIEW C 84, 064317 (2011)

defines generalized spectroscopic factors through the 2 x 2
Nambu matrix

Fio = (WolAq W) (We|A]|Wo) (50)
a
= > XEXH,

which is independent of the one-body basis used and whose
normal components generalize traditional spectroscopic fac-
tors for addition and removal of a nucleon

FE=F' =) [(Wla]| o)l
-y
Fo=FP =) (Wlad o)

- Xa:|v§|2.

As states [Wp) and W) do not carry a definite particle
number, such spectroscopic factors do not possess the sharp
physical interpretation of the usual ones. Still, and although
F ,:” (F; ) contains contributions from the addition (removal) of
anucleon to (from) systems characterized by different particle
numbers, the dominating contribution remains associated with
the addition (removal) to (from) the actual targeted ground
state |\II(Z)V ).

Next is Gorkov’s one-nucleon spectral function S(w)
summing one-nucleon addition ST (w) and removal S™(w)
components. Such spectral functions are not only (energy-
dependent) 2 x 2 matrices in Nambu space but also matrices
on the one-body Hilbert space H;. They are extracted from the
imaginary part of Gorkov’s propagators through

2
)

(51a)

(51b)

1
S (w) = ——1Im Gap(w)

=Y XX 8@ —w) forw>0, (52)
k

1
S, (@) = +; Im G, (w)
=Y Y Y, 8w+ w) forw <0, (52b)
k
where only w; = i(E,:(t — i) = 0 contribute to the sum.

Just as for spectroscopic factors, the normal components of
Gorkov’s spectral functions, e.g.,

Sh(E) = S3 " (E—p) =Y USU* 8(E — Ef),  (53a)
k

Shy(E) = S, (E—p) =Y ViV 8(E — Ep).
k

(53b)

generalize standard particle and hole spectral functions.
The normal one-body density matrix can be extracted
by integrating the normal part of the removal spectral
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Lol
function S,

Pab = (Wolajaq|¥o) (54a)
0
= f dw S;," (w)
—00
=3 v, (54b)
k
whereas the anomalous density matrix is obtained as
Pab = (Wolapaqa| Vo) (540)
0
= / dw S, (@)
1 Vix. (54d)

I
]

Information contained in the spectral function can be charac-
terized by computing its various moments, i.e.,

o0

MY = / dw " Syp(w), (55)
—00

which are (energy-independent) matrices in Nambu space and

on H,;. Making use of anticommutation relation (25) one can

derive a sum rule for the generalized spectral function that

directly relates to its zeroth moment,’ i.e.,

M8 = (W { A%, AL T} Wo) = 8g,008ap-  (56)

The usual sum rule associated with the normal part of the
spectral function is recovered from Eq. (56) as

+00
/ do [S;," (@) + S5 (@)] = Sap, (57)
—00

showing that diagonal matrix elements S!l(w) are nothing
but probability distribution functions associated with the
probability to remove/add a nucleon from/to the ground state
from/on a given single-particle state a and leave the residual
system with a missing energy w. Equation (57) simply states
that such a probability integrate to 1 when scanning missing
energies from —oo to +00. A new sum rule associated
with anomalous spectral functions can also be deduced from

3As discussed in Sec. V B, the first moment M(" of Gorkov spectral
function gives access to effective single-particle energies [58].

PHYSICAL REVIEW C 84, 064317 (2011)
Eq. (56) as

+00
f dw S, (@) + S5, (@)] = 0. (58)

Last but not least, one introduces the spectral strength
distribution (SSD) through Sp(E) = Try, [S(E —p)], which
reads as

Sp(E) = Y "F 8(E — Ef)+ ¥ 8(E — E;).  (59)
k
The SSD is a 2 x 2 matrix of energy-dependent functions and
is independent of the single-particle basis used to compute it.
Its normal part Sp(E) = Sp'!(E) reads as

Sp(E)=Y_ Fl8(E—Ef)+ F 8(E—E;) (60)
k

and provides the probability to leave the system with relative
energy E by adding(removing) a nucleon to(from) the ground
state |Wp).

IV. GORKOV’S EQUATIONS

We now proceed to a form of Gorkov’s equations allowing
for a direct numerical implementation.

A. Energy-dependent eigenvalue problem

Let us, first, transform Eq. (34) into an eigenvalue equation
for amplitudes Uu* and V¥, along with a normalization
condition for those amplitudes. Multiplying Gorkov’s equa-
tion (34) by (w — wy), the pole at w = +wy is extracted by
taking the limit w — @y, such that substituting Lehmann
representation (44) for G and operator form (31) for G©,
one obtains

XEX, = (0 — Qu),! Bealw) X X
cd

+wy

Multiplying both sides by (w — Qy),, and summing over a
yields

k]

D (@ = Q) X

= Sel(@)X§
+wk d +wy
such that Egs. (33) and (35) finally allows writing the matrix

eigenvalue equation

Tab — M ‘Sab + Ei}l;(w) Ei%(w) Z/[}];{ Z/[(];
Z 21 22 v ~ o k] 61
b Eab(a)) —Tup + 1 8ap + Eab(a)) T Vb Va
whose solutions are amplitudes /¥, V¥) and associated pole energy wy. Equivalently, computing the residue at @ = —ay
leads to

2

(Tab — M 5ab + E;;(w)
b

DG

Zap (@)
—Typ + 4 8ap + Egi(w)

= - (62)
o Uy Uy
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Notice that the latter relationship can be also obtained from the
conjugate of Eq. (61) by using properties of Gorkov amplitudes
and self-energies. Equations (61) or (62) and their solutions are
independent of auxiliary potential U, which canceled out. This
leaves proper self-energy contributions only, which eventually
act as energy-dependent potentials. The self-energies depend,
in turn, on amplitudes &/* and V* such that Egs. (61) or (62)
must be solved iteratively. At each iteration the chemical
potential p must be fixed such that Eq. (18) is fulfilled, which
translates into the necessity for amplitude V to satisfy

szpuu=Z|V52,

a,k

(63)

where p,;, is the (normal) one-body density matrix (54a).

As demonstrated in Appendix A, the spectroscopic am-
plitudes solution of Eq. (61) or (62) fulfill normalization
conditions

R TEED BP L I VAR
a ab +wi
S =14+ vH % YS,  (64b)
a ab — Wk

where only the proper self-energy appears because of the
energy independence of the auxiliary potential.

B. First-order self-energies

In Fig. 1, first-order diagrams contributing to normal and
anomalous self-energies are displayed. Diagrammatic rules
appropriate to the computation of Gorkov’s propagators and
for the evaluation of self-energy diagrams are discussed in
Appendix B, while the ® derivability of the presently used
truncation scheme is addressed in Sec. VI.

The four first-order self-energies diagrams are computed in
Egs. (B8), (B10), (B12), and (B13) and read

=00 =+ Vawd pac = +Aap = +AL,.  (652)
cd

T == Ve iy = =A% (65b)
cd

T = % > Vibed ea = +hap, (65¢)
cd

20 % Y Vied Prg = +hly, (65d)
cd

where the normal (p,;) and anomalous (§,5) density matrices
have been defined in Eqs. (54).

QO

FIG. 1. First-order normal X''™ (left) and anomalous X2'®
(right) self-energy diagrams. Double lines denote self-consistent
normal (two arrows in the same direction) and anomalous (two
arrows in opposite directions) propagators while dashed lines embody
antisymmetrized matrix elements of the N N interaction.

PHYSICAL REVIEW C 84, 064317 (2011)

C. HFB limit

Neglecting higher-order contributions to the self-energy,
Egs. (61) and (65) combine to give

Z (Tab + Aab — M 8ab hab ) (U{f)
; hl, —T% — A5+ 1) \V§

uk
=y ( ) , (66)
vk

which is nothing but the HFB eigenvalue problem in the case
where time-reversal invariance is not assumed. In such a limit,
U* and V¥ define the unitary Bogoliubov transformation [59]
according to

a, =y Ul B+ V" B, (67a)
k

al = > U Bl + Dk B (67b)
k

Moreover, normalization condition (64b) reduces in this case

to the well-known HFB identity

S =YY =1 69

a a

Let us now stress that, despite the energy independence of first-
order self-energies, some fragmentation of the single-particle
strength is already accounted for at the HFB level such that
one deals with quasiparticle degrees of freedom. In particular,
one can deduce from Eq. (68) that (generalized) spectroscopic
factors defined in Eq. (51) are already smaller than one. Such
a fragmentation is an established consequence of static pairing
correlations that are explicitly treated at the HFB level through
particle number symmetry breaking.

Finally, let us underline again that, whenever higher orders
are to be included in the calculation, first-order self-energies
(65) are self-consistently modified (in particular, through
the further fragmentation of the quasiparticle strength) such
that they no longer correspond to standard Hartree-Fock and
Bogoliubov potentials, in spite of their energy independence.
They actually correspond to the energy-independent part of
the (dynamically) correlated self-energy.

D. Second-order self-energies

Let us now discuss second-order contributions to normal
and anomalous (irreducible) self-energies.

In Figs. 2 and 3 the four types of normal and anomalous
self-energies are depicted. The evaluation of all second-order
diagrams is performed in Appendix B. Before addressing their

FIG. 2. Second-order normal self-energies £''®) (left) and
£'1@ (right). See Fig. 1 for conventions.
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FIG. 3. Second-order anomalous self-energies $2'@) (left) and
$2'@ (right). See Fig. 1 for conventions.

expressions, let us introduce useful quantities

M = 3 gt o
ijk
Pk]kgk; = Z Vak ; uklv]fzukz Mk1k3k2 (69b)
a 1 a ’
ijk
REEE =3V VOUPUS = MERS . (69¢)
ijk
and
NGRS =3 Vg VEVEU, (70a)
ijk
Ql;lkgkg = Z Vakz] Vklu]fZsz /\/Zﬂk,%kz’ (70b)
ijk
Sklkzk} = Z Vakl] ukl vko k; qukzkl (70c)
ijk

in terms of which second-order self-energies are expressed
below. Using relations (41) one shows that

Mbkks =y, MR, (71a)
Phkaks =, pils, (71b)
REkks =, REEE, (71¢)
and
Njpeks = —, NG5, (72a)
Quets = 1, Q5, (72b)
Shikoks = —pp,, Sk, (72¢)

Given that P and R can be obtained from M through odd
permutations of indices {kj, k>, k3} and taking into account
the symmetries of interaction matrix elements, one can prove
that such quantities display the properties

kikak: kikoks* kikok kikoks*
Y Mhtkeks gkl — g N pliaks plikl
k]k2k3 k]k2k3

=+ Z R/;kzk} Rlb‘lkzkz*’ (7321)
kikoks

and

kikaks pkikaks™ _ kikaks o kikaks*
E M, P, =+ M, R,

k|k2k3 klk2k3

kikoks *
=+ Z rP‘IIclkzkg Mbl 2k3

kikoks

— E kikoks pokikoks™®
- Pa Rb

kikaks

PHYSICAL REVIEW C 84, 064317 (2011)

_ kikoks kikaks*
=+ ) REkS M,

kikoks

- _ § R§1k2k3 PglkaS*-
kikyks

Similarly, for N/, Q, and S one has
Z J\/Z(lkzk3* j\/’[i{]kzkjg + Z Qk1k2k3 k1k2k3

kikaks kikoks

_ E: kikoks®  okikaks
—+ Sa Sb 9

kikaks

(73b)

(74a)

and

Z Nk1kzk3* Qk 1koks =+ Z Nklkzkz Sklkzk’&
a

k]k2k3 klk2k3

* k1 ko ke
=+ Z Ql;,kzk3 Nblzz

kikaks

_ § : kikoks*  okikaks
- Qa Sb

kikoks

— kikoks*  p rkikaks
=+ E S, N,

kikoks

— § :Sklkzkj, klk2k3

kikaks

(74b)

Analogous properties can be derived for terms mixing
(M, P, R}and {N, Q, S}.

