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Tensor effects on the proton sd states in neutron-rich Ca isotopes and bubble
structure of exotic nuclei
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In the framework of the Hartree-Fock-Bogoliubov (HFB) approach with Skyrme interactions SLy5+T,
SLy5+Tw and several sets of the TIJ parametrizations, the evolution of the proton single-particle energy difference
between the 2s1/2 and 1d3/2 orbits in Ca isotopes is investigated for the cases with and without the tensor force.
It is shown that the energy difference evolution trends by using different Skyrme interactions without the tensor
force are similar to each other. However, the energy differences are obviously influenced by the tensor force.
Meanwhile, it is found that the inversion between the two orbits (2s1/2-1d3/2 inversion) induced by the tensor
force occurs around 48Ca (by SLy5+Tw) as well as in the nuclei very far from the stability. We understand
the inversion phenomenon by analyzing the tensor contributions to the spin-orbit potentials and the radial wave
functions of the two orbits. Finally, the proton density distributions of 46Ar and 206Hg are calculated by using
several sets of Skyrme interactions with and without the tensor component. It is found that the parametrization
SLy5+Tw favors the bubble structure of 46Ar resulting from the 2s1/2-1d3/2 inversion. However, for 206Hg any
tensor parametrizations do not favor its bubble structure.
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I. INTRODUCTION

In nucleon-nucleon (NN) interaction the tensor force is an
important ingredient [1,2], which has a crucial influence on the
nuclear structure, such as the single-particle spectrum [3], nu-
clear matter with realistic potentials [4], nuclear deformation
[5], and nuclear multipole giant resonances [6,7]. In the 1970s,
some nuclear physicists pointed out that the tensor part of the
nucleon-nucleon effective interaction has an important role in
the spin-orbit splitting of the Hartree-Fock (HF) single-particle
spectrum [8–12]. In fact, in the self-consistent mean-field the-
ory, the effective zero-range nonlocal interaction proposed by
Skyrme contains a zero-range tensor force [13,14]. However,
the tensor force of the Skyrme interaction was neglected in
the later calculations of self-consistent mean-field models.
In the early work of Stancu et al. [3], they studied the tensor
effects on the spin-orbit splitting by adding the tensor force in
a perturbative way in the 1970s. After that most of the Skyrme
forces were fitted without considering the tensor contribution
except for the work done by Tondeur, and Liu et al. [15,16].
Until recent years, there was only very little development of
the tensor force. People recently studied the shell structure
of exotic nuclei based on the shell model by taking into
account the tensor force, showing that the tensor force plays a
crucial role in the evolution of shell structure [17–20]. Then,
for the nuclei far from the stability, the study of the shell
evolution and modification of some magic numbers induced
by the tensor effects within various self-consistent mean-field
approaches becomes an interesting subject in nuclear structure
study [21–28]. For example, in the Skyrme-HF theory, the
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tensor force was usually added perturbatively into the existing
standard parametrization SLy5. The calculations showed that
some features on the evolution of the single-particle states
are described successfully by taking into account the tensor
force [22–25,28].

It is well known that the single-particle states of exotic
nuclei are quite different from those of stable nuclei. For
instance, studies indicated that the inversion phenomenon of s
and d states may occur in some neutron-rich nuclei [29–31]. So
to speak, the 2s1/2-1d3/2 inversion phenomenon was predicted
in 48Ca within the relativistic mean-field (RMF) approach [32].
The experimental signals for the inversion phenomenon was
found by measuring the proton single-particle spectrum of
48Ca [33]. The fact that the ground state of 47K is 1/2+ with
a large spectroscopic factor [34] also indicates that there is
2s1/2-1d3/2 inversion in the proton single-particle spectrum of
48Ca. Thus the study of the inversion phenomenon for the
single-particle states of exotic nuclei becomes an attractive
topic. In the 1970s, people analyzed the problem of 2s1/2-1d3/2

