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Neutrino emissivity of * P,-3F, superfluid cores in neutron stars

L. B. Leinson

Institute of Terrestrial Magnetism, lonosphere and Radio Wave Propagation RAS, 142190 Troitsk, Moscow Region, Russia

(Received 29 June 2011; published 10 October 2011)

The influence of the admixture of the 3 F; state onto collective spin oscillations and neutrino emission processes
in the triplet superfluid neutron liquid is studied in the BCS approximation. The eigenmode of spin oscillations
with w ~ /58/35A is predicted to exist in the triplet superfluid neutron condensate besides the already known
mode w =~ A /+/5. Excitation of the high-frequency spin oscillations in the condensate occurs through the tensor
interactions between quasiparticles. Neutrino energy losses through neutral weak currents are found to consist
of three separate contributions caused by a recombination of broken Cooper pairs and by weak decays of the
collective modes of spin oscillations. Neutrino decays of the low-frequency spin waves can play an important
role in the cooling scenario of neutron stars. Weak decays of the high-frequency oscillations that occur only if
the tensor forces are taken into account in the pairing interactions does not modify substantially the total energy

losses. Simple expressions are suggested for the total neutrino emissivity.
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I. INTRODUCTION

It is considered well established that the inner core of
neutron stars contains a condensate of superfluid neutrons
below the critical condensation temperature 7,. A superfluid
energy gap A arising in the quasiparticle spectrum suppresses
most of the neutrino emission mechanisms in the volume of
the star [1], especially when the temperature falls substantially
below the critical value. In this case the number of broken
Cooper pairs rapidly decreases and leads to a strong quenching
of the neutrino emission caused by pair breaking and formation
(PBF) processes, which is considered as the most efficient
cooling mechanism of superfluid neutron cores [2-5]. Accord-
ing to this scenario, at temperatures T ~ 0.17, the neutron star
enters the epoch of a surface cooling.

The neutron superfluidity in the inner core of neutron stars
is believed to arise owing to pairing of fermions into a triplet
state. It is natural to expect the existence of low-frequency
collective modes associated with spin fluctuations of such
a condensate. Previously, spin modes have been thoroughly
studied in the p-wave superfluid liquid *He with a central
interaction between quasiparticles [6-9]. These results cannot
be applied without revision to the triplet superfluid condensate
of neutrons, where the pairing occurs mostly owing to a
short-range negative spin-orbit force of the interaction in the
channel of j = 2.

In a series of papers [10-12] we have investigated the
collective spin oscillations in the * P, superfluid neutron liquid
which can be formed because of the strong attractive spin-orbit
interaction between neutrons at high densities. Spin waves
with the excitation energy = A /+/5 were predicted to exist
in such a superfluid condensate and it has been shown that the
spin-wave decay (SWD) through neutral weak currents leads
to a substantial neutrino emission at the lowest temperatures
T « T, when all other mechanisms of the neutrino energy
losses are killed by the superfluidity.

In this paper the problem is considered for the case of
3P,-*F, pairing. We consider the spin eigenmodes of the
superfluid condensate in the case of pairing owing to spin-orbit
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and tensor forces. The neutrino emission owing to PBF and
SWD processes is calculated. The calculations are made within
the BCS approximation by assuming a projection of the total
angular momentum of the bound pairs m ; = 0 as the preferable
one at supernuclear densities.

The paper is organized as follows. Section II contains
some preliminary notes and outlines some of the important
properties of the Green’s functions and the one-loop integrals
used below. We recollect the gap equations for the case of
spin-orbit and tensor pairing forces. In Sec. III we derive, in
the BCS approximation, the equations for anomalous three-
point vertices responsible for the interaction of the neutron
superfluid liquid with an external axial-vector field. In Sec. IV
we discuss the renormalizations which transform the standard
gap equations to a very simple form valid near the Fermi
surface. In Sec. V we apply the angle average approximation
to make the equations solvable analytically. In Sec. VI we
analyze the poles of anomalous vertices to derive the dispersion
of spin-density oscillations in the condensate. In Sec. VII we
calculate the linear response of the superfluid neutron liquid
onto an external axial-vector field. In Sec. VIII we derive
neutrino losses caused by the recombination of broken Cooper
pairs and by the decay of spin waves. In Sec. IX, we evaluate
neutrino energy losses in the * P,-* F, superfluid neutron liquid.
Section X contains a short summary of our findings and the
conclusion.

Throughout this paper, we use the standard model of weak
interactions, the system of units 27 = ¢ = 1 and the Boltzmann
constant kg = 1.

II. GENERAL APPROACH AND NOTATION

A. Green’s functions and loop integrals

The order parameter, D = Dg, arising owing to triplet
pairing of quasiparticles, represents a 2 x 2 symmetric matrix
in spin space, («, 8 =1, |). The spin-orbit interaction among
quasiparticles is known to dominate in the nucleon matter of
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a high density. Therefore, it is conventional to represent the
-

triplet order parameter of the system D = 3", A jin, @&’ﬂm’)

as a superposition of standard spin-angle functions of the total

angular momentum (j, m;),

[cDjlmj (n)]aﬁ =

mg+my=m;

)

The angular dependence of the order parameter is represented
by the unit vector n = p/p, which defines the polar angles
(6, ) on the Fermi surface.

