PHYSICAL REVIEW C 84, 014001 (2011)

Subleading contributions to the three-nucleon contact interaction
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We obtain a minimal form of the two-derivative three-nucleon contact Lagrangian, by imposing all constraints
deriving from discrete symmetries, Fierz identities, and Poincaré covariance. The resulting interaction, depending
on 10 unknown low-energy constants, leads to a three-nucleon potential which we give in a local form in
configuration space. We also consider the leading (no-derivative) four-nucleon interaction and show that there

exists only one independent operator.
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I. INTRODUCTION

Purely contact interactions are crucial components of the
nucleon-nucleon (N N) and multinucleon forces as derived in
chiral effective field theory (x EFT) [1-5]. They encode the
short-distance properties of the nuclear interaction as opposed
to terms involving pion exchanges, which are of larger range.
At sufficiently low energy, even the pion can be integrated
out, giving rise to the pionless effective theory. The contact
vertices are the same in both versions of the theory, the only
difference being in the value of the accompanying low-energy
constants: in the pionless theory the latter implicitly include
the effect of pions, considered as heavy particles. At the
level of the NN system two purely contact terms appear at
leading order (LO) and contribute to the central part of the
interaction [6—10]. In the three-nucleon (3N) system the first
nonvanishing contribution appears at next-to-next-to-leading
order (N2LO) in the chiral expansion [11,12]. This term
has already been included in some three-nucleon interactions
(TNI) as the E term [13,14]. Indeed the inclusion of such a
term was found to be mandated, in the framework of pionless
EFT, by the requirement of renormalizability [15—18]. In the
present paper we focus on the subleading 3N contact terms,
i.e., those containing two space derivatives of nucleon fields,
and stick to isospin symmetric operators. Only one such term
was found to be necessary in Ref. [19] in order to achieve
cutoff independence (see however Refs. [20,21] for a different
claim). We would like to stress, however, that in the EFT
framework one has to include all terms allowed by symmetry
at a given order, not just the one needed by the renormalization
procedure, since the EFT is the most general theory encoding
the given symmetry properties. The plan of the paper is the
following: in Sec. II we illustrate our strategy to determine
a minimal set of 3N contact operators by considering the
leading nonderivative operators, thus reobtaining the result
that only one operator arises at this order; in Sec. III the same
strategy is applied to the list of all possible two-derivative
operators, thus reducing their number from 146 down to 14;
further constraints from relativity, as pertinent to momentum-
dependent interactions, are discussed in Sec. IV, and these
allow us to reduce the number of independent operators to 10;
we give in Sec. V the resulting 3N potential in coordinate space
in a local form, by choosing an appropriate momentum cutoff.
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Finally, in Sec. VI we consider the leading four-nucleon (4N)
contact Lagrangian and find that there exists only one such
operator.

II. FIERZ CONSTRAINTS ON THE LEADING CONTACT
INTERACTION

Rotational, isospin, and time-reversal invariance allows us
to list six possible operators describing three-nucleon contact
interactions without derivatives. Indeed, since NTo N is odd
under time reversal, an even (odd) number of o matrices has to
be associated with a purely real (imaginary) isospin structure.
Therefore, the leading order' 3N contact Lagrangian density
reads [12]

L% = —E/NTNN'NN'N — E;NI6'NNTa'NNTN
— E;N't*NN't*NN'N
— EJN'6't*NNT6't*NNTN
— EsN'o'NN'o't*NNTt*N
— E¢e* e Nig t* NNig/t? NNTo¥ N

6
- Z E; 0. (1)

Symmetry properties under permutations are encoded in the
anticommuting nature of the nucleon field N. The properties
under exchange of spin indices can be conveniently expressed
as

(D[] = ;A1) + 1(a]- [0),
(@H[1] = 3o’ 1D + 1(A[o") — Lk (o /][c"),
(6Hlo’] = 3{8" A1) — 8 (0] - [0) + (o' l07) + (a7/][0")
+ie’ (0" 1) — ieV* A][0 ")}, ()

where 1 is the identity operator in the one-particle spin space,
and (,) and [,] denote spin indices of the enclosed operator.

