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Pair-truncated shell-model analysis of nuclei around mass 130
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Low-lying states for even-even, odd-mass, and doubly odd nuclei in the mass A ∼ 130 region are systematically
investigated using a pair-truncated shell model. In this model the collective nucleon pairs with angular momenta
zero and two are the basic ingredients for even-even nuclei. Additional unpaired nucleons are added to the
even-even core for a description of odd-mass and doubly odd nuclei. The effective interactions consist of
single-particle energies and monopole and quadrupole pairing plus quadrupole-quadrupole interactions, whose
strengths are assumed to be linearly changed as functions of the number of nucleons so as to describe the level
schemes of the even-even and odd-mass nuclei. Energy levels of the low-lying collective states for even-even
Xe, Ba, Ce, and Nd isotopes are reproduced very well along with intraband and interband B(E2) values, which
simulate the typical features of the O(6) limit of the interacting boson model. For odd-mass and doubly odd nuclei,
complicated level schemes and electromagnetic moments are in excellent agreement with the experimental data.
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I. INTRODUCTION

The study of nuclei in the mass A ∼ 130 region which have
protons just more than 50 and neutrons just fewer than 82
has been a subject of special interest recently. For instance,
even-even nuclei exhibit the γ instability or weak triaxiality
in low-lying states, which is characterized by the energy
staggering in quasi-γ bands and some forbidden transition
rates between yrast and quasi-γ bands. This feature comes
from the prolatelike mass distribution of valence proton
particles and oblatelike mass distribution of valence neutron
holes. In the past three decades, many theoretical studies on
these nuclei were carried out through various approaches. A
widely used theory for describing the even-even nuclei is
the interacting boson model (IBM) [1], where quadrupole
collective excitations are described in terms of angular-
momenta-zero (s) and -two (d) bosons. The low-lying states
of the nuclei in this mass region were extensively investigated
within the framework of the IBM, and the energy spectra and
electromagnetic transitions were well approximated by the
Hamiltonian with O(6) dynamical symmetry [2–12].

The level schemes of odd-mass nuclei in the mass A ∼ 130
region have quite a complicated structure, which is caused by
the interplay between single-particle and collective degrees
of freedom. For a description of odd-mass nuclei, the IBM
was extended to include the fermionic degree of freedom in
addition to the boson core. The extended model, the so-called
interacting boson fermion model (IBFM) [13], has been widely
used in studies of the odd-mass nuclei in the mass A ∼ 130
region [14–21]. The simplest version of the IBFM (IBFM-1)
was applied to positive- and negative-parity states of the
odd-mass Xe and Ba isotopes, and the complicated level
schemes and electromagnetic properties were well reproduced
[14,15]. Using different sets of single-particle orbitals, similar
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calculations were carried out for the odd-mass nuclei in this
mass region [18–20]. The IBFM-2 distinguishing between
neutron bosons and proton bosons has also been successful
in describing the low-lying states of the odd-mass nuclei, 54Xe
and 55Cs isotopes [16,21], and 56Ba and 57La isotopes [17].

Recently a new approach has been developed where the
bosons are explicitly treated as nucleon collective pairs. The
pair-truncated shell model (PTSM) has presented a unified
description of quadrupole collective motion and the excitation
of single-particle degrees of freedom in medium-heavy nuclei
[22–32]. In its simplest version of the PTSM, the full shell-
model space is restricted within the SD subspace where
angular-momenta-zero (S) and -two (D) collective pairs are
used as the building blocks. For a description of odd-mass and
doubly odd nuclei, additional unpaired nucleons are added
to the even-even nuclear states. Based on this framework,
systematic studies were performed on the even-even and odd-
mass nuclei in the mass A ∼ 130 region [28]. This approach
reproduced well various properties of Xe, Ba, 58Ce, and 60Nd
isotopes. The same set of interactions used for even-even nuclei
was applied to doubly odd nuclei, and excellent agreement
with the experimental data was achieved for both the energy
spectra and the electromagnetic properties of the doublet
bands with the νh11/2 ⊗ πh11/2 configuration [30–32]. The
theoretical results revealed new aspects of the band structure
of the doubly odd nuclei in this mass region. These bands were
also investigated in terms of the quadrupole coupling model
(QCM) [33–36]. The excitation mechanism predicted by the
previous PTSM calculations has again been confirmed in the
QCM.

In this paper, we present systematic calculations for the
even-even, the odd-mass, and the doubly odd nuclei in the
mass A ∼ 130 region using the SD version of the PTSM. We
employ the monopole and quadrupole pairing plus quadrupole-
quadrupole interaction as a two-body effective interaction,
and take into account all the five 0g7/2, 1d5/2, 1d3/2, 0h11/2,
and 2s1/2 orbitals in the major shell of 50 � N (Z) � 82 for
neutrons (protons).
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In the previous PTSM study [28], energy spectra of both
the yrast and the quasi-γ bands for even-even Xe, Ba, Ce, and
Nd isotopes were well reproduced. However, this interaction
fails in reproducing the relative spacings between the positive-
and negative-parity states for the proton-odd nuclei, Cs and La
isotopes. The purpose of the present study is to systematically
describe the energy levels and electromagnetic properties for
all the even-even, odd-mass, and doubly odd nuclei in the
mass A ∼ 130 region, especially by taking care of the relative
spacings between the positive- and negative-parity states for Cs
and La isotopes. In order to achieve that purpose, the single-
particle energies and the two-body interaction strengths are
changed linearly with the number of valence particles to give
an improved fitting for odd-mass nuclei.

The paper is organized as follows. In Sec. II, the framework
of the PTSM and its form of effective interactions in the
model space are presented. In Sec. III the PTSM calculations
are carried out for the even-even nuclei, 134–126Xe, 136–128Ba,
138–130Ce, and 140–132Nd, where the two-body interactions are
smoothly changed as functions of valence particles. In Sec. IV
we apply the PTSM to odd-mass nuclei, and calculate the
energy spectra and the electromagnetic moments for 135–129Xe,
137–131Ba, 139–133Ce, 135–129Cs, and 137–131La. In Sec. V energy
levels for the low-lying states and electromagnetic moments
are given for doubly odd nuclei, 132,130Cs and 134,132La. The
principal results are summarized in Sec. VI.

II. THEORETICAL FRAMEWORK

The nuclear shell model remains one of the most funda-
mental approaches for a microscopic description of nuclear
structure. It has been successful for understanding the structure
of light nuclei. On the other hand, the model cannot be applied
to medium and heavy nuclei except for a few nuclei lying near a
shell closure. The main difficulty is the uncontrollable problem
of dimension explosion. In order to avoid this problem,
we truncate the shell-model subspace to the space that is
constructed only in terms of angular-momentum-zero (S) and
-two (D) collective pairs. These pairs, as building blocks of
the model, are defined as

S† =
∑

j

αjA
†(0)
0 (jj ), (1)

D
†
M =

∑
j1j2

βj1j2A
†(2)
M (j1j2), (2)

where α and β are the structure coefficients. Here the creation
operator of a nucleon pair with total angular momentum J and
its projection M is defined as

A
†(J )
M (j1j2) =

∑
m1m2

(j1m1j2m2|JM)c†j1m1
c
†
j2m2

= [
c
†
j1
c
†
j2

](J )
M

, (3)

where (j1m1j2m2|JM) stands for a Clebsch-Gordan coef-
ficient. Here c

†
jm represents either a neutron-hole creation

operator or a proton-particle creation operator, and (j,m)
represents a set of quantum numbers necessary to specify
the state (n, �, j,m). In the mass A ∼ 130 region we treat

neutrons as holes and protons as particles so that N = 82 and
Z = 50 become the nearest closed shells. The S and D pairs
are constructed in each neutron or proton space separately.

The structure coefficients α and β are determined so as to
maximize the collectivity of the S and D pairs. More explicitly,
the structure of the collective S pair is determined by variation,

δ〈Sn|Ĥ |Sn〉 = 0, (4)

with |Sn〉 = (S†)n|−〉, where |−〉 indicates the closed-shell
core, n represents the number of the valence nucleon pairs
for a specific nucleus, and Ĥ is an interaction among like
nucleons. In the second step, with use of the S pair obtained
above, the structure of the collective D pair is determined by
variation,

δ〈Sn−1D|Ĥ |Sn−1D〉 = 0, (5)

with |Sn−1D〉 = (S†)n−1D†|−〉. After determining the struc-
ture of the S and D pairs, a many-body SD-pair state of like
nucleons is constructed as

|Sns Dnd ηI 〉 = (S†)ns (D†)nd |−〉, (6)

where I is the total angular momentum of the SD-pair state,
and η an additional quantum number required to completely
specify the state. Here, the angular momentum coupling is
carried out exactly, but we abbreviate its notation.

