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Duffin-Kemmer-Petiau equation under a scalar Coulomb interaction
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Approximate analytical solutions of a Duffin-Kemmer-Petiau (DKP) equation are obtained via an elegant
ansatz after successive transformations. Apart from the wide application of the DKP equation in both cosmology
and theoretical nuclear physics as well as the physical significance of the Coulomb interaction, this is particularly
important as we have provided a solution to the corresponding Heun equation.
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I. INTRODUCTION

The outstanding papers of Duffin, Kemmer, and Petiau
(DKP) appeared more than 70 yr ago and introduced a basis
that enabled theoretical physicists to investigate both spin-zero
and spin-one particles on the basis of a single equation in
the relativistic regime [1–4]. This equation, under a vector
potential, possessed the same mathematical structure of its
well-known partner, i.e., the Klein-Gordon (KG) equation, and
consequently, the physical community thought the equations
completely were equivalent for many decades. Now, however,
we know that the equivalence generally violates [5–14], and
the former is more appealing for the study of interactions in
comparison with its more famous alternatives, i.e., KG and
Proca equations [15–20].

As already mentioned, the DKP equation, which finds
applications from subatomic to large-scale physics [21–25],
due to its similarity with the KG equation, can be investigated
by the well-known techniques of quantum mechanics [26–29]
under a vector potential [30–40]. A problem just arises as we
intend to explore the equation under a scalar potential. Later,
we will see that this is because we face a Heun equation [29,40]
which is not solvable even for the simplest cases we might
think of.

Within the present paper, we briefly review the DKP equa-
tion under scalar and vector potentials. Next, by using some
transformations, we obtain approximate analytical solutions of
the equation under the Coulomb interaction. As a final point,
we wish to address the interesting papers of Refs. [41–44],
which first worked on the basis of DKP, to investigate related
topics in the annals of particle physics. The interested reader
might find instructive points about the physical consequences
within them.

II. DKP EQUATION

The DKP Hamiltonian for scalar and vector interactions is(
β · �pc + mc2 + Us + β0Uo

v

)
ψ(�r) = β0Eψ(�r), (1)
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where

ψ(�r) =
(

ψupper

iψlower

)
, (2)

the upper and lower components, respectively, are

ψupper ≡
(

φ

ϕ

)
, ψlower ≡

⎛
⎝A1

A2

A3

⎞
⎠ . (3)

β0 is the usual 5 × 5 matrix and Us, Uo
v , respectively, represent

the scalar and vector interactions. The equation, in (3 + 0)
dimensions, is written as [1–4]

(mc2 + Us)φ = (
E − Uo

v

)
ϕ + h̄c �∇ · �A,

�∇φ = (mc2 + Us) �A, (4)

(mc2 + Us)ϕ = (
E − Uo

v

)
φ,

where �A = (A1, A2, A3). In Eq. (3), ψ is a simultaneous
eigenfunction of J 2 and J3, i.e.,

J 2

(
ψupper

ψlower

)
=

[
L2ψupper

(L + S)2 ψlower

]
= J (J + 1)

(
ψupper

ψlower

)
,

J3

(
ψupper

ψlower

)
=

[
L3ψupper

(L3 + s3) ψlower

]
= M

(
ψupper

ψlower

)
, (5)

and the general solution is considered as

ψJM (r) =

⎡
⎢⎣

fnJ (r) YJM (�)

gnJ (r) YJM (�)

i
∑

L hnJL (r) YM
JL1 (�)

⎤
⎥⎦ , (6)

where spherical harmonics YJM (�) are of order J ,
YM

JL1(�) are the normalized vector spherical harmonics, and
fnJ , gnJ , and hnJLrepresent the radial wave functions. The
above equations yield the coupled differential equations
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[30–38], (
En,J − U 0

v

)
Fn,J (r) = (mc2 + Us)Gn,J (r),

[
dFn,J (r)

dr
− J + 1

r
Fn,J (r)

]
= − 1

αJ

(mc2 + Us)H1,n,J (r),[
dFn,J (r)

dr
+ J

r
Fn,J (r)

]
= 1

ζJ

(mc2 + Us)H−1,n,J (r),

−αJ

(
dH1,n,J (r)

dr
+ J + 1

r
H1,n,J (r)

)
+ ζ

[
dH−1,n,J (r)

dr
− J

r
H−1,n,J (r)

]

= 1

h̄c

[
(mc2 + Us)Fn,J (r) − (

En,J − U 0
v

)
Gn,J (r)

]
, (7)

which give [40]

d2Fn,J (r)

dr2

[
1 + ζ 2

j

α2
j

]
− dFn,J (r)

dr

[
U ′

s

(m + Us)

(
1 + ζ 2

j

α2
j

)]

+Fn,J (r)

{
−J (J + 1)

r2

(
1 + ζ 2

j

α2
j

)
+ U ′

s

(m + Us)

