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Thermalization time and specific heat of the neutron stars crust
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We discuss the thermalization process of the neutron star’s crust described by solving the heat-transport equation
with a microscopic input for the specific heat of baryonic matter. The heat equation is solved with initial conditions
specific to a rapid cooling of the core. To calculate the specific heat of inner-crust baryonic matter, that is, nuclear
clusters and unbound neutrons, we use the quasiparticle spectrum provided by the Hartree-Fock-Bogoliubov
approach at finite temperature. In this framework, we analyze the dependence of the crust thermalization on
pairing properties and on cluster structure of inner-crust matter. It is shown that the pairing correlations reduce
the crust thermalization time by a large fraction. The calculations show also that the nuclear clusters have a
non-negligible influence on the time evolution of the surface temperature of the neutron star.

DOI: 10.1103/PhysRevC.82.065804 PACS number(s): 26.60.Gj

I. INTRODUCTION

The thermalization process of the neutron star’s crust can
give important information concerning the properties of the
crust matter. This is indeed the case in the cooling of isolated
neutron stars [1] and in the thermal afterburst relaxation of
neutron stars from x-ray transients [2,3]. In the rapid cooling
process, an important quantity is the cooling or thermalization
time of the crust, defined as the time needed for the crust matter
to equilibrate its temperature to the temperature of the colder
core. The outer crust, because of its thinness and the very
small amount of matter it contains, has a very short thermal
time scale. Hence, the cooling time is essentially determined
by the inner-crust matter, formed by nuclear clusters, unbound
neutrons, and ultrarelativistic electrons.

The thermalization time of the crust depends essentially on
the crust thickness [1]. However, several studies have shown
that the thermalization time depends also significantly on
the superfluid properties of the inner-crust baryonic matter
[1,4–7]. This dependence is induced through the specific
heat of unbound neutrons, strongly affected by the pairing
energy gap. Since the neutron-pairing gap is influenced by the
presence of the nuclear clusters [5,8,9], a reliable calculation
of neutron-specific heat should take the clusters into account.
How the intensity of pairing correlations affects the specific
heat of the neutrons in the presence of nuclear clusters was
analyzed in Ref. [10]. Thus, using the framework of the
Hartree-Fock-Bogoliubov (HFB) approach at finite tempera-
ture, it was shown that the specific heat can change with several
orders of magnitude if the pairing gap is adjusted to describe
two possible scenarios for neutron-matter superfluidity, that
is, one corresponding to the BCS approximation and the
other to calculation schemes that take into account in-medium
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effects [11]. The impact that these changes in the specific
heat could have on the thermalization time was discussed in
Ref. [6]. By employing a simple random-walk model for the
cooling [5,12], in which the diffusion of the heat toward the
core was calculated without taking into account the dynamical
change of the temperature through the whole crust, it was
shown that the thermalization times corresponding to the
two pairing scenarios mentioned previously differ by a large
fraction. The scope of this paper is to present more accurate
estimations of the thermalization time obtained by employing
a more realistic cooling model based on dynamical solutions
of the heat equations [13] and on a state-of-the-art description
of the specific heat for baryonic matter.

II. THE MODEL OF CRUST THERMALIZATION

The crust thermalization is described here in the rapid
cooling scenario in which the core arrives quickly at a much
cooler temperature than the crust. Because of this temperature
inversion, the heat stored in the crust diffuses into the core,
where it is dissipated by the neutrinos. In addition, the crust
cools also through direct neutrino emissivity processes. The
heat diffusion can be described by the relativistic heat equation
[14]
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where T is the temperature, t is the time, K is the thermal
conductivity, CV is the specific heat, and Qν is the neutrino
emissivity. The effect of the gravity is given through the
gravitational potential φ, which enters in the definition
of the red-shifted temperature T̃ = T eφ , and the quantity
�(r) = (1 − 2Gm(r)/rc2)−1/2, where G is the gravitational
constant and m(r) is the gravitational mass included in
a sphere of radius r . The latter is obtained from the
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Tolman-Oppenheimer-Volkoff (TOV) equations. In this study,
the properties of the neutron star are obtained by solving the
TOV equations with an equation of state (EOS) based on a
nuclear interaction of the Skyrme type, that is, SLy4 [15]. The
details on this EOS are given in Ref. [16].

The cooling calculations presented here are for a neutron
star of a mass equal to 1.6 M�. For this mass, the TOV
equations predicts a total star radius of 11.49 km and a central
density of 4.06 ρ0, where ρ0 = 2.9 × 1014 g cm−3 is the
saturation density of symmetric nuclear matter. The inner crust,
defined here as the part of the star with the density ranging be-
tween ρcore = 1.6 × 1014 g cm−3 and ρdrip = 4 × 1011 g cm−3,
extends from Rc = 10.72 km, which is the radius at the
core-crust interface, to 11.19 km.