To describe open-shell nuclei, we use the SD-pair states in
both neutron and proton spaces, and couple them to the state
with a total spin I . Thus the many-body wave function of the
even-even nucleus can be written as

|	(Iη)〉 = [|Sn̄s Dn̄d (Iνην)〉 ⊗ |Sns Dnd (Iπηπ )〉](I ), (7)

where n̄s and n̄d represent the numbers of neutron-hole S and
D pairs, respectively, while ns and nd correspond to those
for proton-particle pairs. The numbers 2(n̄s + n̄d ) and 2(ns +
nd ) are the total number of valence neutron holes N̄ν and
that of proton particles Nπ , respectively. The SD-pair states
are generally nonorthogonal to each other and the Schmidt
orthogonalization procedure is necessary.

As an effective two-body interaction, we employ the
monopole and quadrupole pairing plus quadrupole-quadrupole
interaction. The effective shell-model Hamiltonian is written
as

Ĥ = Ĥν + Ĥπ + Ĥνπ , (8)

where Ĥν , Ĥπ , and Ĥνπ represent the interaction among
neutrons, the interaction among protons, and the interaction
between neutrons and protons, respectively. The interaction
among like nucleons Ĥτ (τ = ν or π ) consists of spherical
single-particle energies, monopole pairing (MP ) interac-
tion, quadrupole-pairing (QP ) interaction, and quadrupole-
quadrupole (QQ) interaction,

Ĥτ =
∑
jm

εjτ c
†
jmτ cjmτ − G0τ P̂

†(0)
τ P̂ (0)

τ

−G2τ P̂
†(2)
τ

˜̂P
(2)

τ − κτ : Q̂τ · Q̂τ :, (9)

where :: represents the normal ordering, and cjmτ is either a
neutron-hole annihilation operator (τ = ν) or a proton-particle
annihilation operator (τ = π ). The monopole pair-creation
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operator P̂ †(0)
τ , the quadrupole pair-creation operator P̂

†(2)
Mτ , and

the quadrupole operator Q̂Mτ are defined by

P̂ †(0)
τ =

∑
j

√
2j + 1

2
A

†(0)
0τ (jj ), (10)

P̂
†(2)
Mτ =

∑
j1j2

Qj1j2A
†(2)
Mτ (j1j2), (11)

˜̂P
(2)

Mτ = (−)MP̂
(2)
−Mτ , (12)

Q̂Mτ =
∑
j1j2

Qj1j2

[
c
†
j1τ

c̃j2τ

](2)
M

, (13)

with

c̃jmτ = (−1)j−mcj−mτ , (14)

Qj1j2 = −〈j1‖r2Y (2)‖j2〉√
5

, (15)

where A
†(J )
Mτ (j1j2) stands for the nucleon pair-creation operator

given by Eq. (3).
The interaction between neutrons and protons Ĥνπ is taken

as

Ĥνπ = −κνπQ̂ν · Q̂π . (16)

Here the operator Q̂τ is the quadrupole operator defined by
Eq. (13). In the present scheme, harmonic oscillator basis states
with the oscillator parameter b = √

h̄/Mω are used as the
single-particle basis states.

The Hamiltonian in Eq. (8) is diagonalized in terms of the
many-body basis wave functions in Eq. (7) as

Ĥ |Ii ; i〉 = E(Ii ; i)|Ii ; i〉, (17)

where |Ii ; i〉 is the normalized eigenvector for the ith state with
spin Ii , and E(Ii ; i) is the eigenenergy for the state |Ii ; i〉.

III. RESULTS FOR EVEN-EVEN NUCLEI

Since the valence neutron holes and proton particles occupy
the 0g7/2, 1d5/2, 1d3/2, 0h11/2, and 2s1/2 orbitals in the
mass A ∼ 130 region, we take into account the full 50–82
configuration space for neutrons and protons.

The single-particle energies employed in the previous sys-
tematic calculations for the Xe, Ba, Ce, and Nd isotopes [28]
were extracted from experimental excitation energies and were
fixed constant for all the nuclei. The calculations reproduced
well the energy levels for both the yrast and quasi-γ bands,
and the intraband and interband B(E2) values in the even-even
isotopes. However, the theoretical results of the odd-mass
isotopes were not satisfactory enough to describe the relative
positions of the energy levels of positive-parity states and those
of negative-parity states, especially for proton-odd nuclei. A
similar situation was also seen in the results of the doubly odd
nuclei [31], which were obtained by using constant single-
particle energies. The doublet bands with the νh11/2 ⊗ πh11/2

configuration in theory were reproduced higher in energy than
experimental ones. These results clearly indicate a need to
shift the single-particle energy of the 0h11/2 orbital relative
to the others. Thus, in the present study, we assume that the

single-particle energies of some orbitals besides the 0h11/2

orbital change linearly with the number of valence particles.
The single-particle energies in the present analysis are

determined by the following procedure. Since the small
change of the single-particle energies hardly influences the
energy levels of even-even nuclei, the single-particle energies
are determined primarily to reproduce the energy levels of
low-lying states for odd-mass nuclei. Using the same set of
two-body interactions adopted in the previous PTSM studies
[28], we first adjust the single-particle energies so as to
approximately reproduce the energy levels of low-lying states
for odd-mass nuclei. Next, the strengths of the two-body
interactions are determined to reproduce the energy spectra
of even-even nuclei. As shown later, the strengths of the
two-body interactions change linearly with the number of
valence particles. Finally, the single-particle energies are again
modified to get an improved fitting, to the low-energy levels of
odd-mass nuclei. The single-particle energies are thus obtained
by repeating the above procedure, iteratively.

The determined functional dependences of the correction
terms σν and σπ to the constant single-particle energies are as
follows (in MeV):

σν = +0.02N̄ν + 0.06Nπ − 0.02, (18)

σπ = −0.02N̄ν − 0.15Nπ + 0.15, (19)

where N̄ν indicates the number of valence neutron holes and
Nπ , the number of valence proton particles. The single-particle
energies εjτ (τ = ν or π ) employed in the present calculations
are listed in Table I. Note that the experimental excitation
energies of 131Sn are given when N̄ν = 1 and Nπ = 0, and
those of 133Sb are given when N̄ν = 0 and Nπ = 1.

In order to determine two-body interactions for even-even
nuclei we use a χ2 fitting as follows. Several sets of candidates
for two-body interactions are searched to get smaller values of
the following χ2 values:

χ2 =
∑

W (I ; i)[Eexpt(I ; i) − Eth(I ; i)]2, (20)

where W (I ; i) is a weight function for the ith state with
spin I , Eexpt(I ; i) represents the experimental energy, and
Eth(I ; i), the theoretically predicted energy by the PTSM. As
for the fitting energy levels, we take the low-lying states of
the even-even isotopes, 128–132Xe, 130–134Ba, and 132–136Ce. We
take W (I ; i) = 0 for those levels that are not experimentally
confirmed. The adopted values of weight functions are listed
in Table II.

In order to investigate the systematics of low-lying states
in the mass A ∼ 130 region, we assume that the strengths of

TABLE I. Adopted single-particle energies εjτ (τ = ν or π )
for neutron holes or proton particles (in MeV). The numerals are
extracted from experimental excitation energies in Refs. [37–39],
and the correction terms σν and σπ are given in Eqs. (18) and (19),
respectively.

j 2s1/2 0h11/2 1d3/2 1d5/2 0g7/2

εjν 0.332 0.242 + σν 0.000 1.655 2.434
εjπ 2.990 + σπ 2.793 + σπ 2.708 + σπ 0.962 0.000
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TABLE II. Adopted weight functions W (I ; i) for χ2 fitting (in
MeV−2).

N̄ν + Nπ 2+
1 4+

1 6+
1 2+

2 3+
1 4+

2 5+
1

8 1.00 1.00 0.16 1.00 0.64 0.25 0.09
10 1.00 1.00 0.64 1.00 0.64 0.25 0.09
12–20 1.00 1.00 1.00 1.00 0.64 0.25 0.09

the two-body interactions change linearly with the number of
valence neutron holes N̄ν and valence proton particles Nπ . The
determined interaction strengths are as follows (G0τ of MP

interaction in units of MeV, and G2τ of QP interaction and κτ

of QQ interaction both in units of MeV/b4):

G0ν = 0.150 − 0.010N̄ν − 0.002Nπ,

G2ν = 0.004 + 0.001N̄ν + 0.002Nπ,

κν = 0.070 − 0.001N̄ν + 0.001Nπ,

G0π = 0.150 − 0.010N̄ν, (21)

G2π = 0.008 − 0.0005N̄ν + 0.001Nπ,

κπ = 0.020 + 0.002Nπ,

κνπ = −0.060 − 0.001N̄ν + 0.002Nπ.