For our calculations it is more convenient to use vector
notation that involves a set of mutually orthogonal complex
vectors b j;,;(n) defined as

bjim, () = —3Tr (§6Djim,) . bjr—m, = (=" b3

Jjlm;>

2

where ¢ = (61, 67, 63) are Pauli spin matrices and § = i&>.
The vectors b jim; obey the normalization condition

dn_,
/4 b][m/bjlm]—au’all’am m/ (3)

Using the vector notation the order parameter is D(n) =
Abé g, where the vector b in spin space is defined by the
relation

APDM) =D Ajim, (PI jim, (). )

Jlm;

Because the ground-state order parameter is to be a unitary
triplet [13,14], b(n) is a real vector, which we normalize by
the condition

dn_,
/Eb (n) = 1. (5)

Making use of the adopted graphical notation for the
ordinary and anomalous propagators, G=——G6(p)=
—<— F®M = 0= and F® = ——— , itis convenient to
employ the Matsubara calculation technique for the system in
thermal equilibrium. Then the analytic form of the propagators
is as follows [15,16]:

G (py, P)=G (P, P)Sups
o (6)
FP(p,, p)=F(p,,p)&éh,

G(py, p)=G(py, P)oup,

FD(p,, p)=F(p,, p)b6 g,

where the scalar Green’s functions are of the form
G~ (py, p) = G(—py, —p) and

—ip, — & _
Gpy.P)=—F—" Fpp.P=—-> O

! P2+ E2 ! P2+ E}
Here p, =in(2n + 1)T with n =0, £1, £2, ... is the Mat-

subara’s fermion frequency, and the quasiparticle energy is
given by

2 2 272
E2 = 62 + A%(m), ®)

3 (%%amsms)(slmsmlljmj)Yl,ml(“)-
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where ¢, is the single-particle spectrum of the normal Fermi
liquid. Near the Fermi surface one has

P PP
2M* 2M*
The effective mass of a neutron quasiparticle is defined as
M* = pr/vfp, where vrp < 1 is the Fermi velocity of the
nonrelativistic neutrons. In the absence of external fields, the
gap amplitude A(T) is real.

The following notation is used below. We denote as
Ly x(w, q;p) the analytical continuation of the Matsubara
sums:

Lxx <wm p+ g;p— %)

:TZX(pn +a),(,p+g)x/<[7;;,p_g>y (10)
n

where X, X' € G, F,G~, and w, = 2imk T with k = 0, %1,
+2.... We divide the integration over the momentum space
into integration over the solid angle and over the energy
according to

dnl [
=0 an’ dey - -, (11)
(2n)* 472 ) o °

where 0 = pyM*/m? is the density of states near the Fermi
surface in the normal state, and operate with integrals over the

quasiparticle energy:
O q q
= de,Lxxy | o, —-p—=).
2/,00 o XX(‘”p+zp 2)

12)

&p = ~vr(p— pr). &)

ZXX’(('()V n, q, T) =

These are functions of w, (, and the direction of a quasiparticle
momentum n.

The loop integrals (12) possess the following properties,
which can be verified by a straightforward calculation:

I6-6 =Z66-» Zgr = —Irc.

I6-r = —IrG-, (13)
15
I6-F +1Irg = ZIFF» (14)
qv
I6-r —1Irg = _XIFF (15)
For arbitrary w, q, T one can obtain also
_ w® — (qv)?

To- +b*Tpr = A+ ————Tpp, 16
66~ T b°Ipr t a2 LrF (16)

where v is a vector with the magnitude of the Fermi velocity
vr and the direction of n, and

A(n) = [Z6-(n) + b*(0)Zrp(M)]y=0,g=0- (17)

B. Gap equation

The block of the interaction diagrams irreducible in the
channel of two quasiparticles, I'yg, 5, is usually generated by
the expansion over spin-angle functions (1). The spin-orbit
interaction among quasiparticles is known to dominate at high
densities. In this case the spin s and orbital momentum 1 of the
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pair cease to be conserved separately. Thus, the complete list
of channels participating in the triplet-spin P-wave pairing
includes the pair states with j =0, 1,2, and |m;| < j. The
pairing occurs in the state with j = 2 because the attractive
interaction in this channel strongly dominates. The tensor
components of the neutron-neutron interaction are known also
to exert some influence on pair formation in dense neutron
matter, favoring the condensation of pairs in the 3P, +3F,
state, but the contributions from P, — 3Py or P, — 3P,
transitions are deemed to be unimportant. Hence, we take the
approximation to neglect the j = 0, 1 coupling throughout
this paper. From now on we omit the suffix j everywhere by
assuming that the pairing occurs into the state with j = 2.
Then, in the vector notation, the pairing interaction is of the
form

oTup, 5P, P)
= > (=D Virlp, p)[bim, 62, 4[5}, ()]

U'lm;

IZH

(18)

where the pairing matrix elements V;(p, p’) with [, I’ = j £
1 = 1, 3 are the corresponding interaction amplitudes.

The ground-state problem is normally treated in terms of
the set of equations for the coupled partial-wave amplitudes
Apm; [17-22]. Making use of the identity

1
T)) ——— (19)
Xn: pi+ E}

one can obtain the standard set of equations for the triplet
partial amplitudes Ay, in the form

- 5 / dp'p*(—=1)F Vu(p. p))

l’l3

xA(p)<b,, (n)b(n)TZ 2+E2> (20)

Here and in what follows we use the angle brackets to denote

angle averages,
()= 1 / dn.
4

= G(p,, PG (py, p) + B> F(p,, P)F(py. ),

ey

Alm,(P)

Notice that
Pt By

and the gap equation (20) can be identically written as

1 /o = / /
Aim;(p) = —ZZ/CIPPZ(—I) > Vir(p, PHA(P)
l/

x (b, (WbM)[ LG~ + B> Lrrlu=oq=0) (22)

