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Repulsive nature of optical potentials for high-energy heavy-ion scattering
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The recent works by the present authors predicted that the real part of heavy-ion optical potentials changes
its character from attraction to repulsion around the incident energy per nucleon E/A = 200–300 MeV on the
basis of the complex G-matrix interaction and the double-folding model (DFM) and revealed that the three-body
force plays an important role there. In the present paper, we have precisely analyzed the energy dependence of
the calculated DFM potentials and its relation to the elastic-scattering angular distributions in detail in the case
of the 12C + 12C system in the energy range of E/A = 100–400 MeV. The tensor force contributes substantially
to the energy dependence of the real part of the DFM potentials and plays an important role to lower the
attractive-to-repulsive transition energy. The nearside and farside (N/F ) decompositions of the elastic-scattering
amplitudes clarify the close relation between the attractive-to-repulsive transition of the potentials and the
characteristic evolution of the calculated angular distributions with the increase of the incident energy. Based
on the present analysis, we propose experimental measurements for the predicted strong diffraction phenomena
of the elastic-scattering angular distribution caused by the N/F interference around the attractive-to-repulsive
transition energy together with the reduced diffractions below and above the transition energy.
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I. INTRODUCTION

The self-consistent nuclear mean field for finite-nuclear
systems is an attractive potential as a whole, and nucleons
in a nucleus are bound in such an attractive single-particle
potential. The attractive nature of the nuclear potentials is
smoothly connected to the positive-energy region of the
nucleon-scattering states [1]. The optical potentials for low-
energy nucleons scattered by finite nuclei are known to have an
attractive real part together with an absorptive imaginary part.
However, the optical potential for nucleons is highly dependent
on the incident energy, and the depth of the attractive real
part is known to become shallower as the energy increases.
The strength of the interior part decreases more rapidly
than that of the surface part, leading to the so-called wine-
bottle-bottom shape for Ein � 200–300 MeV, and finally, the
potential changes its sign from negative (attractive) to positive
(repulsive), first at the interior part and then at the surface part
also around Ein ≈ 500–800 MeV [2–8]. The origin of such a
transition of the optical potentials from attractive to repulsive
has been discussed microscopically based on nucleon-nucleon
interactions both in the relativistic and in the nonrelativistic
frameworks.
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A similar attractive-to-repulsive transition of optical po-
tentials was found for intermediate-energies deuteron-nucleus
scattering [9–12]. The similarity of proton scattering and
deuteron scattering is quite natural for high-scattering energies
because of the small binding energy of the deuteron. The
characteristic feature of deuteron scattering is known to be well
understood in the picture of impulse or sudden approximation,
in which the deuteron-nucleus-scattering amplitude is written
in good approximation as the coherent sum of the proton-
nucleus scattering with the neutron as a spectator and the
neutron-nucleus scattering with the proton as a spectator
[13]. However, no such attractive-to-repulsive transition of
optical potentials has been studied theoretically nor proved
experimentally for scattering of composite projectiles other
than the loosely bound deuteron. The only exception was
a report on the possible repulsive optical potentials for
intermediate-energy α-nucleus scattering [14], but it was far
from conclusive.

Recently, the present authors have proposed a theoretical
model for constructing the complex optical potential for
any composite projectiles through the double-folding-model
(DFM) procedure by using a newly proposed complex G-
matrix NN interaction called CEG07 [15–17] and demon-
strated that the folding model provides quite reliable complex
optical potentials for intermediate-energy scattering of light
heavy ions, such as 16O and 12C, by various target nuclei.
One of the major findings of this paper is the discovery of
the decisive role of the three-body force (TBF) effect (or
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that of the three-nucleon correlations in a nuclear medium).
The repulsive part of the TBF is found to be of particular
importance, which contributes dominantly at the density region
higher than the saturation density ρ0. Because of this repulsive
effect, the strength of nucleus-nucleus potential is reduced
strongly at short distances where densities of two nuclei
overlap with each other [16,17]. The experimental data for
elastic scattering of 16O and 12C projectiles by various target
nuclei at E/A = 70–135 MeV are well reproduced over the
whole angular range only when the G-matrix interactions with
the TBF effects (CEG07b or CEG07c) are used in constructing
the DFM potentials, while the data cannot be reproduced at
all with the use of the CEG07a interaction generated from
the two-body force only [17]. Since the TBF effect in nuclear
matter plays an essential role to make the saturation curve
and the incompressibility K reasonable, these results imply
that the proper nucleus-nucleus interaction models should be
based on a consistent treatment of the properties of infinite-
nuclear matter and the optical potentials between interacting
finite-nuclear systems.