This choice of the strengths of interactions gives the χ2 value
χ2 = 0.705 for 104 levels of even-even nuclei, 126–132Xe,
128–134Ba, 130–136Ce, and 132–138Nd.

A. Energy spectra

Using the interaction strengths determined above, the
energy spectra are obtained for the even-even nuclei,
134–126Xe, 136–128Ba, 138–130Ce, and 140–132Nd. In Fig. 1, the
theoretical energy spectra of the PTSM are compared with
the experimental data for 132Ba and 128Xe. In both nuclei, the
model reproduces well the energy levels of the even-spin yrast
states up to spin 6. The level spacings between the yrast 8+

1 and
10+

1 states are small in experiment. The anomalous behavior
at spin 10 is attributed to the alignment of two neutrons in the
0h11/2 orbital. For a description of them, we need to extend the
SD version of the PTSM to include high-spin pairs coming
from the 0h11/2 orbital [27,29]. We do not discuss those high-
spin states in any further detail, since the focus of this paper
is on the low-lying states. Concerning the quasi-γ bands, the
energy staggering feature of the 3+

1 and 4+
2 states is reproduced

in both nuclei, which indicates a triaxial nature of these
nuclei.

In Fig. 2, the energy spectra obtained by the PTSM
are compared with the experimental data for even-even Xe
isotopes. For 132,130,126Xe, the energy levels of the even-spin
yrast states are well reproduced. The staggering patterns of
the energy levels in the quasi-γ bands are also described well,
indicating the γ instability in the low-lying states. We have
not used the experimental information on the 0+

2 states for
the χ2 fitting, but the theoretical 0+

2 state comes close to the
corresponding experimental one in each nucleus. Concerning
134Xe, the theoretical energy level of the 4+

1 state is a bit
lower, and those of the 5+

1 and 6+
1 states are a bit higher in

energy than the experimental ones. For an N = 80 nucleus
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E
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1+4+ 3+
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6+7+
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FIG. 1. (Color online) Comparison between the experimental
energy spectra (expt.) and those of the PTSM (PTSM) for 132Ba and
128Xe. The level sequences on the left represent the yrast band, and the
level sequences on the middle, the quasi-γ band. The experimental
data are taken from Refs. [40–46].

near a single closed shell like 134Xe, higher-spin collective
pairs play important roles because the quadrupole collectivity
is not dominant near the closed shell.

In Fig. 3, the theoretical energy levels of the low-lying states
are compared with the experimental data for 136,134,130,128Ba.
Except for 136Ba, the PTSM calculations are in better
agreement with the experimental data than those of the Xe
isotopes. This means that the quadrupole collectivity becomes
more dominant in the low-lying states of the Ba isotopes,
which have two more valence protons. The experimental
energy staggering for the even-odd spin states in the quasi-γ
band is well reproduced. As in 134Xe, in 136Ba, higher-spin
pairs play important roles to describe the 6+

1 state, which is
very close to the 4+

1 state in experiment.
Figures 4 and 5 show the theoretical spectra of even-even Ce

and Nd isotopes, respectively, compared with the experimental
data. One sees that there is a good correspondence between
the theoretical and experimental levels and the ordering of the
2+

2 and 0+
2 states is reproduced except for 138Ce near the single

closed shell.
In Figs. 1–5 we notice that theoretical excitation energies for

the yrast and quasi-γ bands smoothly decrease as the number
of neutron holes increases, which accords with the experimen-
tal tendency. Also the staggering patterns of the energy levels
in the quasi-γ bands are well reproduced.

The systematic calculations in the even-even and odd-mass
nuclei in this mass region were performed in terms of the SD

version of the PTSM [28]. The experimental energy levels of
the yrast and quasi-γ bands for Xe, Ba, Ce, and Nd isotopes
were well reproduced except for the N = 72 isotones, where
the calculated energy levels for the quasi-γ band were lower in
energy than the experimental ones. The results of the present
calculations on energy levels are improved and are generally
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FIG. 2. (Color online) Comparison between the experimental energy spectra (expt.) and those of the PTSM (PTSM) for 134,132,130,126Xe.
The level sequences on the left represent the yrast band, and the level sequences on the right, the 2+

2 , 3+
1 , 4+

2 , 5+
1 , 6+

2 , and 0+
2 states. The

experimental data are taken from Refs. [40,47–51].

in better agreement with the experimental data than those of
the previous PTSM study [28]. For example, the description

of the excitation energies for the 3+
1 and 5+

1 states in 126Xe and
128Ba is much improved.
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FIG. 3. (Color online) Same as Fig. 2, but for 136,134,130,128Ba. The experimental data are taken from Refs. [52–59].
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FIG. 4. (Color online) Same as Fig. 2, but for 138,136,134,132,130Ce.
The experimental data are taken from Refs. [60–66].

B. E2 transition rates

The E2 transition rate is calculated as

B(E2, Ii → If ) = 1

2Ii + 1
|〈If ; f ‖T̂ (E2)‖Ii ; i〉|2, (22)

where |Ii ; i〉 represents the wave function for the ith state with
spin Ii obtained by diagonalizing the shell-model Hamiltonian
in Eq. (8). Here, the E2 transition operator is defined as

T̂ (E2; M) = eνQ̂Mν + eπQ̂Mπ, (23)

where eτ (τ = ν or π ) represents the effective charge of the nu-
cleon, and the operator Q̂τ is the quadrupole operator defined
by Eq. (13) with the oscillator parameter b = 1.005A1/6 fm.
The effective charges are assumed to follow the conventional
relation eν = −δe and eπ = (1 + δ)e [74], and the adopted
values are δ = 0.96 + 0.04N̄ν − 0.03Nπ . They are fixed so
as to reproduce the experimental B(E2; 2+

1 → 0+
1 ) values of

the even-even nuclei. Note that the neutron effective charge is
chosen to be negative, as valence neutrons are treated as holes.

In Fig. 6 the calculated B(E2; 2+
1 → 0+

1 ) values are com-
pared with the experimental data for even-even Xe, Ba, Ce, and
Nd isotopes. The theoretical results are in good agreement with
the experimental data, except for the transition of 132Nd. This
discrepancy may suggest that the deformation obtained by the
SD truncation scheme is smaller than the experimental one.
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FIG. 5. (Color online) Same as Fig. 2, but for 140,138,136,134,132Nd.
The experimental data are taken from Refs. [67–73].

Table III shows calculated relative B(E2) values between
low-lying states for even-even Ba and Xe isotopes in compar-
ison with the experimental data, and also with the O(6) limit
of the IBM. It is seen that in 132,130,128Ba and 128,126Xe, the
theoretical results reproduce very well the experimental data
and simulate the results in the O(6) limit of the IBM, which
is known to describe γ -unstable nuclei. In the case of 134Ba,
the theoretical E2 transition of 0+

2 → 2+
1 is much larger and

that of 4+
2 → 4+

1 is a bit smaller in our calculation than the
experimental data, but the other transitions are in satisfactory
agreement. The large 0+

2 → 2+
1 transition rate might come

from the different level ordering of 0+
2 and 0+

3 , since we can
obtain the small ratio B(E2; 0+

3 → 2+
1 )/B(E2; 0+

3 → 2+
2 ) =

0.000 52 for 134Ba. The large disagreements between the exper-
imental and calculated E2 transitions of 0+

2 → 2+
1 and 4+

2 →
4+

1 are similar to those obtained by the previous study [28].
In Table IV, the theoretical relative B(E2) values in

low-lying states are compared with the experimental data for
Ce isotopes. In 134Ce and 132Ce, good agreement between
theoretical relative B(E2) values and the experimental data is
achieved. In particular, small E2 interband transitions such as
the 3+

1 → 2+
1 and 4+

2 → 2+
1 transitions are well reproduced.

Note that no experimental data are available for 136Ce and
130Ce. The PTSM results of both nuclei predict the properties
very close to the O(6) limit.
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TABLE III. Comparison of calculated relative B(E2) values (PTSM) for 134,132,130,128Ba and 128,126Xe, the experimental data (Expt.), and
the prediction of the O(6) limit of the IBM [O(6)]. The experimental data are taken from Refs. [44,46,51,55,57,76].

Iπ
i → I ′π

f
134Ba 132Ba 130Ba 128Ba 128Xe 126Xe O(6)

PTSM Expt. PTSM Expt. PTSM Expt. PTSM Expt. PTSM Expt. PTSM Expt.