III. VERTEX EQUATIONS

We are interested in the linear medium response onto
an external axial-vector field. The field interaction with a
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FIG. 1. Dyson’s equations for the anomalous vertices. The ordi-
nary vertices are shown by small filled circles. The shaded rectangle
represents the pairing interaction.

superfluid should be described with the aid of two ordinary
and two anomalous three-point effective vertices. In the
BCS approximation, the ordinary axial-vector vertices of
a nonrelativistic particle and a hole are to be taken as
6 and 67, respectively. The anomalous effective vertices,
TOm;w, q) and T®(n;w, q) are given by the infinite sums
of the diagrams taking account of the pairing interaction in the
ladder approximation [23]. These 2 x 2 vector matrices are to
satisfy the Dyson’s equations symbolically depicted by graphs
in Fig. 1.

The analytic form of the diagrams in Fig. 1 is derived
in Ref. [10]. We are interested in the neutrino energy losses
through neutral weak currents. In the case of a nonrelativistic
medium the relevant input for this calculation are the effective
weak vertices at zero momentum transfer. This substantially
simplifies the problem. After some algebraic manipulations the
BCS equations for anomalous vertices at ¢ = 0 can be found
in the following form (we omit for brevity the dependence of
functions on w):

TOm) =) " 6by, (n)gZVH (Zoo-Tr[2(6Db7, )T
Im;
—ZprTr[(6D], )(ED)ETP @6 b)]
w o _
— 3 Trr2i (b}, x b)), (23)
Tm) =) 26b;, (n)Zvu (Zg-cTr[(6brm )T
Im;
—IFFTF[(é’b[/ ) OA'B g 6'5 ]
) . -~
- 5 Zrr2i (bym, xb)). (24)

Inspection of the equations reveals that the anomalous axial-
vector vertices can be found in the following form:

T, ) =) B, (@) (6bu,) 2, (25)
Im;

T, 0) =) B} (@3§(6b;,). (26)
Im;
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Insertion of these expressions into Eqgs. (23) and (24) makes it
possible to obtain the following equations:

= Z Vir |: Z I~ + BZIFF)(bz' by )> "m

4 ”m

—2> ((bby,, )
'm';

) (B T2 B,

1) e -
i, B

(27)
B = = E i L oo =) i )
I I
*—2<(5bﬁm)(5bwm4)1ff>]B; x (28)
where the new unknown vector functions are defined as
B(i) [Bglln) + (_)mj Bgzim]] (29)

The uniform Eqgs. (28) have nontrivial solutions if the deter-
minant of the system equals zero. This condition could be
considered as the dispersion equation for the eigenmodes of
oscillations. However, the solutions obtained in this way would
be spurious, because the physical solution must develop a
pole in the vertex function when the frequency approaches
the eigenvalue. In the case of uniform equations the solution
remains finite at the resonant frequency. Therefore, only trivial
solutions B,_m/_ = 0 are physically meaningful. We then obtain

Bl+ B(l) — ( )m/ B(z) (30)

Im

From now on we omit “plus”
B, = an,

By making use of Eq. (16) and denoting Zrr(n, ®
q = 0) = Zy(n,w; T), where

ood A2
%mm=/ i
0

Ep
— tanh —, (31)
E, 4E2
one can obtain Eq. (27) in the form

0~ (w +i0)? 2T
B, = ZVM{ ZBI” (A(m)(b;,, b ))

I"m

in the notation by assuming

2
+ Z Bl”m’j <IO(n) I:% (b;(’mj I:)I”m’j)
v
20 )] 5 0 07, )

(32)

This equation is to be solved together with the gap
equation (22).

IV. RENORMALIZATIONS

Both the gap equation (22) and the vertex equation (32)
involve integrations over the regions far from the Fermi surface
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while we are interested in the processes occurring in a vicinity
of the Fermi sphere. To get rid of the integration over the
far regions we renormalize the interaction as suggested in
Refs. [24,25]: We define

// //2
Vir(p, p") = Vur(p, p) — Z/ Vur(p, p")
x LGg-(p"Wer(p”, p)
// //2
=Vu(p, p)) - Z/ Vur(p, p")

N
x LGg-(p"Wor(p”, p),

where the loopL(N) (p”) is evaluated in the normal (nonsuper-
fluid) state. Using the identity
A dn _
O [ b, B
A (p) A

one can recast the above as

Vir(p, p') = Vu(p, P)—Z/ yp 3V11(P p"

1"

1

A(p")
Ay (P")
Then it can be shown [11] that we may everywhere
substitute V;; for Vj provided that at the same time, we
understand by the Lgg- element, the subtracted quantity
LG(;f—L(N) §720) [LgVG), is to be evaluated forw =0,q =0
in all cases]. The gap equation (22) becomes of the form

Ay ==Y iV Alb},, (MbMAM),  (33)
l/

(b7, B) . Lea- (P W (p”, p).

which is valid in the narrow vicinity of the Fermi surface,
where the smooth functions A, (p), Vi (p, p), and A(p)

may be replaced with constants A(p) =~ A(pr) = A, etc. The
function (17) is now to be understood as
AM) — [Zog- — I00- + D*Irr], g4 o (34)

It can be found explicitly by performing the Matsubara
summation:
A(n)
1 [ 1 vg2+A2b2 1
— | de — tanh h—
2 0 ’\/82+A2b2 2T 8 2T
(35)

The renormalization of Eq. (32) also reduces to the replace-
ments Vyy — V. The function A(n) should be replaced by
the expression (35).