Let us now consider ©!!, whose second-order contribu-
tions, evaluated in Egs. (B17) and (B19), can be written as

11(2)( )

Dy (M) ey e
2 kikaks w — Ek[kzk} + ”l w + Ek1k2k3 - ”7 ’
(75)
11(2”)( )
- Mﬁlkgkg (P§1k2k3)* (.A_/;klkzk3)* Qi]kzks
Kikoks w = Ek1k2k3 +in o+ Ek1k2k3 —in ’
(76)

where the notation Ej ik, = wy, + @i, + wy, has been intro-
duced. Summing the two terms and using properties (73) and
(74) one obtains

Ell(2+2 )( )

Chiksks (Clksko)* (Blakaks)* ek
_ Z a ( b ) ( a ) )
kikoks - Ek1k2k3 +in o+ Ek'k2k3 i
where
1
C(llqkzk3 = % [Ml/;]le} _ 73511‘21‘3 _ R51k2k3] ,  (78a)
Dklquz _ [Nk1k2k3 _ Qk1k2k3 _ Sklk2k3] . (78b)

[

Notice that from Egs.
1y CE25 and Dhikaks =

(71) and (72) follow C_g‘kﬂ“ =
—n4 DA% All other second-order

064317-10



Ab INITIO SELF-CONSISTENT GORKOV-GREEN?s . ..

self-energies computed in Sec IV B2 can be written similarly
according to

12(2'+2")
z:ab (w)

Z C{/;lkzks (leﬂkzk,x)* (@lgﬂqu)* églkzkz o
- ; . ) a
kikoks © = Ep ok, +11 @+ Ei ok, — i1
21 (2'+2"
Eah( * )(C())
Z D(];lkzk,% (C}]jlk2k3)* (C_Z,('kzk3)* ,D}/;lkzkg o
kikoks = Ek‘k2k3 +in -+ Ek1k2k3 —in '
22 (2'+2"
2:ab( - )(a))
Z D§1k2k3 (D§]k2k3)* (C’glkzk})* C—]glkzkg (79 )
- ; N . C
kikaoks = Ek‘k2k3 +in w + Ek1k2k3 —1n

E. Energy-independent eigenvalue problem

Defining quantities WV and Z through

= L0 ) U + (21 V)

a

(0k — Exyars) W5

PHYSICAL REVIEW C 84, 064317 (2011)

(0 + Eryoss) 2000 = 37 [Dltkah g @ik 1],

a

(80b)

Gorkov’s equations (61) computed at second order can be
rewritten as

U =3 [(Tup — 118ap + Dap) U + hap VE]
b

+ Z [Ck|k2k3 W]flksz + (@k|kzk3)* Z]/(ﬂkzh],
kykoks
(81a)

o VE =Y (Rl UE — (Tup — w8ap + AZp) VE]
b

+ Z [Dzlkzk,% W]I:lklk3 + (C_l]:lk2k3)* Z,flksz].
kikaks
(81b)

The four relations above provide a set of coupled equations for
unknowns U, V, W, and Z that can be displayed in a matrix
form

(80a)
|
U T—u+A h c D U u
% Al ~T+u—A* D (¢ % v
Ptw| T ct Dt E o |[|w] =% Iw]| (82)
z/, DT cr 0 -EJ\Z/, zZ),

where E is an energy-independent Hermitian matrix. The di-
agonalization of E is equivalent to solving Gorkov’s equation.
Such a transformation is made possible by the explicit energy
dependence embodied in the Lehmann representation, i.e., the
known pole structure of the propagators—and, consequently,
of second-order self-energies—is used to recast Gorkov’s
equations under the form of an energy-independent eigenvalue
problem whose eigenvalues and eigenvectors yield the com-
plete set of poles of Gorkov-Green’s functions. The solution of
such an eigenvalue problem has to be found self-consistently
while satisfying Eq. (63).

A normalization condition for the column vectors in
Eq. (82) is obtained for each solution k by inserting second-
order self-energies (77) and (79) into Eq. (64a) [or, equiva-
lently, into Eq. (64b)]. One obtains

DL+ [ViFT+ 30 [+ 200 = 1.
a k1k2k3

(83)

The fact that E is Hermitian implies that eigenvalues wy
are real. Moreover, similarly to the HFB problem [59],
solutions come in pairs with opposite sign, i.e., for any
solution {U/*, VE W, Zr, wy} there exists another solution
(Ve Uk, Z¥, W, —ay ). This can be checked either by

substituting @ with —w in the steps that led to Eq. (82) or by
rederiving Eq. (82) starting from Eq. (62) instead of Eq. (61).

Let us discuss in some detail the structure of E. The upper-
left block

g0 = (T—rTA hoo (84)
ht —T 4+ — A*

represents the “mean-field” sector. If second-order self-
energies are zero, & = B = BfFP and one recovers the
HFB eigenvalue problem of fixed dimensionality (twice the
size of the single-particle basis) for amplitudes ¢/ and V
discussed in Sec. IV C.

The upper-right

@) _ C D*>

B = (D o (85)
and lower-left @' blocks contain second-order couplings
between one-quasi-particle and three-quasi-particle configu-
rations. Such couplings further fragment the single-particle
strength as compared to the pure HFB approximation. As a
matter of fact, following the iterative process leading to a
self-consistent solution of Gorkov’s equations, the dimension
of E@ grows, i.e., a larger number of poles is generated in
Gorkov-Green’s functions at each iteration. A propagator with
an initial number of poles Ng = 2 N}, generates at first iteration
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a second-order self-energy with approximately (N;)? poles,
which reflects into a matrix 2 of dimension Ng + 2(Np)3.
After n iterations the propagator and the second-order self-
energy will contain, respectively, O[(N,)*'] and O[(N;,)WH)]
poles, and the dimension of E@ will be O[(N,)*"""]. This
exponential growth of the number of poles seems to prevent
the achievement of convergence in an actual calculation. In
practice, one limits the growth of the number of poles by
Krylov projection techniques [60,61], as discussed in Paper II,
while ensuring the convergence of the calculation.

F. Application to J™ = 0* states

The results obtained so far are general and valid for any
choice of single-particle basis {al} and even-number parity
state |Wy). If the target system, however, possesses specific
symmetries, one can exploit them to simplify the set of
equations. The first applications of the scheme developed in the
present paper will be dedicated to studying the ground state
of even-even semimagic nuclei, i.e., states characterized by
angular momentum and parity J™' = 0*. Appendix C specifies
the set of equations provided above to the particular case of
such J™ = 0+ states.

V. QUANTITIES OF INTEREST

A. Binding energy

The energy sum rule first derived by Galitskii [62] and
formalized by Koltun [63] expresses the expectation value of
the Hamiltonian in terms of the one-body propagator. It is one
of the appealing features of Green’s functions theory, since the
energy of the system, a two-body observable, can be computed
exactly from a one-body quantity.

The purpose of this subsection is to derive the analogous
of the Koltun sum rule in the more general context of Gorkov-
Green’s functions. Let us, first, recall that the equation of
motion of annihilation operators defined in their Heisenberg
representation through Eq. (23) reads

.da,(t)
—1
dt

and that the normal Gorkov propagator is defined at equal
times through

= [£2, a,(1)] (86)

1
(Wola} Oy (1%}l o = 5 — / doGll).  (§7)
Tl cr

From the definition of the Fourier transform one can then
derive

1
— | dowGl (o). (88)

dGl) _
=0~ 27 Jey

dt

Also, it is useful for the following to compute the three
commutators

> aliT. a0 =T,

a
> al v a) = =2V,
a

(89a)

(89b)
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> al[N.a,]=—N. (89¢)

Let us now write 2y = (V|| W) as

1 1
Qo = 3 (Wo|T — N |Wp) +3 (Wo|T 4+ 2VN — N | W) .
= AO = BQ
Using Eq. (87) one has

Ao =Y [Tup — 1t 8a] (Wolafas| Wo)
ab

1
= [Ty — 8ap] =— / do Gyh(@),  (90)
s 27Tl ct

while using Eqgs. (86), (88), and (89), one can also write

By = — Y (Wola} [, a1l W)

a

day(t)
t

i) (Wolaf(0) — |Wo)

t=0

_ 1 11

= Z — doowG,,(v). 91
P 2mi ct

Hence, one obtains the generalized Koltun sum rule

1
Q=) — | doG}! Ty — 18, Sanl, (92
. §4ni/CTw,,a(w>[b Wow +08m]. (92)

where the normal Gorkov propagator G'! appears instead of
the Dyson one.

B. Effective single-particle energies

In Ref. [58], an extensive discussion about effective single-
particle energies (ESPE) in doubly closed shell nuclei was
proposed. Results were based on the definition of ESPE going
back to Baranger [64] and the fact that eigenstates of the
nuclear Hamiltonian are also eigenstates of the particle number
operator. Such a definition and its associated properties need
to be revisited in the context of Gorkov-Green’s function were
particle number, as a good symmetry, is lost, i.e., for methods
formulated over Fock space rather than over the Hilbert space
associated with a definite number of particles.

As in Refs. [58,64], ESPE are naturally computed as
eigenvalues of the so-called centroid matrix, which in the
present context is nothing but the normal part of the first
moment of the spectral function introduced in Eq. (55)

MY = U U EF + VSV B 93)
k

By definition of MWl the computation (or extraction)
of ESPEs requires the full spectroscopic strength, i.e., the
complete set of separation energies and spectroscopic ampli-
tudes from both one-nucleon stripping and pickup processes.
This is particularly critical as one moves away from doubly
closed-shell nuclei as the low-lying strength becomes more
and more fragmented, e.g., by pairing correlations, into both
the additional and the removal channels. This is precisely
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the focus of the presently developed theoretical method to
access the complete spectroscopic one-nucleon addition and
removal strength in open-shell nuclei from which ESPEs can
be extracted.

