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We derive the leading one-loop contribution to the one-pion exchange and short-range two-nucleon
electromagnetic current operator in the framework of chiral effective field theory. The derivation is carried
out using the method of unitary transformation. Explicit results for the current and charge densities are given in
momentum and coordinate space.
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I. INTRODUCTION

There have been several recent studies on the nuclear
exchange electromagnetic currents within the framework of
chiral effective field theory [1–4] (see also [5] for an older
calculation, which, however, is limited to near-threshold kine-
matics). These studies constitute a natural extension to photon-
induced reactions of the theoretical framework formulated by
Weinberg two decades ago [6] (see [7] for a recent review
article). To derive the exchange currents from the most general
effective chiral Lagrangian the authors of Refs. [1,2,4] used
the framework of “old-fashioned” time-ordered perturbation
theory along the lines of [6]. This approach leads, in general,
to explicitly energy-dependent potentials and currents. Such
energy dependence might cause difficulties in few-body appli-
cations. To obtain energy-independent nuclear potentials we
employed in Refs. [8,9] the method of unitary transformation.
In Ref. [3], we applied this approach to the long-range parts
of the leading two-pion exchange contributions to the current
and charge densities. In this paper, we derive all remaining
contributions to the two-nucleon current and charge densities
at the leading loop order (i.e., of order eQ with Q ∼ Mπ

referring to low external momenta).
It is important to emphasize conceptual differences between

our work and that of Pastore et al. [1,2,4]. These authors
limit themselves to deriving the momentum dependence of the
one-pion exchange current and charge operators at the leading
loop level in chiral effective field theory without considering
renormalization. Consequently, the values of the various low-
energy constants (LECs) entering their expressions cannot be
taken from other sources such as, e.g., pion-nucleon scattering.
One, therefore, loses one of the greatest strengths of the
effective field theory approach, namely the ability to relate
different processes. The calculation presented in our work
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is more ambitious, aiming at the derivation of renormalized
expressions for the exchange current and charge operators.
This is a highly nontrivial task for the one-pion exchange
contributions. In contrast to the calculations in the Goldstone
boson and single-nucleon sectors, one is dealing here only
with an irreducible part of the amplitude (giving rise to nuclear
forces and currents), which itself is not an observable quantity
and is affected by unitary transformations. On the other hand,
there is no freedom in absorbing the divergences generated
by the loop corrections to the one-pion exchange operators
since all β functions of the corresponding LECs are fixed and
well known. As we will demonstrate in this work, it is indeed
possible to exploit the above-mentioned unitary ambiguity in
such a way that all divergences emerging from pion loops are
indeed absorbed by redefinition of the LECs, leading to the
finite result for the current and charge operators, where the
values of renormalized LECs can be taken from other sources.

Our paper is organized as follows. In Sec. II we provide
a short summary of the method of unitary transformation
(UT) and explain very briefly the adopted power-counting
scheme. The effective Lagrangian employed in our calculation
is specified in Sec. III. The results for various contributions
to the one-pion exchange current and charge densities are
discussed in detail in Sec. IV. Section V deals with the
derivation of the short-range contributions. A comparison
between our work and the calculations by Pastore et al. is
presented in Sec. VI. The results of our work are summarized
in Sec. VII. The expressions for the relevant terms in the
effective pion-nucleon-photon Hamiltonian density are listed
in Appendix A, while Appendix B collects the expressions
for the relevant loop integrals. The expressions for the
current and charge density in configuration space are given in
Appendix C.

II. ANATOMY OF THE CALCULATION

The derivation of the electromagnetic nuclear current
operators is carried out along the lines of Ref. [3]; see also [10].
The main steps are summarized below.
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(i) We begin with the effective chiral Lagrangian in the
heavy-baryon formulation and express it in terms
of renormalized pion and nucleon fields and apply
the canonical formalism along the lines of Ref. [11]
to derive the corresponding Hamilton density. The
contributions from tadpole diagrams are taken into
account by performing normal ordering of the resulting
Hamilton density. Notice that the terms in the effective
Lagrangian or Hamiltonian involving two and more
insertions of an external electromagnetic field Aμ are
not taken into account since we restrict ourselves to
the one-photon-approximation. (However, the method
can straightforwardly be generalized to two-photon
processes such as Compton scattering off light nuclei.)
The obtained contributions to the Hamilton density are
listed in Appendix A.

(ii) To decouple the purely nucleonic subspace of the Fock
space from the rest we apply an appropriately chosen
UT,

H̃ ≡ U †HU =
(

ηH̃η 0

0 λH̃λ

)
. (2.1)

Here, η (λ) denote projection operators onto the purely
nucleonic (the remaining) part of the Fock space
satisfying η2 = η, λ2 = λ, ηλ = λη = 0, and λ + η =
1. The resulting nuclear Hamiltonian ηH̃η gives rise
to the chiral potentials in Refs. [9,12,14,15]. Both the
UT and the transformed Hamiltonian are calculated by
making a perturbative expansion in powers of Q/�,
with Q and � referring to the soft and hard scales of
the order of the pion and ρ-meson masses, respectively.
The power counting is most easily formulated in terms
of the canonical field dimension κ of the interaction
vertices,

H =
∞∑

κ=1

H (κ), κi = di + 3

2
ni + pi − 4. (2.2)

Here, di , ni , and pi refer to the number of derivatives
or Mπ insertions and the nucleon field and pion field
operators, respectively. The explicit form of the strong
part of the unitary operator U , i.e., the one in the absence
of the external electromagnetic field, sufficient to derive
the nuclear force up to next-to-next-to-next-to-leading
order (N3LO) is given in Ref. [13].

(iii) The effective nuclear current operator ηJμ(x)η acting
in the purely nucleonic subspace of the Fock space is
defined according to [3,16]

Jμ(x) = η U †Jμ

bare(x)U η. (2.3)

Here, J
μ

bare(x) denotes the hadronic current density
which enters the effective Lagrangian LπNγ describing
the interaction of pions and nucleons with an external
electromagnetic field Aμ. It is given by

J
μ

bare(x) = ∂ν

∂LπNγ

∂(∂νAμ)
− ∂LπNγ

∂Aμ

. (2.4)

The λ components of the effective current operator
do not need to be taken into account as long as one
stays below the pion production threshold. The above
definition of ηJμ(x)η does, in fact, not fully incorporate
the freedom in the choice of UT. In particular, one can
introduce η-space UTs ηU ′η that depend explicitly on
the external electromagnetic field Aμ such that

ηU ′η |Aμ=0 = 1η. (2.5)

Applying such UTs on the nuclear Hamiltonian ηH̃η

will generate further contributions to the nuclear current
operator. The resulting ambiguity is analogous to the
one in the strong sector, which is described in detail
in Refs. [13,14]. As will be shown below, renormal-
izability of the one-pion exchange contributions at the
one-loop level strongly restricts the ambiguity in the
definition of ηJμ(x)η.

(iv) The final step in the derivation involves evaluating the
emerging loop integrals and expressing the current op-
erator in terms of renormalized low-energy constants.
This is carried out within the framework of dimensional
regularization, which allows us to adopt the known
expressions for the β functions of the LECs entering
L(3)

πN .

In the following sections, the various steps in the derivation
of the current will be discussed in detail.

III. EFFECTIVE LAGRANGIAN

In this work we employ the standard heavy-baryon for-
mulation for the effective Lagrangian. The terms needed in
the calculation of the leading loop corrections to the one-pion
exchange and short-range current operator read [17–23]

L(2)
ππ = F 2

4
〈DμUDμU † + χ+〉,

L(4)
ππ = l3

16
〈χ+〉2 + l4

16
(2〈DμUDμU †〉〈χ+〉 + 2〈χ †Uχ †U + χU †χU †〉 − 4〈χ †χ〉)

+ i
l6

2

〈
f R

μνD
μUDνU † + f L

μν(DμU )†DνU
〉 + . . . ,

L(1)
πN = N̄v[i(v · D) + g̊A(S · u)]Nv,

L(2)
πN = N̄v

[
1

2m̊
(v · D)2 − 1

2m̊
(D · D) − i

g̊A

2m̊
{S · D, v · u} + . . .

]
Nv,
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L(3)
πN = N̄v[d16S · u〈χ+〉 + id18S

μ[Dμ, χ−] + d̃28(i〈χ+〉v · D + H.c.) + d6v
ν[Dμ, f̃ +

μν] + d7v
ν[Dμ, 〈f +

μν〉]
+ d8ε

μναβvβ〈f̃ +
μνuα〉 + d9ε

μναβvβ〈f +
μν〉uα + d20iS

μvν[f̃ +
μν, v · u] + d21iS

μ[f̃ +
μν, u

ν] + d22S
μ[Dν, f −

μν]]Nv + . . . ,

L(0)
NN = −1

2
CSN̄vNv N̄vNv + 2CT N̄vSμNv N̄vS

μNv,

L(2)
NN = 1

2
α1[(N̄v

−→
D μNv)(N̄v

−→
D μNv) + H.c.] + α2(N̄v

−→
D μNv)(N̄v

←−
D μNv) + α3(N̄vNv)[N̄v(

←−
D 2 + −→

D 2)Nv]

+α4(N̄vNv)(N̄v

←−
D μ

−→
D μNv) + i

2
α5εμνρσ vμ[(N̄v

−→
D νNv)(N̄v

←−
D ρSσ Nv) − H.c.] + iα6εμνρσ vμ(N̄vNv)

× (N̄v

←−
D νSρ−→D σNv) + iα7εμνρσ vμ(N̄vS

νNv)(N̄v

←−
D ρ−→D σNv) + i

2
α8εμνρσ vμ[(N̄v

−→
D νNv)(N̄vS

ρ−→D σNv) − H.c.]