'The word “leading,” in this context, refers to all possible 3N
contact Lagrangians. As already mentioned, the resulting interaction
contributes at the N2LO in the chiral expansion.
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Similar relations hold in the one-particle isospin space for the
identity and 7’ operators. Simultaneous Fierz rearrangements
of spin and isospin indices of nucleon fields 1 and 2, 1 and
3, and 2 and 3 allow then the derivation of a set of linear
relations among the above operators, in a similar way as was
done for the (parity-violating) two-nucleon contact interaction
in Ref. [23]. For instance, from the permutation of nucleons 2
and 3 we find

00 = 10" 4 0 1 00 1 0,
©) 0, HO ©) 0, HO
0y =—3(0," +057), 03" =—3(03" +05).
3)
0 = -1(20{" +20{ - 0).
0P =130~ o). 00 =2(0" - o)

leaving only one independent operator (in agreement with
Ref. [12]). The relations deriving from the remaining per-
mutations are linearly dependent on the ones above. The
remaining operator was chosen to be 0§0) in Ref. [12],
and it gives rise, in momentum space, to a contact
potential

VcontZ%ZETj'Tk» (4)
J#k

with E denoting the corresponding low-energy constant
(LEC). By choosing a cutoff depending on momentum transfer,
it is possible to obtain the corresponding coordinate-space
potential in a local form [13]. A sensitivity study of bound
state and scattering observables in A < 4 systems to this and
other components of the TNI was performed in Ref. [22].
It should be noticed that the equivalence in the choice of
the contact operator is true at the Lagrangian level, but it
is in general spoiled at the level of the 3N potential by the
cutoff, which may involve nonsymmetrical combinations of
the nucleon momenta. In any case, in the effective theory
framework, different choices are equivalent up to higher order
corrections.

III. FIERZ CONSTRAINTS ON THE SUBLEADING
CONTACT INTERACTION

Parity requires that the next-to-leading order 3N contact La-
grangian contain two spatial derivatives. By using translational
invariance (or momentum conservation) the only possible
space structures can be taken to be of the form

X1, = (WIViN)NVTV; NN,

X} = VilNIN)ViNINYNTN), (5)
Xc,; =iVi (NTN)(NTVJN)(NTN)

Xp= (NTV;V;NYNTNYNTN),

where the i is required by the hermiticity condition and
(hereafter) the superscripts denote the time-reversal properties.

The relevant isospin structures are
+
=1, 71-712, T1-T3 T2-T3,

T =11 X712 73, (6)
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where the subscripts of the Pauli matrices refer to the nucleon
bilinears they belong to. Even (odd) combinations of X ® T
structures under time reversal have to be associated with
spin structures containing even (odd) numbers of ¢ matrices.
Finally, the spin-space indices have to be contracted with
Kronecker s or Levi-Civita tensors, €s. Following the above
procedure we have obtained a list of 146 operators, displayed
in Table I.

Fierz rearrangements also involve the field derivatives: for
instance, under permutation of nucleons 1 and 2,

Vi— 5(Va+Va—Vi+ Vi), -
Vi— 3(Va+ V2 + Vi — V).
Out of the 3 x 146 relations from the Fierz identities, 132 are
linearly independent, and these displayed in the Appendix.
There remain 14 independent operators, which can be chosen
to be

o1, 02, 04, 0s, 033, 034, 03s, (8)

036, 037, 040, 042, 043, 045, 058.

IV. FURTHER CONSTRAINTS FROM RELATIVITY

We still have to impose the requirements of Poincaré
covariance. They can be implemented order by order in the
low-energy expansion, as detailed in Ref. [24]. As a result,
the subleading 3N effective Hamiltonian consists of a set of
terms whose strength is fixed by the lowest order coupling
constant and a set of free terms which have to commute with
the lowest order free boost operator. In the following we
focus our attention on the latter set. With the choice for the
nonrelativistic nucleon field

dp i
N(X)=/mbs(p)xxe LR )

where by(p) and bj(p) are annihilation and creation
operators for a nucleon in spin state s, satisfying
standard anticommutation relations, i.e., [by(p), b}(p')h =
(2n)36(p — p’) 8y, the leading order free boost operator Kg
acts in the following way [24]:

(Ko, by(p)] = —im Vp by(p). (10)

Only the first 4 out of the 14 operators listed in Eq. (8) do not
commute with Kg:

[Ko, 01] = —4mV,,

[Ko, 02] = —4m§11’1 - To,
(11)

(Ko, 04] = —4mV, - 0,0,

hig - =
[Ko, 05] = —4mV, - 010271 - T2

(where we have used the same notation as in Table I). The
vector operators on the right-hand sides of Eqgs. (11), in turn,
mix with 45 others under Fierz rearrangements; for instance,
by exchanging the indices of particles 1 and 2 we get the
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TABLE I. Complete list of two-derivative three-nucleon contact operators compatible with rotational, isospin, parity, and time-reversal

invariance. Subscripts refer to the nucleon bilinear on which the operators act: for instance, 073 = €**(NTV;1*N)V;(NTo/t? N)Nio' ¢ N.