2+
2 → 2+

1 100 100 100 100 100 100 100 100 100 100 100 100 100
→ 0+

1 0.24 0.9(2) 1.1 2.7(4) 0.72 6.2(7) 1.1 11.7(10) 0.093 1.3+5
−3 2.3 1.5(2) 0

3+
1 → 2+

2 100 100 100 100 100 100 100 100 100 100 100 100 100
→ 4+

1 15 �2.6 16 38(6) 27 22(3) 37 16.5(25) 29 35+15
−11 34 32(5) 40

→ 2+
1 2.3 1.1 0.98 2.6(4) 0.16 4.5(6) 4.4 6.3(13) 2.5 1.6+7

−5 6.5 1.8(3) 0
4+

2 → 2+
2 100 100 100 100 100 100 100 100 100 100 100 100 100

→ 3+
1 25 12 �50(11) 0.68 0.13 0.98 12 0

→ 4+
1 25 73 48 73(10) 67 54(10) 93 27.6(52) 88 102+23

−19 88 74+12
−13 91

→ 2+
1 19 2.4 3.4 1.8(3) 0.39 2.3(4) 0.041 1.9(3) 0.11 1.8+4

−3 0.071 0.42(7) 0
5+

1 → 3+
1 100 100 100 100 100 100 100 100 100 100 100 100 100

→ 4+
2 67 39 �45(7) 38 48 0.51 42 73(14) 46

→ 6+
1 12 7.5 19 35 0.87 19 95(48) 45

→ 4+
1 0.35 0.095 �2.2(3) 0.69 4.2 0.25 3.5 1.1(5) 0

0+
2 → 2+

2 100 100 100 100 100 100 100 100 100 100 100 100 100
→ 2+

1 119 3.5 3.3 �0.7(1) 0.71 3.3(2) 0.022 <0.01 7.0+25
−18 0.78 9.1(1) 0

C. M1 transition rates

The M1 transition rate is calculated as

B(M1, Ii → If ) = 1

2Ii + 1
|〈If ; f ‖T̂ (M1)‖Ii ; i〉|2, (24)

where |Ii ; i〉 represents the wave function for the ith state with
spin Ii obtained by diagonalizing the shell-model Hamiltonian
in Eq. (8). Here, the M1 transition operator is defined
as

T̂ (M1; M) = µN

√
3

4π

∑
τ=ν,π

[g�τ ĵ τ + (gsτ − g�τ )ŝτ ]M, (25)

where µN (=eh̄/2mc) is the nuclear magneton, and g�ν (gsν)
and g�π (gsπ ) represent the gyromagnetic ratios for orbital

angular momentum (spin) for the neutron and the proton,
respectively. The operators ĵ and ŝ stand for the angular
momentum and spin operators, respectively. The adopted
gyromagnetic ratios for orbital angular momenta are g�ν =
0.00, g�π = 1.00, and those for spin are gsν = −2.68 and
gsπ = 3.91, which are free-nucleon g factors attenuated by
a factor of 0.7.

In Table V, we show the calculated excitation energies of
the 1+

i states (i = 1,2,3,4), and the B(M1) values (in 10−2µ2
N )

from the ground states (the 0+
g.s. states) to the 1+

i states for
Ba and Ce isotopes. It is seen that for each nucleus the
B(M1) strength from the ground state is concentrated in the
lowest 1+ (1+

1 ) state. The B(M1; 0+
g.s. → 1+

i ) values for 132Ba
were previously calculated by the SD + H version of the
PTSM [27]. In the previous calculation the transition to the

TABLE IV. Comparison of calculated relative B(E2) values (PTSM) for 136,134,132,130Ce, and the experimental data (Expt.). The experimental
data are taken from Refs. [65,66]. No experimental data are available for 136,130Ce.

Iπ
i → I ′π

f
136Ce 134Ce 132Ce 130Ce

PTSM PTSM Expt. PTSM Expt. PTSM

2+
2 → 2+

1 100 100 100 100 100 100
→ 0+

1 0.016 3.5 5.4 3.5 6.1 0.20
3+

1 → 2+
2 100 100 100 100 100 100

→ 4+
1 21 17 25.0 22 29.1(7) 37

→ 2+
1 1.8 0.064 2.2 0.64 4.0 1.5

4+
2 → 2+

2 100 100 100 100 100 100
→ 3+

1 29 27 23 0.83
→ 4+

1 47 39 55.0 44 59 91
→ 2+

1 0.38 0.091 0.63 <0.01 0.42 0.64
5+

1 → 3+
1 100 100 100 100 100 100

→ 4+
2 54 45 46 48

→ 6+
1 20 15 22 39

→ 4+
1 1.3 0.29 �5.6 0.21 3.6

0+
2 → 2+

2 100 100 100 100 100 100
→ 2+

1 26 3.8 �2.7 2.2 0.56 0.30
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FIG. 6. (Color online) Comparison of the calculated B(E2)
values from the ground state to the first 2+ state for Xe, Ba, Ce,
and Nd isotopes with the experimental data. The experimental data
are taken from Ref. [75].

1+
1 state (1.941 MeV) was strongest [B(M1; 0+

g.s. → 1+
1 ) =

0.595µ2
N ] among all the transitions. In the present calculation

the energy of the 1+
1 state (1.672 MeV) is predicted to be a bit

lower than that of the previous calculation. Since the model
space in the present study is smaller than that in the previous
study (the truncated SD + H space), we may underestimate
the excitation energy of the 1+

1 state. Thus it might not be
appropriate to discuss further the detailed results of magnetic
excitation states because the present scheme only uses the
collective S and D pairs

Table VI shows the theoretical excitation energies of the
2+

i states (i = 2, 3, 4, 5), and B(M1; 2+
i → 2+

1 ) values for
Ba and Ce isotopes. For each nucleus the M1 transition from
the 2+

3 state at around 1.5 MeV is the largest among all the
transitions, showing that they are candidates for the mixed-
symmetry states [46,77,78].

D. Magnetic and quadrupole moments

The magnetic dipole moment is calculated as

µ(Ii) = 〈IiIi ; i|µ̂m=0|IiIi ; i〉, (26)

where |IM; i〉 represents the wave function for the ith state
with spin I and its projection M . The magnetic dipole operator

is written as

µ̂ = µN

∑
τ=ν,π

[g�τ ĵ τ + (gsτ − g�τ )ŝτ ], (27)

where the operators ĵ and ŝ, and the gyromagnetic ratios are
taken to be the same as used for the M1 transition rates.

The electric quadrupole moment is calculated as

Q(Ii) = 〈IiIi ; i|Q̂0|IiIi ; i〉. (28)

Here, the electric quadrupole operator is given by

Q̂M =
√

16π

5
(eνQ̂Mν + eπQ̂Mπ ), (29)

where eτ (τ = ν or π ) represents the effective charge of the
nucleon. The quadrupole operator Q̂τ , the effective charges,
and the oscillator parameter are taken to be the same as used
for the E2 transition rates.

In Table VII, the calculated magnetic and quadrupole
moments for even-even Xe and Ba isotopes are compared with
the experimental data. The calculated magnetic moments of the
2+

1 states decrease as a function of the number of neutron holes.
Our calculations reproduce well the experimental magnetic
moments except for the 2+

1 states of 128Xe, 126Xe, and 130Ba,
which have neutron holes more than or equal to 8. This might
be due to the fact that single-particle levels with positive
parity are easily admixed by quadrupole deformation which
is expected to be large in eight-neutron-hole systems.

For the quadrupole moments, there are only a few exper-
imental data. The undecided candidates for the quadrupole
moments of the 2+

1 states are reported for 136Ba, 134Ba,
and 130Ba. Our results suggest the quadrupole moments of
+0.07(7), −0.13(16), and −0.1(2) for 136Ba, 134Ba, and 130Ba,
respectively.

In Table VIII, the theoretical magnetic and quadrupole
moments of the PTSM are compared with the experimental
data for even-even Ce and Nd isotopes. Unfortunately, the
magnetic moment of the 2+

1 state only for 134Nd is available.
This moment is well reproduced by the PTSM within the
experimental error.