Another important finding was that the folding model
predicted the repulsive optical potential for the incident energy
per nucleon of E/A ≈ 400 MeV [17], and the attractive-to-
repulsive transition was found to occur below this energy,
say, around E/A ≈ 200–300 MeV, although not explicitly
mentioned in Ref. [17]. These energies are apparently lower
than the energies (E/A ≈ 300–400 MeV) at which the proton
and deuteron optical potentials start to change their signs from
negative (attractive) to positive (repulsive). To our knowledge,
this is the first theoretical prediction of the repulsive nature
of optical potentials for heavy-ion scattering based on the
microscopic interaction model, which starts from the free-
space NN interaction, although no experimental data exist so
far on the heavy-ion elastic scattering in this energy range.

In the course of the folding-model analyses of 16O + 16O
elastic scattering mentioned previously [17], we noticed an
interesting sign, which suggested the attractive-to-repulsive
transition of the optical potential in the characteristic evolution
of angular distribution shapes of the elastic cross sections as
the incident energy increases, although it was not explicitly
discussed in Ref. [17] either. Figure 1 shows the differential
cross sections of the 16O + 16O elastic scattering at E/A =
100–400 MeV presented in Ref. [17] calculated with the
DFM potential evaluated from the CEG07a (dashed curves)
and CEG07b (solid curves) interactions.1 One may notice
that the diffraction pattern of the differential cross section
shows a characteristic and drastic change with the increase
of the incident energy. Namely, the cross section calculated
with CEG07b exhibits a strong diffraction pattern around
E/A ≈ 300 MeV, whereas the oscillation amplitude is very
small below and above this energy. (In fact, it is at this
energy that the real part of the folding potential changes its
character effectively from attractive to repulsive, as shown

1There was an error in the calculated G matrices for high energies
as noted in Ref. [18], the calculated results shown here in Fig. 1 are
corrected from those given in Fig. 16 of Ref. [17] in the cases of
CEG07a and CEG07b.

0 2 4

10−12

10−10

10−8

10−6

10−4

10−2

100

dσ
/d

σ R
ut

h.

q (fm−1)

16O + 16O elastic scattering

E/A = 100 MeV

200 MeV
(x 10−2)

300 MeV
(x 10−4)

400 MeV
(x 10−8)

CEG07a
CEG07b

FIG. 1. Rutherford ratio of the differential cross sections for the
16O + 16O elastic scattering at E/A = 100, 200, 300, and 400 MeV,
displayed as the functions of the momentum transfer q. The dotted and
solid curves are the results with CEG07a and CEG07b, respectively,
with NW = 1.0. This NW value is defined in Ref. [17] and Sec. II.

later in this paper.) This transition energy looks shifted to the
higher-energy side by about 100 MeV (i.e., E/A ≈ 400 MeV)
in the case with the CEG07a interaction that gives a less
repulsive folding potential than the CEG07b one does at
E/A ≈ 400 MeV, as discussed in Ref. [17]. In addition,
one can also see that the cross sections calculated with
CEG07a dominate over those calculated with CEG07b below
E/A ≈ 300 MeV, while the situation is completely reversed
above this energy, as seen in Fig. 1.

The purpose of the present paper is to analyze the character-
istic behavior of the elastic-scattering cross sections with the
increase of the incident energy in detail in this energy region
and to study its close relation to the attractive-to-repulsive
transition of the optical potential predicted by the folding
model, which will give us an experimental signature for
identifying evidence of the attractive-to-repulsive transition
of optical potentials for nucleus-nucleus systems. To this
end, we decompose the calculated differential cross sections
into the nearside and farside (N/F ) components [19] to
clarify the attractive or repulsive contribution of the optical
potential to the differential cross sections. In this paper,
we analyze the 12C + 12C elastic scattering instead of the
16O + 16O one presented in Ref. [17] for the sake of experi-
mental feasibility of measurements and, hence, of the possible
comparison of the experimental data with the theoretical
predictions.

II. FOLDING-MODEL CALCULATIONS

The CEG07 complex G-matrix interaction is derived
from an NN interaction in free space by solving the
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Bethe-Goldstone equation in nuclear matter with the scattering
boundary condition. We adopted the latest version of the
extended soft-core model (ESC04) [20,21] as the free-space
NN interaction. The obtained G-matrix interaction in coor-
dinate space is parametrized with three-range Gaussian form
factors for each spin-isospin component, which depends on
the nucleon energy and the density of nuclear matter. We
proposed the three types of interactions, CEG07a, CEG07b,
and CEG07c [15], the latter two, which include the TBF
effect in a different manner, as already mentioned in Sec. I.
The TBF consists of two components, the attractive TBF and
the repulsive TBF [15,17]. The detailed form of the CEG07
interactions and their parameters are given in Ref. [18] for
E/A = 70–140 MeV and in the Appendix of the present paper
for E/A = 200, 300, and 400 MeV.