< < R o = —
01-3 Vi-Voll, 71 72, 71 - T3] 073 iVi-03Vy- 0t X T2 73]
<~ s o . e - s
046 Vi-01Va-0a[l, 1) - 15, Ty - T3] 074 iVy-V20,-03[T) X T3 T3]
<~ s o s e — >
079 Vi-02Va-0q[l, 1112, 71 - T3] 075-78 iVixVy-0o[l, 7172, 7173, T2 T3]
<~ < — i — —
010-12 Vi-Vao 03[, T -T2, T - T3] 079-82 iVi X Vy-0[1,T1 - Ty, Ty - T3, T - T3]
<~ > © — e — —
013-16 Vi-01Va-0o3[l, 1112, T - T3, T2 - T3] 08386 iVixVy-03[l, 71T, T T3, Ty T3]
hid - < — hid - - — —
017-20 Vi-03Va-o[l, 772,71 - 73, T2 - T3] 087-90 iV1-V201 X 0,-03[1, 71Ty, T T3, T2 T3]
<> < — hid — — —
021-24 Vi-Va0-03[l, T, -T2, T, - T3, Ty - T3] 091-94 iVi-01Vax0y-03[1, 772, T -73,Ty- T3]
<> <> — Rhd — — —
025 Vi X Vy -0t X 12 73] 09598 iVi-0,Vax 01031, 71Ty, T T3, T2 T3]
< o e 5 = NN
026 Vi X Vay-03[t) X 12 73] 099102 iV1-03Vyx01-05[1, 71Ty, Ty -7T3, T2 T3]
hid < - — — e — - —
027 Vi1:V201 X 0,-03[T1 X T2 73] 0103-106 iVix0y-03Vy-04[1,T) -T2, T -73,T2- T3]
hid - — — hid e — - —
028 Vi-0103 X 03-Va[T] X T2 T3] 0107-110 iViX01-03Vy-05[1, 71 Ty, T1 T3, T2 T3]
hid - — — hid hid — - —
029 V10201 X 03-Va[T1 X T2+ 73] O111-114 iViX01-03Vy-03[1, 71Ty, T1-T3, T2 - T3]
had - — — had e - - — —
030 V10301 X 03+ Va[T1 X T2 73] O115-118 iVixVy-010,-03[1,T; -T2, T -73,Ty- 73]
had had - — — hid — - — —
031 Vi X Vy-0105-03[T X T2 73] 0119-122 iViXVy-0,201-03[1,7T1 Ty, T -7T3, T2 T3]
hid hid - = — hid e - — —
032 Vi X V3:0301-03[T1 X T2 73] 0123-126 iVI X V30301051, 7T1-7T2, T -7T3, T2 T3]
<> d <> <~
03364 same as 0|3 WithV — V 0127-129 Vi-Vill, 1) 15, T2 - T3]
i — < < 5
065 iVy- Vo[t X T2 T3] 0130-133 Vi-Vioy-oo[l, 7y -T2, T2 T3, T1 - T3]
o 5 = — <~ PR —
066 iVi-01Vy-0at) X T3 73] 0134-136 Vi-Vi0s-03[1, T -T2, T3 - T3]
e 5 = s <~ e —
067 iVi-02Vy-04[t) X T2~ T3] 0137—140 Vi-01Vi-oa[l, Ty T2, T2 T3, 71 - T3]
hid - - — hid - © —
068 iVi-Vy0-03[T X T2 73] 0141-143 Vi-0,Vi-03[1, 11 -T2, T2 - T3]
hid - — hid < - — —
069 iVi-01Vy 03[t X T3 T3] 0144 Vi-Vio x0y-03[1, 71 -T2, T3 - T3]
Rhid - = — hid - © — —
070 iVi-03Vy-04[t) X 13- T3] 0145 Vi-01ViX0,y-03[1, 7172, T, 73]
hid - - — hid - < — —
o011 iVi-Vy0y-03[1) X T2 73] 0146 Vi-02ViXoy-03[l, 7172, T2 73]
'<—> — > —
o072 iVy-0,Vy 03[t X T3 - T3]
identity independent and, in fact, form a basis of all vector operators
N N N - satisfying the symmetry requirements. Therefore we conclude
- — - =
1 1 1 : ; 5
Vi:010y=3Vi+ 3ViT1 -T2 — V0 -0, that the operators 0, 5 4 5 are forbidden by Poincaré symmetry,
e - - e - - and we are left with the remaining 10 operators. The same
—3Vi01:02T1 - To+ ;V1-010 conclusion is reached by starting the analysis with an operator
" 1%) - = + 1$ - = basis written in terms of gradients with respect to relative
kS LO10-T - T £ . O0~O . . . .
vt oas2tr s 2 g Vit 20 coordinates (or Jacobi momenta, in conjugate space),

g

1<—> - — 3. —
+3V1:0201T1 -T2 — 31VI X 03

1.2 = 1.2 —
—Elvlo'z‘l'l-‘[z— Z’Vl X 02Ty - T3. (12)