V. ANGLE AVERAGE APPROXIMATION

The angle dependence of the functions A(n) and Zrg(n)
arises owing to anisotropy of the square of the energy
gap A’(p')b*(n) entering the energy of a quasiparticle. The
consideration can be substantially simplified using the angle
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average approximation, that is, replacing the anisotropic
energy gap with its angle average, A’b* — (A%h?) = A?
In Refs. [26-28], it has been shown that the angle average
approximation is an excellent approximation to the true
solution, as long as one is only interested in the average
value of the gap near the Fermi surface and not the angular
dependence of the gap functions. After this replacement
the angle integration becomes trivial. Making use of the
orthogonality relations (3) after the renormalizations from
Eq. (32) we get a set of linear equations for each value of
mj

B, = ZVM{BZ’mJ <Aav + = Azl ) ZZBI’m’

U 14 m

% ((Bby,, ) (Bby ) T +z T}, xﬁ)}, (36)

where
1 [ 1 E 1 £
Ay = = de | —tanh — — —tanh — |, 37)
2 Jo E 2T ¢ 2T
and
T /oodg A E (38)
= — ————tanh —,
0 E 4E2 — 602 2T
with E = V2 + A2.

The gap equation (33) becomes of the form
Almj = — Zl

Itis convenient to write the Eqs. (36) and (39) as two matrix
equations. The corresponding vertex equation is

<B1m_,-> _ ( Vll _V13) (Aav + ;ZzI )Blm‘f
B3, —Viz Vs (Aay + WIW)BM/
(ZLV >t ((bblml_) (B ) ) Bi, )

2Iav Zlm ((bb3m; ) (bb /,))Blm
| Iav(blmj Xb> 40
AN\ Zulb, b)) [ “0
and the gap equation becomes of the form

Ay, \% -V A, Agy
(1,):_< 11 13)(1,;1). @)
ASmj _V]3 V33 A3mj Aav
In obtaining the equations the fact is used that the interaction
matrix is symmetric on the Fermi surface, V3; = V3.
The interaction matrix which enters Eqs. (40) and (41) can

be diagonalized by unitary transformations V' = UV U, with
U being the unitary matrix

Vi A, (39

. 1 NV
U=U ‘T=—1< ’ ) 42
v (Vi + Vo \—VVo JVi @

where Vi = \/(V33 — V11)2 + 4V%3 + (V33 — V11).
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One has UVU' = diag(W_, W), with

We=3(Vas + Vi & \/(V33 — V)2 +4VE).  43)

Applying the unitary transformation U to the gap equations
(41) yields two coupled equations:

\/V>+Alm_,'+\/iA3mj = _Wf(\/WAlm,'"i_\/WA,%m,')AaVs

44)
\/WAlm/ Y V+A3mj = _W+(V V—Alm/_\/ V+A3m/-)Aav~
45

In Eq. (40), the interaction matrix can be also diagonalized
by the unitary transformation (42). Further simplification
is possible owing to the fact that, by virtue of Egs. (44)
and (45), the coupling constants W, can be removed out of
the equations. This results in the set of equations

VB + T Ba) — 3 [VTE(Bb ) (i)

)
lmj

4 V(b3 ) (B ) B
__’(M(blin Xb>+\ﬁ< 3m; x b)), (46)

4A2

(VB — VB, ) - 2 [VV{(bby,) (Bbu))

lm’/.
Vi((Bb3,, ) (Bbiw ))]Bi,
= — (Vb x B) = VTalbs,, xB). @D

Equations (46) and (47) represent a closed set of equations for
determining the vertex amplitudes B, (w).

4A2

VI. EIGENMODES OF SPIN OSCILLATIONS

For further progress we have to define the ground state of
the condensate which is specified by the vector b(n). We focus
on the condensation with m; = 0, which is conventionally
considered as the preferable one in the bulk matter of neutron
stars [2,3,20]. In this case only the partial gap amplitudes with
I =1,3 and m; = 0 contribute. To simplify the notation we
denote them as Ajp = A; and A3y = Aj. Taking into account
spin-orbit and tensor interactions the ground state of such a
triplet condensate is given by the vector b(n) of the form

_ Ay A3
b(n) = —=bio(n) + —=bso(n), (48)

where A% = A? 4+ A2. For this particular form of the ground
state the f0110w1ng relatlons can be verified by a straightfor-
ward calculation:

(B0}, ) (1)) = i, (B0, ) (B ). 49)
‘We denote

B, =((bby,, ) (bbr,)), (50)
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and
_ w
=X
From Eqgs. (46) and (47) one can obtain five sets of
linear equations corresponding to different values of m; = 0,
+1, £2.
For m; = 0 we obtain a set of two equations:

[VVi(@® = ") = VV-By ' [Bro
+[VVo(2 = 8%) = VViB B =0, (5D

[V~ ) + VA B
—[VVi(@P=857) +VV-By B3 = 0. (52)
The sets of equations for m ; = %2 are of the form
[VVi (@ = Bi2) = VV-BL [Brs2
+[VVA(@ = ) = VViBia Bra =0, (53)

[VVAR = Bi2) + Vi [Bis
—[VVi(@ = BL) VB By o = 0. (54)

For each of the values of m; = £1 we get a set of two
equations:

[VVA(Q = B1) = VV-BL1 [Bias
+[VVo(Q = BiT) =V Vi BT IBsa
= —Qi(y/Vy (b} 1, x B) +/V_(b] 4, x b)), (55

[VVA(QP = VVoBLy) + VViBl Brs
— [VVi (@ = B2) v/ VoL B3
= —Qi/V_(b} ., x b) = Vi (b}, x b)). (56)

By the same reason as in the case of Eqs. (28) the uniform
equations for m; =0 and for m; = £2 have only trivial
physical solutions Bjg = B3p = 0and B 1» = B3 1o = 0. The
solutions to Egs. (55) and (56) are

PHYSICAL REVIEW C 84, 045501 (2011)

where
(b% . xb) = \/7—(1 +1,0), (59)
(b} . xb) = ——f—(z +1,0), (60)
and
() = (7 = By (@7 — BL7) — B BL- (61

Notice that the interaction parameters V. drop out of the final
result in Egs. (57) and (58).