In the present folding model, the complex optical potential
for a nucleus-nucleus system is calculated in the DFM with the
use of the CEG07 interaction. The direct and exchange parts
of the DFM potential are written in the standard form [22,23]
as

UD(R) =
∫

ρ1(r1)ρ2(r2)vD(s; ρ,E/A) d r1 d r2, (1)

and

UEX(R) =
∫

ρ1(r1, r1 + s)ρ2(r2, r2 − s)vEX(s; ρ,E/A)

× exp

[
ik(R) · s

M

]
d r1 d r2, (2)

where s = r2 − r1 + R. The exchange part, which is origi-
nally a nonlocal potential, has been localized in the standard
way with the plane-wave representation for the NN relative
motion [22,23]. Here, vD and vEX are the direct and the
exchange parts of the complex G-matrix interaction CEG07
and are written as

vD,EX = ± 1
16v00 + 3

16v01 + 3
16v10 ± 9

16v11, (3)

in terms of the spin-isospin component vST (S = 0 or 1 and
T = 0 or 1) of the CEG07 interaction. The upper and lower
parts of the double-sign symbols correspond to the direct (D)
and the exchange (EX) parts, respectively.

In Eq. (2), k(R) is the local momentum for the nucleus-
nucleus relative motion defined by

k2(R) = 2mM

h̄2 [Ec.m. − Re U (R) − VCoul(R)], (4)

where M = A1A2/(A1 + A2), Ec.m. is the center-of-mass
energy, E/A is the incident energy per nucleon, m is the
nucleon mass, and VCoul is the Coulomb potential. A1 and A2

are the mass numbers of the projectile and target, respectively.
The exchange part is calculated self-consistently on the basis
of the local-energy approximation through Eq. (4). Here, the
Coulomb potential VCoul is also obtained by folding the NN

Coulomb potential with the proton-density distributions of
the projectile and target nuclei. The density matrix ρ(r, r ′)
is approximated in the same manner as in Ref. [24]:

ρ(r, r ′) = 3

keff
F s

j1
(
keff
F s

)
ρ
( r + r ′

2

)
, (5)

where keff
F is the effective Fermi momentum [25] defined by

keff
F =

(
(3π2ρ)2/3 + 5Cs[∇ρ]2

3ρ2
+ 5∇2ρ

36ρ

)1/2

, (6)

where we adopt Cs = 1/4 following Ref. [26]. The detailed
methods for calculating UD and UEX are the same as those
given in Refs. [27] and [28], respectively.

In the present calculations, we employ the so-called frozen-
density approximation (FDA) for evaluating the local density.
In the FDA, the density-dependent NN interaction is assumed
to feel the local density defined as the sum of densities of
colliding nuclei evaluated at the midpoint of the interacting
nucleon pair:

ρ = ρ1
(
r1 + 1

2 s
) + ρ2

(
r2 − 1

2 s
)
. (7)

Also, the FDA has widely been used in the standard DFM
calculations [17,28–31], and it was proved that the FDA
was the most appropriate prescription for evaluating the
local density in the DFM calculations with realistic complex
G-matrix interactions [17].

The imaginary part of the calculated potential is multiplied
by a renormalization factor NW , the value of which is the only
free parameter in the present folding model. In the previous
analyses [16,17], its values were determined so as to reproduce
the experimental data on the elastic-scattering cross sections
to be compared with the calculated ones. However, there exist
no experimental data to be compared with the calculations in
the high-energy region E/A = 100–400 MeV we discuss in
the present paper, and we fix the NW value to unity unless
otherwise mentioned.

We now apply the DFM with the CEG07 G-matrix
interaction to the 12C + 12C elastic scattering at four incident
energies E/A = 100, 200, 300, and 400 MeV, and analyze the
energy dependence of the calculated DFM potentials and its
close relation to the elastic-scattering observables, particularly
to the evolution of characteristic diffraction pattern of the
differential cross sections as the increase of energy. For the
nucleon density of 12C, we adopt the density deduced from
the charge density [32] extracted from electron-scattering
experiments by unfolding the finite-size effect of the proton
charge in the standard way [33]. We perform the calculations
with the use of the two types of CEG07 interactions, CEG07a
(without the TBF effect) and CEG07b (with the TBF one), in
parallel.

Figure 2 shows the angular distributions of the 12C + 12C
elastic-scattering cross sections calculated at the four incident
energies. The relativistic-kinematics correction has been made
when we solve the Schrödinger equation in all the scattering
calculations presented in this paper including that of Fig. 1. The
evolution of the angular distribution with the incident energy
and the difference between the two types of interactions for this
scattering system are very similar to those for the 16O + 16O
system shown in Fig. 1. Namely, the calculated cross section
with CEG07a dominates over the cross section with CEG07b at
the middle and backward angles at E/A = 100 MeV, whereas
the two kinds of cross sections show almost identical angular
distributions at 200 MeV and, as we go to higher energies,
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FIG. 2. Same as Fig. 1 but for the 12C + 12C system.

the latter takes over the former and, at E/A = 400 MeV, the
situation becomes completely opposite to that of 100 MeV. In
addition, the cross sections show a strong diffractive oscillation
pattern at 300 MeV for CEG07b and at 400 MeV for CEG07a,
respectively, while they show no strong oscillation at other
energies.