Let us now derive a sum rule for MD!! that complements
the one provided for M@ ' in Eq. (56) and that provides ESPEs
with a transparent physical meaning. Considering the first term
on the right-hand side of Eq. (93), substituting the definition of
spectroscopic amplitudes and one-nucleon additional energy,
one finds

STUUSES =3 (Wolaa Vi) (Wela) | Wo) (e + wr)
k k

=) (Wolau Rl We) (i laj | o)
k

— > (W] Qoata| W) (Wi la) | Wo)
k

+ ) 1 (Wolaa| W) (i la) | o)
k
= (Wollaq, Qa}[Wo) + p (Wolaga) |Wo), (94)

where a completeness relation over F was removed. Similarly,
one obtains

Y VEVEED = (Wolajlaa. Q11W) + 1 (Wolajaa| o),
k
(95)

which, combined with Egs. (25) and (94), leads to
MY = (Wolllas. Q1. aj}|Wo) + 8. (96)

Using the second quantized form of T, N and VNV, together
with symmetries of interaction matrix elements, one eventually
obtains the key result

D1l 5NN
M) = Tu + Z Vadbe Ped
cd

(97a)

— 7,00
= hgy,

(97b)

where h% = T,, + !} involves the energy-independent (or
static) part of the normal self-energy. Eventually, solving

h>® I/IESPE — eESPE wESPE (98)

provides ESPEs and associated single-particle wave functions.
Defined in this way, ESPEs are manifestly independent of the
single-particle basis used to compute the centroid matrix (93).
They possess the meaning of an average of observable one-
nucleon separation energies weighted by the probability to
reach the corresponding many-body state of the N + 1-body
system by adding or removing a nucleon in the single-particle
state Y ESP E_Assuch, itis, however, essential to understand that
ESPEs are by essence nonobservable and display an intrinsic
resolution scale dependence, just as spectroscopic factors
do [58].

In spite of the breaking of particle-number symmetry lead-
ing to the coupling of additional and removal spectroscopic
amplitudes via anomalous self-energies in Gorkov’s equations,
Eq. (97b) demonstrates that the centroid matrix is equal to the
normal static field h*°, exactly as for theories that explicitly
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conserve particle number [58]. In other words, the centroid
sum rule screens out not only the energy-dependent part of the
normal self-energy but also the entire anomalous self-energy.
This is an a priori nontrivial, though straightforward to obtain,
result. Of course, the explicit tackling of pairing correlations
through anomalous propagators and self-energies does impact
the results indirectly via their feedback onto the normal
one-body density matrix p entering ™.

Eventually, one can demonstrate, just as for particle-number
conserving theories [58], that 2°° only involves the so-called
monopole part [65,66] of the NN interaction whenever |Wy)
isa J™ = 0" state.

C. Natural basis

The natural basis is the one that diagonalizes the one-body
density matrix, i.e.,

p w;at — nx;at 1)0_;}121[7 (99)

where basis states 1//;5“ are called “natural orbitals” and where
diagonal elements n‘;“t denote “natural occupation numbers.”
The N most occupied natural orbitals define the set that better
approximates the true (correlated) density matrix p in terms
of a Slater determinant wave function. Thus, the natural basis
is most convenient to expand approximations of observables
other than energies (e.g., radii and density distributions). We
stress that, in general, w;‘a‘ correspond to superpositions of
orbits ySPF with ESPEs both above and below the Fermi
surface, chosen to optimize the density profile of the system.
Therefore, natural orbitals are a poorer approximation to
energy levels. Conversely, single-particle states yPSPE. in
Eq. (98), can be directly associated to orbits of the effective
shell structure.

D. One-body observables and radii

The expectation value of a general one-body operator, O, is
obtained from the normal density matrix (54a) or, equivalently,
by integration over the normal Gorkov propagator

d
(WlO0) = Ton (pO) =3 [ £2 Gliw)ow (100
P ct Tl

where o,, = (a|O|b) are matrix elements of the one-body
operator.

For matter radii, however, one needs to sum over particle
positions in the intrinsic frame. The operator for the root-
mean-square point radius rynys is, thus,

1
rrzms = EZ(ri _R)2

1 1 2
=—[(1-=  — r;-r;, (101
N( N)Xl:l NZZ J ( )

i<j

where r; denote coordinates of nucleon i in the laboratory
frame and R= (3, r;)/ N is the center-of-mass coordinate.
Operator (101) contains a two-body correction term and
depends on the number of particles. As for the center-of-mass-
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corrected Hamiltonian, this is the form suitable for applications
in Fock space. At second order in the Gorkov self-energy, as
considered in this work, there is no resummation of diagrams
corresponding to correlated two-body propagators. Only the
free propagation of dressed pp or hh is accounted for in the
second-order diagrams. Correspondingly, one can approxi-
mate the two-particle density matrix with the antisymmetrized
product of correlated one-body density matrices in order to
evaluate the two-body part in Eqg. (101) The 7 radius is,
thus, calculated to first order in N~

=5 (1) S, 5 ot
(ab d
N2 Z/CT 2mi /;T 2mi (ablry - raled)

abed
x Gl (w) Gl (o),

ca

(102)

where rgb = (a|r?|b) and where (ab|r; - ry|cd) are antisym-
metrized two-body matrix elements while N denotes the total
number of nucleons (protons plus neutrons). Equations (101)
and (102) are valid for matter radii. Charge point radii r., can
be obtained from

1
rczh = E Z(r,, — R)z,
p

where Z is the number operator for protons and where p runs
only over protons while R is the same as in Eq. (101). Isotope
shifts are calculated from differences of squared charge radii,

(103)

)N’N/ = (”czh>N, — (3",

where N’ is the number of nucleons of the system under
consideration, whereas N characterizes a reference nucleus.

8(’}211

(104)

E. Pairing gaps

Experimentally, a suitable way of extracting the pairing gap
goes through, e.g., the three-point mass formula
A(N) = (Sl [E)* —2E) + E) '] (105)
Y 0 0 0 )
where N is the total number of nucleons. This is motivated
by the relation between the odd-even staggering of nuclear
binding energies and the lack of binding of the unpaired odd
nucleon, as first pointed out in Ref. [67].

To compute A®(N) theoretically, one needs to perform
consistent calculations of odd nuclei. In the present context,
this would require to perform Gorkov calculations for a state
W) having an odd number-parity quantum number, i.e. a
state such that the sum runs over odd N in Eq. (16). This
is, however, beyond the scope of the present work. The
next best approximation would consist in keeping an even
number-parity state while accounting for the blocking of a
quasiparticle within the filling approximation [68]. However,
such an approximation remains to be formulated within the
general frame of Gorkov-Green’s function formalism.
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In such a situation, the next best estimate to the ground-state
energy of the odd system is obtained through [69,70]

E) ~ EY* + ol (106)

where EJ* is the energy of the odd nucleus computed as
it were an even one, i.e., as a fully paired vacuum with an
odd number of particles on average, while w%’ denotes the
lowest pole energy obtained from that Gorkov calculation.
Obviously, for even N one simply has E{Y = E}'*. With such
an appropriate decomposition of the energy, the three-point
mass formula reads

(—I)N 82E(1)V*
2 N2

The first contribution relates to the second derivative of the
smooth part of the energy E, {)V *,1.e., the energy curve on which
both even and odd nuclei would lie in the absence of odd-even
mass staggering. Such a second derivative of E(’]V * evolves very
smoothly with N. However, the corresponding contribution
to A®(N) oscillates strongly around zero due to the factor
(—1)N appearing in Eq. (107), accounting for the odd-even
oscillation of experimental A®(N) and having nothing to do
with the pairing gap itself [69,70]. The second contribution
to A®(N) relates specifically to the unpaired character of the
odd nucleon and, thus, extracts the actual pairing gap at the
Fermi energy in open-shell nuclei [69,70]

AP(N) ~ + Ar(N). (107

wg for N odd

. (108)
+w2j+])/2 for N even

Ap(N) = {( Nl

VI. ® DERIVABILITY

Gorkov-Green’s functions constitute a versatile and pow-
erful technique that can as well be applied to time-dependent,
nonequilibrium systems (see, e.g., Ref. [71]). When truncating
the self-energy expansion, and, hence, approximating the
solution of the many-problem, one has to pay attention to
the possible violation of basic conservation laws involving,
e.g., particle number, total energy, total momentum, and
total angular momentum. For an arbitrary set of self-energy
diagrams, nothing assures that quantities are conserved with
time even though the corresponding operator commutes
with H.

A way to construct a class of conserving approximations
was devised in the early 1960s by Baym and Kadanoff [72,73].
Baym and Kadanoff demonstrated that if the self-energy is
derived from a certain functional ® of the one-body Green’s
function (and the two-body potential), previously introduced
by Luttinger and Ward [74], the resulting scheme automatically
satisfies all basic conservation laws. Moreover, the resulting
approximation preserves thermodynamic consistency require-
ments, including the Hugenhotlz-van Hove [75] and Luttinger
[76] identities. Fulfilling such consistency requirements avoids
ambiguities in the calculation of thermodynamic observables,
i.e., different ways of computing the same quantity yield the
same result.

The concept of ®-derivable approximations, introduced
by Baym and Kadanoff for normal Green’s functions, was
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generalized to Gorkov’s formalism by De Dominicis and
Martin [77] (see also Refs. [78,79]). In this case such a
class of approximations relies on the existence of a closed
functional ® of the four Gorkov-Green’s functions G and the
two-body interaction V, from which self-energy contributions
are obtained via a functional derivative. At zero temperature,
such a functional is closely related to the correlation energy
AE), i.e., the total energy measured with respect to the
unperturbed energy [80]

G G
AE, = ®[G, V]+Tr{G(O) 1}—Tr{lnm}, (109)

where traces have to be performed over Gorkov and one-
particle Hilbert spaces

dw
27r

There exist two possible strategies to build a ®-derivable
scheme. Starting from a carefully chosen set of self-energy
contributions, Baym-Kadanoff’s functional can be formally
defined through [80]

1
Tr = Try, = 2 Trg (110)

[
M8 -

P[G, V] r{Z"[G, V]1G}

:l»—a

MG, V], (111

n=1

where £™[G, V] denotes skeleton self-energy terms of order
n. Compared to the standard definition, an additional 1/2
factor appears in relation to the trace over the two-dimensional
Gorkov space in Eq. (110). Notice that self-consistency, i.e.,
the use of dressed propagators in the functional, is a necessary
condition for & derivability.

Alternatively, one can use diagrammatic techniques to
construct ®, analogously to the self-energy expansion. At
order n in V, ®™ is given by two-fermion-line irreducible
connected closed skeleton diagrams. With the obvious change
from an open to a closed topology, all diagrammatic rules
outlined in Appendix Bl hold for the construction of the
functional. From @ one can obtain the four self-energies by
differentiating with respect to Gorkov propagators

zi‘jl(w) = _%, (112a)
() = — % (112b)
Efjl(a)) =— % (112¢)
=2 (w) = _%, (112d)

as demonstrated in Appendix D1. Any subset of ® diagrams
employed to derive the self-energy via Eq. (112) will generate
a conserving approximation. If at a given order all terms are
taken into account, the resulting self-energy will contain all
possible contributions at that order. Eventually, one should
have internal consistency, i.e., if the functional is constructed
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FIG. 4. Diagrams contributing to @,

from a certain set of self-energy contributions via Eq. (111),
all and only these self-energy contributions must be generated
from that functional when employing Eq. (112).