+ 1

2
(α9gμρgνσ + α10gμσgνρ + α11gμνgρσ )[(N̄vS

ρ−→D μNv)(N̄vS
σ −→
D νNv) + H.c.]

+ (α12gμρgνσ + α13gμσgνρ + α14gμνgρσ )(N̄vS
ρ−→D μNv)(N̄v

←−
D νSσNv)

+ 1

2

(
1

2
α15(gμρgνσ + gμσgνρ

)
+ α16gμνgρσ )[(N̄v

←−
D μSρ−→D νNv)(N̄vS

σNv) + H.c.]

+ 1

2

(
1

2
α17(gμρgνσ + gμσgνρ

)
+ α18gμνgρσ )(N̄v(

←−
D μ←−

D ν + −→
D μ−→

D ν)SρNv)(N̄vS
σ Nv)

+ εμνρσ vμf νρ[L1(N̄vS
σ τ 3NvN̄vNv − N̄vS

σ NvN̄vτ
3Nv) + L2N̄vS

σ NvN̄vNv] + . . . , (3.1)

where v denotes the nucleon four-velocity, 〈 〉 stands for the
trace in the flavor space, and the spin vector is defined as

Sμ = i

2
γ5σμνv

ν, σμν = i

2
[γμ, γν],

(3.2)

{Sμ, Sν} = 1

2
(vμvν − gμν), [Sμ, Sν] = iεμνρσ vρSσ ,

with the last two relations holding in four dimensions. Further,
F , m̊, and g̊A refer to the pion decay constant, nucleon mass,
and the nucleon axial-vector coupling in the chiral limit while
li , di , CS,T , αi , and L1,2 are further LECs. Notice that we
only list those terms in the effective Lagrangian which are
explicitly needed in our calculations. For example, we omit
all terms in L(2)

πN proportional to the LECs ci as they lead to
vertices with at least two pions1 and thus will not contribute
to the current operator up to the leading loop order. We further
emphasize that the terms in L(2)

NN do not correspond to the
minimal set (see [23,24] for more details and relations between
the different αi). We will address this issue and list the minimal
set of contact interactions in the nucleon rest frame at the end
of this section. The superscript i in L(i)

πN , L(i)
ππ , and L(i)

NN refers
to the number of derivatives and/or quark mass insertions. The
unitary 2 × 2 matrix U parametrizes the Goldstone Boson
fields and is given by

U = 1 + i

τ · 
π
F

− π2

2F 2
− iξ

π2 
τ · 
π
F 3

+ (8ξ − 1)

8F 4
π4 + O(π6), (3.3)

1The only exception is the c1 term, which also has a contribution
that does not involve pion field operators. This contribution can be
absorbed into redefinition of the nucleon mass.

where ξ is a constant representing the freedom in the definition
of the pion fields. The popular σ -model gauge and exponential
parametrization of the matrix U correspond to ξ = 0 and ξ =
1/6, respectively. Notice that physical observables calculated
using the effective Lagrangian are, clearly, independent of a
particular parametrization of U . The quantity χ+ is defined via

χ+ = u†χu† + uχ †u, χ = 2BM ≡ M212, (3.4)

with B a constant and the light quark mass matrix M =
diag(mu, md ). χ accounts for the explicit chiral symmetry
breaking and gives rise to the pion mass

M2
π = M2[1 + O(M2)]. (3.5)

The covariant derivatives of the pion and nucleon fields are
defined by

DμU = ∂μU − irμU + iU�μ,

uμ = i[u†(∂μ − irμ)u − u(∂μ − i�μ)u†],
(3.6)

DμNv = [
∂μ + �μ − iv(s)

μ

]
Nv,

�μ = 1
2 [u†(∂μ − irμ)u + u(∂μ − i�μ)u†],

where rμ, lμ, and v(s)
μ denote the external right-handed, left-

handed, and isoscalar vector currents, respectively, and u =√
U . The derivative operators

−→
D μ and

←−
D μ entering L(i)

NN are
defined via

N̄v

−→
D μNv = N̄v(∂μNv) + N̄v

(
�μ − iv(s)

μ

)
Nv,

(3.7)
N̄v

←−
D μNv = (∂μN̄v)Nv − N̄v

(
�μ − iv(s)

μ

)
Nv.

Further, f L,R
μν and v(s)

μν denote the field strength tensors asso-
ciated with external left-handed, right-handed, and isoscalar
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currents,

f R
μν = ∂μrν − ∂νrμ − i[rμ, rν],

(3.8)
f L

μν = ∂μlν − ∂νlμ − i[lμ, lν], v(s)
μν = ∂μv(s)

ν − ∂νv
(s)
μ ,

while the corresponding covariantly transforming quantities
f ±

μν which enter the pion-nucleon Lagrangian are defined
according to

f ±
μν = u† (

f R
μν + v(s)

μν

)
u ± u

(
f L

μν + v(s)
μν

)
u†. (3.9)

We also used traceless matrices f̃ ±
μν defined according to f̃ ±

μν ≡
f ±

μν − 〈f ±
μν〉/2. In this work, we are interested in describing

the coupling to an external electromagnetic field. In that case,
the left- and right-handed currents rμ and lμ and the isoscalar
current v(s)

μ have to be chosen as

rμ = �μ = e
τ 3

2
Aμ, v(s)

μ = e
Aμ

2
, (3.10)

where Aμ refers to the electromagnetic four-potential.

We now turn our attention to the Lagrangians L(0,2)
NN

involving four nucleon field operators. At the order considered,
there is no need to account for terms involving pion fields.
Notice further that Poincaré covariance implies that only
7 out of 18 constants αi are independent and, in addition,
also determines the coefficients in front of the leading 1/m2

N

corrections to contact terms (see [2,23,24] for more details and
explicit expressions). In the power-counting scheme we adopt
in the present work, the nucleon mass is treated as a heavier
scale compared to the breakdown scale of the chiral expansion
(see Refs. [3,6] for more details). Accordingly, there is no need
to take into account the leading relativistic 1/m2

N corrections
to the short-range two-nucleon current at the order at which
we are working. Switching to the rest frame of the nucleon
with vμ = (1, 0, 0, 0), making use of the partial integrations,
and incorporating constraints due to the Galilean invariance
allows us to express the Lagrangian for contact interactions
in the standard basis in terms of the C1,...,7 used, e.g.,
in [8,9,25]:

L(2)
NN = −1

2
C1[(N † 
∇N )2 + N † 
∇N · 
∇N †N + H.c.] + 1

4
C2[N †NN † 
∇2N + N † 
∇N · 
∇N †N + H.c.]

+
(

1

2
C3δij δkl + 1

4
C6(δikδjl + δilδkj )

)
(∇iN

†σk∇jN + ∇i∇jN
†σkN + H.c.)(N †σlN )

+
(

1

8
C4δij δkl + 1

16
C7(δikδjl + δilδkj )

)
[N †σk∇iN∇jN

†σlN + ∇i∇jN
†σkNN †σlN + H.c.]

+ i

8
C5[N † 
∇N · 
∇N † × 
σN + 
∇N †N · N † 
σ × 
∇N − N †N 
∇N † · 
σ × 
∇N + N † 
σN · 
∇N † × 
∇N ]

− i

4
C2 e 
A · [N †êNN †←→∇ N − N †NN †ê

←→∇ N ] − i

4
e

(
C4δij δkl + 1

2
C7(δikδjl + δilδkj )

)
× [N †σk∇iNN †σlêNAj − 2N †σkêN∇jN

†σlNAi + ∇iN
†êσkNN †σlNAj ]

− 1

8
C5 e 
A ·

[(
N † 
∇N+
∇N †N

)
× N †ê
σN+N †êN

(

∇N † × 
σN−N † 
σ × 
∇N

)
+N †N (N †ê
σ × 
∇N−
∇N † × 
σ êN )+N † 
σN × ( 
∇N †êN−N †ê 
∇N )]

− e 
∇ × 
A · [L1(N † 
σ τ 3NN †N − N † 
σNN † τ 3N ) + L2N
† 
σNN †N ] + . . . , (3.11)

where we have introduced

ê = 1 + τ 3

2
, N † ←→∇ N = N † 
∇ N − N † ←−∇ N. (3.12)

Notice that we only kept terms at most linear in the electro-
magnetic four-potential.

As already pointed out in the previous section, the
derivation of the exchange current operator is carried out
using the method of unitary transformation, which requires
knowledge of the Hamilton density and the Noether currents.
The transition from the Lagrangian to the Hamiltonian is
achieved by employing the standard canonical formalism. An
extended discussion on this can be found in Refs. [3,10,11].
All terms in the resulting Hamilton density which enter the
calculation are listed in Appendix A.

IV. ONE-PION EXCHANGE CURRENT

We now turn to the derivation of the two-nucleon elec-
tromagnetic current due to a single pion exchange. In
Sec. IV A, the derivation and explicit results for the leading
loop contributions are presented. Tree-level contributions and
the renormalization are considered in Secs. IV B and IV C,
respectively. Next, in Sec. IV D we discuss the leading
relativistic corrections. Final results for the one-pion exchange
current and charge density in both momentum and coordinate
spaces are summarized in Sec. IV E.