Poles of the effective vertices at x41(w) = 0 signal the exis-
tence of collective modes. Frequencies of the eigenoscillations
are independent of the sign of m ;. For each of the values of
m; = %1 we obtain two eigenmodes:

2 1 3,3 1,1\2 1,3 p3,1
91,2 = 3(/3;1{/-1 + 31’/3 + \/(ﬂmj - ﬁmj) +4.ij ﬁmj )
(62)
Straightforward calculations give
1 A? 2 ~A;  58A3
11 1 3 3
T === |1-=v6— , 63
P 2OA2( 7 A1+7A%> (©3)
29 A? 32 28 A3
3,3 1 Aj
T=——|1-= 6— 64
Psi 70A2( 87 +87A2> &)
32 A%
13 3,1
By = By = _m‘/__< - 11“/_ T3 A2>
(65)

It is interesting to compare the resonant frequencies (62)
with the spin oscillation frequency w; = A /+/5 obtained in
Refs. [10,11] in a simple model restricted to excitations of
the condensate with [ = 1. By taking As3;=0and Ay = Ain
the matrix elements we find 4/3 £ /3111 < (ﬂif — ﬁj[’ll)z. B

neglecting the small term 4B 1 ’ g3 1 ! under the root in Eq. (62)

we obtain
1
w1(As = 0) =2A81 (A3 =0) = %A ~0.45A  (66)

and

/58
wy(Ay = 0) = 2AB37 (A3 = 0) = T 1.29A. (67)

B+ = (Q)[(92 - ﬂif)(bl,il x b) + B} (b3 41 x b)],
Xl 57 We see that the extending of the decomposition scheme of the
(7 excited states with the total angular momentum j = 2 up to
'O [ =1, 3 leads to a very small frequency shift of the known
Bs i = ! [(92 — ﬂi’ll)(b;:l:l x b) + ﬁill (b} 4, x B)], mode, w; = A/+/5, but opens the new additional mode of
xx1(82) collective spin oscillations. Inclusion of the tensor interaction
(58)  implies A3 # 0and A> = A? + AZ.In this case from Eq. (62)
we obtain two twofold (m; = 1) frequency
|
13 1 ~A; 23473 15 Ay  485A% 370 A} 55A%
PN [ 623 L 223 [0 2 fe23 L0y 2P e 207 (68)
14 3 A 21 A2 28 147 A7 441 63 Af
2o (B L phs  BA LIS 25 Ay 485 AT 370 pA S5 A;
w; = Aj 6 2 o 6 . (69)
14 3 A 21 Aj 28 49 Ay 147 A7 441 63 Af
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According to calculations of different authors, at the Fermi
surface one has Az >~ 0.17A; (see, e.g., Ref. [18]). In this
case our theoretical analysis predicts two degenerate modes
with @ = w; >~ 0.42A and two degenerate modes with @ =
wy = 1. 19A.

VII. ANOMALOUS VERTICES AND POLARIZATION
FUNCTIONS

Making use of Egs. (25), (26), (29), and (30) we find

> [Bim, (6bim,)& + Baw, (6b3,) 2], (70)
mj==%1

> [Binm,2(6bum,) +Bsw g(6bsn,)]. (71)
mj==%1

TV, w) =
T®m, w) =

where the functions By, (@) and B3, (w) are given in Egs. (57)
and (58).

The general expression of the axial polarization tensor in
the BCS approximation has been already discussed before. It
can be obtained in the form [10-12]

7 (@) = —40Z0(8i; — (bib;)) — 0L (Tr[6: 7" 2(6D)]
— Tr[6;(6D)877]). (72)
\ivhere i, j =1,2,3 and the anomalous axial-vector vertices
T2 are given by Egs. (70) and (71). We omit for brevity the

dependence on n and w. Calculation of the traces results in the
expression

MY (©) = — 40T (87 — (5'0)) + 49T,y Y (

m;=%1

x B, +i{bsn, xb) B, ). (73)

b]ijb>

Inserting the vectors B, ,,,;, given by Egs. (57) and (58), we
write the function (61) as

xm, (@) = (2% — 1) (Q* — @3), (74)
where m; = +£1, and
602 0)2
Qf:@, Q%:ﬁ. (75)
In this way we obtain
M3 () = 40T (87 — (B'B))
QZ
4 Iav
e (sz2 Q2 4i0) (22 — 2+ 0)
x> [(22 = B3 (buw, xb) (b, x b)f
mj==1
+ B3 (bim, xB) (b3, x b)’
+ (2 = By ){baw, B (b3, x b
+ B3 (bsn, xB) (b}, x b)']. (76)

The poles location on the complex plane of €2 is chosen so that
to obtain the retarded polarization function.
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Summation over m ; = %1 can be done using the fact that
the parameters ﬁl v entering this equation are independent of

the sign of m;, and BL i, = ,Bill Then a simple calculation
gives

Z {bi, Xf’)i(bf'm,. X 5)j = Ap(8ij — 8i38;3),  (77)

myj==£1
with
)»11=§A—%, )»33=1A—§, A3 )»%1=—1A1A3,
4 A2 3 A2 2 A2

(78)

and

oor- (53 635
(79)

We finally obtain the expression

MY (0) = —40Ty (87 — (B'b7)) + 40T (87 — 676%)

o 4N*?
(0? — 0} +i0) (0? — @3 + iO)

A o’ /333 T ,311
Mlaaz =M . 4A2 !