By analyzing all the 3 x 49 relations we find that the four
operators on the right-hand sides of Eqs. (11) are linearly

Vox Vo=V, VyVi—1(Vi+ V), (13)

in which case one can write an initial list of 116 operators and
reduce their number to 10 using Fierz’s constraints. This in
turns provides a nontrivial check of our calculation. A minimal
form of the two-derivative 3N contact Lagrangian is given by

E(z) _ E,*) T —> 1_ _1_ /*) _l_ a — _1_ a T
o = E|V(N'N) - V(N'N)N'N + E}V(NTt*N) - V(NTt* N)NTN

+ E{V(NTTON) - VINTNINTTON + ELV - (NTe NV - (NTENINTN

—> — e — - ; - i T
+ELV - (NTot*N)V - (NTot*N)N'N 4+ E,V;(N'o/t*N)V ;(NTo't* N)NTN

+ E)Vi(No I NYVi(NToI N)NTN + E{Vi(Nie/ 1" N)V(NTo/ T N)NTN

+E)V - (NTGNVINTN) - NTON + Elge™V(NTT"N) x VINTT?N) - NTot°N.

(14)
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V. THE SUBLEADING THREE-NUCLEON CONTACT
POTENTIAL

The 3N potential is obtained by taking the matrix element
of the interaction between 3 N states. By denotingk; = p; — p:
and Q; = p; + p;, p; and p; being the initial and final momenta
of nucleon i, the potential in momentum space is found to be

V = Z |:—E1kl~2 — Ezkizl',‘ T — E3kl~20',‘ c0;
i# )k
_E4k,'20i c0;T; 'Tj—E5(3k,' -O',‘kl' O'j—klz)
—E6(3k,"0','k,"0'j—kiz)1',‘"[j

+%E7ki (Q—-Qj)-(6i+0))

i
+§E8ki x(Qi—Qj)-(oi+0))T; 11
—Egki -O'ikj c0 _ElOki 'O'ikj c0;T Tj:|, (15)

with

Ey = 1E|+ 3E, - 3E} — JE} + }E},

E, = E),

Es = E, — E} + 1E),

Eo= 1B — LB — LE) 4 B,

Es = Ej) — E} — E; + 1E},

Es = 3Ey = E3 — Sy,

E; = 6E) — 6E} — 12E, — 6E;, — 4E},,
Es = 2E, — 2E, — 4E; — 2E, — 2E},,

Ey = 3E, — 3E, — E, — 3E, + E,

E = Ey— E} — E, — E;, — E.

(16)

A local form of the 3N potential in configuration space can
be obtained by using a momentum cutoff depending only on
k;, as done in Ref. [13], e.g., F(k%; A)F(k2; A). In this way
the result of the Fourier transform is expressed in terms of the
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function
dp
Zor; A) = [ ——=ePTF(p* A 17
o(r; A) /(271)36 P55 A) (17)

and derivatives thereof. Explicitly, omitting the argument A in
the function Z,, we have

V = Z (E, +E2T,‘~T]'+E30',' -0'_]'—‘1-E4Ti~‘[j0',' ~0'j)
i#j#k

Z/ rij
X [Z(S’(rij) + ZM] Zo(rir)
ij
Zy(rij)
ij

Zo(rir)

+(Es + Egt; - Tj)S,'j I:Z(/)/(i’ij) - :| Zo(rix)
Zy(rij)

1

+(Eg+ E\0T; - T)0 j - Tij0k - P Z(rij) Zo(rie), (18)

+ (E7 + Egt; - 1)L - S);5

where §;; and (L - S);; are, respectively, the tensor and spin-
orbit operators for particles i and j. Notice that a choice of
basis has been made such that most terms in the potential can
be viewed as an ordinary interaction of particles ij with a
further dependence on the coordinate of the third particle. In
particular the terms multiplying E5 and Eg are of a spin-orbit
character. A specific combination of both has been suggested
in Ref. [25]. We also observe that some of the spin-isospin
structures implied by Eq. (1), which were equivalent up to
cutoff effects, are resolved at the two-derivative level.