A. Loop contributions

Following Ref. [3], we classify various loop contributions
according to the powers of the LEC gA and the type of the
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,

Class 7:

Class 6:

Class 5:

Class 4:

Class 2:

Class 1:

Classes 8,9:

FIG. 1. Leading loop contributions to the one-pion exchange current operator. Solid and dashed lines refer to nucleons and pions, respectively.
Solid dots are the lowest-order vertices from the effective Lagrangian while the circle-crosses represent insertions of the electromagnetic vertices
as explained in the text. Diagrams resulting from interchanging the nucleon lines are not shown.

hadronic current Jμ

20, Jμ

21, or J
μ

02 as shown in Fig. 1. Here and in
what follows, we adopt the notation of Refs. [3,13]. In particu-
lar, the subscripts a and b in H

(κ)
ab and J

μ

ab
(κ) refer to the number

of the nucleon and pion fields, respectively, while the super-
script κ gives the dimension of the operator defined in Eq. (2.2).
Notice that while class-3 terms proportional to g0

A and involv-
ing an insertion of J

μ

02 contribute to the two-pion exchange cur-

rent, they do not generate one-pion exchange diagrams. On the
other hand we now have additional contributions from class-8
and 9 terms which do not contribute to two-pion exchange dia-
grams and, for that reason, were not considered in Ref. [3]. We
further emphasize that, strictly speaking (i.e., according to the
power of gA), these diagrams belong to class 5. The algebraic
structure of the current operator in Fock space in terms of Hab
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and J
μ

ab for seven classes is given in Appendix A of Ref. [3]. The new terms corresponding to classes 8 and 9 have the
following form:

Jc8 = η

[
H

(1)
21

λ1

Eπ

H
(3)
23

λ2

Eπ

J
(−1)
02 + H

(1)
21

λ1

Eπ

J
(−1)
02

λ3

Eπ

H
(3)
23 + H

(3)
23

λ3

Eπ

H
(1)
21

λ2

Eπ

J
(−1)
02

]
η + H.c.,

Jc9 = −η

[
H

(1)
21

λ1

Eπ

H
(1)
21

λ2

Eπ

H
(2)
04

λ2

Eπ

J
(−1)
02 + H

(1)
21

λ1

Eπ

H
(2)
04

λ3

Eπ

H
(1)
21

λ2

Eπ

J
(−1)
02 + H

(2)
04

λ4

Eπ

H
(1)
21

λ3

Eπ

H
(1)
21

λ2

Eπ

J
(−1)
02 (4.1)

+ H
(1)
21

λ1

Eπ

H
(1)
21

λ2

Eπ

J
(−1)
02

λ4

Eπ

H
(2)
04 + H

(1)
21

λ1

Eπ

H
(2)
04

λ3

Eπ

J
(−1)
02

λ1

Eπ

H
(1)
21 + H

(1)
21

λ1

Eπ

J
(−1)
02

λ3

Eπ

H
(1)
21

λ4

Eπ

H
(2)
04

]
η + H.c.

Here, the superscript i of λi refers to the number of pions
in the corresponding intermediate state. Further, Eπ denotes
the total energy of pions in the corresponding state, Eπ =∑

i

√

li 2 + M2

π , with 
li the corresponding pion momenta.
We remind the reader that the representation for the power
counting in terms of the canonical dimension κ allows one
to easily read off the chiral order associated with a given
contribution by simply adding together the dimensions κ of
H

(κ)
ab and J

μ

ab
(κ). Last but not least, here and in what follows,

we drop the Lorentz index μ of J
μ

cX and J
μ

ab
(κ) in order to

keep the notation more compact. Unless stated otherwise, these
quantities are to be understood as four-vectors.

As already pointed out in Sec. II and in Ref. [3], we have
to employ additional UTs in η space in order to maintain
renormalizability of the one-pion exchange contributions (see
Refs. [13] for a related discussion). For the case at hand, one
can distinguish between the strong UTs and the ones depending
on the electromagnetic four-potential A. The general form
of the strong UTs up to the considered order in the chiral
expansion is given in Ref. [13]. These continuous UTs are
parametrized in terms of some (a priori arbitrary) “angles”
ᾱi .2 These parameters turn out to be strongly constrained if
one requires that matrix elements of the resulting nuclear
potentials can be made finite by means of redefinition of
certain LECs, i.e., if one demands renormalizability at the
level of the nuclear Hamiltonian. For the UTs considered
in Ref. [13], this condition was shown to lead to a unique
expression for the four-nucleon force which no longer depends
on ᾱi . Similarly, the expressions for the two-pion exchange
current operator obtained in Ref. [3] are also ᾱi independent.
The additional electromagnetic UTs have not been discussed
in that reference as they turned out not to affect the two-pion
exchange contributions. As will be shown below, it is necessary
to employ such additional UTs to maintain renormalizability
of the one-pion exchange current. To be specific, we consider
the η-space UT of the form

U = e−A·S, (4.2)

where S is an anti-Hermitian operator acting in η space, S =
ηSη, S† = −S. Here and in what follows, we drop the Lorentz

2In that reference, the angles were denoted by αi .

index for this operator for the sake of brevity. At the order
considered, this operator can be parametrized as

S =
7∑

i=1

β̄iSi, (4.3)

with β̄i being arbitrary constants and

S1 = η

[
J

(−1)
02

λ2

E2
π

H
(2)
22 − H

(2)
22

λ2

E2
π

J
(−1)
02

]
η,

S2 = η

[
H

(1)
21

λ1

E2
π

J
(−1)
20

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

Eπ

J
(−1)
20

λ1

E2
π

H
(1)
21

]
η,

S3 = η

[
J

(−1)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 − H

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
02

]
η,

S4 = η

[
J

(−1)
02

λ2

E2
π

H
(1)
21

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

Eπ

H
(1)
21

λ2

E2
π

J
(−1)
02

]
η,

S5 = η

[
J

(−1)
02

λ1

Eπ

H
(1)
21

λ1

E2
π

H
(1)
21 − H

(1)
21

λ1

E2
π

H
(1)
21

λ2

Eπ

J
(−1)
02

]
η,

S6 = η

[
H

(1)
21

λ1

Eπ

J
(−1)
02

λ1

E2
π

H
(1)
21 − H

(1)
21

λ1

E2
π

J
(−1)
02

λ2

Eπ

H
(1)
21

]
η,

S7 = η

[
H

(1)
21

λ1

E3
π

J
(0)
21 − J

(0)
21

λ1

E3
π

H
(1)
21

]
η. (4.4)

The action of these UTs onto the one-pion exchange contribu-
tion to the lowest-order effective Hamilton operator,

H (0) = η

[
H

(2)
20 + H

(2)
40 − H

(1)
21

λ1

Eπ

H
(1)
21

]
, (4.5)

with H
(2)
20 denoting the nonrelativistic kinetic energy term,

induces additional, β̄-dependent class-2, class-5, class-6, and
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class-7 contributions:

δJc2 = β7 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

E3
π

J
(0)
21 − H

(1)
21

λ1

Eπ

H
(1)
21 ηJ

(0)
21

λ1

E3
π

H
(1)
21

]
η + H.c.,

δJc5 = β̄1 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηJ

(−1)
02

λ2

E2
π

H
(2)
22 − H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(2)
22

λ2

E2
π

J
(−1)
02

]
η + H.c.,

δJc6 = β̄2 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

E2
π

J
(−1)
20

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

E2
π

J
(−1)
20

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

Eπ

H
(1)
21

]
η + H.c.

+ β̄3 η

[
H

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20 ηH

(1)
21

λ1

Eπ

H
(1)
21 − ηH

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20

]
η + H.c.,

δJc7 = β̄4 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηJ

(−1)
(02)

λ2

E2
π

H
(1)
21

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

Eπ

H
(1)
21

λ2

E2
π

J
(−1)
02

]
η + H.c.

+ β̄5 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηJ

(−1)
02

λ2

Eπ

HπN

λ1

E2
π

H
(1)
21 − H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

E2
π

H
(1)
21

λ2

Eπ

J
(−1)
02

]
η + H.c.

+ β̄6 η

[
H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

E2
π

J
(−1)
02

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

Eπ

H
(1)
21 ηH

(1)
21

λ1

Eπ

J
(−1)
02

λ1

E2
π

H
(1)
21

]
η + H.c. (4.6)

It turns out to be convenient to express β̄4,5,6 in terms of another
set of constants β, γ , and δ defined as

β̄4 ≡ −β + δ, 2β̄5 ≡ −β + γ, 2β̄6 ≡ −β − γ.

(4.7)

Already at this stage we emphasize that three of the seven
parameters, namely γ , β̄2, and β̄7, do not affect the leading one-
loop contributions to the one-pion exchange matrix elements.

After these preliminary remarks, we are now in the position
to discuss the results for the one-loop contributions. Here and
in what follows, the expressions for a class-X contribution J

μ

cX
refer to the matrix element defined according to

〈 
p1
′ 
p2

′|Jμ| 
p1 
p2〉 = δ( 
p1
′ + 
p2

′ − 
p1 − 
p2 − 
k)

× [Jμ

cX + (1 ↔ 2)]. (4.8)

Here and in what follows, 
pi ( 
pi
′) refers to the initial (final)

momentum of the nucleon i. We will also frequently use
the momentum transfer variables q1,2 ≡ 
p1,2

′ − 
p1,2. The
expressions for the two-pion exchange current and charge
densities were given in Ref. [3] in terms of the most general
set of spin-momentum vector and scalar operators 
O1...24 and
OS

1...8 as well as isospin operators T1...5. We found that this
representation leads to unnecessarily involved expressions in
the case of the one-pion exchange and short-range currents.
We, therefore, refrain from using the operators 
O1...24, OS

1...8,
and T1...5 in the present work.