Most of the commonly used (fully) self-consistent ap-
proximations in Green’s function theory are & derivable.
It is the case of the second-order approximation used in
the present work, as well as of Hartree-Fock, RPA, or T-
matrix approximations. Diagrams in the & functional that
generate first- and second-order self-energies of Figs. 1, 2,
and 3 are depicted, respectively, in Figs. 4 and 5. Writing
explicit expressions for such diagrams and applying functional
derivative (112), one obtains all self-energies calculated in
Appendix B2. As an illustration, the first-order case is treated
in full detail in Appendix D2.

VII. CONCLUSIONS

The aim of the present paper is to extend the reach of
ab initio nuclear structure calculations to truly open-shell
nuclei. This is done by implementing a self-consistent Green’s
function method within the general Gorkov’s scheme. Such a
method retains the simplicity of single-reference approaches,
i.e., methods relying on a many-body expansion around a
single vacuum. As for open-shell systems, this can be done
only at the price of breaking U(1) symmetry associated with
particle-number conservation in order to tackle Cooper pair
instabilities and explicitly account for pairing correlations.

FIG. 5. Diagrams contributing to ®®.
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The present work provides a detailed account of Gorkov’s ~ equation (34) around the pole +w;. We recall that a
formalism and of its specification to second order in the = complex function f(z) can be expanded in a Laurent series
expansion of normal and anomalous self-energies. At the  around a point ¢ in the complex plane as
present stage, this is done in terms of two-nucleon interactions oo
only. First numerlcal apphca.mons of su?h a scheme w;ll be f(z) = Z a, (z — cY', (A1)
reported soon in a forthcoming publication. This constitutes

the first ab initio application of self-consistent Gorkov-Green’s ) S

function method in finite nuclei using realistic two-nucleon with

interactions. The extension of the proposed ab initio method 1 fdz

to more advanced truncation schemes and to include three- an = 27 /c (z — oyt (A2)

nucleon forces is the aim of future works. . . . . .
and where C is a contour containing ¢ on which f is analytic.

Here one is interested in the case in which f(z) has a simple

ACKNOWLEDGMENTS pole at z = ¢, which means that the integrand in Eq. (A2)
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discussions. This work was supported by the United Kingdom  performed by means of the residue theorem. In particular, the
Science and Technology Facilities Council (STFC) under 7= 0 coefficient reads
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L. . _ 1 2
port from Espace de Structure Nucléaire Théorique (ESNT). ap = 5—, = lim — [(Z —0) ] . (A3)
27i Jo (z—c¢) z—cdz (z—o0)
APPENDIX A: NORMALIZATION CONDITION Performing a Laurent expan'sion of Gorkqv’s equation (34)
around w = 4wy and extracting the coefficients of order zero
In order to work out the normalization of the spectro- on both sides, one obtains

scopic amplitudes let us consider the expansion of Gorkov’s
|

_d ) .
Jim {XEX’ZT + (@ — w) Bly(@) = (@ — o) (0 — Q) + de [(@ = Qu),) Sea(w) XEX,!

+ (@ — o) (0 — Q). Eea(@) Bl ()] } (A%)

where the singular part in the dressed propagator has been isolated as follows:

Xk X4 XK X YT y¥
e Z a4 Z b

Gu(w "4 b
ab() w—wp+in w—owp+in o+ oy —in

k'#k K
Xt X!

—ath LB (). A5
a)—a)k+in+ a»(®) (AS)

Applying the derivative to all terms and dropping the ones that give zero in the limit v — @y, one has

lim {B’;b(a)) = (0 —Qu),, + Z |:—(a) — Q)2 ca(w) XEXT
cd

w—>wy

1 ad 2~:ca' (w)

+ = Q) — - XEXST 4+ (0 — Qu)5) icd(w)B’;b(w)] } (A6)

such that, using Eq. (61),

3. 4(w -
Jim {Z(a) — Q) XX+ B (@) = (0—Qu) + ) |:(a) —Qu);) % XEXET + (0 — Qu)2) Sea() B’;b(w)} }
a cd
(A7)
Multiplying both sides of Eq. (A7) by (w — 2y ) r. and summing over e yields
32 d(a))
XEXY =8+ > ;—w XEXHT, (A8)
d o

where the terms involving B¥ cancel out after using the conjugate Gorkov’s equation

Gup(@) = G(@) + D Ge®) Eea() Gy (). (A9)

cd
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Multiplying by Xl}T from the left, summing over f and renaming (f, d) to (a, b), one finally obtains the normalization condition

Z |X§|2 — 14 Z X/;]L 02 p(w)

” Xk, (A10)

Wi

a ab

where only the proper self-energy appears as a result of the energy independence of the auxiliary potential. Similarly, one can

derive a condition for Gorkov’s amplitude Y

Z |Y§|2 — 14 Z Y];T 0 p(w)

ab

APPENDIX B: DIAGRAMMATIC

1. Diagrammatic rules

A convenient way to express the expansion of the single-
particle propagator is via diagrammatic techniques. By giving
the interaction and the single-particle propagator a graphical
representation and by establishing a set of rules one can
generate diagrams that are in one-to-one correspondence with
the terms appearing in the expansion. As it provides an
immediate insight to physical processes associated with the
various contributions, the diagrammatic expansion is of great
help when choosing a suitable approximation. It is relevant
to discuss diagrammatic rules in some detail here given that
there exist differences compared to rules applicable to the
diagrammatic expansion involving normal contractions only.

In the present work, antisymmetrized interaction matrix
elements are represented by a dashed line labeled by four
single-particle indices,

- a b
Vabed = [ ® . B1)
c d

Single-particle unperturbed propagators, i.e., Green’s func-
tions associated with the unperturbed Hamiltonian 2 intro-
duced in Eq. (31), are depicted as solid lines labeled by two
indices and one energy flowing from the second to the first
index

a

GV (w) = Tw , (B2a)
b
a

Gy (w) = Tw . (B2b)
b

R (A1)
[
a
G (w) = Tw » (B2c)
b
a
G Ow) = Tw (B2d)
b

One should notice that, as opposed to traditional graphical
representations of Dyson’s propagator, Gorkov’s propagators
carry two arrows specifying whether a given propagator
results from the contraction of two creation operators, of two
annihilation operators, or of one creation (annihilation) and
one annihilation (creation) operator.

With building blocks (B1) and (B2) one can construct, order
by order, the (diagrammatic) perturbative expansion for each
of the four Gorkov propagators (22). To obtain all terms of the
expansion at a certain order m and for one of the four Gorkov
propagators, the following rules are employed:

(i) Draw all topologically distinct connected direct dia-
grams with m horizontal interaction lines (with 4 single-
particle indices) and 2m + 1 directed propagation lines
(with 2 single-particle indices each, connecting the 4m
indices of the interaction and the 2 external ones).
Notice that exactly two incoming and two outgoing
lines must be attached to a given interaction vertex,
i.e., the left diagram in Fig. 6 is allowed while right
diagram is not. Topologically distinct diagrams cannot
be transformed into each other by any translation
(in the two-dimensional plane) of any of the vertices
without disconnecting or reconnecting propagation

FIG. 6. Allowed (left) and forbidden (right) interaction lines.
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FIG. 7. Example of topologically equivalent
diagrams.
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b b

second-order

lines. For example, second-order diagrams in Fig. 7
are topologically equivalent, while the ones in Fig 8
are not. Connected diagrams are diagrams in which it
is possible to go from each interaction line to any other
by moving along propagation lines. For example, the

@

Ql

b
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~
~0
(NQ‘I

FIG. 9. Example of connected (left) and disconnected (right) first-
order diagrams.

(ii)

where it is unclear whether diagrams are topologically
distinct, one can always resort to a direct application of
Wick’s theorem.

Assign an energy to all propagation lines such that the
energy in each interaction is conserved (the energy en-
tering a vertex must be equal to the energy exiting). As
a result, an m-order diagram will have m-independent
internal energies and the incoming external energy
will be equal to the outgoing external one. For each
independent energy, multiply by a factor 1/27.

(first-order) left diagram in Fig. 9 is connected while (iii) Write down a V (with corresponding single-particle
right diagram is disconnected. For a given diagram, indices) for each interaction line and a G#$'$> (with
exchange diagrams are derived by exchanging the end corresponding single-particle indices and energy) for
points of two propagation lines coming in or out of each propagation line® according to representation
one or more interaction vertices. Since we are using (B2). If the energy w flowing along the propagator
antisymmetrized matrix elements in Eq. (B1), it follows has the opposite direction than in definition (B2), the
that for each set of diagrams obtainable from one associated term is G2'&(—w).
another by means of such exchanges, one must only (iv) Write an overall factor i™.
retain one representative diagram, arbitrarily chosen (v) Write a factor 1/2 for each pair of equivalent prop-
and denoted as direct, and discard all the other ones. agation lines, i.e., pairs of lines starting at the same
For example, if one considers left diagram in Fig. § as interaction vertex and ending at the same interaction
direct (the choice of the present work) it follows that vertex and corresponding to the same type of Gorkov
one must discard the right diagram in Fig. 8. In cases propagator. This factor is due to the antisymmetrization
of the potential, i.e., to the fact that exchanging
a . the incoming lines of two interactions connected by
equivalent lines yields the same diagram. For example
diagrams in Fig. 8 have a pair of equivalent lines, while
the diagram in Fig. 10 has none.
) (vi) Write a factor 1/2 for each anomalous propagator
S € € starting and ending at the same interaction vertex. This
c f 7 factor appears for the reason discussed in point 5 and
applies, e.g., to left diagram in Fig. 9.
(vii) Write a factor (—1)N*Me where N, is the number
d h h of closed fermionic loops and N, is the number of
1T = anomalous contractions.
) g 9
b b

®Any normal propagtion line can be interpreted either as G'! or

G?. The choice of the present work consists in identifying normal
lines with G'' in the expansions of G!', G'?, and G?' while using
G? in the expansion of G?2.

FIG. 8. Example of second-order diagrams topologically differ-
ing from the ones in Fig. 7. Right diagram is the exchange of left
diagram.
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=)

b

FIG. 10. Example of second-order diagram with no equivalent
lines.

(viii) Interpret equal-time propagators as

lim GL(t. 1) = Gy, (0. ). (B3a)
lim G (1. 1) = G, (0. ). (B3b)
lim G2 (t, 1) = G20, —n), (B3c)
lim Gt 1) = G20, +n), (B3d)

which implies that integrations over w are performed in
the complex energy plane, either by closing the contour
in the upper (C 1) or in the lower (C | ) half plane as

/ dw Gl (w) — /C T do Gl (@),  (B4a)
/ dw G (w) — . do G2(w),  (B4b)
f do G (@) — L Gli(@),  (Bdo)
f do Gy (@) — /C 4 Giy(@).  (B4d)

When equal-time propagators appear the ordering of
the annihilation and creation operators must be as in
the starting Hamiltonian. Hence limits (B3a) and (B3d)
must be taken in opposite ways. Since the operators
in G'? and G*! anticommute the remaining two limits
can be arbitrarily interpreted, as long as they are taken
consistently.