The cooling process is described by solving the heat
equation (1) in the whole volume of the neutron star. The initial
temperature distribution in the star is chosen to be constant,
T (r, t = 0) = Ti . The three needed microphysical ingredients,
K , CV , and Qν , as well as pairing of neutron and protons in
the core, are described here, except for the crust CV , which is
considered in more detail in the next section.

For the neutrino emissivity of the core, we consider
the contribution of the modified URCA and bremsstrahlung
processes, and we impose the direct URCA fast-cooling
process at densities ρ > 0.5 × 1015 g cm−3. In the crust, we
include neutrino emission by the plasmon decay, which is
the dominant process at high temperature in the outer crust,
as well as the electron-ion, electron-electron, and neutron-
neutron bremsstrahlung processes. When neutron and/or pro-
tons become superfluid or superconducting, suppression of
the neutrino processes in which they participate is taken into
account and the Cooper pair breaking and formation (PBF)
process is turned on. See, for example, Ref. [17] for a detailed
presentation, and notice that we have taken into account the
vector channel suppression in the PBF process [18].

Neutron and proton pairing in the core is taken into account
using critical-temperature profiles from Ref. [19] for the proton
1S0 gap and the model “a” of Ref. [20] for the neutron 3P2 gap.
Our model for the neutron 1S0 pairing in the crust is described
in the next section.

The thermal conductivity from a component “x” can,
generically, be written as

Kx = Cx
V 〈vx〉2

3νx
, (2)

where Cx
V is its specific heat, 〈vx〉 is its velocity, and νx

is its collisional frequency. For degenerate fermions, 〈vx〉 =
vx

F , the Fermi velocity. In the crust, we consider only the
electron contribution, Ke, and apply Matthiesen’s rule to write
νe = νe−ion + νe−e. We follow the prescriptions of Ref. [4]
to calculate the electron-ion collision frequency νe−ion and
Ref. [21] for the electron-electron one, νe−e. Several factors
may strongly affect the crust conductivity, but we neglect
these effects because of the uncertainty inherent in them.
For instance, there is a possible contribution coming from
the electron-impurity scattering, νe−imp, which would lower
the conductivity at low temperatures, but this contribution
depends on the unknown charge and density of impurities;
there is also a contribution due to magnetic fields higher than

1013 G, which renders the electron conductivity anisotropic,
but the effect is not taken into account because of the unknown
internal geometry of the magnetic field; finally, the superfluid
phonon conductivity, KsPh, might also provide a significant
contribution at high temperatures since CsPh

V ∝ T 3, but only
crude estimates of their mean free path λsPh = vsPh/νsPh exist.

In the core, we include the contribution of the leptons,
Ke and Kµ [22], and nucleons, Kp and Kn [23]. The
lepton contribution dominates and is strongly affected by the
proton superconductivity. Electromagnetic scattering through
longitudinal photons (“Coulomb” or “electric” scattering) is
always screened (Debye screening) and is hence a short-range
interaction. However, scattering through transverse photons
(“magnetic” scattering) in a normal plasma is only moderated
by Landau damping: for relativistic particles, as e and
possibly µ are, this results in large scattering rates. Once the
protons are superconductors, transverse photons are screened
(Meissner screening) and the whole electromagnetic scattering
becomes short range. Consequently, in the presence of proton
superconductivity, Ke and Kµ exhibit the typical behavior of
a Fermi liquid, being ∝ T −1, while when protons are normal,
Ke is independent of T [24]. The overall dependence of K

on density is shown in Fig. 1 for three temperatures, that
is, T = {107, 108, 109} K, typical for the cooling calculations
performed in this study. In the crust, the conductivity shown
in Fig. 1 is similar to that of Ref. [4]. In the core, Fig. 1 clearly
exhibits the ∝ T −1 behavior at densities ρ < 5 × 1014 g cm−3

where protons are superconductors, in contrast to the T-
independent values at higher densities. This high-density
behavior of Ke was absent in the work of Ref. [4], which
came before Ref. [22].

To solve the heat equations in the whole volume of the
neutron star, we need the specific heat in the core and crust
regions. The dependence of the specific heat on the density
is illustrated in Fig. 2 for a temperature equal to 109 K. In
the outer crust, the specific heat has contributions from the
electrons and the ions, while in the core it has contributions
from electrons, the neutrons, and the protons. These specific
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FIG. 1. (Color online) The total conductivity in the neutron star as
a function of the density and for the temperatures T = {107, 108, 109}
K (see the text for more details). The bounds of the inner crust are
indicated by the vertical lines.
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FIG. 2. (Color online) Specific heat in the crust of the neutron star
for the different components of the star matter and for a temperature
of 109 K (see the text for more details).

heats are evaluated using standard approximations (see, e.g.,
[20]). The specific heat of the nonuniform inner-crust matter
is discussed in the next section.