Evaluating matrix elements of the operators in the
Fock space as discussed above, we obtain the fol-
lowing results for the matrix elements of the current
density:


Jc1 = −e
g̊2

Ai

16F 4
[
τ1 × 
τ2]3 
σ1


σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

1

ωl

, 
Jc2 = e
g̊4

Ai

6F 4
[
τ1 × 
τ2]3 
σ1


σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l2

ω3
l

,


Jc5 = e
g̊2

A i

32F 4
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l


l · 
σ1

ω+ω−(ω+ + ω−)

− (1 − β̄1)e
g̊2

A i

16F 4
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π


σ1 · 
q1

∫
d3l

(2π )3

l ω− − ω+
ω+ω−(ω+ + ω−)2

,


Jc7 = −e
g̊4

Ai

4F 4
[
τ1 × 
τ2]3(
q1 − 
q2)


σ1 · 
q1

q2
1 + M2

π


σ2 · 
q2

q2
2 + M2

π

1

3

∫
d3l

(2π )3

l2

ω3
l

+ e
g̊4

Ai

8F 4
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l (
l · 
q2 
σ1 · 
k − 
k · 
q2 
σ1 · 
l)ω

2
+ + ω+ω− + ω2

−
ω3+ω3−(ω+ + ω−)

− e
g̊4

Ai

32F 4
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π


σ1 · 
q2

∫
d3l

(2π )3

l (k2 − l2)

[
2(β − 1)

(ω− − ω+)(ω2
+ + 3ω+ω− + ω2

−)

ω3+ω3−(ω+ + ω−)2

+ δ
(ω− − ω+)(ω2

− + ω2
+)

ω3−ω3+(ω+ + ω−)2

]
,
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KÖLLING, EPELBAUM, KREBS, AND MEIßNER PHYSICAL REVIEW C 84, 054008 (2011)


Jc8 = −e
g̊2

A i

32F 4
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l


l · 
σ1

ω+ω−(ω+ + ω−)
,


Jc9 = e
g̊2

A i

32F 4
[
τ1 × 
τ2]3 
σ1 · 
q1

q2
1 + M2

π


σ1 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l


l · (
q1 − 
q2)

ω+ω−(ω+ + ω−)
, (4.9)

and the charge density:

ρc6 = e
g̊4

A

4F 4

1

3
τ 3

2 
σ1 · 
q2

σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

l2

ω4
l

,

ρc7 = −e
g̊4

A

8F 4
τ 3

2

σ2 · 
q2

q2
2 + M2

π

∫
d3l

(2π )3

× (
σ1 · 
l 
q2 · 
l − 
σ1 · 
k 
q2 · 
k)
1

ω2+ω2−
, (4.10)

where

ω2
± = (
l ± 
k)2 + 4M2

π , ω2
l = 
l 2 + M2

π . (4.11)

The class-3, 4, and 6 contributions to the current density and
the class-1, 2, 3, 4, 5, 8, and 9 contributions to the charge
density are found to vanish.

B. Tree-level contributions

The loop contributions considered in the previous section
do not involve the ones emerging from pion tadpole diagrams.
These must be explicitly taken into account if one wants to use
the values of the renormalized LECs such as di determined
from, e.g., the pion-nucleon system. The treatment of the pion
tadpoles in the method of unitary transformation is discussed
in detail in Ref. [10]. The pion tadpole contributions emerge
from contractions of the pion field operators when performing
the normal ordering of the effective pion-nucleon Hamiltonian
and simply lead to additional vertex corrections. Following
Ref. [10], we work with the renormalized pion field and mass
defined according to

πr
a = Z−1/2

π πa, Zπ = 1 + δZπ, M2
π = M2 + δM2

π ,

(4.12)

where a denotes the isospin quantum number and
δZπ, δM2

π/M2
π ∼ O(Q2/�2). At the leading loop order, δZπ

and δM2
π are given by [10]

δZπ = −2l4M
2
π

F 2
− 1 − 10ξ

F 2
�π,

M2
π = M2

(
1 + 2l3M

2
π

F 2
+ 1 − 8ξ

2F 2
�π

)
,

where the quantity �π is defined in Eq. (B5). Notice that
in Ref. [10] we used the parametrization of the matrix U

with ξ = 0. We further emphasize that there are no pion
self-energy diagrams since we work with renormalized pion
fields. All effects due to pion self-energy and/or tadpoles are
taken into account by vertex corrections in the normal-ordered
effective Hamiltonian. This is schematically visualized in
Fig. 2. More precisely, replacing πa → πr

a and M2 → M2
π

in L(2)
ππ and L(1)

πN generates corrections to L(4)
ππ and L(3)

πN (and,
of course, in the corresponding Hamilton densities) driven
by δZπ and δM2

π . Further corrections, δNO, to the operators
H

(3)
21 , J

(2)
21 , and J

(1)
02 emerge from taking normal ordering on

the operators H
(3)
23 , J

(3)
23 , and J

(1)
04 Together with the wave

function renormalization of the pion, we obtain the following
shifts:

H
(3)
21 → H

(3)
21 + H

(1)
21

(
1

2
δZπ + δNO

)
= H

(3)
21 − H

(1)
21

l4M
2
π

F 2
,


J21
(2) → 
J21

(2) + 
J21
(0)

(
1

2
δZπ + δNO

)

= 
J21
(2) − 
J21

(0)
(

l4M
2
π

F 2
+ 1

2F 2
�π

)
,


J02
(1) → 
J02

(1) + 
J02
(−1)

(δZπ + δNO)

= 
J02
(1) − 
J02

(−1)
(

2l4M
2
π

F 2
+ 1

F 2
�π

)
. (4.13)

We point out that, as expected, none of the renormalized
operators depends on the (arbitrary) value of ξ .

+

+ +

+

+→

→ →

→

FIG. 2. Schematic representation of the renormalization of the pion field and the operators H
(3)
21 , J

(2)
21 , and J

(1)
02 .
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After these preliminary remarks, we are now in the position
to discuss the tree-level contributions to the one-pion exchange
current and charge densities. The formal operator structure is
given by

Jtree = η

[
− H

(3)
21

λ1

Eπ

J
(0)
21 + H

(3)
21

λ1

Eπ

J
(−1)
20

λ1

Eπ

H
(1)
21

− 1

2
J

(−1)
20 ηH

(1)
21

λ1

E2
π

H
(3)
21 − 1

2
J

(−1)
20 ηH

(3)
21

λ1

E2
π

H
(1)
21

+H
(1)
21

λ1

E2
π

H
(3)
21 ηJ

(−1)
20 − H

(3)
21

λ1

E2
π

H
(1)
21 ηJ

(−1)
20

+H
(3)
21

λ1

Eπ

J
(−1)
02

λ1

Eπ

H
(1)
21 + J

(−1)
02

λ2

Eπ

H
(1)
21

λ1

Eπ

H
(3)
21

+ J
(−1)
02

λ2

Eπ

H
(3)
21

λ1

Eπ

H
(1)
21 + H

(1)
21

λ1

Eπ

J
(1)
20

λ1

Eπ

H
(1)
21

−H
(1)
21

λ1

E2
π

H
(1)
21 ηJ

(1)
20 − H

(1)
21

λ1

Eπ

J
(2)
21

+H
(1)
21

λ1

Eπ

H
(1)
21

λ2

Eπ

J
(1)
20 + 1

2
H

(1)
21

λ1

Eπ

J
(1)
20

λ1

Eπ

H
(1)
21

]
η

+ H.c. (4.14)

These operators give rise to the diagrams shown in Fig. 3.
The explicit form of all vertices entering this expression can

be found in Appendix A. Evaluating the corresponding matrix
elements we obtain the following expressions for the current
density:


Jtree = 2e
g̊A i

F 2

[
d8τ

3
2 + d9 (
τ1 · 
τ2)

] 
σ2 · 
q2

q2
2 + M2

π

[
q1 × 
q2] − e
g̊A i

4F 2
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

{
2d21 
k × [
q2 × 
σ1]

+ d22 
k × [
q1 × 
σ1] + 
σ1

[
2M2

π

(
4d16 − 2d18 − l4g̊A

F 2

)
− g̊A

2
�π

]

− 
q1

σ1 · 
q1

q2
1 + M2

π

[
2M2

π

(
4d16 − 2d18 − l4g̊A

F 2

)
− g̊A�π + g̊A k2 l6

F 2
− g̊A

l6

F 2

(
q2

1 − q2
2

)] }
, (4.15)

while the contributions to the charge density vanish. This is
consistent with the fact that the loop contributions to the charge
density do not contain logarithmic ultraviolet divergences.