(ix) Sum over all internal single-particle indices and inte-
grate over all internal energies. External indices and
energy refer to the Gorkov propagator being expanded.

Once the expansions of the four one-body Gorkov prop-
agators are written down, one can derive the corresponding
expansions for the self-energies by simply stripping off
external propagation lines. For example, in Fig. 11 right
diagram is the self-energy contribution corresponding to left
diagram.

PHYSICAL REVIEW C 84, 064317 (2011)

Twhb

FIG. 11. Example of first-order diagram (left) and corresponding
self-energy contribution (right).

All self-energy contributions can be divided into two types:
one-line reducible and irreducible self-energies. Irreducible
self-energies are constituted by diagrams that cannot be
separated into two parts by cutting one propagation line. For
example, diagrams in Fig. 7 are reducible while diagrams
in Fig. 8 are irreducible. Irreducible contributions can be
further divided into skeleton and composed diagrams. Skeleton
(composed) self-energies are obtained by keeping, at a given
order order, only those terms that cannot (can) be generated by
successive insertions of irreducible self-energy terms of lower
order. At first order, all diagrams are irreducible by definition.
An example at second order is given by the two diagrams in
Fig. 12: The upper one is a skeleton diagram while the lower
one can be generated by two successive insertions of first-order
self-energy term of Fig. 11.

Once this distinction is made, one can demonstrate that
the complete propagator expansion is generated by keeping
irreducible skeleton self-energy diagrams only and by replac-
ing accordingly in such diagrams all unperturbed propagators
by dressed ones. Dressed propagators are Green’s functions
that are solution of Gorkov’s equations: Their appearance
in the self-energy expansion generates the self-consistency
characterizing the method.

It thus follows that only irreducible skeleton self-energy
diagrams with dressed propagators have to be computed. Such
dressed propagators are depicted as solid double lines and are
labeled by two indices as well as by an energy, just as for

co e
i f
T Q)/ T (.U// l (.U/N
J g
d h
— w//
c 7 e g
- ——-- -———- o
d J f h
N w///

FIG. 12. Example of skeleton (upper) and composed (lower)
second-order self-energy diagrams.
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unperturbed ones, i.e.,

a

Gup(w) = n Tw : (B5a)
b
a

Gii(w) = ﬂ Tw : (B5b)
b
a

Gop(w) = n Tw : (B5¢)
b
a

Goi(w) = Tw : (B5d)
b

Diagrammatic rules to compute irreducible self-energies are
the same as for reducible ones, with the only difference
that dressed propagators (B5) have to be used instead of
unperturbed ones.

2. Self-energies

The present section addresses the derivation of first- and
second-order self-energy diagrams.

a. First order

The first normal contribution corresponds to the standard
Hartree-Fock self-energy. It is depicted as

a &
£ () = .b____d© A
and reads
do’ _
11(1) . 1,
— Vaevd G ;. (@), B7
() = I/CT o gd pd G 4. (@) (B7)

where the energy integral is to be performed in the upper
half of the complex energy plane, according to the convention
introduced in Rule 8. Inserting the Lehmann form (38a) of the
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propagator one obtains

uk uk*

d /
S
(0) = — /C¢ Z mhdw_wk_l_m

cd,k

=" Vucra V" V%, (B8)

where the residue theorem has been used, i.e., the first term,
with +in in the denominator, contains no pole in the upper
plane and thus cancels out. As in the standard case the Hartree-
Fock self-energy is energy independent.

Similarly, one computes the other normal self-energy term

a c
s (w) = %----dQ Lo (BY)

which reads

do/ =
22(1)(w) = —i/ 2 Z Viiac Gin(@)

- _[2}1(“]*. (B10)

ab

The anomalous contributions to the self-energy at first order
are

E12(1) W) = ’
ab ( ) (Bll)
(—wl
21 (1 (B12)
52V (w) = ¢ md 7
a8------ b
and are written, respectlvely, as
do’ _
21(1) 12/, 7
() = —/ 2 S Ve G2
3 )., 2 2 Ve O
i do’ _ Uck Vfi‘*
= _E A Val;cci f
ct ncd’k o —wp+1In
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sk 1 _ o
S Y Vit
ct 2 “""“’k_’n chk
- X _ 7k D
LS e VT (B13) Z pea i Ve
d.k cd k
d ==, (B14)
an
where the same integration technique as in Eq. (B8) has been
21 ) _t / used.
(@) = Z Veaan Goj(@)
c T
_ A Z/l(l;* b. Second order
= | 5= Veias ——— .
2 fCT 2 ; edab oy — wr +in Let us now proceed to the computation of the second-order
“ o contributions. The first term is the standard second-order self-
i / do’ Z % U vy energ
-5 5= Veday ———————— y
2 Jey 27 pry o +owr—in
a. e
c f
11 (2’
T W)= T Tw” L™ (B15)
d g
b h
reading
d d 1/
11(2)( ) = 260 26() do" Z Vaec}‘ Vdgbh Ld(w ) G (w//) G}lli(w///) Sw—w — " + ")
ToLm cdefgh
do' do” = ~ " / "
~2) 2 2n Vacer Vagon Gig(@)) G (@) G0 + 0" — o). (B16)

cdefgh

Notice that the minus sign coming from rule 4 is canceled by a minus sign coming from the presence of a closed loop (rule 7).
The integrations over the two energy variables are performed in this case using two successive applications of the formula

T dE F B 23
I(E) = Py — + . — +
oo 2mi |E'— fi+in E —by—in E'—E—f,+in E —
_ { F\ B, F>B, }
CLE-(fi=b)+in E+(fi—b)—in]
The above integral, defined on the real axis, is computed by extending the integration to a large semicircle in the upper or lower
complex half plane of E’ (this can be done since the integrand behaves as | E’| =2 for | E’| — oo and this branch does not contribute

to the integral) and then by using the residue theorem. Of the four terms, two have poles in the same half-plane and yield zero as
the contour can be closed in the other half. Applying this formula to the integral (B15) one obtains

5 Uk Phx ph }

Vaecf Vdgbh { ; < N ; .
cdefgh kikoks o i o =i

B,
E—bz—in

B17)

do' do”
2mwi 2mi

11(2)( )= —

_kz* \ Ok
Vf ng

o+ wp, —in

U U N
o+ —w—w +in

o+ —w+w, —in

st o
o — o, +in
Vk‘* Vkl vkz* sz

US U™ U U D ks U
o + (wk, + o, + wkz) —in

w — (W, + i, + i) +in

(B18)

1 _ _
= E Z Vaecf Vdgbh {

cdefgh kikyks
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With the same technique one can evaluate all other terms contributing to the second-order self-energy. One has

c f
11 (2"
S W) = 1w Tw” Lw" : (B19)
d h
g
reading
" do’ do” _ _ ,
0 @) = = [ 55— 3 Vaeer Vagoi Gaa@) G 1(0") G + o — )
cdefgh
_ US U U VUl Vi Dl PR DRt Vis gl 20
o+ (0r, + or + or,) — i

- Z Vaecf Vdgbﬁ { N
cdefgh kikoks ® — (@ + o, + o) +in

The two diagrams of the other normal self-energy X?? are, respectively,

a. e
¢ f
Zzi@ )(w) _ TW: T w" Lw™ 7 (B21)
d g
b h
yielding
/ l d(,()/ d(,()” — — / 7" / "
£20) () = 5/ o Vi e Vinaz Gog(@) G74(@") Gio(@ + o — w)
Toen cdefgh
1 S et VRV VE VRS gl Ry U TR Yy Ve 22
B cdefgh,kikyks e ThE 0= (a)kl + Wk, + Cl)k3) + ”7 w + (wks + Wi, + wkz) - ”7 '
and
a_ !
c e
2(2112) (2 )( ) _ Tw/ 1 W' iw/// ’ (B23)
d J
5 R
reading
do' do” _ _ , ,
— s rae Viiaz Goa(@) G g (@") Ghp(@' + 0" — )

235(2”)(50) = _/
2w 2w cderoh
ki 77K Yokyx 77ky Y ok3 9 gkax
u u,' v, Z/{g V, Uf (B24)

_ VRV Ul Vi gt Vi
W+ (wr, + p, Fop) —in |

= - Z ‘_/c'-f&e Vihaz [ ;
cdefgh kikaks @ — (@ + o, + o) +in

The first of the anomalous self-energy is

a_ ______ e
c f
E12 (2") ’ " "
aw (W) Tw Tw l : (B25)
d h
5 g
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for what concerns the first contribution, which reads
T ) = - / do de” Vaeer Virga Grag(@) G (@") G h(0) + 0" — w)
VU ViV Uy U } (B26)
o + (kg + or, + wi,) —in

2w 2w cderoh
UR VU Uy Vi Dk

= - Z Vaecf VhEgJ { N
cdefgh kiksks ® — (@ + o, + o) +in

and
a_ e
c f
() R Tw” Lw"” ; (B27)
d 7
o ;1

for the second contribution, yielding
do' do” _ , ,
— Vaeef Viinga Gig(@) G(@") G0 + 0" — o)

7" 1
2;2(2)() 5/2 2
T 2w cderon
Phox gkt Phax prka ks g gk
c 7d 7 Tg Th Te (B28)

_ UM VY U Ve T Dl
o+ (p, + o, + o) —in |

L T Vi |
=z aecf Yhbgd .
2 cdefgh kikoks o — (W, + O, + o) +in

Finally,
a ______
c e
22w = 1w Tw” Lw” 7 (B29)
d g
h
reads as
/ do' do” _ _ ,
£ @) = — / 7 o 2 Verae Veaw Gog(@) Gog(@) G + 0" — )
Toen cdefgh
o VR U U VY TR Ve Ve g U
== > Vesae Veam ’ . 1L - et B (B30)
cdef s hakoks w— (0, +op, + o) +in - o+ (0 + oy + o) —in
while
a_ f
c e
2w = 1w Tw” Lw” , (B31)
d h
g
is expressed as
1" l d(,()/ da)// — — / VA / /7
£2 @) () = 5/ P < fie Vaai Gog(@) G 1(@0") Gy + 0" — w)
Toen cdefgh
| 7 ki ko¥ 977kax Yok Zkyx Yokt Yokox 77k ky*
i VEU UL VTUS VY UV VR U VEUY B32)
o+ (W, + op, + @r,) —in

1 _
=5 2 Verae Vean { .
cdefgh,kikaks w— (a)kl + oy, + wks) +1in
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APPENDIX C: JU = 0* STATES

The present section specifies the complete set of equations
to JT = 07 states.