IV. RESULTS FOR ODD-MASS NUCLEI

In order to describe odd-mass nuclei, we need to expand
the model space to include an unpaired nucleon in addition
to the SD-pair state [26,28]. If the nucleon creation operator
c
†
jm (neutron-hole creation operator or proton-particle creation

operator) is applied to the SD-pair state, the odd-nucleon state,

TABLE V. Calculated excitation energies of the 1+
i states (in MeV), and B(M1; 0+

g.s. → 1+
i ) values (in 10−2µ2

N ) for Ba and Ce isotopes.

i 134Ba 132Ba 130Ba 136Ce 134Ce 132Ce

Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1)

1 1.921 21.0 1.672 39.3 1.586 59.3 1.855 41.8 1.684 73.2 1.651 102.6
2 2.744 2.34 2.466 6.01 2.241 8.82 2.572 4.95 2.515 7.94 2.358 9.75
3 3.088 3.35 2.875 4.53 2.640 4.33 2.992 1.77 2.979 1.42 2.802 0.926
4 3.730 0.151 3.376 0.136 3.091 0.459 3.609 < 0.1 3.399 0.279 3.153 0.386
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TABLE VI. Calculated excitation energies of the 2+
i states (in MeV) and B(M1; 2+

i → 2+
1 ) values (in 10−2µ2

N ) for 134,132,130Ba and
136,134,132Ce.

i 134Ba 132Ba 130Ba 136Ce 134Ce 132Ce

Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1) Energy B(M1)

2 1.227 15.6 1.080 5.98 0.898 3.75 1.101 12.2 1.050 4.91 0.875 3.69
3 1.619 16.1 1.446 22.0 1.448 27.3 1.588 18.0 1.588 32.1 1.563 29.9
4 2.189 9.04 2.085 5.50 1.914 8.85 2.090 2.61 2.051 0.121 1.867 25.5
5 2.365 4.63 2.158 0.658 2.000 1.79 2.212 6.57 2.095 8.48 2.020 <0.1

i.e., the SD pairs plus one-particle state, is constructed as

|jSns Dnd (Iη)〉 = [c†j |Sns Dnd (I ′η)〉](I ), (30)

where I ′ is the total angular momentum of the SD pair state,
I is the total angular momentum of the SD pair plus one-
particle state, and η is an additional quantum number required
to completely specify the state. Due to this extension, the
PTSM can treat even-even, odd-mass, and doubly odd nuclei
on the same footing. Using the SD pair plus one-particle state
in neutron space and the SD-pair state in proton space in
Eq. (6), we can express the many-body wave function of the
odd-even (neutron-odd and proton-even) nucleus with spin I

and its projection M as

|	(IMη)〉= [|jνS
n̄s Dn̄d (Iνην)〉 ⊗ |Sns Dnd (Iπηπ )〉](I )

M , (31)

where 2(n̄s + n̄d ) + 1 and 2(ns + nd ) are the total number of
valence neutron holes N̄ν and that of valence proton particles
Nπ , respectively. For even-odd (neutron-even and proton-odd)

nuclei, the many-body wave function can be written as

|	(IMη)〉= [|Sn̄s Dn̄d (Iνην)〉 ⊗ |jπSns Dnd (Iπηπ )〉](I )
M . (32)

Here, N̄ν = 2(n̄s + n̄d ), and Nπ = 2(ns + nd ) + 1. As for the
single-particle energies and the two-body interaction strengths,
we use the same set of interactions as used in the even-even
nuclei.

A. Energy spectra

Figure 7 shows the comparison of the calculated energy
spectra obtained by the PTSM (at most up to the second level
for each spin I ) with the experimental data for odd-mass
Xe isotopes. In experiment, the level spacing between the
ground state (3/2+

1 ) and the first excited state (1/2+
1 ) decreases

smoothly as a function of the number of neutron holes, and
the ordering of these states changes in 129Xe. Our calculation
successfully reproduces this behavior except for the N = 79

TABLE VII. Comparison of the magnetic dipole moments µ (in µN ) and electric quadrupole moments Q (in eb) obtained by the PTSM
(PTSM) with the experiment data (Expt.) for even-even Xe and Ba isotopes. The experimental data are taken from Ref. [79].

Nucleus Iπ
i µ Q Nucleus Iπ

i µ Q

PTSM Expt. PTSM Expt. PTSM Expt. PTSM

134Xe 2+
1 +1.03 +0.708(14) +0.0536 132Xe 2+

1 +0.743 +0.63(2) −0.00626
4+

1 +2.64 +3.2(6) +0.275 4+
1 +2.19 +2.4(4) +0.231

6+
1 +2.80 +0.400 6+

1 +2.49 +0.288
2+

2 +0.462 +0.139 2+
2 +0.540 +0.2(4) −0.00831

130Xe 2+
1 +0.498 +0.67(2) −0.109 128Xe 2+

1 +0.337 +0.82(14) −0.0814
4+

1 +1.42 +1.7(2) +0.0455 4+
1 +0.879 +0.0135

6+
1 +2.12 +0.197 6+

1 +1.51 +0.151
2+

2 +0.425 +0.9(2) +0.252 2+
2 +0.283 +0.106

136Ba 2+
1 +0.760 +0.69(10) +0.0804 −0.19(6) or +0.07(7) 126Xe 2+

1 +0.160 +0.74(14) +0.308
4+

1 +2.63 −0.184 4+
1 +0.524 +0.278

6+
1 +4.06 +0.00220 6+

1 +0.957 +0.292
2+

2 +0.838 −0.0438 2+
2 +0.401 −0.262

134Ba 2+
1 +0.659 +0.86(10) −0.124 −0.34(16) or −0.13(16) 132Ba 2+

1 +0.564 +0.68(6) −0.341
4+

1 +2.02 −0.280 4+
1 +1.50 −0.432

6+
1 +3.27 −0.191 6+

1 +2.58 −0.414
2+

2 +0.694 +0.00677 2+
2 +0.428 +0.313

130Ba 2+
1 +0.332 +0.70(6) −0.365 −1.0(2) or −0.1(2) 128Ba 2+

1 +0.322 +0.124
4+

1 +1.15 −0.427 4+
1 +0.793 +0.143

6+
1 +1.92 −0.452 6+

1 +1.34 −0.0740
2+

2 +0.325 +0.371 2+
2 +0.520 −0.0985
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TABLE VIII. The same for even-even Ce and Nd isotopes as in Table VII. The experimental data are taken from Ref. [79].

Nucleus Iπ
i µ Q Nucleus Iπ

i µ Q Nucleus Iπ
i µ Q

PTSM PTSM PTSM PTSM PTSM Expt. PTSM

138Ce 2+
1 +0.801 +0.102 136Ce 2+

1 +0.907 −0.367 134Ce 2+
1 +0.878 −0.728

4+
1 +2.56 −0.316 4+

1 +2.14 −0.554 4+
1 +1.88 −0.838

6+
1 +4.13 −0.411 6+

1 +3.45 −0.611 6+
1 +2.92 −0.829

2+
2 +1.11 −0.137 2+

2 +0.651 +0.270 2+
2 +0.397 +0.675

132Ce 2+
1 +0.797 −0.821 130Ce 2+

1 +0.597 −0.219 140Nd 2+
1 +0.873 +0.161

4+
1 +1.61 −0.904 4+

1 +1.22 −0.256 4+
1 +2.53 −0.274

6+
1 +2.41 −0.864 6+

1 +1.86 −0.238 6+
1 +4.26 −0.522

2+
2 +0.327 −0.113 2+

2 +0.561 +0.220 2+
2 +1.26 −0.152

138Nd 2+
1 +1.04 −0.488 136Nd 2+

1 +1.01 −0.888 134Nd 2+
1 +0.915 +1.2(4) −0.987

4+
1 +2.26 −0.626 4+

1 +2.09 −0.993 4+
1 +1.83 −1.08

6+
1 +3.57 −0.671 6+

1 +3.18 −0.944 6+
1 +2.71 −1.01

2+
2 +0.690 +0.446 2+

2 +0.447 +0.845 2+
2 +0.362 +0.951

132Nd 2+
1 +0.742 −0.497

4+
1 +1.45 −0.484

6+
1 +2.14 −0.356

2+
2 +0.532 +0.484

nucleus, 131Xe. In this nucleus, the level ordering of the 3/2+
1

and 1/2+
1 states is predicted in reverse, though these two states

are almost degenerate in theory. Concerning other positive-
parity states, the level orderings of the 5/2+

1 and 3/2+
2 states

are predicted in reverse for 133Xe and 131Xe. However, for
all the Xe isotopes, there exists a one-to-one correspondence
between the theoretical and experimental levels for the 5/2+

1 ,
7/2+

1 , and 3/2+
2 states.

Concerning the negative-parity states, the excitation ener-
gies of the 11/2−

1 states are in excellent agreement with the
observation for 135,131,129Xe. In the N = 75 nucleus, 129Xe, the
experimental 9/2−

1 state lies higher in energy than the 11/2−
1

state. The calculated 9/2−
1 state is a bit lower in energy than

the 11/2−
1 state, but the result is within a reasonable range. In

133Xe, the experimental 11/2−
1 state is higher in energy than

the ground state (3/2+
1 ) while the PTSM predicts the 11/2−
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FIG. 7. (Color online) Comparison of the experimental energy levels (expt.) with those of theory (PTSM) for 135,133,131,129Xe. The
experimental data are taken from Refs. [80–84].
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FIG. 8. (Color online) Same as Fig. 7, but for 137,135,133,131Ba. The experimental data are taken from Refs. [81,83–88].

state to be the ground state. For reproduction of the ordering
and position of this negative-parity state we may need higher-
angular-momentum pairs such as angular-momentum-four (G)
collective pairs, which are missing in the present scheme.