(
J + 1

r
− ζ 2

j

α2
j

J

r

)
− 1

α2
j

[
(m + Us)

2 − (
En,J − U 0

v

)2]} = 0, (8)

where αJ = √
(J + 1)/(2J + 1), fnJ (r) = F (r)/r, gnJ = G(r)/r, hnJJ±1 = H±1/r, and ζJ = √

J/(2J + 1). When Us = 0, we
recover the well-known formula [30–38],[

d2

dr2
− J (J + 1)

r2
+ (

En,J − U 0
v

)2 − m2

]
Fn,J (r) = 0. (9)

We consider the following Coulomb vector and scalar potentials:

Us = k

r
, (10a)

U 0
v = 0, (10b)

Substitution of Eq. (10) into Eq. (9) gives

d2Fn,J (r)

dr2
+ dFn,J (r)

dr

( k
r2

m + k
r

)
+ Fn,J (r)

{
−J (J + 1)

r2
− kC

A

[
1

r3
(
m + k

r

)]
− 1

α2
J A

(
m + k

r

)2

+ E2
n,J

α2
J A

}
= 0, (11)

where

A = 1 + ζ 2
J

α2
J

, (12a)

C = J + 1 − ζ 2
J

α2
J

J. (12b)

The change in variable,

Fn,J (r) =
√

m + k

r
φn,J (r) (13)

brings Eq. (11) to the form

d2φn,J (r)

dr2
+

[
k

r3
(
m + k

r

) − 3k2

4r4
(
m + k

r

)2 − J (J + 1)

r2
− kC

A
(
m + k

r

) 1

r3
− m2

α2
J A

+ E2
n,J

α2
J A

− k2

α2
J A

1

r2
− 2mk

α2
J A

1

r

]
φn,J = 0,

(14)

After decomposition of fractions, we arrive at

d2φn,J (r)

dr2
+

{(
m

2k
+ Cm

Ak
− 2mk

α2
J A

)
1

r
+

[
1

4
− J (J + 1) − C

A
− k2

α2
J A

]
1

r2

+
(

−m2

2k
− Cm2

Ak

)
1

k + mr
− 3m2

4

1

(k + mr)2
+

(
E2

n,J

α2
J A

− m2

α2
J A

)}
φn,J (r) = 0. (15)
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Let us now consider an ansatz of the form

φn,J (r) = fn(r)exp[gJ (r)], (16)

where

fn(r) =
{

1 n = 0∏n
i=1

(
r − αn

i

)
n > 0,

(17a)

gJ (r) = γ ln(mr + k) + δ ln(r) + ξr (17b)

yields

φ′′
0,J (r) =

[(
2ξδ + 2δγm

k

)
1

r
+ (δ2 − δ)

1

r2
+

(
2ξγm − 2δγm2

k

)
1

k + mr
+ (γ 2m2 − γm2)

1

(k + mr)2
+ ξ 2

]
φn,J (r), (18)

Equating the coefficients on both sides, we find

2ξδ + 2δγm

k
= −

(
m

2k
+ Cm

Ak
− 2mk

α2
J A

)
, (19a)

δ2 − δ = −
[

1

4
− J (J + 1) − C

A
− k2

α2
J A

]
, (19b)

2ξγm − 2δγm2

k
= −

(
−m2

2k
− Cm2

Ak

)
, (19c)

γ 2m2 − γm2 = 3

4
m2, (19d)

ξ 2 = −
(

E2
0,J

α2
J A

− m2

α2
J A

)
, (19e)

where

δ = 1

2

(
1 ±

{
1 + 4

[
−1

4
+ J (J + 1) + C

A
+ k2

α2
J A

]} 1
2
)

,

(20a)

γ = 1 ± 2

2
, (20b)

ξ = ±
√(

m2

α2
J A

− E2
n,J

α2
J A

)
, (20c)

−2ξδm + 2ξγm − m2

k
+ 2m2k

α2
J A

= 0. (20d)

Therefore, the spectrum and eigenfunctions of the system are
obtained. One more point we wish to make is about the

equivalence of KG and DKP equations. We already know
that solutions of the KG equation, under a scalar Coulomb
term, can be expressed in terms of the Laguerre polynomials.
The DKP equation, under the potential, however, appears as
a form of the general Heun equation (GHE), which definitely
is more complicated and richer [45]. In fact, the GHE only
reproduces the hypergeometric functions in very special cases.
Nonetheless, our results do not necessarily imply that the DKP
equation leads to different predictions from the KG equation
when applied to a specific physical process.

III. CONCLUSION

After applying some appropriate transformations and in-
troducing an elegant ansatz, we have obtained approximate
analytical solutions of the DKP equation under the Coulomb
interaction, which possesses the form of a Heun equation.
The results are definitely useful in a wide range of physical
problems from meson spectroscopy to cosmology. As another
merit of the paper, we wish to state that the solutions of
the Heun equation normally have not been reported to be as
touchable as we show here.
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