1. Time-reversal invariant systems

Let us define the time-reversal operator as
T ="K, (C1)

where K is an operator that associates to a wave function
its complex conjugate and S is the y-axis spin-projection
operator of the N-body system. The time-reversal operator is
antiunitary (unitary and antilinear) and displays the following
properties:

7T =1, (C2a)

T2 =(-DV, (C2b)

(a| T)|b) = [(al (T |b)]", (C20)
@|(T'1b) = (I (T |a). (C2d)

One can also introduce the time-reversal operator acting
in Fock space. This is done by specifying its transformation
rules on standard creation and annihilation operators defined
on the tensorial product of spatial (represented by the vector
7), spin (represented by the spin projection m, ), and isospin
(represented by the isospin projection g) one-body Hilbert
spaces

T'al, T=2mya, . (C3a)
Tal, T'=2i,a, . (C3b)
T Gipg T = 2my G g (C3¢)
T iy T' = 2115 @i g, (C3d)
as well as on the particle vacuum
7|0y = |0y, (C3e)
where the notation 71, = —m, has been used. Given Eq. (C3)

it is easy to prove that for any basis {a,ﬁ} closed under time
reversal, defining
a=Tal T, (C4)

provides a partner basis of the type of Eq. (1). Accordingly,
we define the action of 7 on one- and two-particle Dirac ket
and bra as
Tla)=n,la) (@l T' =@l
T |ab) = nqnylab) (ab| T' = ngnp (@b|.

(C5a)
(C5b)

It follows that for kinetic energy, which fulfills

T'T7T =T,
Tas = (@| T T (T|b)
=[@(T'TT|p)*
= [(a| T|b)I*
= Ta*,, , (C6)
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and, similarly, for time-reversal invariant interactions, i.e.,
T'VT =V,
Varca = (abl TV (T{|ed) — |de))
= ab|(T"V T{led) — |de)}]*
= [(ab| V {|cd) — |dc)}]*
—v . (&)

Considering a time-reversal invariant system, i.e., a reference
state |Wo) satisfying 7 |Wy) = |Wo) and (¥y|7T) = (W, one
can prove, using property (C2), that in this particular case the
anomalous density matrix (54c) is Hermitian

Pap = (Wolap aq|\Wo)
(Yol TH(T ap T" a, |Wo)
~[(Wolay (TT T2 a, T' T |Wo)]*
= (Wo| a, ap [Wo)*

=7l (C8)

2. Single-particle basis

In the remaining of the present section the many-body
system under study is assumed to be in a JT =0T state,
where the parity is IT = (—1). A possible choice for labeling
single-particle basis states in this contextisa = (n, ¢, j, m, q),
where n represents the principal quantum number, £ is the
orbital angular momentum, j is the total angular momentum,
m is the projection of the total angular momentum along the
z axis, and q is the isospin projection. The spin o is omitted
from the single-particle label because trivially o = 1/2 for
all nucleons. A choice that will appear to be more convenient
below consists of labeling single-particle states according to
a=(n,m, j,m,q), where the parity 7 = (=1 substitutes
the orbital angular momentum. Since for a given j, £ =
== % are the only possible values, there exists a one-to-one
correspondence between £ and 7.

Different phase conventions exist to define single-particle
states in such a context. In the present work, spinors are written
as

(Fla) = ¢a(F q)

unﬁj(r 61) 0 A i
= r Z Yé"’(r) Cl{Z[I/Zm(, |m<7)

Moy

Up (”t]) A
= L Q). (€9
where C denotes a Clebsch-Gordan coefficient according to
CIM iy = (jimy oma| TM). (C10)

The €, (7) are spherical spinors that recouple the angular
part of the wave function to spin-1/2 spinors. They fulfill

J? Qjom () =1 j(j + 1) Qjem(F), (Clla)

L2 Qjun(P) = R LU + D Qyn(®),  (C11D)
§2 Qjen(?) = B2 0 (0 + 1) Qjen(?)

= 302 Qjpm(?), (Cllc)

J: Qjom(F) = hm Qjen (F). (C11d)
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Spherical spinors are orthonormal, i.e.,

2 T
f dgo/ di sin(v) Q;m(ﬁ, ©) Qo (B, @) = 80 S¢er S
0 0

and fulfill
J .
. o 2j+1
3@l (M) Q) = 2 —. (1w
m=—j
J
> Qb (6 Qum@E) =0. (C12b)

m=—j

As shown by Eq. (Cl1c), the total spin o is a good quantum
number while its projection is not, since single-particle states
mix my, = :I:%. If the time-reversal operator (C1) is applied to
a state a belonging to this single-particle basis one can easily
prove, using

YU = (=1 Y
2mg = (—1)" 7,

(C13a)
(C13b)

as well as standard properties of Clebsh-Gordan coefficients,
that

(T(p)nljm(?Q) = Nejm §0nlj7m(;:Q)v (C14)

where 7, = (—1)*7/7". Equation (C14) demonstrates that
time-reversal operation connects basis state a, up to a phase, to
state @ = (n, £, j, —m, q) and, thus, constitutes an antiunitary
transformation that can be employed to define the partner basis
{a'} used to introduce Gorkov Green’s functions. The creation
and annihilation operators introduced in Eq. (1) in this case
take the form

5le,-mq = Nejm af,@j,,,,q, (C15a)
(C15b)

an(jm = Nejm Anej—mq -
q J J—mq

Equivalently, one obtains a = (n, w, j, —m, q) if parity is
chosen to label single-particle basis (which will be our choice
in practice), such that

=

— T
nwjmg = Najm Qpmjmg>

(C16a)
(C16b)

C_lmr'm = Nujm Anwj—mq >
Jmq J J—mq

with 7z, = 7 (—1)/*". By including 7y, in the definition
of the building blocks of the theory (e.g., density matrices and
propagators) one can exploit symmetry properties associated
with time-reversal invariance that lead to a simplification of
the formalism.

3. Block-diagonal structure of propagators

It is easy to prove that the operator aigjmq (ainjmq) is the m'™
component of an irreducible tensor of rank j and that the cor-
responding annihilation operator transforms contragrediently,
implying that (—1)"a;_,, is also the m"™ component of an
irreducible tensor of rank j. Starting from such a property, one
can demonstrate that, in addition to being diagonal in isospin
space as only proton-proton and neutron-neutron pairing is
considered here, Gorkov propagators possess a block-diagonal
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structure relative to quantum numbers 7 (¢) and j and are
independent on m, i.e.,

8182 _ 8182
Gab (@) = Gnaja@amaqanhjh@hmbqh(a))
— Gglgz ((,())

namaonpmpf

= bu,m,Sap G112 (),

Nghp

(C17)

where the notation o = (j,, 74, q4), 1.€., a = (14, &, My), has

been introduced. Similarly, one writes unperturbed propaga-
tors as

ngé’Z (0)(w) = Sy, my Sup G518 [a](O)(w)

a a *

Nahyp

(C18)

The Lehmann representation also reflects the block-diagonal
form of the propagators. In particular, there exist selection rules
associated with label k = (ny, «’, my), with k' = (ji, i, Ox),
characterizing many-body states |V ) introduced in Eq. (36).
Considering the definition of the spectroscopic amplitudes (39)
and (40) and applying Wigner-Eckart theorem, one finds

Uy = (Wola| W)
= (=1 CY i (Yol l@n,a [ Wiyie)
(=)~
= (Sjkja Smkmam <q10||anaot||“pnklc>
= 5/(04 (Smkm,, unk

ng [a]?

(C19a)

where « = (ji, 7k, OQx — Qo), with Q¢ being the isospin
projection of |Wp). It is assumed here that, analogously
to angular momentum, |Wy) has a good isospin projection
and that Qy is determined by the isospin projection of the
creation/annihilation operator acting on W), i.e., §0,—0).q.-
From parity conservation follows &,.,. As the spin of |Wy)
can differ from 1/2, the fact that my = m, does not imply
£y = £,, hence, the single-particle basis is labeled by a =
(ng, T4y ju» Mg, q,) from now on. Similarly, one has

-k (_ l)zu +mg,
Uy = 8jijs Smi—m, Nt (Wollane [[Wni)
= Ska (Smk—ma Na Z/{:,l:[al, (C19b)
14
k (=D
Va = Bii dmams =y (Wolla}, o W)
= 5/{(1 8mkm,, V,’Z‘I: [a]’ (C19c)
_ (—1)Ja=a )
Va = Sis dm—m, =g (Volla] ol ¥ie)
= Sa Omy—m, Ma VZ: [e]* (C19d)

Inserting Eqgs. (C19) into Egs. (38), the set of Gorkov
Green’s functions can be written according to Eq. (C17) as

unk un,k* Vl’lk* Vn/k
G,y = Y Ly e (C20a)
" w—w;+1n W+ oy —1n
unk Vn,k* V"Lk* un/k
G:li,[a](w) — Z nla] “'n [C{] + nla] “'n [o(] , (CZOb)
” w—wg+1In W+ wy —1In
Vnk ul‘l/;,* unk* vn,k
Gy = Y § el el nlel kel & (e
o w—w;+1n W+ wy—1n
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G2l P ‘i V"k[* ] u”f[*] U",k[ J 4. Matrix elements of the nuclear potential
o nlo o nlo n o
G (@) = Z w—w+in + w+o—in|’ (C20d) Let us consider two-body interaction antisymmetrized

T matrix elements V., introduced in Eq. (4), which depend

on angular momenta j,, jp, jc, ja of the two incoming and
two outgoing nucleons as well as on their third components

where only one sum over principal quantum number 7y Mg, My, me, my. Writing all indices explicitly they read
remains.