inversion of the proton states obtained by the HF+BCS [35]
approach with an interaction derived from a G matrix [36]. It
was shown that 36Ar was a candidate for this inversion. But
the Skyrme interactions could not lead to any inversion in this
nucleus. Recently, Grasso et al. analyzed the evolution of the
s-d proton single-particle states in Ca isotopes and a possible
2s1/2-1d3/2 inversion within the Skyrme-HF method [37]. In
their analysis, all factors including the kinetic, central, spin-
orbit, and tensor terms, which may modify the single-particle
energies were discussed. It was shown that the tensor effect
considerably favors the inversion of the two proton states in
48Ca. Nevertheless, the pairing correlation was neglected in
their work so that the proton single-particle states of some
open-shell nuclei could not be described properly. In addition,
in the studies of the tensor effect, they just used one set of
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Skyrme interaction SLy5+T. So far, people have developed
many sets of Skyrme effective interactions including the
tensor terms in addition to SLy5+T, such as SLy5+Tw [3,6],
the TIJ parametrizations [38,39]. Thus it is worth revisiting
the problem to explore the evolution of the sd states and the
inversion phenomena of the open-shell nuclei by using more
Skyrme interactions with the tensor force. This is the first
motivation of this article. Meanwhile, the bubble effects of
exotic nuclei has attracted much attention [40–42]. The bubble
nuclei are characterized by a depleted central density. This
effect originates from a very low occupation probability of the
s1/2 state: The absence of the l = 0 contribution leads to a strong
drop of the density in the center of the nuclei. Corresponding
studies indicate that the bubble effects require some conditions,
such as weak or low pairing and deformation effects [43], to
ensure a low occupation probability of the s state. Bubble
nuclei were predicted in various mass regions [32,40–43]. For
46Ar the s1/2 proton orbit is predicted to move significantly
above the d3/2 state [32], that is, the inversion of s and d states,
which is the key factor for the bubble formation. For heavy
nucleus 206Hg its bubble structure is attributed to the inversion
between s and h states [32]. Therefore, it is interesting to
study the tensor effects on the bubble structure. This is the
second motivation of this article. It is well known that the
Skyrme parametrizations are suitable for investigating bulk
properties of nuclei in the framework of the HFB theory
[44–47], and with the pairing correlation taken into account
by the Bogoliubov transformation, the nuclear properties near
drip lines can be better described than those with the BCS
approximation. Driven by the two motivations mentioned
above, we investigate the tensor effects on the evolution of
the proton single-particle states 2s1/2 and 1d3/2, the inversion
phenomenon of the two states in Ca isotopes, and the bubble
structure of 46Ar and 206Hg by using the HFB theory with
Skyrme interactions SLy+T, SLy5+Tw, and several sets of
the TIJ parametrizations. This article is organized as follows.
In Sec. II a theoretical framework is introduced. The numerical
results and corresponding discussions are given in Sec. III. The
conclusions are drawn in Sec. IV.

II. THEORETICAL FRAMEWORK

The triplet-even and triple-odd zero-range tensor terms of
Skyrme force are expressed as

υT = T

2

[
(σ1 · k′)(σ2 · k′) − 1

3
(σ1 · σ2)k′2

]
δ(r1−r2)

+ T

2
δ(r1−r2)

[
(σ1 · k)(σ2 · k) − 1

3
(σ1 · σ2)k2

]

+U [(σ1 · k′)δ(r1−r2)(σ2 · k)]

− 1

3
U (σ1 · σ2) × [k′ · δ(r1−r2)k], (II.1)

where the operator k = (∇1 − ∇2)/2i acts on the right and
k′ = –(∇1 − ∇2)/2i acts on the left. The coupling constants
T and U are the strengths of the triplet-even and triple-odd
tensor interactions, respectively. The tensor force and central

exchange term lead to a contribution to the energy density,

�H (r) = 1
2α

(
J 2

n + J 2
p

) + βJnJp. (II.2)