To investigate the origin of these phenomena, we compare
the DFM potentials U (R) = UD(R) + UEX(R), calculated at
the four energies with the CEG07a and CEG07b interactions.
Figure 3 shows the real part [V (R) = Re U (R)] and the
imaginary part [W (R) = Im U (R)] of the DFM potentials
calculated with CEG07a and CEG07b. The imaginary part
has a similar shape at all energies for both interactions, and
its strength becomes larger as the energy increases, whereas
the real part becomes shallower as the energy increases
and starts to change its sign from negative (attractive) to
positive (repulsive) around E/A = 300 MeV for CEG07a and
200 MeV for CEG07b, although it depends on the radial
position. It is seen that the DFM potentials with CEG07b are
more repulsive by about 80–100 MeV at the origin (R = 0)
than that with CEG07a at all energies, which is mainly
due to the contribution of the repulsive component of the
TBF [17].

Here, we should mention the reason why we still use the
CEG07a interaction, which has no TBF effect in the present
analysis of higher-energy scattering. In the previous papers
[16,17], we demonstrated a decisive role of the TBF in properly
reproducing the experimental data of elastic scattering at
incident energies of E/A = 70–135 MeV, and those data
could not be reproduced at all by the calculation with CEG07a
because of the lack of the TBF effect. However, in the folding
model proposed in Refs. [16,17] (and also adopted here),
the energy dependence of the TBF has not been considered.
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FIG. 3. Real (upper) and imaginary (lower) parts of the DFM
potentials calculated with CEG07a (left) and CEG07b (right) for
the 12C + 12C elastic scattering at E/A = 100–400 MeV. The dot-
dashed, dashed, dotted, and solid curves are the results at E/A = 100,
200, 300, and 400 MeV, respectively.

In general, various medium effects should disappear in the
high-energy limit, and one may naturally expect that the
TBF effect, which is one of the medium effects expected to
be important in the high-density nuclear medium, will also
diminish as the incident energy increases and finally disappears
in the high-energy limit. Thus, the TBF effect might become
weak at some high-incident energies, although one cannot say
at what energy it becomes really negligible within our present
modeling for the TBF. Here, we adopt the two extremes, one
with no TBF effect represented by CEG07a and the other with
a rather strong TBF effect represented by CEG07b, which is
nicely valid at least at lower energies E/A � 100 MeV, and
test them with the higher-energy scattering. At the moment,
we cannot mention which is better at each energy, but the
true situation will be in between the two extremes anyway.
What is important here is the fact that both interaction
models predict strong repulsive potentials around and above
E/A ≈ 200–300 MeV.

Here, we decompose the DFM potential into the spin-
isospin components UST , defined by replacing vD and vEX

in Eqs. (1) and (2) with vST multiplied by the factor given
in Eq. (3). Figure 4 shows the energy dependence of the real
part of UST , V ST = Re UST , in the case of CEG07b. The
corresponding figure for CEG07a is not shown here, which
is similar to the one for CEG07b except that the potentials
given by the former are more attractive than those given by
the latter as one can easily imagine from Fig. 3. The following
statements for CEG07b are also for CEG07a.

In Fig. 4, the DFM potentials in even (ST = 01 and 10)
and odd (ST = 00 and 11) states are found to become less
attractive and more repulsive, respectively, as E/A values
become larger. Then, the attractive-to-repulsive transition is
brought about by the sum of these four contributions. Although
the energy dependence of the DFM potential comes partly
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from the folding procedure of the exchange part [Eq. (2)] and
partly from the genuine energy dependence of the G-matrix
interaction itself, the latter play a dominant role in our
present problem. Basically, the energy dependence of the
G-matrix interaction in the ST state can be imagined from
the NN -scattering phase shifts in these states, by considering
that our G-matrix represents a NN scattering in the nuclear
medium: When scattering energies of NN pairs in the medium
become higher with an increase of E/A, short-range repulsive
parts of NN interactions make G matrices less attractive or
more repulsive.

In Fig. 4, one notices that the V 11 component has the
largest energy dependence among the four components and
plays a decisive role for the attractive-to-repulsive transition
of the DFM potential. The difference among four components
comes mainly from the two origins: One is the statistical
factor (2S + 1)(2T + 1) included in UST . This factor is the
largest in the S = T = 1 state, which is the main reason for
the largest contribution of V 11 to the energy dependence of
the DFM potential. The other is the tensor-force contribution.
The energy dependence of V 10 is stronger than that of V 01,
although their (2S + 1)(2T + 1) factors are equal to each
other. The former includes the tensor force, but the latter does
not, which is the main origin of the difference between the
two cases. If the G matrix in the former is calculated with
switching off the tensor force, its energy dependence becomes
comparable to that for the latter. The tensor-force contribution
is also important for the energy dependence of V 11.