In Fig. 8, the theoretical energy spectra are compared with
the experimental data for odd-mass Ba isotopes. As for the

Xe isotopes, our calculation successfully reproduces the mild
change of the ordering of 3/2+

1 and 1/2+
1 states between

the four Ba isotopes. The theoretical energy levels of the
5/2+

1 , 7/2+
1 , and 3/2+

2 states are in good agreement with
the experimental data. For the N = 79 nucleus, 135Ba, the
calculated 11/2−

1 state lies a bit lower in energy than the
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FIG. 9. (Color online) Same as Fig. 7, but for 139,137,135,133Ce. The experimental data are taken from Refs. [81,84,86,89].
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FIG. 10. (Color online) Same as Fig. 7, but for 135,133,131,129Cs. The experimental data are taken from Refs. [81–84,90,91].

experimental one. In contrast to 129Xe (N = 75 nucleus), in
131Ba (also N = 75 nucleus) the PTSM calculation reproduces
quite well the correct ordering of the 9/2−

1 and 11/2−
1

states.

The energy spectra for odd-mass Ce isotopes are shown in
Fig. 9. In 137Ce, our calculation seems to fail in predicting
the experimental energy level of the 5/2+

1 state at the correct
position, but the PTSM predicts another 5/2+ state at around
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FIG. 11. (Color online) Same as Fig. 7, but for 137,135,133,131La. The experimental data are taken from Refs. [81,83,84,86,92].
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the corresponding energy, and the experimental observation is
inferred to correspond to this theoretically predicted level. This
is confirmed through electromagnetic moments as discussed
later. For all the Ce isotopes, the calculation reproduces quite
well the experimental energy levels for both the positive- and
negative-parity states.

In Fig. 10, the low-lying theoretical energy levels obtained
by the PTSM are compared with the experimental data for odd-
mass Cs isotopes. For all the nuclei, the PTSM results quite
well reproduce the energy levels of the lowest negative-parity
states, the 11/2−

1 states. This is a direct consequence of the
linear change of single-particle energies. In the cases of 131Cs
and 129Cs the theoretical energy levels of the second and third
excited states with negative parity (13/2−

1 and 15/2−
1 ) come

close to the experimental ones.
Concerning the low-lying states with positive parity, the

calculated energies agree quite well with experimental ones in
135Cs and 133Cs. The level ordering of the 5/2+

1 and 7/2+
1 states

is predicted in reverse for 131Cs, but their experimental energies

are close to one another. For 133,131,129Cs, the experimental
energies of the 1/2+

1 states smoothly decrease as a function
of the number of neutron holes, and the 1/2+

1 state becomes
the ground state in 129Cs. For all the nuclei, the theoretical
1/2+

1 states lie higher in energy than experimental ones, but
the decreasing behavior is well simulated by the PTSM. For
the other low-lying states, one can find a reasonable one-to-
one correspondence between the experimental and theoretical
energy levels.

Figure 11 shows the energy spectra of odd-mass La
isotopes. For all the nuclei our calculation reproduces the
relative positions of the positive- and negative-parity states.
Concerning the positive-parity states, there are a few dis-
crepancies between the theoretical energy levels and the
experimental data. For example, in 135La, the ordering of
the 7/2+

1 and 5/2+
1 states is predicted in reverse. For the

low-lying negative-parity states, good agreements between
theoretical energy levels and experimental ones are clearly
seen.

TABLE IX. Comparison of the magnetic dipole moments µ (in µN ) and electric quadrupole moments Q (in e b) obtained by the PTSM
(PTSM) with the experiment data (Expt.) for odd-mass Xe, Ba and Ce isotopes. The experimental data are taken from Ref. [79].

Nucleus Iπ
i µ Q Nucleus Iπ

i µ Q

PTSM Expt. PTSM Expt. PTSM Expt. PTSM Expt.

135Xe 1/2+
1 −1.25 133Xe 1/2+

1 −0.867
3/2+

1 +0.834 +0.9032(7) +0.187 +0.214(7) 3/2+
1 +0.665 +0.8129(5) +0.00417 +0.142(5)

5/2+
1 +1.53 −0.0289 5/2+

1 +0.939 +0.00610
9/2−

1 −1.50 +0.292 9/2−
1 −1.32 +0.333

11/2−
1 −1.32 −1.1036(14) +0.292 +0.62(2) 11/2−

1 −1.28 −1.0825(13) +0.699 +0.77(3)

131Xe 1/2+
1 −0.596 129Xe 1/2+

1 −0.268 −0.777967(8)
3/2+

1 +0.398 +0.6915(2) −0.306 −0.114(1) 3/2+
1 +0.278 +0.58(8) −0.473 −0.393(10)

5/2+
1 +0.614 +0.0168 5/2+

1 +0.603 +0.142
9/2−

1 −1.14 +0.666 9/2−
1 −1.10 +0.788

11/2−
1 −1.25 −0.994(2) +0.700 +0.73(3) 11/2−

1 −1.13 −0.8906(12) +0.522 +0.64(2)

137Ba 1/2+
1 −1.26 135Ba 1/2+

1 −0.564
3/2+

1 +0.839 +0.93737(2) +0.201 +0.245(4) 3/2+
1 +0.500 +0.83794(2) −0.129 +0.160(3)

5/2+
1 +1.63 −0.107 5/2+

1 +0.815 −0.000902
9/2−

1 −1.53 +0.447 9/2−
1 −1.21 +0.355

11/2−
1 −1.32 −0.99(3) +0.482 +0.78(9) 11/2−

1 −1.26 1.001(15) +0.821 +0.98(8)

133Ba 1/2+
1 −0.425 −0.769(3) 131Ba 1/2+

1 −0.0674 −0.71(2)
3/2+

1 +0.273 +0.51(7) −0.412 3/2+
1 +0.377 −0.551

5/2+
1 +0.679 −0.00991 5/2+

1 +0.591 +0.237
9/2−

1 −1.12 +0.827 9/2−
1 −1.07 −0.87(2) +1.07 +1.46(13)

11/2−
1 −1.22 −0.91(5) +0.864 +0.89(7) 11/2−

1 −1.00 +0.614

139Ce 1/2+
1 −1.23 137Ce 1/2+

1 −0.308
3/2+

1 +0.862 1.06(4)a +0.244 3/2+
1 +0.269 0.96(4)a −0.316

5/2+
1 +1.87 −0.168 5/2+

1 +1.02 −0.0685
9/2−

1 −1.60 +0.580 9/2−
1 −1.06 +0.433

11/2−
1 −1.30 +0.622 11/2−

1 −1.21 1.01(4)a +1.09

135Ce 1/2+
1 −0.303 133Ce 1/2+

1 −0.190
3/2+

1 +0.255 −0.538 3/2+
1 +0.694 −0.679

5/2+
1 +0.918 −0.127 5/2+

1 −0.460 +1.12
9/2−

1 −1.08 +1.17 9/2−
1 −1.01 +1.53

11/2−
1 −1.15 +1.23 11/2−

1 −0.742 +0.759

aThe sign is not given by the measurement.
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TABLE X. The same for odd-mass Cs and La isotopes as in Table IX. The experimental data are taken from Ref. [79].

Nucleus Iπ
i µ Q Nucleus Iπ

i µ Q

PTSM Expt. PTSM Expt. PTSM Expt. PTSM Expt.

135Cs 1/2+
1 +1.64 133Cs 1/2+

1 +1.85
3/2+

1 +1.28 −0.144 3/2+
1 +1.39 −0.136

5/2+
1 +2.01 +0.300 5/2+

1 +1.71 +2.0(2)b +0.540
5/2+

2 +3.58 −0.433 5/2+
2 +3.74 +3.45(2)b −0.699 −0.33(2)b

7/2+
1 +2.35 +2.7324(2) +0.130 +0.050(2) 7/2+

1 +2.30 +2.582025(3) +0.172 −0.00355(4)
11/2−

1 +6.87 −0.955 11/2−
1 +6.80 −1.25

131Cs 1/2+
1 +1.96 129Cs 1/2+

1 +1.94 +1.491(8)
3/2+

1 +1.15 −0.246 3/2+
1 +0.0432 −0.581

5/2+
1 +1.67 +1.86(8)b +0.719 0.022(3)a,b 5/2+

1 +1.63 +0.826
5/2+

2 +3.53 +3.53(2)b −0.814 −0.575(6)b 5/2+
2 +3.24 −0.933

7/2+
1 +2.19 +0.196 7/2+

1 +2.05 +0.193
11/2−

1 +6.72 −1.48 11/2−
1 +6.63 +6.55(10) −1.72

137La 1/2+
1 +1.70 135La 1/2+

1 +1.76
3/2+

1 +1.38 −0.0483 3/2+
1 +1.01 −0.232

5/2+
1 +3.80 −0.514 5/2+

1 +3.54 +3.70(9) −0.667 −0.4(4)
5/2+

2 +1.88 +0.405 +0.24(7)b 5/2+
2 +1.91 +0.653

7/2+
1 +2.35 +2.700(15) +0.409 +0.21(3) 7/2+

1 +2.30 +0.456
11/2−

1 +6.85 −1.13 11/2−
1 +6.79 −1.37

133La 1/2+
1 +1.74 131La 1/2+

1 +1.64
3/2+

1 +0.482 −0.394 3/2+
1 +0.169 −0.460

5/2+
1 +2.08 +0.423 5/2+

1 +1.67 +1.04
5/2+

2 +2.99 −0.321 5/2+
2 +2.99 −0.916

7/2+
1 +2.21 +0.344 7/2+

1 +2.05 +0.235
11/2−

1 +6.72 7.5(5)a −1.57 11/2−
1 +6.66 −1.77

aThe sign is not given by the measurement.
bThe numerals of experimental magnetic moment and quadrupole moments of 5/2−

1 states are placed just after the theoretical 5/2−
2 state since

their theoretical values are very similar to the corresponding experimental values.