VI. THE LEADING FOUR-NUCLEON LAGRANGIAN

From the previous discussion, the 3N contact interaction
consists of a leading contribution, at the N2LO of the chiral
expansion, and a subleading one, arising at the N4LO. Parity
requires that no 3N contact interactions appear at N3LO or
NS5LO. On the other hand, the leading 4N contact interaction
arises at NSLO; therefore one is led to consider such terms
at the same level of accuracy, at least in the framework of
pionless EFT. By listing all possible spin-isospin structures
which respect the discrete symmetries of strong interactions
one gets 16 operators, so that the Lagrangian is written as

LY = -FN'NN'NNINNIN — HNTe*NNTe“NNINNTN
— FBNTTNNTt* NNt NNTtN — ,NTo' NNTo! NNTNNTN
— FsNTo't*NNTo't* NNTNNTN — FsNTo't* NNTo! NNTt NNTN
— FN'6'NNTG'NNTt*NNTt*N — FENTo't*NNTo t*  NNTtP NNT<P N
— FoNTo't*NNTo' e’ NNTt* NN’ N — FiyNT6'NNT6'NNT6/NNTc/ N
— FuuNT6't*NNT6 t*NNT6/NNi6/N — F,NTo't*NNTc' NNTo/t“* NNTo/ N
— FisNTo't*NNi6't*NNio/t*NNio/t*N — FiyNic't*NNic't’NNic/t*NNio/ "N
— Fi5€7* e Nio' e NNo/t? NNkt NNTN — Fiee*e**Nic't*NNo/t’ NNTc*NNTz¢ N

16
= — Z FiO?N.
i=1

19)
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However, after using all possible Fierz rearrangements (cf.
the Appendix), as was done in the 3N sector, it turns out
that they are all equivalent, leaving only one independent
4N contact operator. By using cutoff functions depending
only on k;, e.g., by choosing F(k?;A)F(kZ;A)F(kZ;A),
the four-body contact potential is local in coordinate
space,

Vv =F Y Zolri)Zo(rie) Zo(rin), (20)
i#j#k#

where F' is the single accompanying LEC. This allows one
to decouple, to a certain extent, the 3N sector from the 4N
sector, if one is willing to fix all the LECs from the data.
For instance, one can in principle adjust the subleading 3N
potential in the A = 3 systems without worrying much about
the consequences for the a-particle binding energy: the latter
could always be reproduced by adjusting the 4N contact
term.

VII. CONCLUSIONS

In the present paper we have derived a 3N potential from the
minimal form of the two-derivative 3N contact Lagrangian.
This potential has 10 unknown LECs and, with a particular
choice of the cutoff, can be put in a local form. In addition we
have shown that the leading 4N contact Lagrangian consists
of only one operator.

It should be stressed that these terms start to contribute at
N4LO and are therefore beyond the accuracy of the presently
developed nuclear interactions. In particular, a complete EFT
calculation should also address the problem of the NN
interaction at the same order. Notice that the four-derivative
2N operators are already part of the N3LO interaction
while the six-derivative ones would start to contribute at
NS5LO and have not been considered in the literature so far.
Nevertheless, despite representing only part of the N4LO
interaction, the terms derived here could play an important
role in the accurate description of the three-nucleon systems,
since they are completely unconstrained by symmetries. This
is at variance with the 3N N3LO interaction, which contains
no free parameters [26,27]. Moreover, the same terms will
also appear in the pionless version of the effective theory as
next-to-leading 3N interaction and leading 4N interaction.

The utility of the derived potential could be the following:
After a sensitivity study of the 10 subleading terms of the 3N
potentials, the corresponding LECs can be determined from a
fit of several polarization observables in N-d scattering at low
energies. There are well-established discrepancies between
theoretical predictions and experimental data in some of the
polarization observables as for example the vector analyzing
powers A, and iTy; and the vector analyzing power 75; in
elastic scattering [28-30], and in several unpolarized breakup
cross sections [30,31]. Our expectation, based on the results of
Ref. [25], is that some of the 10 operators of the 3N potential
will have sufficient sensitivity to fix these discrepancies with
reasonable values of their LECs. At the same time the 4N
contact term will be used to reproduce the *He binding energy.
Finally, the predictions of the derived potentials will be tested
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in the description of the four-body scattering states. In fact, also
in this case there exist large and still unexplained discrepancies
between theory and experiment [32-35]. Studies along these
lines are in progress.

APPENDIX: LINEAR RELATIONS FROM FIERZ’S
CONSTRAINTS

In this Appendix we list the linearly independent relations
among the 146 operators of Table I. The following ones are
obtained by applying Fierz’s reshuffling of indices of particles
1 and 2:

2075 = 076 + 2077 — 3078 + 2081 — 208> + 084 — 085, (Al)