III. SPECIFIC HEAT OF THE INNER-CRUST MATTER

The specific heat of the inner crust has contributions from
the electrons, the lattice, and the unbound neutrons. They are
calculated for a given set of densities in the Wigner-Seitz
approach. Since the electrons are ultrarelativistic, they are
considered as a uniform degenerate gas with the specific heat
given by [25]

C
(e)
V = kB(3π )2/3

3h̄c

(
Z

V

)2/3

T , (3)

where V is the volume of the Wigner-Seitz cell and Z is the
number of the electrons in the cell (which is equal to the
number of protons).

The thermodynamic state of the ions is determined by the
Coulomb coupling parameter

� = (Ze)2

akBT
, (4)

where a is the radius of the Wigner-Seitz cell. Monte-Carlo
simulations of the one-component plasma (OCP) show that
crystallization occurs at � � 175, but supercooling can occur
and push the phase transition to higher values of �. For
the specific heat of the nuclei, we use the OCP results of
Ref. [26] in the liquid phase while in the solid phase we include
the harmonic crystal results of Ref. [27] complemented by a
small anharmonic correction following the recipe proposed in
Ref. [28]. In the liquid at high � and in the classical solid,
the specific heat per ion is ∼3kB . With lowering temperature,
quantum effects set in and, in the asymptotic limit of very low
T , one obtains the Debye result

CV = ni · 12π4

5

(
T

�D

)3

, (5)

where the Debye temperature, �D , is related to the ion plasma
temperature, TP , by

�D = αTP , TP ≡ h̄

kB

(
4π (Ze)2ni

mi

)1/2

, (6)

where mi is the ion mass. For a Coulomb crystal, as is the case
in a neutron star crust, α � 0.45 [29], and the Debye regime
[Eq. (5)] is reached when T � 0.1TP .

We now discuss the temperature dependence of the specific
heat of neutrons, which requires more elaborate calculations.
In the inner crust, the unbound neutrons are superfluid in the
1S0 channel. To take into account the superfluid properties of
the neutrons as well as the nonuniform cluster structure of the
inner crust, we perform HFB calculations at finite-temperature
for each Wigner-Seitz cell shown in the table in Appendix A.
The details of the HFB calculations in a Wigner-Seitz cell are
given in Ref. [10]. In the HFB calculations, the mean field is
described with the same interaction used in the star model, that
is, the Skyrme force SLy4. A completely consistent cooling
simulation would require Wigner-Seitz cells determined with
the same Skyrme interaction and using the framework of
the temperature-dependent HFB approach. In this way, one
could take into account the effects of pairing and temperature
on the inner-crust structure. Since at present there are not
such self-consistent HFB calculations for the inner-crust
structure, here we use the Wigner-Seitz cells of Ref. [30].
Their structure, determined in the Hartree-Fock approach and
with a Skyrme-like effective interaction obtained from the
density matrix expansion approximation, are summarized in
the table in Appendix A. As seen there, the cells have magic
and semimagic numbers of protons. This indicates that the
proton spin-orbit interaction has an important effect on the
structure of Wigner-Seitz cells. This effect is not taken into
account in the inner-crust structure calculations based on the
liquid-drop model [16].

The pairing correlations in the inner-crust matter are
described with a density-dependent contact force of the
following form [31]:

V (r − r′) = V0

[
1 − η

(
ρ(r)

ρ0

)α]
δ(r − r′), (7)

where ρ(r) is the baryonic density. To analyze the de-
pendence of the crust thermalization on the intensity of
pairing correlations, in the calculations we have used two
sets of parameters for the pairing force. They are chosen to
simulate two possible scenarios for pairing in neutron matter
corresponding to (1) BCS calculations with realistic two-body
interactions extracted from nucleon-nucleon scattering [11]
(in this approximation, the maximum pairing gap in uniform
neutron matter is about 3 MeV); and (2) calculations that
go beyond the BCS approximation by taking into account
in-medium effects on two-body interaction and self-energy
(these calculations predicts a maximum pairing gap in neutron
matter of about 1 to 1.5 MeV [32,33]). Two similar scenarios,
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FIG. 3. (Color online) Critical temperature corresponding to the
weak and strong pairing force obtained solving the BCS equations in
uniform neutron matter (NC). The critical temperatures labeled (WS)
are obtained by the relation Tc = 0.567�0, where �0 is the average
pairing field in the neutron gas region at T = 0 calculated in the HFB
approach and Wigner-Seitz approximation.

called strong and weak pairing, are simulated by using two
pairing forces with the same parameters for the density-
dependent part, namely η = 0.7 and α = 0.45, and two
different strengths, that is, V0 = {−570,−430} MeV fm−3.
These parameters have been used with an energy cutoff in
the quasiparticle spectrum, required by the zero range of the
pairing force. The cutoff was introduced smoothly, that is, by
an exponential factor exp(−E2

i /100) acting for Ei > 20 MeV,
where Ei are the HFB quasiparticle energies. The smooth
cutoff was introduced in order to reduce the numerical
fluctuations generated in the self-consistent HFB calculations
by the discretization of the continuum quasiparticle spectrum.
The critical temperatures in uniform matter obtained with these
two pairing interactions and using the same cutoff prescription
as in the HFB calculations are shown in Fig. 3. The same figure
also shows the critical temperatures obtained by the relation
Tc = 0.567�0 (see Appendix C), where �0 is the average
pairing field in the neutron gas region at T = 0 calculated in
the HFB approach and Wigner-Seitz approximation. It can be
noticed that these critical temperatures are rather close to the
ones obtained for the uniform matter.