B. Magnetic and quadrupole moments

A lot of information about odd-mass nuclear states is
obtained through magnetic dipole and electric quadrupole mo-
ments. The magnetic dipole and electric quadrupole moments
obtained by the PTSM for odd-mass Xe, Ba and Ce isotopes
are shown in Table IX together with the experimental data.

We start by discussing the magnetic moments. For Xe
and Ba isotopes, the experimental magnetic moments of the
3/2+

1 states decrease as the number of valence neutron holes
increases. The theoretical magnetic moments of the 3/2+

1 states
are slightly smaller than the experimental ones. However, their
decreasing behavior is also seen in the PTSM results. For
the 1/2+

1 states, the calculated magnetic moments are smaller
than the experimental data in 129Xe and 131Ba. In contrast to
the positive-parity states, the absolute values of the calculated
magnetic moments for the 11/2−

1 states are larger than those
for the experimental ones for all the nuclei, but the results are
within a reasonable range. The negative values of the magnetic
moments indicate that the neutron in the 0h11/2 orbital gives a
dominant contribution to the magnetic moment.

Next let us discuss the quadrupole moments. Our calcula-
tions reproduce quite well the observed quadrupole moments
except for the 11/2−

1 states of 135Xe and 137Ba, which are
one-neutron-hole systems. For a reproduction of them, we may

need higher-spin pairs such as G pairs. Concerning the 3/2+
1

states of Xe isotopes, the experimental quadrupole moments
decrease as a function of the number of neutron holes. Our
calculation successfully reproduces this decreasing feature of
the quadrupole moments of the 3/2+

1 states.
In Table X, the calculated magnetic and quadrupole

moments for Cs and La isotopes are compared with the
experimental data. In 133Cs, 131Cs, and 137La, the level ordering
of the 5/2+

1 and 5/2+
2 states is seemingly predicted in a reverse

way in the PTSM, although they are almost degenerate in ex-
periment. By adopting the values of the experimental magnetic
moments and quadrupole moments of the 5/2−

1 states for the
theoretical 5/2−

2 states, we find that their theoretical values
are very similar to the corresponding experimental values. In
135La the level ordering of these two states seems to be well
reproduced, although only the electromagnetic property of the
5/2+

1 state is observed experimentally. Concerning other states,
the magnetic and quadrupole moments obtained by the PTSM
agree well with the experimental ones.

C. E2 and M1 transition rates

In Tables XI and XII, the theoretical E2 and M1 tran-
sition rates obtained by the PTSM are compared with the
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TABLE XI. Comparison of the B(E2) values (in 10−2 e2 b2) and
the B(M1) values (in 10−2µ2

N ) obtained by the PTSM (PTSM) with
the experiment data (Expt.) for 131Xe. The experimental data are taken
from Ref. [83].

Iπ
i → I ′π

f B(E2) B(M1)

PTSM Expt. PTSM Expt.

1/2+
1 → 3/2+

1 0.376 <15 9.78 >5.7
5/2+

1 → 1/2+
1 3.98 3.02(9)

→ 3/2+
1 9.90 11.0(4) 0.307 0.054(5)

3/2+
2 → 5/2+

1 1.37 15.4
→ 1/2+

1 7.26 9.5+103
−95 5.13 1.1(9)

→ 3/2+
1 4.00 12(12) 7.37 1.1(11)

7/2+
1 → 3/2+

2 < 0.1 0.60(10)
→ 5/2+

1 < 0.1 0.6(5) 2.55 0.22(1)
→ 3/2+

1 8.32 8.77(75)
5/2+

2 → 7/2+
1 0.406 3.41

→ 3/2+
2 <0.1 1.6+24

−16 0.382 8.4(9)
→ 5/2+

1 0.128 <0.1
→ 1/2+

1 5.77 10.2(10)
→ 3/2+

1 2.81 1.9(2) 16.9 16.1(16)
9/2−

1 → 11/2−
1 8.91 15(4) 1.13 0.018(7)

7/2−
1 → 9/2−

1 2.97 0.07(2) 0.957 0.0915(16)
→ 11/2−

1 10.4 0.1954
15/2−

1 → 11/2−
1 10.5

experimental data for 131,129Xe. For the most part, the
calculated B(E2) values are in good agreement with the
experimental data for 131Xe (see Table XI). It is remarkable that
most of the transitions among low-lying states are observed in
experiment. The situation for the E2 transition rates in 129Xe
is similar to that in 131Xe (see Table XII). Several transitions
are observed among low-lying states, and agree well with the
theoretical results. Concerning the M1 transition rates, some
transitions are not reproduced well by the PTSM for both 131Xe
and 129Xe, since the M1 transitions are expected to be very
sensitive to the mixing of various single-particle orbitals.

The E2 and M1 transition rates obtained by the PTSM
for 133,131Ba are shown in Table XIII. In experiment, only
the B(E2; 3/2+

1 → 1/2+
1 ) value of 9.5(28) × 10−2e2 b2 and

the B(M1; 3/2+
1 → 1/2+

1 ) value of 2.7(4) × 10−2µ2
N are

observed for 131Ba.

V. RESULTS FOR DOUBLY ODD NUCLEI

In order to describe doubly odd nuclei, we couple the SD

pair plus one-particle states in Eq. (30) in both neutron and
proton spaces to the doubly odd state with spin I . The many-
body wave function of the doubly odd nucleus is expressed as
follows:

|	(Iη)〉= [|jνS
n̄s Dn̄d (Iνην)〉 ⊗ |jπSns Dnd (Iπηπ )〉](I ), (33)

where 2(n̄s + n̄d ) + 1 and 2(ns + nd ) + 1 are the total number
of valence neutron holes N̄ν and that of valence proton particles
Nπ , respectively.

TABLE XII. The same as in Table XI for 129Xe. The experimental
data are taken from Ref. [82].

Iπ
i → I ′π

f B(E2) B(M1)

PTSM Expt. PTSM Expt.

3/2+
1 → 1/2+

1 0.596 3(2) 8.50 4.92(18)
3/2+

2 → 3/2+
1 1.91 8.40(35) 11.6 0.455(18)

→ 1/2+
1 12.2 2(6) 5.85 0.98(39)

5/2+
1 → 3/2+

2 0.213 10.9
→ 3/2+

1 11.5 22(3) < 0.1 0.18(2)
→ 1/2+

1 4.31 8.05(81)
1/2+

2 → 5/2+
1 4.14

→ 3/2+
2 1.88 0.725 0.70(23)

→ 3/2+
1 8.85 2.6(9) 0.319 0.27(9)

→ 1/2+
1 10.0 0.27(9)

5/2+
2 → 1/2+

2 0.574
→ 5/2+

1 0.564 0.0122
→ 3/2+

2 0.501 0.689
→ 3/2+

1 4.97 10.2
→ 1/2+

1 8.66
9/2−

1 → 11/2−
1 18.0 < 0.1

7/2−
1 → 9/2−

1 10.9 0.718
→ 11/2−

1 4.78
15/2−

1 → 11/2−
1 14.3

A. Energy spectra

In the doubly odd nuclei, the negative-parity states are
produced by exciting either a neutron or a proton in a
positive-parity orbital into the 0h11/2 orbital. In the PTSM
these neutron and proton excitations are clearly distinguished.

TABLE XIII. The B(E2) values (in 10−2e2 b2) and the B(M1)
values (in 10−2µ2

N ) obtained by the PTSM for 133,131Ba.