Vnuamanhﬂmhn(»ymcn,j&md = (1 : (na o ma); 2: (nb /3 mb)|VNN|1 : (nc Y mc); 2: (nd 8 md))
— (1 :(ngamy);2 : (np Bmp)[VNIL : (ng Sma); 2 : (ney my))
= (1:(ngamy);2: (ny Bmp)|VIN|1 (e y me); 2 < (na 8 my)). (C21)

One can go from such a representation, referred to as the m scheme, to the jj-coupled scheme or J scheme, in which incoming
and outgoing two-nucleon states are labeled by total angular momenta J to which individual angular momenta are recoupled.
Two-particle (non-anti-symmetrized) states in the two representations are connected through

1 (rgame);2:(ny fmp)) = Y CIY |12 (g @);2 2 (ny B); IM), (C22a)
JM
1110 @):2:(np B): IM) = LM 112 @mg);2 < (ny B my)). (C22b)

The corresponding relations between the antisymmetrized states are

(g @ ma); (i Bmp)) = /T Sap Smy D CLY - 110 @); (15 B): TM), (C23a)
JM

(14 @); (ny B); T M) = 3 it N ama); (ny B my)), (C23b)

V 01;3 8"“"17 mamyp

where the factor \/1 + 84 8,,,, ensures the correct normalization of the antisymmetrized state |1 : (n, «); 2 : (n, @); J M), which
is nonzero for integer values of J. Antisymmetrized potential matrix elements in the J scheme are, thus, related to those in the
m scheme by means of

_ o 1 1 ,
yIMIM c/M J'M Voved (C24)
”aa”hﬁ”c)/ﬂd5 \/1 + 50(/3 (Snaﬂh \/1 + 8]/8 (Sﬂ Uy m memmd Ja'najhmh jc'nrjdmd o
and, conversely,
Y M M S IMJ' M
Vabea = Z \/1 + 8ap Snn \/1 + 85 8nena Cjomyjymy Clomejama Vaganyneynas: (C25)

IMJ'M'

Since nuclear potentials are rotationally invariant, they do not depend on M or M’ and are nonzero only for J = J’, such that
one can define

IMJI'M' J [aByé]
Vn aonpfneyngd — 811/ SMM' Vnﬂnbgynt, ’ (C26)

which allows rewriting Eq. (C25) according to
Vabcd = Z \/1 + (Saﬁ (Snam, \/1 + 5)/6 SVLL.IId CJM CJM VJ[aﬁVS]. (C27a)

JaMa joMp "~ jeMejama " NalpNcna

JM
Similarly, one has
Z \/1 + 501/3 5nanh \/1 + 8)/8 8n eng NMbNd Cjumujh thchfojd*md ann,[,‘;f‘:f,fd], (C27b)
JM
I; cd = Z \/1 + 80(,5 (Snunb \/1 + 81/6 (Sn(.nd NaNbNcNa C_,{,Afmajb_mbCJMmL Ja—mg Vn{,r[t(j,tgj/n(i/] (C27C)
JM
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5. Block-diagonal structure of self-energies

a. First order
The goal of this subsection is to discuss how the block-diagonal form of the propagators and interaction matrix elements
reflects in the various self-energy contributions, starting with the first-order normal self-energy %!' (. Substituting Eqs. (C27a)
and (C19) into Eq. (B7), and introducing the factor

Faini" " = /14 8ag Snuny /1 + 8ys Sn.ng» (C28)

one obtains
1 > Sykk Yok
z:ab( : = Z VHChd Vd* Vc

cd,k
_ nan nbnd IM JlayBy] yni* Mk
- Z Z Z V/SV Jnma]cmz thmbjcmc V”un Nphg V nag [yl Vﬂc [v]

NeNgng me

2J 27 +1 1 -
_ NaNenph Jlayayl ,ly]
= aﬁ 3mﬂmb Z Z Z yayb ¢ 2] 4 1 an,n NpNy pn{/nL
a
neng

_ 11 1
= 80113 8mamb El’lal‘l[f]( )
= 5aﬁ 8mamb AEZ]n;,’ (C29)

where the block-diagonal normal density matrix is introduced through p, = 84p Sm,m, P}, » such that
P, = Z a1 Vo e (C30)

and properties of Clebsch-Gordan coefficients has been used. The fact that the interaction conserves parity and charge yields
Sn,m, and 8,4, leading to 8p = 8, j, 8., 84,4, Similarly, for £,

22(1) 7A Dk Yok
Xy = Z Viscaa Ve Va'
cd k

2041 _,
= (xﬂ mqmyp § § § J;Z;lu”d 2] _|_ 1 Vﬂbi!lanyao:'ly] ptll);l!lz
a

neng Yy

222[01](])

= Sdﬂ (Smamb NaNyp

[o]

= _8(1/3 (Smam;, An,,na

= _511/3 Sm(,m/, [A[a] ]* (C31)

NaNp
Let us consider the anomalous contributions to the first-order self-energy. Substituting Egs. (C27b) and (C19) into Eq. (B12) one
derives

1
12(1) *
S =5 > Vs VUL

cd k
— NaNpNeng JM JM J[aByy] yonk* ni
- Z Z Z Z Tapyy " M67e Clomy jy—my, Ciome je—m, Vnanhn " Ve ty1Ung 11
nengny m,
—_ __ NalpNeng JO JO 7 J [eByy] x[v]
- Z Z Z Z ﬁ)/)/ M6Me Comy jy—my, Ciomejo—me Vaanyneny Oning
neng
_ NgNpNchg _1)\2Jjc (00 . O[aByy] =[v]
- ZZ ﬁVV M (=)™ Cl iy, V2Je +1 Vnunbn na Preng
neng

A2+ 1
Bas Smmy, > Z Z ;t;;l;/n T 7[0(_1)2](' NeJe T yOleayy] 5ly]

- Rgnpncng neng
yy 2ja+1

12[a] (1)
mamp “n,n,

50
8 Smmy P, (C32)

where the block-diagonal anomalous density matrix is introduced through pu, = 84 S m, p“,[z‘j}lh, such that
~ }’l *
Py = Zunb (el Vi lal" (€C33)
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It is interesting to note that the first-order anomalous self-energies involve only J = 0 matrix elements as a direct result of dealing
with a / = 0 many-body state. The other anomalous term is similarly obtained from Eq. (B13) and reads

I o
n2 0 = 5 > Veaan UL Vs
cd k

_ 2 Ngnpneng IM JM JlyyaBl 7 /n 1k
- Z Z Z Z ﬁVJ/ NaMe CJ —m .]sz‘C —Mmq jomp Vn NgNanp un( [r] Vnd [¥]

NeNgng me

V2 + 1 )
Sap amamb ) Z Z NRaltpReltd o nc(—l)zﬁ‘; yOlyyea] 5y

0
aayy /A 3 nengngnyp Fngne
nengng 21“ + 1
— 21 1
= 8up Sy Spuny
= Sap Sur,m, i - (C34)

b. Second order

Block-diagonal forms of second-order self-energy contributions (77) and (79) can be obtained by considering explicitly the
angular momentum couplings of the three quasiparticles to their total momentum Jyo, separately for the six objects M, N, P,
9, R, and S. One proceeds first coupling particles 1 and 2 to some momentum J,., which is afterward coupled to particle 3 to
give Jior. The recoupled M term is computed as follows:

k1k2k3 _ JL‘ML‘ J(OIMIOI k1k2k3
Ma (Jedo) — Z Cjkl My Jky My CJcMcjk3 My Mu

mymomsM,

= -’lmM(m ky ky k3
- Z Z /klmkljkzmkz JML]ABmk Varrs US US Y,

mymomsM, rst

= Y D0 e Smym, Sso Smim, S S, —m, (—110) Lo

mymomsM, rst J,M,

JeM, Jiot Mot JuM, Jolatpa] 7 /% ”k7 iy
X Ck My JiyMicy ~ JeMe jig My Ja’"a]rmlcr my jsms Vnanrn ng U r [Pl n [G]V [7]

_ n,ln,n ng JeMe Jiot Mot Jy My Jy M, Jolakskiia] 7 /M Ty Ttk
- Z Z Z M f. QK3K1K2 C Jky My Jiy iy CJL»Mc'jkg’"kz Cja’”ujk} —mpy Cjklmkljkzmkz Vnn”t" s un [x1] un; [x2] Vnr [k3]
mymomsM, n.ngn; J,M,
2J.+1 ;
_ nan,n ny c 1V e 24y —Ja (S0t Mot JaMa Jlakskikr] 7 /1 Ty ks
- Z Z nk‘ aK3K1ko /2j 1 =D CJ M jiymiy CJ«'Mt'J.k3ml\% V"u”t” s u'lr [x1] uﬂy [x2] Vﬂf [x3]
a

msM, nyngn;

J2J. +1 : Nk m o
= -3, i Su . § Tk :I?n,nrns (_])J<+Jk3—jav-] clasiiiea] g M g Ml 3t
tot Ja otMa 3K1K2 /A s NgNiNyNg ny (k1] % ng k2] ¥ ny (k3]
nengn, 2]‘1 +1

o Ty My iy
= SJmlja SMmtma M (C35)

ng laksiiia] Jo2

where general properties of Clebsch-Gordan coefficients have been used. Similarly, one derives the N term

kikoks 5. s T, flanens v2J. +1 (—1)letin=iayy Jelaskik] Pt gt
a(Jedio) — CJrotfa OMioma ks K3k K2 \/ﬁ NaN NN n, k11 ¥ ng o] Yy (k3]
nyngn, Ja

= (Sjlolja(SMlolmu N"“l”“z”“s . (C36)

ng laksiira] Je
One can show that the same result is obtained by recoupling directly A" as follows:

\kikoks JeM, Jiot Mot \k1koks
a(Jedo) — Z Jky My Jky My Je M ks My
mymomsM,

— Jthm( Yok Yok k3
- Z Z Ik]mk]/kzmko JMcjk3mk3 V‘”” Vr Vel

mymoms3M, rst

— E E E NN NN
- 8K|,D (Smk] —m, 8}(20 8mk2—m5 8/{3‘[ 5mk3m, Na Mt fa{{"p(tr e
mymomsM, rst J,M,

CJ(‘ c JlotMtf)l !lev X CJv v J [0{1’,00] Vnkl
Jiey My Jk';mkz JEMEJkgmk3 Ja=Mg Jr—mM —my js—mg ' Mgl ny [pl

Vnkz unk3

ng [o] % n, [7]
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n,,n,n ng ~JeMe Jiot Mo Jy My JuM, Jolakskika] y )t Tk T3
E E E Na 77k3 QK3K1KD Cjklmkl Jiy My C-/fojk3mk3 ijmajk3 —Migy Cjklmkljkzmkz Vnanzn g Vn [x1] Vn.v [12] um [x3]

mymomsM, n.ngn; J,M,

2 E : N nk3 nan,n nsCJthm C\l]z‘Mz‘ ) VJp[aK;K]KZ] V”kl V”kz u"kS

aK3K1KD JeMe jizMicy ™ ja—Ma jig =My Nalilyhg n, [k1] Vng (k2] ¥ny (k3]

m3M, nyngn;

V2J. + 1 oL
nanneng ¥ V¢ T 20 N jat iy —Je o oMo Ja—Mmq Jelakskiia] )t Tky Ty
Z Z MNa T3 J sk /—Zj 1 (=D CJ M(jk3mk3c JeMe jiymig Vnamn ng Vn [ri] Vm [x2] um [3]
a

msM, nyngn,

=45 ;6 T Maliy N M (_1)Jc_jk3 —Ja VJ [eeics ki ka] Vnkl V"kz uﬂk3
JiotJa OMio—my Na T, AK3K1K2 \/ﬁ ol Ny ng n, k1] Y ng (k2] Yoy (k3]
nengn; Jat
_ ey Ty Tk
- _SltoljaSMlol_ma Na ng lakskika] Je? (C37)

which recovers relation (72a). The remaining quantities [see Egs. (69) and (70)] are related to M and A/ by permutations of
{k1, k2, k3} indices and can be obtained from Eqs. (C35) and (C36) by taking into account the different recoupling of ji,, ji, and
Jks to Jior and J. as follows:

o o 7
Pt = D (=Dt 2]+ 1320, + 1{512 o JZ}M?(]?,'(JM)
Ja

3

VI F T Jot ik

— _ . E E ngnineng ¥ SV T 7 Jia +a .]ko Jky ¢

= 81{(1(./118Mlmma Thy J ascaicrns m(z‘ld + DD 3 ]kz Joto  Ju
”kl

x Y Jalakakins] u . u""s V”"z

g N ns (k3] Vne (k2]

= ajmlja(stlma 7)"“1 e (C38)

ng lakskikz] Je?

kikak: T di+jiy+ b Ja Je | g rhiksk
it = Z( Dttt 2 ) + 1 2Jd+1{ Tn Jd}/\/au;i,.)

nyngng  Jy

D v2J+1 Jo ko
=8, i Smom T, flamirns 27 1 1atintic }/k ki c
JiotJa © Miotma 7 k C(KzK]Kz \/71( d + ) ( ) ,]k3 Jlot Jd

Vnk3 Z/{l’lk2

ns (k3] “ny (k2]

= 8 1y S, Dy i (C39)

ng lakskiia] Je?