Thus, it should be remarked that the existence of the
attractive-to-repulsive transition is the critical prediction in
our approach based on the realistic NN interactions, which
include the tensor force, even if the transition energy is affected
quantitatively by the unknown TBF contribution.

III. NEARSIDE AND FARSIDE DECOMPOSITIONS

The nearside and farside (N/F ) decompositions of the
differential cross sections are known to be very powerful tools
for understanding the close relation between the attractive or
the repulsive nature of optical potentials and the angular distri-
bution of differential cross sections in the semiclassical manner
[19]. In this section, we decompose the elastic-scattering
cross sections calculated with the present DFM potentials
into the N/F components to understand the characteristic
behavior of the cross sections with the increase of the incident
energy, shown in Fig. 2, and to clarify its close relation to
the attractive-to-repulsive transition of the optical potentials,
shown in Fig. 3, predicted by the present folding model.

We first depict the qualitative behavior of the incident
particles (or the incident waves) under an attractive or a
repulsive potential with a considerable absorption in the
semiclassical picture. In the case in which there exists only
a repulsive Coulomb potential between the projectile and the
target nuclei in addition to an absorptive (imaginary) potential,
all the incoming particles outside the grazing trajectories will,
in the classical picture, be deflected to the scattering angles
away from the target nucleus, which we define as the positive
(or nearside) scattering angles. Now, let us define the scattering
angle of the incident particle along the grazing trajectory as
the grazing-scattering angle θgr. In the semiclassical picture,
the scattering wave generated by such absorptive potential
under the condition of the repulsive Coulomb field corresponds
to the so-called edge wave generated at the nuclear surface
along the grazing trajectory, the magnitude of which is shown
to be symmetric around θgr in the semiclassical limit [19].

In the realistic cases of nucleus-nucleus scattering, there
also exists a real part of the internucleus potential that is
normally attractive (V < 0). In such cases, the incident particle
along or inside the grazing trajectory can be deflected to
the negative (farside) scattering angles if the attraction is
strong enough. In the semiclassical picture, this corresponds
to the situation in which the edge wave becomes asymmetric
around θgr because the amplitude of the scattered wave on
the target side is enhanced by the effect of the attractive
potential. This causes the enhancement of the scattering into
the negative (farside) angles that is compensated by the
hindrance of the scattering to the positive (nearside) angles,
which leads to a crossover between the nearside and farside
amplitudes at a certain crossover angle, as shown in Fig. 5(a).
In the crossover region, the two amplitudes have similar
magnitudes that strongly interfere with each other, which show
a typical Fraunhofer-type diffraction pattern in the angular
distribution. At forward angles before the crossover region,
the nearside amplitude dominates over the farside one, whereas
the situation is reversed at backward angles. This is the typical
situation widely seen in medium-energy scattering of light
heavy-ion systems.

However, the situation will completely be changed if the
nuclear potential is repulsive (V > 0), not attractive. In such a
case, there exists no attraction that deflects the incident particle
to the negative (farside) angles. Namely, in the semiclassical
picture, the farside component of the scattered wave will be
reduced by the repulsive nuclear potential while it enhances
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FIG. 5. (Color online) Schematics of the outgoing spherical
waves and their amplitude strength (left) and semiclassical schematics
of the N/F cross sections (right) in the cases of the (a) attractive and
(b) repulsive potentials. The red and blue lines are the nearside and
farside cross sections.

the nearside one and, hence, no crossover between the nearside
and farside amplitudes occurs, as shown in Fig. 5(b).

Now, we have seen that the present folding model pre-
dicts the attractive-to-repulsive transition around the E/A =
200–300 MeV region, the transition energy is dependent
on the interaction used, and both the CEG07a and the
CEG07b interactions give repulsive potentials (V > 0) at
E/A = 400 MeV. Therefore, one may naturally expect that
the effect of the drastic change of calculated real potentials
with the increase of the incident energy should appear in the
evolution of the calculated angular distribution of the elastic
scattering. To understand the situation more quantitatively, we
decompose the elastic-scattering cross sections into the N/F

components in the quantum-mechanical way.
By following Ref. [19], the nuclear-scattering amplitude is

decomposed into the N/F components by using the Legendre
polynomials of the first kind P�(cos θ ) and the second kind
Q�(cos θ ) as

f
(Nucl.)
N (θ ) =

∑
(2� + 1)a�Q̃

(−)
� (cos θ ), (8)

f
(Nucl.)
F (θ ) =

∑
(2� + 1)a�Q̃

(+)
� (cos θ ), (9)

where Q̃
(±)
� (cos θ ) are defined by

Q̃
(±)
� (cos θ ) = 1

2

[
P�(cos θ ) ∓ i

2

π
Q�(cos θ )

]
. (10)
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100–400 MeV. The dotted, dashed, and solid curves are the N/F

cross sections and the squared modules of their coherent sum,
respectively.