With the setting discussed previously, we have solved the
HFB equations for a given Wigner-Seitz cell and determined
the quasiparticle spectrum Ei and the corresponding entropy,
that is,

S = −kB

∑
i

(2ji + 1)[fi ln fi + (1 − fi) ln(1 − fi)] , (8)

where fi = [1 + exp(Ei/kBT )]−1 is the Fermi distribution.
From the entropy, we then calculated the specific heat of the
neutrons

CV = T

V

∂S

∂T
, (9)

where V is the volume of the Wigner-Seitz cell.
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FIG. 4. Neutron-specific heats in various Wigner-Seitz cells for
strong pairing. The specific heat is given in units of Boltzman constant
kB .

The specific heat was calculated for all cells listed in the
table in Appendix A and for a set of temperatures covered
by the thermalization process. These results have been used
afterward for obtaining a parametrization of the specific heat
in terms of temperature and density. The parametrization
procedure is presented in Appendix C. The temperature
dependence of the specific heat for the two scenarios of the
pairing intensity is shown in Figs. 4 and 5. As discussed in
Ref. [10], the specific heat has very different values for the two
pairing scenarios. It is also interesting to notice that the specific
heats of the cells have different temperature dependences.
Thus, for the strong pairing scenario, shown in Fig. 4, the
specific heat is in the superfluid regime for the first five cells
(upper panel). This is not the case for the next cells (bottom
panel) where in the same temperature range there is a transition
from the superfluid to the normal phase, as clearly seen for cells
6–8. (For the last two cells, the transition temperature cannot
be noticed because it is too small.) On the other hand, as seen
in Fig. 5, for the weak pairing the specific heat is entirely in
the superfluid regime only for the first two cells.

To illustrate the particular behavior of the specific heat in
nonuniform matter and the validity of various approximations,
in what follows we discuss in more detail the results for
cell 6, which contains N = 460 neutrons and Z = 40 protons
(see Appendix A). In this cell, the HFB calculations predict
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FIG. 5. Neutron-specific heats in various Wigner-Seitz cells for
weak pairing. The specific heat is given in units of Boltzman
constant kB .

378 unbound neutrons. It is interesting that in spite of many
neutrons in the cell, the number of the bound neutrons in the
cluster with Z = 40 protons is equal to the magic number 82, as
for the dripline nucleus 122Zr (see, e.g., Ref. [34]). The specific
heat given by the HFB spectrum, in which the contribution of
the cluster is included, is shown in Fig. 6 by a full line. The
same figure also shows the specific heats corresponding to
two approximations employed in some studies [1,5]. In these
approximations, the nonuniform distribution of the neutrons
is replaced with a uniform gas formed by the total number
of neutrons in the cell (dashed line) or by taking only the
number of the unbound neutrons (dash-dotted line). The latter
case is considered an effective way of taking into account
the influence of the cluster [5]. Figure 6 shows how these
approximations work. To make the comparison meaningful,
the calculations for the uniform neutron gas are done by
solving the HFB equations with the same boundary conditions
as for the nonuniform system, that is, neutrons plus cluster.
As seen in Fig. 6, the transition from the superfluid to the
normal phase takes place at a lower temperature in the case
of uniform neutron gas, especially when only the unbound
neutrons are considered. We can also notice that, in contrast to
the uniform system, in the nonuniform system the transition
from the superfluid to the normal phase is smooth.
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FIG. 6. (Color online) Neutron-specific heat in the Wigner-
Seitz cell 6 for strong pairing. The results corresponds to various
approximations discussed in the paper. The specific heat is given in
units of Boltzman constant kB .

To see better what happens in a nonuniform system, Fig. 7
shows the evolution with the temperature of the pairing field
in cell 6. The pairing field is defined by

�(r) = V0

[
1 − η

(
ρ(r)

ρ0

)α]
κ(r), (10)

where κ(r) is the local pairing tensor. To keep the analogy with
the mean field, the pairing field is taken with negative values.