Rl = SOOI g i,
Ja

nyngh;

Jalakakeiiez] ),
X Vn(,n,n Mg V rlxi]

V20 + j
s, Y S fr YL, 1y (—pyet {Jk, Jio Jc}

N TS Jo et Ja
nensng  Jy
Jalakikskal 7 /M My Tk
Xvnanxn ng Z/l r lke3] g k2] 7 ny (k1]
_ Ty My Ty
= 511‘»1j118Mmlmu Rn“ [oekcsika] T (C40)

. -
Sak'(’}ikfi,o=Z(—1>2’1*2’W2JC+1¢2@+1{j.’; © J;}Na"iﬁikj;o
Ja :

A/ 2]- + 1 . . ] ] J
=34 SM m flanine ns N2 L g 1) (=1 tin+ia § ks ¢
Jiot Ja O Mot Z Z kl Ak K3K 2]a T 1( a4+ )( ) s JtO[ Jd

nynghy

T Jy [k k3ks] V"k3 V”kz Tk

NaNiNy N ny (k3] Vng 2] “ng K]
=58, .8 Sl (C41)
= OQJotja OMioma Cn, [aksiii] Je
These terms are finally put together to form the different contributions to second-order self-energies. Let us consider 211 @ as

an example [see Eq. (75)]. By inserting Eqgs. (C35) and (C36) and summing over all possible total and intermediate angular
momenta, one has

= 2 Y

fthm[J kikaks

ki kok kikok kikoks Tikoks )

o) *

Ma i M) Natvlsun (N”(J J"")) }
a)kl+a)k2+a)k;)+zn w+(wk3+a)kl+a)k2)—in
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ng lakskika] Je ny lakskika] J, ng lakskira] J,

Mg, N, N ( Ny Ny R * Ty Min M jy Ny M
M s M123) N123(123

np [akzki k2] J(‘

SEITHN 3D 3D

J g i N Kikoks

$el@)

= 801/3 8mam;, nanp

Proceeding similarly for the other terms and defining

"*1”*2”*3 _ 1 |:./\/ll‘lk]l‘l;(2nk3 Pnklnkznk} nklnkznks ]
ng lakski] Jo — \/6 ng lakskikz] Je ng lakskikz] Je ng lakskikz] Jo 12
Tlky Tk Tk _ 1 [ ki Ty 1y Q”h"kz"ks Ty Ty My ]
ng lakski] Jo — «/6 ng lakskika] Je nq laksiria] Je ng laskriz] Je 10
one finally writes
k
anl gy Mgy anl Ty Mgy * D”kl Ty ey D"kl Ty iy
( np lakskika] JF) ng lakskiia] Je ny [aksiria] Je

E;:n[;x](Z) — Z Z Z na [ak3kikr] Je

ity 3 e | @ (@ T 0 F o) Fin ot (o oy + o) —in

nklnkznk3 ( nkl nkzn;(3 )* ( nkl nkznk3 )* nkl nkznk3

212[01](2) _ § : 2 : § : ng lakskika] Je np [akskiia] Je ng [akskika] Je np [aksiiia] Je
ngnyp - _ . -
N Ry kg Je K1K2K3 @ (a)kl + wkz + wk3) + mn o+ (a)k3 + wkl + wkZ) n

*
gy My Ny Ty My Ty * Tk Ttk Tky Tk Tk Tky
( np, [akskiia] J. ng [akskiir] Je np [akzkiir] Je

321 [e](2)

nany = Z Z Z Do, tesrial g,

i raloril Kol (0n, + o1, + o)) +in o+ (o, + o, +or,) —in

*
an]nkznk3 D"/"lnkz"/‘s " an]nkznk3 anlnkzmg
( ng lasiiea] Je ny lakziiiea] Je

2[a](2) _ ng [akskika] Je np lakskiia] Je
=2 2

W 2 o o on+an) in ook (o o Fan) —in

6. Block-diagonal structure of Gorkov’s equations

w — a)k1+a)k2+a)k3)+m a)—i—(a)k3+a)kl+a)k2)—m

(C42)

(C43a)

(C43b)

(C44a)

(C44b)

(C44c)

(C444)

In the previous subsections it has been proven that all single-particle Green’s functions and all self-energy contributions entering

Gorkov’s equations display the same block-diagonal structure if the systems is in a 0" state. Defining

Tab — M 8ab = 601,3 am[,mb [Tn[:(] - /‘L[qa] Snl,nb] )

np

introducing block-diagonal forms for amplitudes WV and Z through

kikaks Tk ey iy
Wk Jedot) = 3-/loljk 3Mmmk Wnk [k3k1k2] Je?

kikoks ) Ty Ty My
z Uedo) — =8 i SMig—my Mk an [ieskiia] Je

with
nklnkznk3 _ nklnkznk3 * Ny I‘l](ll‘lkznk3 * Ny
(wk - Eklksz) Wnk [k3kii2] Je = 2 :[(Cnu [aK,zKle]Jf) unu a1 T (Dna [akcsci k] Jc) Vna [a]]’

neo
Ty Ty Ty _ Tlky Ty My g Ty Ty iy s
(@ + Exitaks) Zoy oot s = D [Pt tcseriat o Un 1o F oo 4 Vi 1o
nao

and using Egs. (C29), (C31), (C32), (C34), and (C44), one finally writes Eqgs. (81) as
a)ku il = Z [(T[a] — /L[q"] Sn.n A[a] )un:[a] + h[a] Pk ]

ngnp allp ngnyp n ngnp Y np o)
np

I’lkll’lkzl’lk3 I’lk]l’lkzl’lk3 ( "k]"k2”k3 )* I’lk]l’lkzl’lk3 ]
+ Z Z Z [C"a lakskika] Je Wnk [k3k1k2] Je + D”a lakskika] Je an [,cskcrieal Je 1 2

Nk  NkyNky K1K2K3  Je

[«] [ga] [a] [alt 7 m
W V.. k[a] - Z [_(T;l:(nb K b 5”( + Antint) an [o] + hnaan]; unzf[ot]]

np

nklnkznk3 nklnkznk3 nklnkznk3 * nklnkznk3
+ Z Z Z [Dna [akskika] Je Wnk liskiica] Je + (Cna [OHCaKle]Jc) an [r3kik2] Jc]'

Nk Ny iy K1K2K3 e
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The latter four equations constitute the block-diagonal form of Gorkov’s equations. Note that pole energies w; depend
only on n; and «, i.e., they display a degeneracy with respect to the magnetic quantum number 1.

APPENDIX D: & FUNCTIONAL
1. Connection between ® and self-energies
Performing the trace over Gorkov space, the n-th order @ functional defined in Eq. (111) reads

@(l‘l)[G, V] — _4L TrHl’a) {le(n) Gll + 212(11) G21 + 221(11) G12 + 222(}1) G22}
n

1
— _4_ Tr'Hl,a) {2 Ell(n) Gll + 212(}1) G21 + 221 (n) G12} , (Dl)
n

where Egs. (46a) and (49a) have been used to express G?? and ©?* in terms of G'! and ='!.
Let us differentiate expression (D1) with respect to the normal propagator G'!. One finds

CD(")[G V 62;;0’)(0)) 11 IZ(n)(w/) 21 / 21(’1)(0)/) 12 11 (n)
Sl {Z/ [ T W iy O+ TSIk | 422

= _E {@n -2 5w+ 22! Pw)

2 M), (D2)

The factor (4n — 2) comes from all possible ways of cutting one normal propagation line G'! in an n-th order self-energy diagram

€182 and reconstructing £ ' ™ by performing the convolution with the multiplied propagator G42¢!. Notice that such a result

is not a straightforward generalization of the standard proof of Ref. [80] as the reconstructed self-energy X !' ™ [second line in

Eq. (D2)] has contributions from all self-energy types [first line in Eq. (D2)], each containing a different number of G!! lines.
Similarly, one can work out the derivative with respect to G'2, obtaining

SOMIG, VI _ 1 82:1}11(”)( ) Gl 8§3,," (o) G2 (o 522, (@) 1 21 (n)
GIZ(w) - {Z/ |: G12( ) ba( )+ —G;lz( ) ba(a))+WGba( ) —|—Z (w)

_ 11(n) 21 (n)
= - {en = 13 ) + 5 w)

-5 % V). (D3)

The factor 2 between the normal and the anomalous case can be intuitively understood as follows. In a closed diagram, whenever

a G'? is present, a corresponding G2! must appear. To a G'!, on the other hand, always corresponds another G'!, yielding twice
as many possibilities of cutting such a line.

Summing over n on both sides of Eqs. (D2) and (D3), together with the analogous ones for G?! and G*2, one recovers
Egs. (112).

2. Derivation of *@ from &0

At first order, the ® functional is the sum of two diagrams

IRV @ S TRIET A VR

Using diagrammatic rules outlined in Appendix B1 one can write the corresponding expression

do' do” _ do'
27_[ o Z [Vucbd G (0) ) G / Z  Bed Gg;(a)/) Gi}l(a)/)] ] (D5)

abed abed

oV[G, V] =
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Applying Egs. (112) and employing Eq. (46a) one can recover
first-order self-energy terms computed in Appendix B2a

sOW[G, V]
5G!l(w)

_iL [ Gl

Ziljl(l)(w) =

+ ) [Vajni Gi(@)] }
ab

[ do > 1,
= =i [ 52 Vi Gpa@), (D62a)
ab

s®W[G, V]
5G ()

i [do _ ,
=-3 / . Z Viiea G (@),
cd

= M) = -2

(D6b)

PHYSICAL REVIEW C 84, 064317 (2011)

sdWV[G, V
Eizjl(l)(a)) N ][2 ]
: 5G X (w)
i [dof % 20,
=-3 f . %: Vasji Gpa(@), (D6c)
sdD[G, V
G2 ()
o 8 do' do”
T 258G () 2 2w
X D [Vacva Gip(@) G(e)] }
abed

i ) /da)/ do”
28GR () 2m 2w

X Z [Vacbd Géz?(—a)/) Gé%(_w//)] }

abcd

[ do _ n.
= —l/ o ZbVaJE;Gab(a) ).

(D6d)
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