The spin-orbit potential with the central exchange and
tensor term is given by
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2
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where Jq(q ′ )(r) is the proton or neutron spin-orbit density
defined as

Jq(q ′ )(r) = 1

4πr3

∑
i

(2ji + 1)

×
[
ji (ji + 1) − li (li + 1) − 3

4

]
R2

i (r). (II.4)

In this expression q stands for neutrons (protons) and q
′

for protons (neutrons), where i= n, l, j runs over all states
having the given q (q

′
), and Ri(r) is the radial part of the wave

function.
The terms in the first bracket of Eq. (3) come from the

Skyrme spin-orbit interaction, and the terms in the second
bracket include both the central exchange and the tensor
contributions. In Eqs. (2) and (3), α = αC + αT and β =
βC + βT . The coupling constants can be determined as follows
[10,13,14,47]:

αC = 1
8 (t1 − t2) − 1

8 (t1x1 + t2x2) ,

βC = − 1
8 (t1x1 + t2x2) , (II.5)

αT = 5
12U,

βT = 5
24 (T + U ). (II.6)

For the convenience of the following discussion, we rewrite
Eq. (3) in the following form:

Uq
s.o. = Uρ + UC + UT

= W0
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′
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)

+
(
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′

r

)
+

(
αT

Jq

r
+ βT
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′

r

)
. (II.7)

In this work, all calculations were performed using the
HFBRAD code [44] with the Skyrme force in the particle-hole
channel. In the pairing channel, we use the mixing pairing
interaction, which is written as

V =
(

t ′0 + t ′3
6

ργ ′
)

δ, (II.8)

where t′3 = −18.75t ′0, γ ′ = 1, and t′0 is an adjusted parameter,
which can be determined by the empirical pairing gaps.
The box and mesh sizes are selected as 30 fm and 0.1 fm,
respectively.

III. RESULTS AND DISCUSSIONS

We have performed systematic calculations for the proton
single-particle energy difference between the 2s1/2 and 1d3/2

states in Ca isotopes by using the HFBRAD code with the
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FIG. 1. (Color online) Comparison between the experimental data and the calculated energy differences of the proton single-particle states
2s1/2 and 1d3/2 in Ca isotopes in the cases with and without tensor force.

Skyrme interactions SLy5+T, SLy5+Tw, and several sets of
the TIJ parametrizations. Note that the single-particle spectra
are computed in the canonical basis. The calculated results
with and without the tensor force and available experimental
data as functions of the mass number A are plotted in Fig. 1.
The experimental data is taken from Ref. [33,48]. From Fig. 1,
we can see that all Skyrme interactions without the tensor force
give similar evolution trends, which is consistent with those in
Ref. [37]. This is because the fillings of neutron orbits are the
same although the interactions are different from each other. As
can be seen from Fig. 1, the single-particle energy differences
of the s-d states for the nuclei 40,60Ca are not influenced by
the tensor force because they are the spin-saturated nuclei
for both protons and neutrons. The tensor contributions to
the energy differences almost vanish. But the small changes in
the energy differences of the nucleus 60Ca can be seen from the
pairing interaction. For other isotopes, the energy differences
are more or less influenced by the tensor force. According to
the comparisons of the calculated results with different Skyrme
interactions in Fig. 1, it is not difficult to find that there are the
following interesting features:

(i) The energy difference evolution trends of the two states
are similar to each other for SLy5+T, T32, and T44. The values
of energy differences with the tensor force are larger than the
ones without the tensor force for these interactions.

(ii) The evolution trends are similar to each other for the
T1X (T11, T12, T14, T16) interactions. The energy difference
values with the tensor force are smaller than those without the
tensor effect.

(iii) The Skyrme interaction with the tensor force SLy5+Tw

leads to the 2s1/2-1d3/2 inversion near 48Ca. For the very

neutron-rich nuclei, there are the inversion phenomena because
of the tensor effect.