Iπ
i → I ′π

f
133Ba 131Ba

B(E2) B(M1) B(E2) B(M1)

3/2+
1 → 1/2+

1 0.342 8.04 3.80 8.54
3/2+

2 → 3/2+
1 3.12 8.18 1.63 14.2

→ 1/2+
1 9.89 5.66 13.8 6.48

5/2+
1 → 3/2+

2 1.77 9.51 0.205 8.70
→ 3/2+

1 11.6 0.507 10.9 < 0.1
→ 1/2+

1 5.47 3.19
1/2+

2 → 5/2+
1 1.71 7.90

→ 3/2+
2 < 0.1 < 0.1 6.62 4.68

→ 3/2+
1 9.02 0.739 11.1 < 0.1

→ 1/2+
1 5.27 10.1

5/2+
2 → 1/2+

2 0.598 0.258
→ 5/2+

1 < 0.1 < 0.1 < 0.1 0.407
→ 3/2+

2 0.176 0.709 0.169 0.300
→ 3/2+

1 3.73 14.8 4.36 5.61
→ 1/2+

1 7.75 15.0
9/2−

1 → 11/2−
1 10.8 1.31 25.2 0.667

7/2−
1 → 9/2−

1 3.73 2.65 13.2 6.06
→ 11/2−

1 11.0 1.14
15/2−

1 → 11/2−
1 12.2 16.8

13/2−
1 → 11/2−

1 12.4 5.12 14.9 5.08
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FIG. 12. (Color online) Comparison of
the experimental energy levels (expt.) with
those of the PTSM (PTSM) for 132,130Cs. The
theoretical level sequence of positive-parity
states on the left represent the levels built on
the valence neutron and proton spaces both
with positive parity, and that on the right, both
with negative parity. Negative-parity states
arising from the valence neutron space are
presented on the left-hand side while those
from the proton space are shown on the
right-hand side. The experimental data are
taken from Refs. [93,94].

The experimental energy levels in 132Cs and 130Cs (where
available) are shown in comparison with the PTSM calcula-
tions in Fig. 12, while those in 134La and 132La are shown in
Fig. 13.

In experiment, the ground states are assigned to have
positive parity for 130Cs, 132Cs, and 134La, whereas in 132La
the ground state is assigned to have negative parity, and
the lowest state with positive parity, the (2)+1 state, has an
excitation energy of 155 keV. Concerning 132Cs, 134La, and
132La, calculated energy levels are in good agreement with
the experimental data. In particular, the spin and parity of the
ground state in each nucleus are reproduced by the PTSM
calculation. For 130Cs, the theoretical 1+

1 state lies higher in

energy than the experimental one, but there exists a one-to-one
correspondence between the theoretical and experimental
levels for the 1+

1 , 2+
1 , 2+

2 and 2−
1 states.

Recently, �I = 1 doublet bands built on the νh11/2 ⊗
πh11/2 configuration have been reported in experimental
studies of the doubly odd nuclei, 132,130Cs and 134,132La. Their
bandhead states of 9+

1 , (9+
1 ), and (9+

1 ) are experimentally
observed at excitation energies of 0.975, 1.131, and 0.775 MeV
in 130Cs [95], 132Cs [96], and 132La [97], respectively. In
134La the bandhead position relative to the ground state
remains unknown. In the present study, the states with the
νh11/2 ⊗ πh11/2 configuration are produced in the neutron and
proton spaces both with negative parity, which are presented
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FIG. 13. (Color online) Same as Fig. 12,
but for 134,132La. The experimental data are
taken from Refs. [50,94].
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TABLE XIV. Comparison of the magnetic dipole moments µ (in
µN ) and electric quadrupole moments Q (in e b) obtained by the
PTSM (PTSM) with the experiment data (Expt.) for 132,130Cs and
134,132La. The experimental data are taken from Ref. [79].

Nucleus Iπ
i µ Q

PTSM Expt. PTSM Expt.

132Cs 1+
1 +0.838 +0.167

1+
2 +2.41 −0.210

2+
1 +2.10 +2.222(7) +0.523 +0.508(7)

2+
2 +1.28 −0.00401

9+
1 +4.57 −0.534

2−
1 −2.34 +0.467

3−
1 −1.97 +0.600

5−
1 −0.474 −0.180

5−
2 −0.651 +1.12

130Cs 1+
1 +2.49 +1.460(7) −0.243 −0.059(6)

1+
2 +0.887 +0.119

2+
1 +1.07 +0.650

2+
2 +2.19 +0.489

9+
1 +4.96 −1.03

2−
1 −2.08 +0.598

3−
1 −1.25 −0.0993

5−
1 −0.241 −0.587

5−
2 +0.796 +0.629(4)a +1.17 +1.45(5)a

134La 1+
1 +2.37 −0.215

1+
2 +0.608 +0.222

2+
1 +2.46 +0.156

2+
2 +2.56 −0.131

9+
1 +4.60 −0.518

2−
1 −2.35 +0.585

3−
1 −1.91 +0.641

5−
1 −0.965 +0.688

5−
2 −0.351 +0.430

132La 1+
1 +2.23 −0.274

1+
2 +0.186 −0.0322

2+
1 +1.01 +0.794

2+
2 +3.03 −0.558

9+
1 +5.11 −0.929

2−
1 −2.00 +0.801

3−
1 −1.20 −0.104

5−
1 +0.675 +1.35

5−
2 −0.332 −0.414

aThe numerals of experimental magnetic and quadrupole moments
of the 5−

1 state are placed just after the theoretical 5−
2 state since their

values are very similar to experimental values.

on the right-hand side of the positive-parity states in Figs. 12
and 13. The calculated bandhead states lie a bit lower in energy
than the experimental ones, but the present results are much
better compared to those in the previous study [30–32].

B. Magnetic and quadrupole moments

In Table XIV, calculated magnetic and quadrupole mo-
ments for 132,130Cs and 134,132La are compared with the experi-
mental data. Unfortunately, very few experimental studies have
been done so far to measure the magnetic dipole and electric

quadrupole moments for these nuclei. The PTSM calculation
reproduces these moments quite well. We hope that the present
study will be helpful for the experimental investigation of the
electromagnetic moments on these nuclei in the near future.

VI. SUMMARY

In this paper the level schemes and electromagnetic prop-
erties observed in the even-even, odd-mass, and doubly odd
nuclei with mass around 130 were investigated in terms of the
SD version of the pair-truncated shell model. In this model,
the shell model basis is restricted to the SD subspace where
the S and D collective pairs are used as the building blocks for
even-even nuclei. For a description of odd-mass and doubly
odd nuclei, the SD-pair truncation scheme is extended to
include unpaired nucleons.

The effective interactions consist of single-particle energies
and monopole and quadrupole pairing plus quadrupole-
quadrupole interactions, whose strengths are linearly deter-
mined as functions of the valence number of nucleons so
as to describe the level schemes of even-even and odd-
mass nuclei. Energy spectra and E2 transition rates for the
low-lying collective states were calculated for even-even
nuclei, and the results are in excellent agreement with the
observation. Calculated relative B(E2) values reproduce very
well the experimental data and the results in the O(6) limit
of the interacting boson model, which is known to describe
γ -unstable nuclei.

For odd-mass nuclei, the linear relation of single-particle
energies with valence nucleon numbers results in a great
improvement of calculated energies for the corresponding
experimental levels; in particular, the relative positions of the
positive- and negative-parity states are well reproduced. Elec-
tromagnetic moments are also well reproduced by the present
calculation. We also applied the same set of interactions to
doubly odd nuclei, and excellent agreement is obtained for both
energy spectra and electromagnetic moments. In particular, we
predict systematically the �I = 1 doublet bands built on the
νh11/2 ⊗ πh11/2 configuration. These doublet bands in doubly
odd nuclei were investigated extensively in terms of various
models. However, most of them could not deal with the Pauli
principle explicitly between the even-even part of the nucleus
and the fermionic unpaired particles in the 0h11/2 orbital. Since
in the PTSM the basis states are constructed in a subspace of
the full shell-model space, the model can treat systematically
even-even, odd-mass, and doubly odd nuclei on the equal
footing.

In the present approach we investigated the low-lying
states for the even-even, odd-mass, and doubly odd nuclei
in the mass A ∼ 130 region using the SD-pair truncation
scheme. The description of even-even nuclei was, however,
not enough for the anomalous behavior at spin 10. This is
due to the backbending phenomena caused by the alignment
of two neutrons in the 0h11/2 orbital. In order to describe
these phenomena we need to introduce high-spin pairs made
of neutrons in the 0h11/2 orbital. This extended model was
found to reproduce quite well the backbending phenomena
of yrast bands and also the nature of 10+ isomers in this
region [27,29]. The systematic study including the high-spin
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pairs for the even-even, odd-mass, and doubly odd is now in
progress.
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