+2)»13/311’3i|. (80)

Below we use the retarded polarization tensor for a
calculation of the neutrino emissivity of a nonrelativistic
superfluid matter. In this calculation one can neglect the
temporal and mixed components of the polarization tensor
occurring as small relativistic corrections.

VIII. NEUTRINO ENERGY LOSSES

We examine the neutrino energy losses in the standard
model of weak interactions. Then after integration over the
phase volume of freely escaping neutrinos and antineutrinos
the total energy which is emitted per unit volume and time can
be obtained in the form (see details, e.g., in Ref. [29])

G%C2N, ®
~Tloans / /d3 - (w q) ImIT}" (@, q)
b4 exp

X (kMkV —k glw), (81)

where G is the Fermi coupling constant, C4 = 1.26 is the
axial-vector weak coupling constant of neutrons, N, = 3 is
the number of neutrino flavors, ®(x) is the Heaviside step
function, and k" = (w, q) is the total energy and momentum
of the freely escaping neutrino pair (u, v = 0, 1, 2, 3).

In Eq. (81), we have neglected the neutrino emission in
the vector channel, which is strongly suppressed owing to
conservation of the vector current [10,30]. Therefore, the
energy losses are connected to the imaginary part of the
retarded polarization tensor in the axial channel, ImITY" ~

8/ 8"/ ImITY . The latter is caused by the PBF processes and by
the SWDs. These processes operate in different kinematical
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domains so that the imaginary part of the polarization tensor
consists of two clearly distinguishable contributions, ImIT}
I}, + ImTTg,,, which we now consider.

A. PBF channel
The imaginary part of Z,,, which arises from the poles of
the integrand in Eq. (38) at |w| = 2E is given by

ImZ,(w > 0) = TAOW 4% o ® (82)
w(w > ——  “tanh —.
¢ 2 ool —aar AT

With the aid of this expression we find

A2@(w? — 4A2) w o
PBF, \ _ _ L s —(bb
ImIT; (w) = =270 T —an tanh4T{8 (bibj)
61— 5,38 )3 A3 AA2?
— (8;; — 8i383;) > —L
TR ) )
w 33 4 A3 1.1
x [(4A2 Pr ) 9A? <4A2 P
4 A
Sl (83

Inserting the imaginary part of the polarization tensor into
Eq. (81), we calculate the contraction of Iml'IPBF with the
symmetric tensor k, k, — k*g,,,. This gives

1 o 1
€ = —G? Cz./\/v M*A? do———
T T br 2A @ w? —4A2

1
X Ttanhﬂf d3q{2w2—q2
exp (7) —1 4T g<w

143 1+12A§ 4+18A2 5
6 A2 7 A2 7a2)%

A? 4A%0?
—op)(@? — o))

2 2
w 3,3 ‘_‘A_ 1,1

X[(m_ﬁl)+9A2<4A2 ﬁl)

_ i&ﬂ}{“ . (84)

Integration over d>¢ can be done in cylindrical frame, where
q1 = q1 cos D, g = g, sin d, and g3 = g,. This results in the
neutrino energy losses of the form

_ 2 o - 2/00 Ztdx
€PBE = 373 GrCaNoprM™T"y o (1+expz)?
o 4 _ 3 A% x2 4+ y2
5 SA[x24+y2(1—@))][x2+y*(1 - 23)]
4 A?
<[+ SR )
4A3 2ﬂ11 3] } (85)
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where z = /x2+y%, y = A(T)/T, and Q;, are defined
in Eq. (75). In obtaining Eq. (85) the change is used w =

2T /x2 + A2/ T2,

For a practical usage from Eq. (85), we find

M* PF erg
=5.85x 10°( — | ( — |TJM.CLF —,
€PBF X (M ) <Mc> o M Cy PBF(y)Cm3S

(86)
where M is the bare nucleon mass; To = T'/ 10° K, and
) o] Z4
Fi = dx ——
por() =Y /0 (I+ exp2)?
A% xz—i—y2
X 4—3—2 5 5
S e () e ()
2
X[x2+y2(1—ﬂf’3) s+ (1=A)]
A7
44; , 1,3
——— . 87
3A yoBy (87)

In the limit A3 = 0, the neutrino energy losses, as given
by Eq. (85) reproduce the result obtained in Ref. [12] for
the one-component phase m; = 0. It is necessary to notice
that Eq. (87) obtained in the angle-average approximation
is much simpler for numerical evaluations than the “exact”
expression which contains additionally the angle integration
[11]. To avoid possible misunderstanding we stress that
the gap amplitude A(T) in Eq. (87) is +/2 times larger
than the gap amplitude Ayg; used in Ref. [31], where
the same anisotropic gap A, = Ab(n) is written in the
form Ap = Ayxrv/1+3¢c0820 = Ayg~/2b(n). In other
words, (A2) = A2 =2A2, .