The Rutherford amplitude is also decomposed into the nearside
f

(Coul)
N (θ ) and farside f

(Coul)
F (θ ) components in the same

manner as in Ref. [19]. Finally, the N/F cross sections are
written as

σN = |fN (θ )|2 = ∣∣f (Coul)
N (θ ) + f

(Nucl)
N (θ )

∣∣2
, (11)

σF = |fF (θ )|2 = ∣∣f (Coul)
F (θ ) + f

(Nucl)
F (θ )

∣∣2
, (12)

and the full cross section is given by the squared modulus of
their coherent sum,

σel = |fN (θ ) + fF (θ )|2. (13)

Figures 6 and 7 show the N/F cross sections together
with the full cross sections calculated by DFM potentials with
CEG07a and CEG07b at E/A = 100–400 MeV, respectively.
At E/A = 100 MeV, the attraction of the real potential is very
strong, as already seen in Fig. 3, which largely enhances the
farside component and reduces the nearside one, and, hence,
the farside component dominates over the nearside one at
most scattering angles except for very forward angles. This
is particularly clear in the case of the CEG07a interaction. The
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FIG. 7. Same as Fig. 6 but from the CEG07b interaction.

farside dominance persists up to E/A = 300 MeV in the case
of the CEG07a interaction, while it does up to 200 MeV in
the case of the CEG07b one. The difference comes, of course,
from less attraction (see Fig. 3) in the case of the CEG07b
interaction because of the repulsive TBF effect, as already
discussed before.

At E/A = 400 MeV (300 MeV) in the case of the CEG07a
(CEG07b) interaction, the nearside and farside components
are seen to have comparable magnitudes and strongly interfere
with each other by showing a strong N/F diffraction pattern
in the angular distribution. The strong diffraction pattern
implies that the contribution of the real potential becomes
effectively minimum at the corresponding energy. In the
case of the CEG07b interaction, one can clearly see the
nearside dominance with the reduced N/F interference at
E/A = 400 MeV, which is a clear signature generated by the
repulsive nature of the real potential.

These results strongly suggest possible experimental evi-
dence for the attractive-to-repulsive transition of the nucleus-
nucleus optical potentials to be obtained by measuring the
characteristic energy evolution of the elastic-scattering angular
distribution in this energy region. Namely, the evidence would
be obtained by observing the farside dominance at the lower
energies and the nearside dominance at the higher energies
both with less diffraction patterns caused by the reduced

N/F interference, together with the strong diffraction around
a certain transition energy in between caused by the strong
N/F interference because of the comparable magnitudes of
both components, although the predicted transition energy
depends on the effective interaction used, which ranges from
E/A = 300 to 400 MeV. The experimental determination of
the transition energy will also provide us with more evidence
for the repulsive TBF effect as well as information about the
energy dependence of the repulsive TBF effect that has not yet
been taken into account in the present folding model with the
CEG07b interaction as already mentioned.

One may notice the attractive-to-repulsive transition ener-
gies estimated from the angular distributions (Figs. 6 and 7)
are rather different from those seen in the calculated folding
potentials (Fig. 3). As mentioned before, the calculated real
potential starts to change its sign from negative (attractive)
to positive (repulsive) around E/A = 300 MeV in the case
of CEG07a and around E/A = 200 MeV in the case of
CEG07b, while the transition energies estimated from the
calculated cross sections are shifted to the higher-energy side
by about 100 MeV. However, one should note the following
point by comparing the potentials and cross sections. A close
look at the calculated real potentials in the tail region for
E/A = 300 MeV for CEG07a and 200 MeV for CEG07b
makes one notice that the potentials are still slightly attractive
in the tail region despite the strongly repulsive values in the
short and middle radial ranges. Because of the existence of the
absorptive potential, the contribution from the short-range part
of the potential of a strongly repulsive nature should more or
less be reduced by the absorption effect.

To see the effect of absorption on the elastic scattering
more quantitatively, we plot the modulus of the S-matrix
elements |SL| calculated with CEG07b in Fig. 8 as a function
of the effective radius (or the so-called classical turning
point) Rcl defined by Rcl = √

L(L + 1)/k ∼= L/k, where L

and k are the orbital angular momentum (partial wave) and
the wave number of the nucleus-nucleus relative motion.
Despite the rather strong imaginary potentials, the S-matrix el-
ements have considerable magnitudes for partial waves, which
correspond to the radial range well inside the nuclear surface
down to Rcl ≈ 2–2.5 fm, whereas they have negligible mag-
nitudes for the Rcl < 2-fm region. In fact, we have confirmed,
with the notch test, that the scattering cross sections are quite
sensitive to the potential in the radial range of R > 3 fm, while
the potentials in the radial range of R < 2 fm are irrelevant to
the cross sections over the angular range discussed in the
present paper. This is quite consistent with the fact that the scat-
tering cross sections at E/A = 200 MeV still show the char-
acteristic property of attractive potential (Fig. 7) despite that
the real potential at this energy is repulsive in the radial range
of R < 2.5 fm, whereas the cross sections at E/A = 300 and
400 MeV reflect the repulsive nature of the potentials that have
positive values in the radial range well outside 3 fm as shown
in Fig. 3.