As to the evolution tendency varying with the mass number
A induced by the tensor force for each interaction, it is well
described by the monopole effect proposed by Otsuka et al.
[17–19]. Here we will not redescribe the effect to explain the
single-particle spectrum shifts. We now focus on discussing
the features mentioned above by taking 48,64Ca as an example
using the spin-orbit potentials and the radial wave functions of
2s1/2 and 1d3/2 states. The proton spin-orbit potentials and the
squared radial wave functions with the interactions SLy5+T,
SLy5+Tw, and T16 as functions of the radial distance r for
48,64Ca are plotted in Fig. 2.

From Fig. 2, one can see that the tensor contribution to the
spin-orbit potential UT with SLy5+T of 48.64Ca varies with r
positively. This is because Ca isotopes except for 48,64Ca are
the spin-saturated nuclei for protons. Thus the tensor effects
are practically attributable only to the fillings of neutron orbits
so that one cannot obtain the contributions from the total
proton spin current density Jp. In our calculations, the total
neutron spin current density Jn is positive. Therefore, the
tensor contribution to the spin-orbit potential is only relevant
to the parameter βT . The values of βT for different versions
of Skyrme forces are listed in Table I. From Table I, one can
see that βT = 100.0 MeV fm5 so that the tensor effect gives a
positive contribution to UT . For T32 and T44, the situations are
similar to that with SLy5+T because the βT values with T32
and T44 are 79.5 MeV fm5 and 112.8 MeV fm5, respectively.
Thus the first feature is explained by the positive UT . For
T16 parametrization the βT value is −69.1 MeV fm5, which
makes the UT of 48,64Ca negative. It can be seen from the
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FIG. 2. (Color online) Proton spin-orbit potentials and the squared radial wave functions of the 2s1/2 and 1d3/2 orbits for 48,64Ca with
Skyrme interactions SLy5+T, SLy5+Tw , and T16.

third column in Fig. 2. For other T1X parametrizations the
βT values are all negative, which leads to the negative UT .
Thus the evolutions of s-d states with the tensor effects by
using the T1X interactions are opposite to those of SLy5+T,
T32, and T44. So the second feature is also interpreted well
by the analysis mentioned above. The similar mechanism was
already described in our previous work [28]. In addition, from
Fig. 2 one can see that the wave functions of 1d3/2 orbit
corresponding interactions SLy5+T, SLy5+Tw, and T16 and
the total potential Us.o. are peaked almost at the same r. This
indicates that the 1d3/2 orbit is strongly modified by the tensor
contribution. However, because the wave functions of 2s1/2

have nodes in the region between 2.5 and 3.0 fm, this orbit
is not sensitive to the tensor effect. To make the conclusion
clearer, the proton single-particle spectra of 48,64Ca with and
without the tensor force are plotted in Fig. 3. As can be seen

TABLE I. The tensor parametrizations αT and βT corresponding
different versions of Skyrme interactions. All values are in units of
MeV fm5.

Forces αT βT

SLy5+T −170.0 100.0
SLy5+Tw 134.76 238.2
T32 −96.5 79.5
T44 9.0 112.8
T11 −142.8 −17.5
T12 −82.6 −17.1
T14 38.5 −15.2
T16 131.2 −69.1

from Fig. 3, the single-particle energies of the 1d3/2 orbits
for 48,64Ca are indeed changed evidently by the tensor force.
However, there are almost no changes in the 2s1/2 energies
with the tensor effect.