From Fig. 7, we can see that at zero temperature the pairing
field is much larger at the surface of the cluster than in the bulk
region. Because of this, by increasing the temperature, the
pairs corresponding to the neutrons localized preferentially
at the surface region of the cluster are destroyed gradually
and much more slowly compared to the pairs formed by
neutrons localized far from the surface of the cluster. In fact, as
shown in Fig. 8, the nonuniform system shows two transition
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FIG. 7. Radial distribution of the pairing field for the Wigner-
Seitz cell 6 for various temperatures. The results correspond to a
strong pairing.
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FIG. 8. Neutron-specific heat in the Wigner-Seitz cell 6 for strong
pairing. Here the results are shown up to high temperatures in order
to illustrate the second transition region around T = 900 keV. The
specific heat is given in units of kB .

regions, one around T = 200 keV, corresponding mainly to
the neutrons located far from the surface of the cluster, and
another one, much less pronounced, around T = 900 keV,
which corresponds to the neutrons localized in the surface
region of the cluster.

IV. CRUST THERMALIZATION

In this section, we discuss the crust thermalization obtained
by solving the heat equation (1) with the specific heats
presented in the previous sections. The time evolution of the
temperature in the crust region is illustrated in Fig. 9. These
results correspond to an initial temperature of Ti = 500 keV.
To understand better the main effects that influence the
thermalization, the results are shown separately for two time

intervals, that is, from t = 10−5 yr up to 1 yr and from 1 to
15 yr.

In the first time interval, the star is too young for heat trans-
port to play a significant role. Therefore ∂T /∂t ∝ Qν/CV ,
which means that the evolution is essentially determined by
the local energy loss, Qν(r), and the local thermal inertia,
CV (r). The effect of neutron pairing on the neutrino emission
is moderate because it affects only the neutron-neutron
bremsstrahlung and not the plasmon decay, the electron-ion,
and electron-electron bremsstrahlung processes. However, the
specific heat is strongly dependent on the physical state of
the neutrons in the inner crust. Indeed, the pairing is strongly
suppressing the contribution of the neutrons to the specific
heat, which otherwise would give a dominant contribution; see,
for instance, Fig. 2. In the region where neutrons are paired,
the ions provide the major contribution to the specific heat,
eventually being supplanted by the electrons since C

(ion)
V ∝ T 3

while C
(e)
V ∝ T . The effects of these different regimes of

specific heat are clearly seen from Fig. 9. Thus in the time
interval from 10−4 to 10−1 yr, it can be seen that in the region
where pairing is active, going from the crust-core boundary
(at r ∼ 10.75 km) up to r ∼ 11.15 km in the case of strong
pairing (upper right panel) or r ∼ 11.05 km in the case of
weak pairing (upper central panel), the cooling is much faster
comparing to the case of no pairing (upper left panel). At the
end of this first time interval, at age ∼10−1 yr, the temperature
profile gradually becomes smoother as a result of transport of
heat between neighboring layers. As a consequence, at about
1 yr the temperature profiles for the three pairing scenarios
(i.e., no pairing, weak pairing, and strong pairing) become
similar.

In the second interval of time, the intensity of pairing
correlations influences significantly the thermal relaxation of
the inner crust. As seen in Fig. 9, the cooling is much faster
when the intensity of pairing correlations is stronger. In the
time interval, the heat transport is the dominant factor in the
thermal evolution of the crust, neutrino emission being mostly
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FIG. 9. (Color online) Time evolution of the
red-shifted temperature T eφ inside the inner
crust for Ti = 500 keV. The variable r represents
the radius of the star in kilometers. The core-crust
transition occurs at r = 10.75 km (see the text
for more details).
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due to the inefficient electron-ion bremsstrahlung process. The
transport time scale is determined by the thermal conductivity
K and the specific heat CV through the ratio K/CV , and the
strong influence of pairing on cooling observed in the second
time interval is induced by the effect that pairing has on the
specific heat of neutrons.

The time evolution of the effective surface temperature T eff
∞

is displayed in Fig. 10 for two initial temperatures of the crust,
Ti = {300, 500} keV. The effective surface temperature shown
in Fig. 10 is obtained from the temperature at the bottom of
the crust, Tb = T (ρb), where ρb = 1010 g cm−3, using the
relationship given in Ref. [35] for a nonaccreted envelope. It
can be seen that the time evolution of the surface temperature
does not depend much on the initial temperature of the crust.
As expected from the results shown in Fig. 9, the pairing
significantly enhances the cooling at the surface of the star.
The same conclusion was obtained previously in a random
walk cooling model [6]. However, the latter predicts different
thermalization times compared to the realistic cooling model
employed here.

Figure 10 also shows the apparent surface temperatures
obtained neglecting the effect of the clusters, that is, supposing
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FIG. 10. (Color online) Time evolution of the apparent surface
temperature for the initial temperatures Ti = {300, 500} keV. NC
indicates the results of the calculations obtained by neglecting the
effect of the clusters.

that the neutron specific heat is given solely by that of the
neutron gas. In this case, the specific heat of the neutrons is
calculated from the quasiparticle spectrum of BCS equations
solved for infinite neutron matter at a density corresponding
to that of the external neutrons in the Wigner-Seitz cell [36].
It can be seen that for the weak pairing scenario the clusters
have a non-negligible effect on the time evolution of the surface
temperature.