Figure 9 shows the same S-matrix elements SL =
|SL| exp 2iδL in the complex S plane. It is clearly seen that
the phase shifts δL are positive for all L values in the cases of
E/A = 100 and 200 MeV, whereas in the cases of E/A = 300
and 400 MeV, the phase shifts have negative sign for the partial
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FIG. 8. The modulus of the S-matrix elements |SL| plotted as a
function of the effective radius Rcl = L/k in the case of the CEG07b
interaction.

waves L < Lcr where Lcr is the critical partial wave at which
the phase shift changes its sign [δLcr ≈ 0 (i.e., Im SLcr ≈ 0)].
The negative sign of the phase shift (δL < 0) implies that the
potential is effectively repulsive for partial waves less than Lcr.
The effective radius Rcr = Lcr/k, which corresponds to the
critical partial wave Lcr is about 3.5 fm for E/A = 300 MeV
and 4.2 fm for E/A = 400 MeV, respectively, while the
calculated potential itself changes its sign around R = 4.1
and 4.7 fm, respectively. This is naturally interpreted as (e.g.,
in the E/A = 400 MeV case) the effect of repulsion in the
radial range of 4.2 < R < 4.7 fm is canceled by the effect
of attraction outside 4.7 fm, which leads to an almost-zero
phase shift for the corresponding partial wave Lcr. One should
note that the Rcr values are large enough compared with the
radius of complete absorption (R � 2–2.5 fm) and, therefore,
the elastic scattering at E/A = 300 and 400 MeV sufficiently
probes the repulsive nature of the potential.

Thus, the existence of weak attraction in the low-density
nuclear surface region, where the repulsive TBF effect is weak
enough, together with the absorption well inside the nucleus
(R � 2.0–2.5 fm) will be the main origin of the fact we have
just mentioned that the attractive-to-repulsive transition energy

0 0.5 1

0

0.5

Im
 S

L

Re SL

S-matrix
100 MeV
200 MeV
300 MeV
400 MeV

NW = 1.0

E/A

CEG07b

FIG. 9. (Color online) The S-matrix elements plotted in the
complex S plane.

evaluated from the evolution of the scattering cross sections
looks shifted to the higher-energy side with respect to what
one naively expects from the calculated potentials themselves
shown in Fig. 3. The amount of the energy shift may depend on
the magnitude of the absorption effect, namely, on the adopted
value of the renormalization factor NW for the imaginary
potential and, in Sec. IV, we examine how the conclusion
depends on the adopted value of NW .

IV. DISCUSSION ABOUT THEORETICAL AMBIGUITY

Now, let us discuss a possible range of ambiguity in the
theoretical prediction for detecting the attractive-to-repulsive
transition of the real potential through the observation of the
angular distributions and their energy evolution.

The first source of ambiguity comes from the unknown
energy dependence of the repulsive TBF contribution in the
effective interaction. This was already discussed in this paper,
and this is the reason why we have performed the calculation by
using the two types of interactions, the CEG07a and CEG07b.
The former contains no TBF effect, whereas the latter includes
the TBF effect but neglects its energy dependence, which
implies a possible overestimation of the TBF effect at highest
energy. Hence, the truth may exist between the two extremes,
although one cannot say in the present stage which is closer to
the truth.

The second ambiguity of the present theoretical model is
the renormalization factor NW for the calculated imaginary
potential. To see how the results we saw in Figs. 6 and 7
depend on the adopted value of NW , we recalculate the cross
section with different values of NW in the case of CEG07b.
Figure 10 shows the results with NW = 0.8 and NW = 1.2,
instead of the original value NW = 1.0 used in Fig. 7. By
comparing the results of Fig. 10 with those of Fig. 7, one can
see that the characteristic evolution of the calculated angular
distribution with the increase in energy does not change at
all qualitatively, except that the transition energy (at which
the N/F cross sections become comparable) shifts by about
20 MeV to the lower-energy side for NW = 0.8 and to the
higher-energy side for NW = 1.2 with respect to the original
case of NW = 1.0 shown in Fig. 7, although the detailed
energy variations are not shown in the figures. The S-matrix
elements calculated with NW = 0.8 and 1.2 have quite similar
behavior to what we saw in Figs. 8 and 9 with respect to the
increasing energy. Therefore, we conclude that the ambiguity
originated from the choice of the unknown strength of the
imaginary-potential strength does not affect the conclusion
drawn in Sec. III, except that the transition energy slightly
changes (say, less than ±20 MeV) with a rather drastic change
of the NW value by ±20%. The experimental measurements of
the energy evolution of the elastic scattering would rather give
useful information about the NW value to be used in addition
to the real attractive-to-repulsive transition energy.