FIG. 3. (Color online) Proton single-particle energies of 48,64Ca
with Skyrme interactions SLy5, SLy5+T, SLy5+Tw , and T16.
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In this paragraph we will analyze the reason for the third
feature induced by the tensor force. As the analysis mentioned
above, we can get positive UT with SLy5+T, T32, and T44.
The single-particle energy of 1d3/2 orbit is lowered by the
positive UT . As a result, the two orbits stay very close, which
can be seen clearly from Fig. 3(a) according to the comparison
between the theoretical spectrum with SLy5 and that with
SLy5+T. As to SLy5+Tw, its βT value is about twice as
large as the one with SLy5+T so that one can obtain a larger
UT with SLy5+Tw. The peak value of UT with SLy5+Tw

for 48Ca is roughly equivalent to the absolute value of the
total spin-orbit potential Us.o.. Hence, such a large UT with
SLy5+Tw can make the single-particle energy of 1d3/2 orbit
drop sharply so as to exceed the 2s1/2 orbit. As a result, the
2s1/2-1d3/2 inversion occurs. For the very neutron-rich nuclei,
the tensor effect in SLy5+T, T32, and T44 interactions can
be strong enough to drive the inversion. Thus the two-state
inversion surely occurs within SLy5+Tw, which can be seen
clearly from Fig. 3(b). About the T1X forces, for example,
the T16 interaction, the 1d3/2 orbit is pushed up by the tensor
force, which can be seen from Fig. 3. The 2s1/2-1d3/2 energy
difference with the T16 parametrization becomes smaller than
that with this interaction not including the tensor force. Thus
the T1X interactions do not favor the 2s1/2-1d3/2 inversion
phenomenon near 48Ca.

Some corresponding studies suggest that the 2s1/2-1d3/2

inversion phenomena exist in many neutron-rich isotopes
[32,36,40,43,49]. For example, the proton 2s1/2-1d3/2 inver-
sion in 46Ar, which serves a key factor for the proton bubble
formation [32,40,43]. The study of bubble nuclei is interesting
because the future experimental data will be accessible with
the help of the radioactive ion beams and the exotic nucleus
experiments. Furthermore this is a big challenge and a severe
test for theoretical studies. In Fig. 4, we show the proton density
distributions of 46Ar by using different versions of Skyrme
interactions with and without the tensor force. From Fig. 4,
one can see that the tensor force has almost no influence on the
central values of the proton density except for the interaction
SLy5+Tw. The central density decreases obviously in terms of
the interaction SLy5+Tw. To explain the phenomenon more
clearly, we show the proton single-particle energies of 46Ar

FIG. 4. (Color online) Proton density distributions of 46Ar corre-
sponding different Skyrme interactions with and without the tensor
force.

FIG. 5. (Color online) Proton single-particle spectrum of 46Ar
with SLy5 and SLy5+Tw interactions.

with the parametrizations SLy5 and SLy5+Tw in Fig. 5. As
can be seen from Fig. 5, the 2s1/2-1d3/2 inversion phenomenon
is found within the parametrization SLy5+Tw. The inversion
mechanism is similar to the situation of 48Ca with SLy5+Tw.
Because 46Ar is a spin-unsaturated nucleus for both proton
and neutron, the parameters αT , βT and the spin current
densities Jn, Jp have contributions to UT . In our calculations,
parameters αT , βT and the spin current densities Jn, Jp are
all positive. Thus one can get the positive UT , whose peak
value is very large. The 1d3/2 orbit drops obviously being a
big UT , but the 2s1/2 orbit is almost unchanged. As a result,
the 2s1/2-1d3/2 inversion occurs and the occupation probability
of 2s1/2 orbit decreases. Therefore, the proton density profile
presents a depletion in the interior of the nucleus. According to
the analysis mentioned above, it is not difficult to conclude that
the parametrization SLy5+Tw favors the bubble effect of 46Ar.
Previous studies suggested that the pairing effect may hinder
the bubble formation because scattered pairs could populate
the s1/2 state, decreasing the depletion in the center of the
nucleus [40,42]. Thus the bubble formation of 46Ar originates
from the competition between the tensor and pairing effects.
Our work also indicates that the role of the tensor effect from
SLy5+Tw plays more importantly than that of the pairing
effect in the bubble formation of 46Ar.