The thermalization of the crust is commonly characterized
by the cooling time tw defined as the time for which the slope
of the apparent surface temperature T eff

∞ (t) is larger in absolute
value. In Refs. [1,4], it has been shown that the cooling time
tw scales with the parameter α defined as

α =
(

�Rcrust

1 km

)2 (
1 − rg/R

)−3/2
. (11)

It can be seen that the scaling parameter α depends solely
on the global properties of the neutron star, that is, the crust
thickness �Rcrust, the star radius R, and the gravitational
radius rg = 2GM/c2 where M is the mass of the star. To
probe this scaling relation, we have estimated the cooling time
for various neutron stars with masses between 1.4M� and
2.0M� with a step of 0.1M� and for three different superfluid
scenarios (normal neutrons, neutrons with weak pairing, and
neutrons with strong pairing). The results, calculated for an
initial temperature Ti = 500 keV, are shown in Fig. 11. This
figure displays two sets of fits for tw versus α, that is, a
linear fit (dashed line) and a fit with a fractional power in
the scaling parameter (solid line). Parameters of the fitting
curves are given in Fig. 11. It can be noticed that the best fit
is obtained with a fractional power in the scaling parameter,
which is equal to 0.86 for the normal neutrons, 0.85 for
weakly paired neutrons, and 0.89 for strongly paired neutrons.
Considering the simpler linear fit (i.e., tw ≈ αt1), as done in
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FIG. 11. Cooling times tw vs scaling parameter α for three pairing
scenarios as discussed in the text. The results correspond to neutron
stars with masses between 1.4M� and 2.0M�. The fitting curves are
given for the case of a linear scale (dashed lines, right side) and for a
fractional power of the scaling parameter α (solid lines, left side).
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TABLE I. Cooling times tw and normalized times t1 for the linear
scaling (see text for details). The results correspond to a neutron
star of a mass equal to 1.5M� and to three models for the neutron
superfluidity in the inner crust.

Model of neutron superfluidity tw t1

No superfluidity 76.3 66.4
Weak pairing 43.1 37.4
Strong pairing 30.6 26.6

Refs. [1,4], we get for the normalized time t1 the values t1 =
{68.9, 39.3, 22.3} corresponding, respectively, to the normal
neutrons, neutrons with weak pairing, and neutrons with strong
pairing.

Table I gives the values of the cooling time tw and the
normalized time t1 obtained for a 1.5M� neutron star for which
α = 1.15. Compared to the results given in Table II of Ref. [4],
our cooling calculations gives t1 values that are larger by a
factor 2.3 in the nonsuperfluid case and by 3.4 (3.0) for the
weak (strong) pairing scenario. These differences could be
explained by the effects of the nuclear clusters on the neutron
specific heat, disregarded in Ref. [4], and by different neutrino
processes and thermal conductivities in the core matter used
in the two calculations.

V. SUMMARY AND CONCLUSIONS

In this paper, we have studied how the thermalization
of a neutron star’s crust depends on pairing properties and
the cluster structure of the inner-crust matter. The thermal
evolution was obtained by solving the relativistic heat equation
with initial conditions specific to a rapid cooling process.
The specific heat of neutrons was calculated from the HFB
spectrum, taking into account the effects of nuclear clusters,
pairing correlations, and temperature. The thermal evolution
of the inner crust was analyzed using for the neutrons two
sets of specific heat values obtained with strong and a weak
pairing forces, which simulate two possible scenarios for the
intensity of pairing correlations in neutron matter. The results
show that the crust thermalization is strongly influenced by
the intensity of pairing correlation. This result confirms those
of Ref. [6] with a schematic cooling model. However, the
latter predicts thermalization times that are different from the
results obtained with the realistic cooling model employed in
this study. We have also shown that the cluster structure of
the inner crust significantly affects the time evolution of the
surface temperature.
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TABLE II. The structure of the cells determined in Ref. [30],
that is, the baryonic densities (ρ), the number of neutrons (N), the
number of protons (Z), and the cell radii (RWS). The last column
shows the average densities in the neutron gas region provided by
the present HFB calculations.

Cell N Z RWS ρ ρ̃G

(fm) (g cm−3) (fm−3)

10 140 40 54 4.7 × 1011 7.4 × 10−5

9 160 40 49 6.7 × 1011 1.3 × 10−4

8 210 40 46 1.0 × 1012 2.8 × 10−4

7 280 40 44 1.5 × 1012 5.3 × 10−4

6 460 40 42 2.7 × 1012 1.15 × 10−3

5 900 50 39 6.2 × 1012 3.0 × 10−3

4 1050 50 36 9.7 × 1012 4.6 × 10−3

3 1300 50 33 1.5 × 1013 7.5 × 10−3

2 1750 50 28 3.4 × 1013 1.7 × 10−2

1 1460 40 20 8.0 × 1013 3.8 × 10−2

APPENDIX A: THE STRUCTURE OF
WIGNER-SEITZ CELL

This appendix summarizes the properties of the Wigner-
Seitz cells determined in Ref. [30] and used in this paper.
In contrast to Ref. [30], we do not shown the highest density
cell. This cell is at the transition region to the more complicated
pasta phases, and therefore its properties are believed to depend
significantly on the model used to calculate the inner-crust
structure. Table II shows the average densities in the neutron
gas region, ρ̃G, obtained in the present HFB calculations. These
densities we have used for calculating the cooling curves in
the no clusters (NC) approximation shown in Fig. 10.