B. SWD channel

In the frequency domain 0 < w < 2A, the imaginary part
of the weak polarization tensor (80) arises from the poles of
the denominator at w = w; and w = w, and consists of two
terms:

ImeiWD(w > 0)
twid(w — wy)

) - “%‘ }

3 A
:-2;129(5'1 8383 I 1)

AZ
X[ —B 9P(

3 .. , . A2 w6(w — wy)
— 27 =089 — 8383 T,, = =
4 A 4 A
x [Q%—ﬁ?3+ 53(92 B =35 3} . (@8)

According to Egs. (67) at A3 =0 one has 2, = ,Bif and
ImHlSJWD(w — @) = 0. In other words, the high-frequency
spin oscillations cannot be excited if the tensor interactions
between the pairing particles are not taken into account.
Inserting Eq. (88) into Eq. (81) and performing trivial
calculations, we find two contributions to the neutrino energy
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losses. The first contribution is caused by the decay into
neutrino pairs of the lowest mode of spin oscillations at
w = wi.

A2 1
(1) 2 *
o = 53575 THCINopr M No oo
4 A3 4 A2
% |:Q% _ ﬁfﬁ /311 3 + 6 A2 (QZ /311,1):|

o] ®de A? E
exp (%) —1 E E>—owj/4 2T

According to this equation, in the case of A3 — 0, A} — A,

and w; — A/+/5, the energy losses are twice less than that
found in Ref. [12]:

eswp(A3 = 0) = o

® de A? E
x/ — —————tanh—. (90)
o E E*—owi/4 2T

We use the opportunity to point out the error in Eqs. (79)
and (81) of Ref. [12], where the factor of 1/2 is lost.

The second contribution originates from weak decays of
the second (higher) mode at w = wy:

AT 1
(2) 2 *
ESWD 320 5 G CANU FM AZ —Q2 QZ
4 A 4 A2
3,3 3 5l 3 1,1
<|o- A - STl e Al

a)g / ® de A? E
X ———=—— — ————tanh—. (91)
exp(2)—1Jo E E>—wj/4 2T
Because excitation of the high-frequency spin oscillations
occurs through the tensor interactions, the contribution of the
second mode vanishes if the tensor forces are switched off
(i.e., when A3 = 0).
The expressions (89) and (91) can be written in the
traditional form,

M* DF A2
el = 1.76 x 10%! (7> (M—C>NUC§T97y7A—;

4 A3 4 A2
« ot - g1t - SRR+ 3R @R - ﬂl“)]

5?
1 Q{ Fanol@ ) 2L
X 9
Q2 — Q2 expyQ) — 17 PR 3 5’
92)
M* A?
2 =1.76 x 10*! ( - ) (;{F )N A1y b
4A 4 A2
3,3 3 13 1,1
+ [Qi—ﬁl - ﬁ1 5@(92 B )}
1 Q% erg
X .7-" Q,
B2 expySa) = swp(€22, ¥) ——.
(93)
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where ﬂi’]/, given by Eqgs. (63)—(65), are functions of the gap
components A; and Az; y = A(T)/T, and

1
Fswp(2,y) =
x tanh 2 5 u? +1. (94)

IX. EFFICIENCY OF THE NEUTRINO EMISSION

In general, the temperature dependence of the gap ampli-
tudes A and Ajs is to be found with the aid of the gap equations.
For simple estimates we take the approximation that the ratio
As3/Aj remains constant when the temperature varies, and the
temperature dependence of the gap is given by the function
y = A(T)/T. This function is well investigated for a 3p,
pairing. Because the tensor contribution can be considered
as a perturbation [21], in a zero approximation we can use, for
example, the simple fitto Ayg,(T)/T = vg(7), as suggested
in Ref. [31], where t = T/T,. Taking into account that, in
Ref. [31], the gap amplitude Ay (T)is defined by the relation
AIZl = A%KL(I + 3 cos? ), while our definition is Aﬁ(Ag =
0) = $A%(1 4 3 cos? 6), we obtain y(t) = v/2v(7).

In Fig. 2 we show the neutrino emissivity € caused by
the PBF processes and by the decay of the lowest mode
(SWDy) and the higher mode (SWD,) of spin oscillations.
The temperature dependence of the emissivity is evaluated at
pr =2.1fm™! assuming A3/A;=0.17. We set the effective
nucleon masses M* = 0.7M; the critical temperature for

26
mJ =O
24 _— =3X 9
Te=3x10Y K PBE
— ——-Tc=3x108K
'E 22
o
%)
o 20 SWD;
2,
w 18
o
o
16
PBF,
14 -
SWDy /==
// 1/
/ /4 .
75 8 8.5 9 9.5

log,,T [K]

FIG. 2. Temperature dependence of the neutrino emissivity owing
to recombination of Cooper pairs (PBF) and owing to decay of
spin waves (SWD;, the emissivity of the lower mode; SWD,, the
emissivity of the upper mode) at A3/A; = 0.17 and py = 2.1 fm™!
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neutron pairing is chosen to be 7. =3 x 10° K and T, =
3x 108K

One can see that the decay of the low-frequency spin
waves into neutrino pairs (SWD)) is very effective at low
temperatures, when other known mechanisms of neutrino
energy losses in the bulk neutron matter are strongly sup-
pressed by the superfluidity. As discussed in Ref. [12] the
neutrino emission caused by the decay of the low-frequency
spin waves can dominate the y radiation within a wide range
of low temperatures, which was considered before as the
photon-cooling era. A simple estimate has shown that the
decays of spin waves can modify the cooling trajectory of
neutron stars (see Fig. 5 in Ref. [12]).