C. Renormalization

The expressions given in the previous sections are written
in terms of bare parameters and contain ultraviolet-divergent
pieces. These divergences are canceled after expressing the
bare parameters M , g̊A, F , li , and di in terms of the
corresponding renormalized quantities. When carrying out
renormalization, one should also take into account the con-
tribution induced by the leading-order [O(eQ−1)] one-pion
exchange current shown in Fig. 4,


J (eQ−1)
1π = e

ig̊2
A

4F 2
[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

(

q1


σ1 · 
q1

q2
1 + M2

π

− 
σ1

)
,

(4.16)

when expressing the ratio g̊A/F in terms of the physical LECs
gA/Fπ . The chiral expansion of this ratio has the form

gA

Fπ

= g̊A

F

(
1 − 2g2

A

F 2
π

�π − M2
π

F 2
π

l4 + 4
M2

π

gA

d16

)
. (4.17)

Clearly, this relation holds modulo higher-order corrections.
The resulting induced correction at O(eQ) reads


J (eQ)
1π = e

g2
A i

2F 2
π


σ2 · 
q2

q2
2 + M2

π

[
τ1 × 
τ2]3

[

q1


σ1 · 
q1

q2
1 + M2

π

− 
σ1

]

×
(

2g2
A

F 2
π

�π + M2
π

F 2
π

l4 − 4
M2

π

gA

d16

)
. (4.18)

Notice that, at the order considered, one can safely replace
g̊A and F by the corresponding renormalized quantities in all
expressions given in Secs. IV A and IV B.

Consider now the LECs li and di , which can be decomposed
into divergent parts and finite pieces as follows:

li = lri (μ) + γiL = 1

16π2
l̄i + γiL + γi

1

16π2
log

(
Mπ

μ

)
,

di = dr
i (μ) + βi

F 2
L = d̄i + βi

F 2
L + βi

16π2F 2
log

(
Mπ

μ

)
,

(4.19)

where the divergent quantity L is defined in Eq. (B6). The
corresponding coefficients βi and γi in the framework of
dimensional regularization (DR) are well known [17,19,20,22]
and read

β8 = β9 = β18 = β22 = 0, β16 = 1
2gA + g3

A,

β21 = −g3
A, γ4 = 2, γ6 = − 1

3 . (4.20)

The expressions for all loop integrals that enter the calculation
in DR can be found in Appendix B. The only exception is
the part of the class-7 current proportional to the constant
δ, for which we did not succeed in finding a closed expres-
sion. Inserting the DR expressions for the integrals entering
Eqs. (4.9) and (4.10) and the pion tadpole contributions
discussed above and replacing the bare LECs in terms of
renormalized ones, one observes that indeed almost all diver-
gences cancel. The only remaining divergent part of the current
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reads


Jdiv = −e
g2

A i

12F 4
π

[
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π


k L [
σ1 · 
q1 (1 − β̄1)

+ g2
A 
σ1 · 
q2 (−2 + 2β + δ)]. (4.21)

This implies that we have to choose β̄1 = 1 and −2 + 2β +
δ = 0 in order to be able to renormalize the current operator.
Here and in what follows, we adopt the choice δ = 0 and
β = 1.

D. Relativistic corrections

Last but not least, we now discuss the leading relativistic
corrections. These emerge from the operators in Eq. (4.14)
with the vertices H

(3)
21 , J

(1)
20 , and J

(2)
21 being replaced by the

corresponding relativistic corrections H̃
(3)
21 , J̃

(1)
20 , and J̃

(2)
21 ,

respectively, whose explicit form is given in Appendix A. In
addition, there are contributions emerging from insertions of
the kinetic energy of the nucleon H̃

(2)
20 which have the form

Jrel = η

[
H

(1)
21

λ1

Eπ

H̃
(2)
20

λ1

Eπ

J
(0)
21 − H̃

(2)
20 ηH

(1)
21

λ1

E2
π

J
(0)
21 + β̄7

(
H

(1)
21

λ1

E3
π

J
(0)
21 ηH̃

(2)
20 − H̃

(2)
20 ηH

(1)
21

λ1

E3
π

J
(0)
21

)

+H
(1)
21

λ1

Eπ

J
(−1)
02

λ1

E2
π

H
(1)
21 ηH̃

(2)
20 − H

(1)
21

λ1

Eπ

H
(1)
21

λ2

Eπ

H̃
(2)
20

λ2

Eπ

J
(−1)
02 − H

(1)
21

λ1

Eπ

H̃
(2)
20

λ1

Eπ

H
(1)
21

λ2

Eπ

J
(−1)
02

−H
(1)
21

λ1

Eπ

H̃
(2)
20

λ1

Eπ

J
(−1)
02

λ1

Eπ

H
(1)
21 + H̃

(2)
20 ηH

(1)
21

λ1

E2
π

H
(1)
21

λ2

Eπ

J
(−1)
02 + H̃

(2)
20 ηH

(1)
21

λ1

Eπ

H
(1)
21

λ2

E2
π

J
(−1)
02

+ β̄4

(
H̃

(2)
20 ηH

(1)
21

λ1

Eπ

H
(1)
21

λ2

E2
π

J
(−1)
02 − H̃

(2)
20 ηJ

(−1)
02

λ2

E2
π

H
(1)
21

λ1

Eπ

H
(1)
21

)
+β̄5

(
H̃

(2)
20 ηH

(1)
21

λ1

E2
π

H
(1)
21

λ2

Eπ

J
(−1)
02

− H̃
(2)
20 ηJ

(−1)
02

λ2

Eπ

H
(1)
21

λ1

E2
π

H
(1)
21

)
+β̄6

(
H

(1)
21

λ1

Eπ

J
(−1)
02

λ1

E2
π

H
(1)
21 ηH̃

(2)
20 − H

(1)
21

λ1

E2
π

J
(−1)
02

λ1

Eπ

H
(1)
21 ηH̃

(2)
20

)

+H
(1)
21

λ1

Eπ

J
(−1)
20

λ1

E2
π

H
(1)
21 ηH̃

(2)
20 − H

(1)
21

λ1

Eπ

H̃
(2)
20

λ1

Eπ

J
(−1)
20

λ1

Eπ

H
(1)
21 − 1

2
H

(1)
21

λ1

E3
π

H
(1)
21 ηH̃

(2)
20 ηJ

(−1)
20

+ 1

2
H

(1)
21

λ1

E2
π

H̃
(2)
20

λ1

Eπ

H
(1)
21 ηJ

(−1)
20 + 1

2
H

(1)
21

λ1

Eπ

H̃
(2)
20

λ1

E2
π

H
(1)
21 ηJ

(−1)
20 − 1

2
H̃

(2)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20

+ β̄2 η

(
H

(1)
21

λ1

E2
π

J
(−1)
20

λ1

Eπ

H
(1)
21 ηH̃

(2)
20 − H

(1)
21

λ1

Eπ

J
(−1)
20

λ1

E2
π

H
(1)
21 ηH̃

(2)
20

)

+ β̄3

(
H̃

(2)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20 − H̃

(2)
20 ηJ

(−1)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21

)]
η + H.c., (4.22)

where the constants β̄i are defined in Eq. (4.3). The additional η-space UTs considered so far did not involve 1/mN corrections.
The unitary ambiguity of the leading relativistic corrections can be parametrized in terms of the following two additional UTs:

U ′ = e−S ′
, S ′ = β̄8S8 + β̄9S9, (4.23)

with two new constants β̄8 and β̄9 and the operators S8,9 given by

S8 = η

[
H̃

(2)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 − H21

λ1

E3
π

H
(1)
21 ηH̃

(2)
20

]
η,

S9 = η

[
H̃

(3)
21

λ1

E2
π

H
(1)
21 − H

(1)
21

λ1

E2
π

H̃
(3)
21

]
η. (4.24)

Notice that the operator S9 with H̃
(3)
21 being replaced by H

(3)
21 vanishes, which is why the corresponding UT was not considered

in Sec. IV B. The effects of these UTs in connection with the nuclear potentials and currents have already been investigated
(see [26,27] and references therein). In particular, these UTs affect 1/m2

N corrections to the one-pion exchange and 1/mN

corrections to the two-pion exchange nucleon-nucleon potentials which appear at N3LO in the chiral expansion. The form of
the relativistic corrections adopted in the N3LO potential of Ref. [15] corresponds to the choice β̄8 = 1/4 and β̄9 = 0. The UTs
driven by S8 and S9 also induce additional contributions to the current operator given by

δJrel =η

[
β̄8

(
H

(1)
21

λ1

E3
π

H
(1)
21 ηH̃

(2)
20 ηJ

(−1)
20 −H̃

(2)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20

)
+β̄9

(
H

(1)
21

λ1

E2
π

H̃
(3)
21 ηJ

(−1)
20 −H̃

(3)
21

λ1

E2
π

H
(1)
21 ηJ

(−1)
20

)]
η+H.c.

(4.25)
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Evaluating matrix elements of the operators given in Eqs. (4.22) and (4.25) we find no contributions to the current density. For
the charge density we obtain the following result:

ρrel = eg2
A

16F 2
πmN

1

q2
2 + M2

π

{
(1 − 2β̄9)

(
τ 3

2 + 
τ1 · 
τ2
) 
σ1 · 
k
σ2 · 
q2 − i[
τ1 × 
τ2]3

[
(1 + 2β̄9)(
σ1 · 
k1 
σ2 · 
q2 − 
σ2 · 
k2 
σ1 · 
q2)

− 2

σ1 · 
q1

q2
1 + M2

π


σ2 · 
q2 
q1 · 
k1

]}
+ ieg2

A

16F 2
πmN


σ2 · 
q2(
q2

2 + M2
π

)2 
σ1 · 
q2
[
(1 − 2β̄8) i

[
τ 3

2 + ( 
τ1 · 
τ2)
] 
q2 · 
k

+ [
τ1 × 
τ2]3
(
(2β̄3 
q1 + 2β̄8 
q2 − 
q2) · 
k1 + (

2β̄3 − 2β̄8 − 1
) 
q2 · 
k2

)]
. (4.26)

Here we have introduced 
k1,2 = 
p ′
1,2 + 
p1,2. In addition to the constants β̄8,9 which parametrize the 1/mN -dependent UTs and also

show up in the expressions for the one-pion exchange potential, the exchange charge density in the above expression also depends
on the arbitrary constant β̄3, which shows up neither in the potential nor in the remaining contributions to the exchange charge and
current densities. We found that the corresponding UT affects the single-nucleon charge operator. Moreover, renormalizability
of the single-nucleon charge operator enforces the choice β̄3 = 0. Last but not least, we emphasize that the leading relativistic
corrections to the one-pion exchange current and charge densities are discussed in Ref. [29] in the context of chiral effective field
theory. This paper also addresses the consistency issue between the relativistic corrections to the exchange currents, two-nucleon
potential, and the choice of the dynamical equation.