APPENDIX B: CRUST THERMALIZATION IN A SIMPLE
COOLING MODEL

The impact of the pairing correlations on the crust cooling
can be analyzed in a simpler cooling model than the one
employed in Sec. II. Here we present a model based on two
simplifying assumptions. Thus, we suppose that the effect
of the core on the crust cooling can be estimated through
boundary and initial temperature conditions at the interface
between the core and the crust. As shown in Ref. [1], this
procedure works reasonably well in the case of a rapid cooling
scenario. The second assumption is related to the neutrino
emissivity of the crust. As shown in Fig. 8, the pairing
is affecting the surface temperature at a later time of the
thermalization process, of the order of 1 yr. Since after this
time the neutrino emissivity of the crust becomes small, its
contribution could be neglected when we analyze the influence
of pairing intensity on crust cooling. Thus, considering the
two assumptions discussed previously, the heat equation (1) is
solved only in the region of the inner crust and neglects the
neutrino emissivity.

Next, we discuss the initial and boundary conditions that
simulate a rapid cooling of the core. The initial temperature
distribution in the crust is chosen to be flat, T (r, t = 0) = Ti .
At the interface between the core and the crust, we impose the
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condition

∂T (r = Rc, t)

∂t
= −eφ(Rc)Qν

CV

. (B1)

Considering that the neutrino emissivity in the core is given
by Qν = Qf T 6

9 [37], where T9 = T/109 K, we obtain

T (r = Rc, t) = Ti

(
1 + εT 5

i t
)−1/5

with

ε = 5eφ(RC )Qf

CV

. (B2)

For the constant Qf , characterizing the fast neutrino emis-
sion in the core matter, we have taken the value Qf =
1026 erg cm−3 s−1 [37].

In addition to these conditions, we have also considered that
at the outer border of the crust the gradient of the temperature
vanishes and at the bottom of the crust the temperature is
given by the relationship given in Ref. [35] for a nonaccreted
envelope.

In order to keep the calculations as simple as possible
and to show that the conclusions about the effect of pairing
on crust thermalization do not depend much on the level of
approximation used for thermal conductivity and specific heat
of the lattice, we have solved the heat equations with a different
input than the calculations presented in Sec. II. Thus, for the
thermal conductivity of the inner crust, we have used the
parametrization given by Lattimer et al. [1], obtained from
the calculations of Itoh et al. [38]. For temperatures above 108

K, as used in this paper, the conductivity is nearly independent
of the temperature and is given by K = C(ρ/ρ0)2/3, where
C = 1021 ergs cm−1 s−1 and ρ is the baryonic density.

For the specific heat of the neutrons and electrons, we have
used the same input as in the complete cooling calculations.
Since we are interested in analyzing only the relative values
of cooling time corresponding to the two pairing scenarios,
for the specific heat of the lattice we have taken the simplest
approximation, that is, C lattice

V = 3kB/V , where V is the volume
of the cell and kB is the Boltzmann constant.

The time evolution of the apparent surface temperature
obtained with the cooling model and the input discussed
previously is shown in Fig. 12. It can be seen that these results
and the ones presented in Fig. 9 have similar features relative
to the effect of pairing on cooling. However, because of the
crudeness of the simplifying approximations, the cooling times
predicted by the cooling model employed in this section are
smaller by a factor of 2 than the ones given by the realistic
cooling calculations.

APPENDIX C: PARAMETRIZATION OF THE NEUTRON
SPECIFIC HEAT IN THE INNER CRUST

In this appendix, we present the fitting procedure we have
used to interpolate the specific heat of neutrons obtained from
the HFB spectrum. The dependence of the specific heat on
temperature and density is parametrized in the following form:

Cn
V = xclRC

q

V + (1 − xcl)C
cl
V , (C1)
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FIG. 12. (Color online) Time evolution of the surface temperature
for the initial temperature Ti = 300 keV in the simple cooling model.

where R and xcl are fitting functions, C
q

V is the specific heat
of the unbound neutrons in the nonsuperfluid phase, and Ccl

V is
its classical limit. The specific heat of nonsuperfluid neutrons
in the quantum regime is expressed at low temperature as

C
q

V (T , ρn,N,RWS)

= 1

6

(
2m∗

n

h̄2

)3/2

ε
1/2
F T

[
1− 7

40

(
πT

εF

)2

−155

896

(
πT

εF

)4
]

,

(C2)

where m∗
n is the effective mass of the neutrons, which, in

the present calculations, depends on the density according
to the Skyrme interaction SLy4 [15], and εF = h̄2k2

F /2m∗
n is

the Fermi energy at zero temperature. Equation (C2), valid
for εF < T , can be derived using the expressions given in
Ref. [25].