026 = 030 — 082 + 2085 — 20s6, (A2)
2032 = 3080 — 3082 + 6085 — 6086 — 0120
+ 0122 — 20125 + 20126, (A3)
8035 = —203 — 2012 + 034 + 035 + 054
+ 056 + 0128 + 0129 + 0132 + 0133, (A4)
2057 = —076 + 078 — 084 + 086, (AS)
053 = 082 — 00, (A6)
406y = 2015 — 2016 + 2019 — 2020 — 037 + 038 — 040
~+ 041 + 046 — 047 + 050 — 051 — 20133
+ 20139 + 20142 — 20143, (A7)
2063 = —080 + 082 — 0116 + 0118
+ 0120 — 0122 — 0124 + 0126, (A8)
2064 = —3080 + 3082 + 0120 — 0122, (A9)
4065 = 034 — 035 + 054 — 056 + 0128
— 0129 — 0132 + 0133, (A10)
40¢s = 3034 — 3035 — 054 + 056 + 30128
— 30129 + 0132 — 0133, (All)
2083 = 079 + 081 + 083 + 034, (A12)
40g7 = 042 + 044 — 053 — 056 + 0130
+0133 — 0134 — 0135, (A13)
dogs = 3042 — 044 — 3053 + 056 + 30130
— 0133 — 30134 + 0135, (Al4)
40123 = 3079 + 3031 + 3083 + 3084 — 0119
— 0121 — 0123 — 0124, (A15)
40124 = 9079 — 3081 + 9083 — 3084 — 30119
+ 0121 — 30123 + 0124, (Al6)
80125 = 3026 — 032 + 3053 — 064 + 6030
+ 6082 + 6035 + 6036 — 20120
— 20122 — 20125 — 20126, (A17)
while Fierzing on particles 1 and 3 we get
401 = —01 — 03 — 021 — 023, (A18)
40y = —0y — 03 — 022 — 024 — 065 — 074, (A19)
403 = =301 + 03 — 3021 + 023, (A20)
404 = —04 — 06 — 013 — 016 — 091 — 094, (A21)
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405

407 =

408

4010 =

4013

2025

2026

027

2028

029
2030

2031

4033 =

4034
4035
4036

4037

4039

4049

4047

4045
2057
059

2060

061
2062

= —05 — 06 — 014 — 015 + 028 — O¢6

— 069 — 092 — 093,

—07 — 09 — 017 — 020 — 0103 — 0106,

= —08 — 09 — 018 — 019 — 029 — 0¢7

— 070 — 0104 — 0105,

—010 — 012 — 021 — 024 — Og7 — 090,

= —0] —03 — 013 — 015 — 017 — 019 + 021
+ 023 — 079 — 082 + 083 + 036,

=014 — 016 — 018 + 020 + 030
— 03] + 084 — 085,

= —014 + 016 + 018 — 020 1+ 030
— 081 + 084 — 0ss,

=011 — 012 — 022 + 023,

= —08+ 09+ 011 — 012+ 018 — 019 — 022
+ 023 + 076 — 077 — 0108 + 0109 — 0112
+ 0113 — 0116 + 0117,

= —0g + 09 + 018 — 019,

= —08 + 09 + 011 — 012 + 018 — 019 — 022
+ 023 — 076 + 077 + 0108 — 0109 + 0112
— 0113 + 0116 — 0117,

=05 — 06 — 083+ 09 — 014+ 015+ 015 — 019

+ 076 — 077 — 0116 + 0117 + 0120 — 0121

+ 0124 — 0125,

—033 — 035 — 053 — Os5,

= —034 — 035 — 054 — 056 + 065 + 071,

= —3033 + 035 — 3053 + 055,

= —036 — 038 — 045 — 048 — 0107 — 0109,

= —037 — 0338 — 046 — 047 + 060 + 066
+ 073 — 0108 — 0110,

= —039 — 041 — 049 — 053 — 095 — 097,

= —040 — 041 — 050 — 051 — O] + 067
+ 072 — 096 — 09g,

= —047 — 044 — 053 — 056 + 087 + 039,

= —033 — 035 — 045 — 047 — 049 — 05] + 053

+ 055 + 075 + 077 — 083 — 0ss,

(A22)
(A23)

(A24)
(A25)

(A26)

(A27)

(A28)

(A29)

(A30)
(A31)

(A32)

(A33)
(A34)
(A35)
(A36)
(A37)

(A38)
(A39)

(A40)
(A41)

(A42)

= 046 — 048 — 050 + 052 — 076 + 078 — 084 + 036,

= 043 — 044 — 054 + Oss,

(A43)
(Ad4)

= —040 + 041 + 043 — 044 + 050 — 051 — 054 + Os5

— 080 + 082 — 092 + 094 + 0100
— 0102 + 0120 — 0122,

= —040 + 041 + 050 — 051,

(A45)
(A46)

= —040 + 041 + 043 — 044 + 050 — 051 — 054 + 055

+ 080 — 082 + 092 — 094 — 0100

+ 0102 — 0120 + 0122,

(A47)
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2065
2066
2067
2068
2069