E. Final results

In this section we summarize the final, renormalized expressions for the current and charge densities at order eQ,


J1π =
∑
X


JcX + 
Jtree and ρ1π =
∑
X

ρcX + ρrel.

(4.27)

The obtained results in momentum space read


J1π = 
σ2 · 
q2

q2
2 + M2

π

[
q1 × 
q2]
[
τ 3

2 f1(k) + 
τ1 · 
τ2 f2(k)
] + [
τ1 × 
τ2]3 
σ2 · 
q2

q2
2 + M2

π

×
{


k × [
q2 × 
σ1]f3(k) + 
k × [
q1 × 
σ1]f4(k)+
σ1 · 
q1

( 
k
k2

− 
q1

q2
1 +M2

π

)
f5(k) +

[ 
σ1 · 
q1

q2
1 + M2

π


q1 − 
σ1

]
f6(k)

}
, (4.28)

where the scalar functions fi(k) are given by

f1 (k) = 2ie
gA

F 2
π

d̄8, f2 (k) = 2ie
gA

F 2
π

d̄9, f3 (k) = −ie
gA

64F 4
ππ2

{
g3

A [2L(k) − 1] + 32F 2
ππ2d̄21

}
, f4 (k) = −ie

gA

4F 2
π

d̄22,

f5 (k) = −ie
g2

A

384F 4
ππ2

[
2
(
4M2

π + k2
)
L(k) +

(
6 l̄6 − 5

3

)
k2 − 8M2

π

]
, f6 (k) = −ie

gA

F 2
π

M2
π d̄18, (4.29)

and the loop function L(k) is defined in Eq. (B4). The one-pion exchange charge density has the following form:

ρ1π = 
σ2 · 
q2

q2
2 + M2

π

τ 3
2

[

σ1 · 
k 
q2 · 
kf7(k) + 
σ1 · 
q2f8(k)

]
+ eg2

A

16F 2
πmN

1

q2
2 + M2

π

{
(1 − 2β̄9)

(
τ 3

2 + 
τ1 · 
τ2
) 
σ1 · 
k
σ2 · 
q2

− i(1 + 2β̄9)[
τ1 × 
τ2]3

[
(
σ1 · 
k1 
σ2 · 
q2 − 
σ2 · 
k2 
σ1 · 
q2) − 2


σ1 · 
q1

q2
1 + M2

π


σ2 · 
q2 
q1 · 
k1

]}

+ eg2
A

16F 2
πmN


σ1 · 
q2 
σ2 · 
q2(
q2

2 + M2
π

)2

[
(2β̄8 − 1)

(
τ 3

2 + ( 
τ1 · 
τ2)
) 
q2 · 
k + i[
τ1 × 
τ2]3((2β̄8 − 1)
q2 · 
k1 − (2β̄8 + 1)
q2 · 
k2 )

]
,

(4.30)

where we have introduced

f7(k) = e
g4

A

64F 4
ππ

[
A(k) + Mπ − 4M2

π A(k)

k2

]
, f8(k) = e

g4
A

64F 4
ππ

[(
4M2

π + k2
)
A(k) − Mπ

]
. (4.31)

The loop function A(k) is defined in Eq. (B4).
To the best of our knowledge, the obtained static corrections to the current and charge density operators are truly new results

of our calculations; see also the comparison with the calculation by Pastore et al. in Sec. VI. On the other hand, the relativistic
corrections to the one-pion exchange charge density operator are not new and have been studied in great detail within the
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KÖLLING, EPELBAUM, KREBS, AND MEIßNER PHYSICAL REVIEW C 84, 054008 (2011)

conventional meson theoretical approach by Friar [30]; see also a related work by Adam et al. [27] and a review article [32].
These authors also addressed the issue of unitary equivalence of the current operators and nuclear forces.

V. SHORT-RANGE CURRENTS

We now consider the short-range contributions. The formal structure of the currents involving the leading-order four-nucleon
contact interactions H

(2)
40 can be decomposed into four classes 10, . . . , 13 as visualized in Fig. 5. Including the contributions

induced by the UTs in Eq. (4.2), we obtain the following algebraic structure:

Jc10 = η

[
H

(2)
22

λ2

Eπ

H
(2)
40

λ2

Eπ

J
(−1)
02 − H

(2)
40 ηH

(2)
22

λ2

E2
π

J
(−1)
02 − β̄1

(
H

(2)
22

λ2

Eπ

H
(2)
40

λ2

Eπ

J
(−1)
02 − H

(2)
40 ηH

(2)
22

λ2

E2
π

J
(−1)
02

)]
η + H.c.,

Jc11 = η

[
H

(2)
40 ηH

(1)
21

λ1

E2
π

J
(−1)
02

λ1

Eπ

H
(1)
21 − H

(1)
21

λ1

Eπ

J
(−1)
02

λ1

Eπ

H
(2)
40

λ1

Eπ

H
(1)
21 + J

(−1)
02

λ2

E2
π

H
(1)
21

λ1

Eπ

H
(1)
21 ηH

(2)
40

+ J
(−1)
02

λ2

Eπ

H
(1)
21

λ1

E2
π

H
(1)
21 ηH

(2)
40 − J

(−1)
02

λ2

Eπ

H
(1)
21

λ1

Eπ

H
(2)
40

λ1

Eπ

H
(1)
21 − J

(−1)
02

λ2

Eπ

H
(2)
40

λ2

Eπ

H
(1)
21

λ1

Eπ

H
(1)
21

+ β̄4

(
H

(2)
40 ηH

(1)
21

λ1

Eπ

H
(1)
21

λ2

E2
π

J
(−1)
02 − H

(2)
40 ηJ

(−1)
02

λ2

E2
π

H
(1)
21

λ1

Eπ

H
(1)
21

)
+β̄5

(
H

(2)
40 ηH

(1)
21

λ1

E2
π

H
(1)
21

λ2

Eπ

J
(−1)
02

−H
(2)
40 ηJ

(−1)
02

λ2

Eπ

H
(1)
21

λ1

E2
π

H
(1)
21

)
+β̄6

(
H

(2)
40 ηH

(1)
21

λ1

E2
π

J
(−1)
02

λ1

Eπ

H
(1)
21 − H

(2)
40 ηH

(1)
21

λ1

Eπ

J
(−1)
02

λ1

E2
π

H
(1)
21

)]
η + H.c.,

Jc12 = η

[
H

(1)
21

λ1

Eπ

J
(−1)
20

λ1

E2
π

H
(1)
21 ηH

(2)
40 − H

(1)
21

λ1

Eπ

H
(2)
40

λ1

Eπ

J
(−1)
20

λ1

Eπ

H
(1)
21 − 1

2
J

(−1)
20 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηH

(2)
40

+1

2
J

(−1)
20 ηH

(1)
21

λ1

E2
π

H
(2)
40

λ1

Eπ

H
(1)
21 + 1

2
J

(−1)
20 ηH

(1)
21

λ1

Eπ

H
(2)
40

λ1

E2
π

H
(1)
21 − 1

2
J

(−1)
20 ηH

(2)
40 ηH

(1)
21

λ1

E3
π

H
(1)
21

+ β̄2

(
H

(2)
40 ηH

(1)
21

λ1

Eπ

J
(−1)
20

λ1

E2
π

H
(1)
21 − H

(2)
40 ηH

(1)
21

λ1

E2
π

J
(−1)
20

λ1

Eπ

H
(1)
21

)

+ β̄3η

(
H

(2)
40 ηH

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20 − H

(1)
21

λ1

E3
π

H
(1)
21 ηJ

(−1)
20 ηH

(2)
40

)]
η + H.c.,

Jc13 = η

[
J

(0)
21

λ1

Eπ

H
(2)
40

λ1

Eπ

H
(1)
21 − J

(0)
21

λ1

E2
π

H
(1)
21 ηH

(2)
40 + β̄7 η

(
H

(1)
21

λ1

E3
π

J
(0)
21 ηH

(2)
40 − H

(2)
40 ηH

(1)
21

λ1

E3
π

J
(0)
21

)]
η + H.c. (5.1)

We found that only the class-11 matrix elements yield nonvanishing contributions to the current density:


Jc11 = −e
g2

A i

4F 2
π

CT

∫
d3l

(2π )3

l[2 
l · [
k × 
σ1]τ 3

2 + 
σ1 · 
l 
σ2 · 
k[
τ1 × 
τ2]3]
ω2

+ + ω+ω− + ω2
−

ω3+ω3−(ω+ + ω−)
. (5.2)

We find, however, that the resulting contribution to the current vanishes after performing antisymmetrization of the two-nucleon
states.