The specific heat of neutrons reaches the classical limit
in the low-density region of the inner crust and at high
temperatures (see Figs. 3 and 4). More precisely, the classical
limit of the quantum specific heat is obtained for T � εF and
has the expression

Ccl
V (T , ρn,N,RWS) = 3

2ρgas(T ,N,RWS, ρn), (C3)

where ρgas is the density of the neutron gas (outer region of
the cell) at temperature T, N is the number of neutrons in the
cell, RWS is the radius of the Wigner-Seitz cell, and ρn is the
density of the neutron gas at zero temperature. The density
of the neutron gas at finite T is different from that at T = 0
because of the dripping of the neutrons from the cluster to
the gas induced by the thermal excitations. For T < Tgas =
5.5 MeV, the neutron gas at finite temperature can be expressed
in the following form:

ρgas(T ,N,RWS, ρn)

= ρn(T = 0) + T

Tgas
[ρmax(N,RWS) − ρn(T = 0)] , (C4)

while for T > Tgas = 5.5 MeV

ρgas(T ,N,RWS, ρn) = ρmax(N,RWS), (C5)
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TABLE III. The parameters (a0, a1, a2, a3) that define the fitting functions employed in Eq. (C1).
They are determined from the fit with the specific heat obtained from the HFB calculations done with
the weak and strong pairing forces. The last column gives also the pairing gaps in the gas region at
zero temperature.

Cell Weak Strong

a0 a1 a2 a3 �o (MeV) a0 a1 a2 a3 �o (MeV)

10 0.567 1.0 1.0 0.001 0.00 0.5 1.0 1.0 0.005 0.02
9 0.567 1.0 1.0 0.001 0.01 0.5 1.0 1.0 0.005 0.03
8 0.567 1.0 1.0 0.001 0.01 0.5 1.0 1.0 0.005 0.08
7 0.567 1.1 1.1 0.001 0.05 0.567 1.0 1.0 0.015 0.15
6 0.4 1.4 1.4 0.001 0.09 0.567 1.1 1.1 0.025 0.36
5 0.567 0.9 0.78 0.005 0.30 0.60 1.0 1.0 0.025 0.87
4 0.567 0.83 0.75 0.01 0.45 0.62 1.0 1.0 0.025 1.18
3 0.567 0.84 0.7 0.01 0.69 0.567 0.97 0.91 0.02 1.75
2 0.567 0.89 0.8 0.01 1.24 0.53 0.93 0.86 0.015 3.10
1 0.567 0.84 0.72 0.01 1.86 0.54 0.935 0.88 0.015 3.95

where ρmax(N,RWS) is the density obtained if all the neutrons
are distributed uniformly in the cell and ρn(T = 0) = ρ̃G given
in Table II.

The fitting function xcl, related to the quantum and classical
limit of the specific heat, is defined as

xcl = (
1 + e

5( πT
εF

−1))−1
. (C6)

In Eq. (C1), the function R simulates the reduction of the
specific heat due to pairing correlations. For its expression, we
take the following form:

R(T ,N,RWS, a3) = RYL(u)f1(T ,�o, a0, a1, a3)

+ [1 − f2(T ,�o, a0, a2, a3)] , (C7)
where

RYL(u) = (0.4186 +
√

1.0072 + (0.501u)2)5/2

× e1.456−√
1.4562+u2

. (C8)

This expression is similar to the suppression factor employed
in Ref. [36] for uniform neutron matter. The quantity u is a
function of x = T/TC where TC is the critical temperature
associated with the superfluid- to normal-phase transition. For

x < 1, the function u(x) is given by

u(x) = √
1 − x

(
1.456 − 0.157√

x
+ 1.764

x

)
, (C9)

while for x > 1 the function is vanishing, that is, u(x) = 0.
The functions f1 and f2 are introduced to describe the

smooth transition from the superfluid to the normal phase and
are given by

f1(T ,�o, a0, a1, a3) = (1 + e−a1a0�o/a3 )

(1 + e(T −a1a0�o)/a3 )
, (C10)

f2(T ,�o, a0, a2, a3) = (1 + e−a2a0�o/a3 )

(1 + e(T −a2a0�o)/a3 )
. (C11)

The quantity �0 is the pairing energy gap in the neutron gas at
T = 0. Its value is related to the critical temperature by TC =
a0�0. The parameters (a0, a1, a2, a3) are adjusted to reproduce
the specific heats calculated from the HFB spectrum. Their
values are given in Table III for the weak and strong pairing
scenarios.
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