Weak decays of the high-frequency mode of spin oscilla-
tions occur only if the tensor forces are taken into account in the
pairing interaction, that is, if A3 # 0. Although the maximal
neutrino emission caused by the SWD, processes is as large
as in the SWD, the neutrino energy losses from the decay of
the upper mode decrease more rapidly along with lowering of
the temperature. As a result the SWD, contribution into the
total energy losses is negligible in comparison with the sum
of the PBF and SWD; contributions. We found that the latter
can be excellently described by the expressions obtained in
Ref. [12] for the case of * P, pairing with m; = 0 [However,
see note after Eq. (90).] We quote these simple expressions for

44
m] :0
42

Tc=3x10° K
40

Iong [erg s

32

7.5 8 8.5 9 9.5
log,, T [K]

FIG. 3. Temperature dependence of the total bulk neutrino lumi-
nosity from a homogeneous superfluid core owing to recombination
of Cooper pairs (PBF) and owing to decay of spin waves (SWD) for
pr = 2.1 fm~'. The effective mass is taken to be M* = 0.7M. Solid
lines are calculated according to the exact expressions (86), (92),
(93). Dashed lines are calculated by simplified formulas (95) and
(97). Volume of the triplet condensate is estimated as 7 x 10'® cm?
The short-dashed line is the energy losses per unit of time owing to
the surface y radiation, as calculated in Ref. [2].
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references:
0 (M PF 7/\/
€PBF = 5.85 x 10 V MC T CAFPBF(y) S
95)
with
5 0 Z4
g = dx—————, 96
pBF(Y) YA A ¥ expe? (96)
and
M PF
=1.37x 10 [ — )N, C
s ) <M><M) NG
GV L) erg_
s 97)
" exp(y//3) — em
where
o du
Io(y)=/o T tanh u? + 1. (98)

To get an idea of the accuracy of the simpliﬁed expressions,
in Fig. 3 we demonstrate the total neutrino energy losses caused
by PBF and SWD neutrino emission from the superfluid core
of the volume 7 x 10'® cm?. The total neutrino luminosity, as
calculated by the exact Egs. (86), (92), and (93), is shown in
comparison with the sum of the PBF and SWD neutrino losses
calculated with the aid of simple expressions given by Egs. (95)
and (97). We display also the the luminosity of the surface
photon radiation. The latter is taken as in Fig. 20 of Ref. [2].

X. SUMMARY AND CONCLUSION

According to modern theories the triplet-spin superfluid
condensate in the inner core of neutron stars arises owing to
pairing of neutrons caused by attractive spin-orbit and tensor
forces and consists of the orbital contributions corresponding
to [ =1,3. Assuming the projection of the total angular
momentum m; = 0, the superfluid energy gap A arising in
the 3P,-3F, state is A> = A? + A2, where the contribution
Az # 0 is caused by the tensor interactions. We have studied
the influence of the admixture of the 3F, state onto the
collective spin oscillations and neutrino emission processes
in the triplet superfluid neutron liquid.

To evaluate the rate of neutrino energy losses out of the
3P,-*F, superfluid neutron liquid we have calculated the
anomalous three-point vertices responsible for the interaction
of the superfluid liquid with an external axial-vector field.
The BCS-like calculation has done in the angle average
approximation. The polelike behavior of the vertices points
out the existence of two twofold eigenmodes of oscillations.
The oscillation frequencies in terms of the gap components
are given by Eqgs. (68) and (69). According to the obtained
expressions the known low-frequency mode w; ~ A/+/5
undergoes only a small frequency shift owing to the ten-
sor interactions. The frequency of the new, upper mode
wy(Asz =0) >~ ,/58/35A decreases slightly along with in-
creasing of the tensor contribution into the energy gap. We
found that the excitation of the high-frequency spin oscillations
is strongly quenched if the tensor interactions between the
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pairing particles are not taken into account, that is, if Az = 0.
According to calculations of different authors, at the Fermi
surface one has Az >~ 0.17A; (see, e.g., Ref. [18]). In this
case our theoretical analysis predicts two twofold modes:
w=w; ~042A and w = wr, = 1. 19A.

We have derived the linear response of the superfluid
liquid onto an external axial-vector field. At the timelike
momentum transfer the imaginary part of this polarization
function consists of three contributions originating from a
recombination of broken Cooper pairs and from weak decays
of the collective modes of spin oscillations. Accordingly, the
neutrino energy losses through neutral weak currents consist of
three contributions caused by the above decay processes. The
neutrino energy losses owing to PBE, SWD;, and SWD, pro-
cesses are presented analytically by Eqgs. (86), (92), and (93).

Neutrino decays of the low-energy spin waves (SWD;) can
play an important role in the cooling scenario of neutron stars.

PHYSICAL REVIEW C 84, 045501 (2011)

Previously we have demonstrated (see Fig. 5 in Ref. [12])
that the decays of spin waves with w = A/ V/5 can become
the dominant cooling mechanism in a wide range of low
temperatures and modify the cooling trajectory of neutron
stars.

Weak decays of the high-frequency mode (SWD,) occur
only if the tensor forces are taken into account in the pairing
interaction, that is, if A; # 0. The maximal neutrino emission
caused by the SWD,; processes is of the same order as in the
SWDy; however, the neutrino energy losses from the decay of
the upper mode decrease more rapidly along with lowering of
the temperature. As a result the SWD; contribution into the
total energy losses is negligible in comparison with the sum of
the PBF and SWD contributions. This fact makes it possible
to neglect the SWD, contribution and describe the neutrino
energy losses from the 3 P,-3F, superfluid liquid by simple
expressions given by Eqgs. (95) and (97).
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