207()
207 1
2072
2073
2074
4075

4076

4o77

2079 =

2080

4083

2087 =

2088
2039
4091

4093

2095 =

2096
2097

4099

40103

40105

20107 =

20108
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= 034 — 035 + 054 — Os6,
= 037 — 038 + 046 — 047 + 0108 — 0110,
= 040 — 041 + 050 — 051 + 096 — Ovg,

= 043 — O44 + 054 — 055 — 083 + 09,

(A48)
(A49)
(AS0)
(AS1)

= 034 — 035 + 046 — 048 + 050 — 052 — 054 + 056

— 076 + 078 + 084 — 0s6,

(A52)

= 034 — 035 + 046 — 048 + 050 — 052 — 054 + 056

+ 076 — 078 — 084 + 036,
= 3034 — 3035 — 054 + 055,
= 040 — 041 + 050 — 051 — 096 + Ovg,
= 037 — 038 + 046 — 047 — 0108 + 0110,

= 043 — 044 + 054 — 055 + 088 — 09,

(A53)
(AS4)
(AS5)
(AS6)
(AS7)

= 045 + 047 — 049 — 051 — 075 — 077 — 083 — 0ss,

(AS8)

= 046 + 048 — 050 — 052 — 057 — 058 — 09 + 070

— 076 — 078 — 084 — 06,
= 3045 — 047 — 3049 + 051 — 3075 + 077
— 3083 + 035,
—079 — 081,

—0s57 — 080 — 082,

(A59)

(A60)
(A61)
(A62)

= —045 — 047 + 049 + 051 — 075 — 077 — 083 — 085,

042 + 044 — 053 — 056,
= 043 + 044 — 054 — 055 — O¢g + 074,

3040 — 044 — 3053 + 056,

= —039 — 041 + 042 + 044 + 049 + 057 — 053
— 056 — 079 — 08] — 091 — 093 + 099
+ 0101 + 0119 + 0121,
= —3039 + 041 + 3042 — 044 + 3049 — 052
— 3053 + 056 — 3079 + 081 — 3091 + 093
+ 3099 — 0101 + 30119 — 0121,
—039 — 041 + 049 + 052,
= —040 — 041 + 050 + 051 + 067 — 072,
= —3039 + 041 + 3049 — 032,
= —039 — 041 + 042 + 044 + 049 + 052
— 053 — 056 + 079 + 081 + 091 + 093 — 099
— 0101 — 0119 — 0121,

= —036 — 038 + 042 + 044 + 045 + 043

(A63)
(A64)
(A65)
(A66)

(A67)

(A68)
(A69)
(A70)
(A71)

(A72)

— 053 — 056 + 079 + 081 — 0103 — 0105 + 0111

+ 0113 — 0119 — 0121,
= —3036 + 033 + 3042 — 044 + 3045 — 043
— 3053 + 056 + 3079 — 081 — 30103 + 0105
+ 30111 — 0113 — 30119 + 0121,
—036 — 038 + 045 + 03,

= —037 — 038 + 046 + 047 + 066 — 073,

(A73)

(A74)
(A75)
(A76)
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20109 = —3036 + 038 + 3045 — 043, (ATT)
40119 = —3079 — 3081 + 0119 + 0121, (AT73)
40120 = —3057 + 063 — 3080 — 3082 + 0120 + 0122, (AT9)
40121 = —9079 + 3081 + 30119 — 0121, (A30)
401220 = 3057 — 063 — 3080 — 3082 + 0120 + 0122,  (A81)

160137 = —2013 — 2014 — 2017 — 2018 + 036
+ 038 + 039 + 041 + 5045 + 4046 + 048 + S049
+ 4050 + 052 + 2095 + 2097 + 4099 + 40100
+ 20107 + 20109 + 40111 + 40112
— 20137 — 20140 — 20141 — 20142,

160140 = —6013 + 2014 — 6017 + 2013 + 3036

(A82)

— 038 + 3039 — 041 + 15045 — 4046 — 043
+ 15049 — 4050 — 052 + 6095 — 2097 + 12099
—4o100 + 60107 — 20109 + 120111 — 40112