Recently, Gade et al. [49] discussed the importance of the
tensor effects on the proton single-particle gap evolution of
odd-mass K, Cl, and P isotopes for N = 20–28 with the
shell model. The 2s1/2-1d3/2 inversion was found in K and
Cl isotopes for N = 28, which supports our calculated results
with SLy5+Tw. This indicates that the proton sd inversion
exists widely in this mass region. In addition, a composite
model based on the HF for central, G matrix for spin-orbit,
and π + ρ for tensor contributions was proposed for the
evolution between the s1/2 and d3/2 states. The calculated
results are in reasonable agreement with the experimental data.
Just like their idea, the SLy5+Tw interaction could be seen as
a composite model because the tensor force in SLy5+Tw is
obtained by the low-q limit of the G-matrix calculations [3],
which is added perturbatively to the existing force SLy5.
Namely, the SLy5 interaction and the tensor component in
SLy5+Tw interaction have different sources. Each component
in different NN interactions has its reasonableness and ad-
vantage. Combining the advantages of the components from
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FIG. 6. (Color online) Proton density distributions of 206Hg
corresponding different Skyrme interactions with and without the
tensor force.

different NN interactions we can understand the exotic nuclear
structure deeply although the composite approach is not so
self-consistent.

The bubble effects were predicted in some heavy nuclei
[32,41], but their bubble formation mechanism is different
from that of 46Ar. For example, 206Hg was a predicted proton
bubble nucleus [32]. Its central proton density depends on
the occupation probability of 3s1/2 orbit. According to our
calculations, it is found that the 3s1/2-1h11/2 inversion exists for
all the Skyrme interactions except for SLy5+Tw . Nevertheless,
there is high occupation probability in the 3s1/2 orbit because
of the pairing effect. As a result, the bubble formation of 206Hg
is suppressed. The calculated proton density distributions of
206Hg by using several sets of Skyrme interactions with and
without the tensor force are plotted in Fig. 6. From Fig. 6,
one can see that the bubble effects are not evident with
and without the tensor force. In addition, one can see that
the SLy5+Tw parametrization enhances the central density.
This is because the SLy5+Tw parametrization prevents the
3s1/2-1h11/2 inversion so that the protons are almost fully filled
in the 3s1/2 orbit. According to the discussions mentioned
above, it is not difficult to conclude that none of the tensor
parametrizations favors the bubble structure of 206Hg.

IV. CONCLUSIONS

In this paper the tensor effects on the evolution of the proton
single-particle energy difference between the 2s1/2 and 1d3/2

states in Ca isotopes have been investigated with the Skyrme
interactions SLy5+T, SLy5+Tw, and several sets of the TIJ
parametrizations in the framework of the HFB approach. It was
shown that the evolution trends are similar to each other by
using different Skyrme interactions without the tensor force.
However, the energy differences between the two states are
influenced by the tensor force: First, the evolution trends of
the two states are similar to each other for SLy5+T, T32, and
T44, and the values of energy differences with the tensor force
are larger than the ones without the tensor force for these
interactions; second, the evolution trends are similar to each
other for the T1X interactions. The energy difference values
with the tensor force are smaller than those without the tensor
force. Meanwhile, we found that the inversion phenomenon
of the two states induced by the tensor force occurs around
48Ca (by SLy5+Tw) as well as in the nuclei very far from
the stability. For these features, we have analyzed the tensor
contributions to the spin-orbit potentials and the radial wave
functions of the two orbits. In addition, the tensor effects on
the proton bubble structure of 46Ar and 206Hg were studied. It
is found that the parametrization SLy5+Tw favors the bubble
effect of 46Ar because of the 2s1/2-1d3/2 inversion. For 206Hg,
any tensor parametrizations do not favor its bubble structure.
Finally, we would point out that the giant resonance modes
of the bubble nuclei could be different from those of normal
nuclei because of their exotic nuclear structure. Thus, it is
interesting to study the giant resonances of the bubble nuclei,
which is a work in progress.
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