The tree contributions emerge from gauging the subleading contact interactions in the Lagrangian L(2)
NN and the two new

gauge-invariant terms proportional to the LECs L1,2:


Jcontact = e
i

16
[
τ1 × 
τ2]3 [(C2 + 3C4 + C7) 
q1 − (−C2 + C4 + C7) (
σ1 · 
σ2) 
q1 + C7 (
σ2 · 
q1 
σ1 + 
σ1 · 
q1 
σ2)]

− e
C5 i

16

(
τ 3

1 − τ 3
2

)
[(
σ1 + 
σ2) × 
q1] + ieL1 τ 3

1 [(
σ1 − 
σ2) × 
k] + ieL2 [(
σ1 + 
σ2) × 
q1]. (5.3)

It is reassuring to note that all the divergences of the two-pion exchange loop integrals are canceled by the same redefinition
of Ci that is needed to renormalize the potential [31]. From the two LECs that are genuine to the current operator, only L1

gets renormalized. By employing DR and the modified minimal subtraction scheme (MS), the relation between the bare and
renormalized LEC L1 has the form

L1 = L̄1 + g2
A − 3g4

A

8F 4
π

�π . (5.4)
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FIG. 3. Contributions of the counter terms. Solid dots are the lowest-order vertices from the effective Lagrangian while the crosses represent
insertions of the electromagnetic vertices as explained in the text. For remaining notation see Fig. 1.

The charge density is completely given by the class-11 and 12 loop diagrams:

ρc11 = −e
g2

A

4F 2
π

CT τ 3
1

∫
d3l

(2π )3
(
σ1 · 
σ2 (k2 − l2) − 
σ1 · 
k 
σ2 · 
k + 
σ1 · 
l 
σ2 · 
l )

1

ω2+ω2−
,

ρc12 = −e
g2

A

3F 2
π

CT τ 3
1 
σ1 · 
σ2

∫
d3l

(2π )3

l2

ω4
l

. (5.5)

In DR, the integrals entering these expressions are finite,
and the result for the short-range charge density reads

ρcontact = CT τ 3
1 [
σ1 · 
k 
σ2 · 
k f9(k) + 
σ1 · 
σ2 f10(k)],

(5.6)

where

f9(k) = e
g2

A

32F 2
ππ

(
A(k) + Mπ − 4M2

π A(k)

k2

)
,

f10(k) = e
g2

A

32F 2
ππ

[
Mπ − (

4M2
π + 3k2

)
A(k)

]
. (5.7)

Notice that, for antisymmetric nuclear states, the two structures
in Eq. (5.6) can be combined into a single one. Equations
(5.3) and (5.6) represent our final results for the short-range
contributions.

FIG. 4. Lowest-order contributions to the pion exchange current
operator: the pion-in-flight and seagull graphs. For notation see Fig. 1.

VI. COMPARISON WITH THE WORK BY PASTORE et al.

We now compare our results given in the previous sections
with the ones obtained by Pastore et al. [1,2,4]. Below, we list
the (numerous) differences and, in some cases, comment on
their possible origin.

(i) We begin with the exchange current density given in
Eq. (4.28). Our result for the pion loop contributions
[i.e., terms proportional to the loop function L(k)]
agrees with the one of [2] for the class-9 operator [see
the contribution ∝L(k) in f5]. As did Pastore et al., we
also find that the class-8 operator is canceled by a part
of the class-5 operator. The rest of the class-5 operator
is not mentioned in [2]. As shown in Sec. IV C, this part
vanishes in our treatment due to the renormalizability
constraint. For the seagull current [see the contribution
∝L(k) in f3], we obtain a completely different result
with even a different isospin dependence: [
τ1 × 
τ2]3 as
compared to τ 3

1,2 in [2] [see Eq. (3.36) in their work].
This should not come as a surprise given the fact that
Pastore et al. did not succeed in extracting the (truly)
irreducible part of the amplitude for this particular
topology (see the discussion in Appendix E of [2]). In
particular, they even encountered some non-Hermitian
contributions, which then were ignored.

(ii) We also disagree on the tree contributions to the
current density except the one ∝d21. In particular,
our terms ∝d8,9 have a different sign. Further, we
find independent contributions from both LECs d21

and d22, while in [2] they only appear in a linear
combination 2d21 + d22. Finally, Pastore et al. miss the
contributions from the LEC d18 (which accounts for
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Class 10:

Class 11:

Class 12:

Class 13:

FIG. 5. Contributions of the short-range currents. Solid dots are the lowest-order vertices from the effective Lagrangian while the circle-
crosses represent insertions of the electromagnetic vertices as explained in the text. For remaining notation see Fig. 1.

the Goldberger-Treiman discrepancy) and l6. Last but
not least, we emphasize that our result for the current
operator in Eq. (4.28) depends on renormalized LECs
d̄8,9,18,21,22 and l̄6, which, of course, can be taken from
other reactions such as, e.g., pion-nucleon scattering
[33].

(iii) We now turn to the one-pion exchange charge density
operator given in Eq. (4.30). The expressions for
the leading relativistic corrections ∝1/mN are, of
course, not new and agree with the ones given in
[4].3 We, however, also obtain nonvanishing pion loop
contributions to the exchange charge density [see the
f7,8 terms in Eq. (4.30)], which are not considered in
Ref. [4].

(iv) Finally, our expressions for the pion loop contribution
to the short-range current and charge operators also
strongly disagree with the ones given in Refs. [2]
and [4], respectively. In particular, the results obtained
by Pastore et al. depend on both leading-order LECs
CS and CT , while there is no dependence on CS

in our case. Moreover, we find that the short-range

3We provide a somewhat more general result than the one of [4]
by including effects due to both UTs available at this order (terms
proportional to β̄8,9). The choice of these parameters consistent with
the two-nucleon potentials of Ref. [15] corresponds to β̄8 = 1/4
and β̄9 = 0. Contributions proportional to β̄9 are not considered in
Ref. [4].

pion loop contribution to the current density vanishes
completely upon performing antisymmetrization. The
origin of these discrepancies might be related to the
unitary ambiguity of the nuclear potential and current
operators. As discussed in the previous sections, we
include in our derivation a large number of additional
UTs which are possible at the given order in the chiral
expansion. In particular, pion loop contributions to
short-range current and charge operators are affected
by the strong UT defined in Eq. (3.48) of Ref. [13] and
Aμ-dependent UTs, which induce additional operators
listed in Eq. (5.1). As a consequence, the resulting
short-range currents might be expected to be strongly
scheme dependent (i.e., dependent on the a priori
unknown angles of these additional UTs). It is the
renormalizability requirement of the nuclear potentials
and currents that provides strong constraints on the
choice of the additional UTs (see the detailed discussion
in Refs. [3,13] and in Sec. II) and leads finally
to unambiguous expressions for the (static) nuclear
potentials and current and charge operators at the
considered order. The observed differences for the
short-range operators suggest that the results of Ref. [4]
might correspond to a different choice of the additional
UTs as compared to the one adopted in our work.4

4For example, we could easily generate terms proportional to CS by
choosing additional UTs in a different way.
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Our findings, however, imply that such a different
choice would result in the impossibility of obtaining
renormalized expressions for the nuclear forces and/or
the current operator.

VII. SUMMARY

The results of our work can be summarized as follows:

(i) We applied the method of unitary transformation to
work out the leading loop contributions to the one-pion
exchange and short-range two-nucleon electromagnetic
current and charge densities. The renormalized expres-
sions for the one-pion exchange charge and current
operators are given.

(ii) We discuss in detail renormalization of the one-pion
exchange contributions which provides a stringent
test of our theoretical approach. More precisely, all
emerging ultraviolet divergences have to be absorbed
into redefinition of the low-energy constants li and di

entering the Lagrangians L(4)
ππ and L(3)

πN , respectively.
There is no freedom in this procedure as the correspond-
ing β functions of all these LECs in DR are fixed and
well known. We demonstrate that it is indeed possible
to renormalize the one-loop contributions provided one
makes use of the freedom to employ additional unitary
transformations.

(iii) We succeeded in obtaining compact, analytical ex-
pressions for the current and charge densities in both

momentum and coordinate spaces which can be used
in future numerical calculations.

(iv) Finally, we provide a detailed comparison between our
results and those obtained by Pastore et al. within a
different framework.

The final results of our work are summarized in Eqs. (4.28),
(4.30), (5.3), and (5.6), which contain the expressions for
the one-pion exchange and short-range contributions to the
two-nucleon current and charge densities at order eQ (leading
loop order). It would be interesting to explore effects of
these novel contributions to the exchange current and charge
densities in, e.g., electron scattering off light nuclei. This work
is in progress (and see also [34] for a first calculation along this
line concentrating on the two-pion exchange contributions).
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APPENDIX A: HAMILTON DENSITY

In this appendix we define the expressions for the Hamilton density and currents. First let us recapitulate the expressions we
already defined in [3]:

H(1)
21 = g̊A

2F
N †(
σ 
τ · · 
∇ 
π )N, H(2)

22 = 1

4F 2
N †[
π × 
̇π ] · 
τN, H(4)

42 = 1

32F 4
(N †[
τ × 
π ]N ) · (N †[
τ × 
π ]N ),

J 0
20

(−1) = e

2
N †(1 + τ3)N = eN † ê N, bJ 0

02
(−1) = e[
π × 
̇π ]3, 
J02

(−1) = −e[
π × 
∇ 
π ]3, 
J21
(0) = e

g̊A

2F
N † 
σ [
τ × 
π]3N.