— 60137 + 20140 — 60141 + 20142, (A83)
and on particles 2 and 3 we get
025 = 076 — 077, (A84)
028 = 05 — 06 — 014 + 015, (A85)
2029 = 05 — 06 — 011 + 012 — 014 + 015 + 022
— 023 + 076 — 077 + 096 — 097 + 0100 — 0101
— 0116 + 0117, (A86)
2031 = 3076 — 3077 — o116 + 0117, (A87)
057 = 082 — 080, (A83)
060 = 037 — 038 — 046 + 047, (A89)
2061 = 037 — 038 — 043 + 044 — 046 + 047 + 054
— 055 — 030 + 082 + 0104 — 0106 — 0112
+ 0114 + 0120 — 0122, (A90)
2063 = —3080 + 3082 + 0120 — 0122, (A91)
2065 = —03 + 03 — 022 + 024, (A92)
2066 = —05 + 06 — 014 + 015 — 092 + 093, (A93)
2067 = —08 + 09 — 018 + 019 — 0104 + 0105, (A94)
2063 = —011 + 012 — 022 + 023 — 083 + 089, (A95)
2069 = —05 + 06 — 014 + 015 + 092 — 093, (A96)
2070 = —0g + 09 — 018 + 019 + 0104 — 0105, (A97)
2071 = —o11 + 012 — 02 + 023 + 083 — 039, (A93)
2072 = =02 + 03 — 014 + 016 — 018 + 020
+ 022 — 024 + 030 — 031 — 084 + 035, (A99)
2073 = —02 + 03 — 014 + 016 — 018 + 02
+ 022 — 024 — 080 + 081 + 084 — 0ss, (A100)
2074 = =307 + 303 + 022 — 024, (A101)
2075 = —075 — 073, (A102)
2076 = 025 — 076 — 077, (A103)
4079 = —013 — 015 + 017 + 019 — 079 — 082 — 083 — Og,
(A104)
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40y = —3013 + 015 + 3017 — 019 — 3079 + 082
— 3083 + 036, (A105)
4084 = 014 + 016 — 018 — 020 + 025 + 026 — 072
+ 073 — 080 — 081 — 084 — 03, (A106)
2087 = —019 — 012 + 021 + 024, (A107)
2090 = —3010 + 012 + 3021 — 024, (A108)
209) = —04 — 06 + 013 + 016, (A109)
209 = —05 — 06 + 014 + 015 — 066 + 069, (A110)
2094 = —304 4+ 06 + 3013 — 016, (A111)
4095 = —04 — 06 + 010 + 012 + 013 + 016 — 021
— 024 — 075 — 078 — 095 — 098 — 099
— 0102 + 0115 + 0118, (A112)
4093 = —304 + 06 + 3010 — 012 + 3013 — 016 — 3021
+ 024 — 3075 + 075 — 3095 + 093
— 3099 + 0102 + 30115 — 0118, (A113)
20103 = —07 — 09 + 017 + 020, (A114)
20104 = —03 — 09 + 013 + 019 — 067 + 070, (A115)
20106 = —307 + 09 + 3017 — 029, (A116)
40115 = —3075 — 3078 + 0115 + 0118, (A117)
40116 = 3025 — 031 — 3076 — 3077 + 0116 + 0117,  (A118)
40117 = —3025 + 031 — 3076 — 3077 + 0116 + 0117, (A119)
40118 = —9075 + 3078 + 30115 — o118, (A120)
40127 = —0127 — 0129 — 0134 — 0136, (A121)
20128 = —0128 — 0135, (A122)
40129 = —30127 + 0129 — 30134 + 0136, (A123)
20130 = —0130 — 0132, (Al124)
40131 = —20131 — 20133 + 0144, (A125)
20137 = —0137 — 0139, (A126)
40138 = —20138 — 20140 + 0145, (A127)
40141 = —0127 — 0129 + 0134 + 0136 — 20141 — 20143,
(A128)
20142 = —0128 + 0135 — 20142, (A129)
0144 = 20131 — 20133, (A130)
0145 = 20138 — 20140, (A131)
0146 = —0131 + 0133 + 0138 — O140. (A132)
The above relations have been selected according to a

criterion of simplicity. Indeed, quite lengthy combinations
may arise: for instance, exchanging particles 1 and 2 in the
operator o9z gives rise to a combinations of 63 different
operators of Table I. All other relations are linearly dependent
on the selected ones. The algebraic manipulations have been
automated using the program FORM [36].

We now list 15 independent linear relations among the 16
operators defined in Eq. (19), out of 96 linear relations from
Fierz’s reorderings of 6 pairs of the four particles:

(A133)
(A134)

40N = —of" — 03" — oV — 0",

403V = 30N + 03" — 304" + oV,
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403" = =303N + 03" - 303" + OF", (A135)
200N = -0V — o¢", (A136)
208" = 0N —305", (A137)
403N = 20N — 203V — 0O}V, (A138)
405" = 903" +303" +303" — O4", (A139)
404" = 305" — 305" + 03" — 0" +2045", (A140)
401 = =304" - 303" + o} + o}y, (A141)
401 = -90N + 303" + 301y — o}, (A142)
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201 = ofY —30¢",
401 = —903" + 304" + 301 — oY,

(A143)
(A144)

401N = =30 + 304N — 603" + 0/ — oY + 201V,
(A145)

01§ =205~ —20¢", (A146)
0 =204" —209". (A147)

All 16 operators in Eq. (19) are therefore proportional to
each other.
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