(A1)

The definitions of the other parts of the Hamiltonian density and currents are as follows:

H(3)
23 = g̊A

4F 3
N †[2 
σ 
τ · · 
∇ 
π 
π 2 ξ + (1 − 4ξ )
τ · 
π 
σ · 
∇ 
π 2]N,

H(2)
04 = 1

8F 2
N †[8ξ ∂μ 
π · ∂μ 
π 
π 2 − (1 − 4ξ )(
π · ∂μ 
π )2 − (8ξ − 1)M2

π 
π 4],

H(2)
04 = CS

2
N †N N †N + CT

2
N † 
σN · N † 
σN, H(3)

21 = 2d16 − d18

F
M2

π N † 
σ 
τ · · 
∇ 
πN,

H̃(3)
21 = − g̊Ai

4mNF
N † 
σ · ←→∇ 
τ · 
̇πN, H̃(2)

20 = − 1

2mN

N † 
∇ 2N,

J 0
02

(1) = −2ie
l6

F 2
ε3ab


k · 
∇πa π̇b, 
J02
(1) = 2ieε3ab

(
l6

F 2

∇πa


k · 
∇πb + il4
M2

π

F 2
πa


∇πb

)
,

J 0
20

(1) = e
k 2N †(d6τ3 + 2d7)N, 
̃J20

(1) = − ie

4mN

N †
[
(1 + τ 3)

←→∇ + (1 + c6) (1 + τ 3)
σ × 
k + 2c7 
σ × 
k
]
N,


̃J20

(1) = − ie

4mN

N †(1 + τ 3)
←→∇ N, J 0

21
(2) = −e

i

F
N †ε3abτb

(
d20 + d21 − d22

2

)

σ · 
k π̇aN,
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J21
(2) = e

F
N †

{
−4id8
k × 
∇π3 − 4id9
k × 
∇πa τa + ε3abτb

[
−
σπa(2d16 − d18) M2

π + i

(
d21 − d22

2

)

k

×[
σ × 
∇]πa − d22

2
πa


k × [
k × 
σ ]

]}
N, 
̃J21

(2) = − eg̊A

4mNF
N † 
σ (τa + δa3)π̇aN. (A2)

APPENDIX B: LOOP INTEGRALS

The following integrals contribute to the one-pion exchange current operator at the leading one-loop order:∫
d3l

(2π )3

1

ωl

= 2�π,

∫
d3l

(2π )3

l2

ω3
l

= 6�π,

∫
d3l

(2π )3

l2

ω4
l

= −3Mπ

8π
,

∫
d3l

(2π )3

la lb

ω+ω−(ω+ + ω−)
≡ I2 δab + kakb I3,

∫
d3l

(2π )3

ω− − ω+
ω+ω−(ω+ + ω−)2

la ≡ ka K1,∫
d3l

(2π )3

2ω+ + ω−
ω−ω3+(ω+ + ω−)2

la ≡ kaB1,

∫
d3l

(2π )3

2ω+ + ω−
ω−ω3+(ω+ + ω−)2

lalb ≡ δabB2 + kakbB3,

∫
d3l

(2π )3

2ω+ + ω−
ω−ω3+(ω+ + ω−)2

lalblc ≡ (δabkc + δackb + δbcka)B4 + kakbkcB5,

∫
d3l

(2π )3

1

ω2+ω2−
≡ A0,

∫
d3l

(2π )3

la lb

ω2+ω2−
≡ A2δ

ab + A3k
a kb, (B1)

where the pion energies ωl and ω± are defined as

ωl =
√

l2 + M2
π , ω± =

√
(
l ± 
k)2 + 4M2

π . (B2)

The integrals can be computed explicitly in dimensional regularization. We only give here the results for the integrals that are
actually needed. These are

I2 =
(

4 + 2k2

3M2
π

)
�π + s2L(k)

12π2
− 5k2 + 24M2

π

72π2
,

I3 = −K1 = −2B4 = − 2�π

3M2
π

− s2L(k)

12π2k2
+ 5k2 + 24M2

π

72π2k2
,

B1 = −B3 = −L(k) − 1

8π2k2
, B2 = − �π

M2
π

− 2L(k) − 1

16π2
, B5 = −

(
4M2

π + k2
)
L(k)

8π2k4
+ 3M2

π + k2

6π2k4
,

A0 = A(k)

4π
, A2 = −Mπ + s2A(k)

8π
, A3 = −Mπ − s2A(k)

8πk2
, (B3)

where we have introduced

L(k) = 1

2

s

k
log

(
s + k

s − k

)
, A(k) = 1

2k
arctan

(
k

2Mπ

)
, s =

√
k2 + 4M2

π , (B4)

with k = |
k |. Further, the integral �π is defined in Ref. [28] according to

�π = lim
d→4

1

i

∫
ddl

(2π )d
1

M2
π − l2 − iε

= 2M2
π

[
lim
d→4

L + 1

16π2
log

(
Mπ

μ

)]
, (B5)

where the quantity L has a pole in d = 4 dimensions and is given by

L = μd−4

16π2

[
1

d − 4
− 1

2
[�′(1) + 1 + log (4π )]

]
. (B6)

APPENDIX C: CONFIGURATION-SPACE EXPRESSIONS

For the sake of completeness, we also give the expressions in configuration space obtained by carrying out the Fourier
transformation of the momentum space results:

F
[
f (
q1, 
q2 )

] ≡
∫

d3q1

(2π )3

d3q2

(2π )3
ei 
q1·
r1ei 
q2·
r2 f (
q1, 
q2 ) (2π )3 δ3(
q1 + 
q2 − 
k). (C1)
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We find the following expressions:


J1π =
[
− [

τ 3
2 f1(k) + 
τ1 · 
τ2 f2(k)

] 
σ2 · 
∇12 [
k × 
∇12] + [
τ1 × 
τ2]3 
σ2 · 
∇12

(
−
k × [ 
∇12 × 
σ1]f3(k)

+ 
k × [( 
∇12 + i
k) × 
σ1] f4(k) + 
σ1 · ( 
∇12 + i
k)

k
k2

f5(k) − i 
σ1 f6(k)

)]
Mπe−Mπ r12

4π r12
ei
k·
r1

+ i

2
[
τ1 × 
τ2]3 
σ2 ·

(

∇12 − i
k

2

)

σ1 ·

(

∇12 + i
k

2

)
[f5(k) − f6(k)] 
∇12 f (
k, 
r12)ei
k· 
R, (C2)

where we have introduced


r12 = 
r1 − 
r2, 
R = 
r1 + 
r2

2
, 
∇12 = 
∇r12 ,

f (
k, 
r12) =
∫

d3p

(2π )3

∫ 1

−1
dx

e
i
r12·

(

p+
k x/2

)
(
p2 + M2

π + (1 − x2)k2/4
)2 . (C3)

The one-pion exchange charge density has the following form:

ρ1π =
{
−2M2

π 
σ2 · 
∇12τ
3
2 [
σ1 · 
k 
∇12 · 
k f7(k) + 
∇12 · 
σ1 f8(k)] + ieg2

A M2
π

8F 2
πmN

[(1 − 2β̄9)
(
τ 3

2 + 
τ1 · 
τ2
)
σ1 · 
k
σ2 · 
∇12

− i(1 + 2β̄9)[
τ1 × 
τ2]3(
σ1 · 
k1 
σ2 · 
∇12 − 
σ2 · 
k2 
σ1 · 
∇12)] − ieg2
A

16mNF 2
π


σ1 · 
∇12 
σ2 · 
∇12 [(2β̄8 − 1)
(
τ 3

2 + ( 
τ1 · 
τ2)
)

× 
∇12 · 
k + i[
τ1 × 
τ2]3(−(2β̄8 + 1) 
∇12 · 
k2 + (2β̄8 − 1 ) 
∇12 · 
k1 )]

}
e−Mπ r12

8π Mπ r12
ei
k·
r1

+ e
g2

A

16F 2
πmN

[
τ1 × 
τ2]3 
σ1 ·
(


∇12 + i
k
2

)

σ2 ·

(

∇12 − i
k

2

) (

∇12 + i
k

2

)
· 
k1 f (
k, 
r12) ei
k· 
R. (C4)

Finally, we also give the coordinate-space expression for the short-range currents:

ρcontact = CT τ 3
1

[

σ1 · 
k 
σ2 · 
k 2g2

A

F 2
π

f9 (k) + 
σ1 · 
σ2 f10 (k)

]
ei
k· 
Rδ3 (
r12) , (C5)


Jcontact =
{
e

1

16
[
τ1 × 
τ2]3 [(C2 + 3C4 + C7) 
∇12 − (−C2 + C4 + C7) (
σ1 · 
σ2) 
∇12 + C7 (
σ2 · 
∇12 
σ1 + 
σ1 · 
∇12 
σ2)]

− e
C5

16

(
τ 3

1 − τ 3
2

)
[(
σ1 + 
σ2) × 
∇12] + ieL1 τ 3

1 [(
σ1 − 
σ2) × 
k] + ieL2 [
σ1 × 
k]

}
ei
k· 
Rδ3(
r12). (C6)
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Eur. Phys. J. C 26, 13 (2002).

[23] E. Epelbaum, Ph.D. thesis, University of Bochum, 2000.
[24] L. Girlanda, S. Pastore, R. Schiavilla, and M. Viviani, Phys. Rev.

C 81, 034005 (2010).
[25] C. Ordonez, L. Ray, and U. van Kolck, Phys. Rev. C 53, 2086

(1996).
[26] J. L. Friar, Phys. Rev. C 60, 034002 (1999).
[27] J. Adam, H. Goller, H. Arenhövel, Phys. Rev. C 48, 370 (1993).
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