Another source of ambiguity to verify the attractive
potential from the measured angular distribution will be
related to the uniqueness of the potential that reproduces the
experimental data. As is well known, it is often the case for
heavy-ion scattering that one cannot determine the unique
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FIG. 10. Same as Fig. 7 but with NW = 0.8 (left) and NW = 1.2
(right).

optical potentials phenomenologically from the measured
angular distribution of the elastic scattering due partly to the
limited angular range of the measured angular distribution and
partly to the existence of the strong absorption, which prevent
us from probing the interior part of the real potential strengths
and shapes.

To investigate the uniqueness of the calculated folding
potential with respect to the measured cross sections, we
have performed the following test calculation. Namely, we
search for a model-independent phenomenological potential
that reproduces the elastic-scattering cross sections calculated
from the present DFM potential at E/A = 400 MeV that
has the strongly repulsive real potential, by regarding the
calculated cross sections as the virtual experimental data. In
this analysis, we put a constraint upon the phenomenological
potential that its real part is attractive rather than repulsive.
Here, we have used an automatic potential search code ALPS

[34] to search for the best-fit values of the parameters.
Figures 11 and 12 show the results. The filled dots in

Fig. 11 are the cross sections calculated from the present
DFM potential with the CEG07b interaction, that is, the same
as those given in Fig. 2 or Fig. 7, although displayed as a
function of the scattering angle θ rather than the momentum
transfer q, whereas the dotted curve shows the result of the phe-
nomenological optical potential so obtained that the potential
reproduces the experimental cross sections calculated from

0 5 10

10−2

100

12C + 12C elastic scattering

CEG07b

E/A = 400 MeV

AP400

θc.m. (deg).

dσ
/d

σ R
ut

h.

FIG. 11. Elastic-scattering cross sections calculated from the
DFM potential with CEG07b and phenomenological potential
(AP400) for the 12C + 12C system at E/A = 400 MeV. The filled
dots and dotted curve are the results from the DFM potential with
CEG07b and AP400, respectively.

the folding potential. We call the attractive phenomenological
potential the AP400 potential. The dotted curves shown in
Fig. 12 are the so-obtained AP400 potential, which has the
attractive real part. The cross sections calculated from the
AP400 potential can be very close to those obtained from
the theoretical folding potential, which has the strongly
repulsive real part as shown in Fig. 11. One might be
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0 2
−200

−100
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12C + 12C optical potential

CEG07b
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imaginary part
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M
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W

 (
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AP400

864

FIG. 12. Real (upper) and imaginary (lower) parts of the DFM
potential with CEG07b and phenomenological potential (AP400)
for the 12C + 12C elastic scattering at E/A = 400 MeV. The solid
and dotted curves are the DFM potential with CEG07b and AP400,
respectively.
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FIG. 13. Volume integrals per nucleon pair of the real part
of the DFM potential with CEG07a and CEG07b, AP400, and
phenomenological optical-model potential (OMP) for the 12C + 12C
system. The solid circles are the results with the phenomenological
OMP taken from Refs. [35–38]. The crossed circle is the result with
AP400. The solid and dotted curves are the DFM potentials with
CEG07b and CEG07a, respectively.

disappointed with this result that seems to force one to give up
hope for obtaining evidence for the repulsiveness of the real
potential.

However, the volume integral per nucleon pair, which is
defined as positive for attractive (V < 0) potentials,

JV /AP AP = −4π

∫ ∞

0
V (R)R2 dR/AP AP , (14)

of the real part of the AP400 potential so obtained has an
extremely unrealistic value, as shown by the crossed circle in
Fig. 13, which completely conflicts with the systematic energy
dependence of JV /AP AP extracted from the optical potentials
in the lower-energy region. On the other hand, the JV /AP AP

values predicted by the present folding model are consistent
with the systematics, and their values change from attractive
(JV /AP AP > 0) to repulsive (JV /AP AP < 0) around E/A ≈
300 MeV. This result preserves our hope to get clear evidence
of the repulsive nature of nucleus-nucleus optical potentials
by measuring the elastic-scattering angular distributions in
this energy range.

V. SUMMARY AND CONCLUSION

The real part of heavy-ion optical potentials is believed to
be attractive in the low-energy region at least less than E/A ≈
200 MeV where experimental data for the elastic scattering
exist. However, the potentials are predicted to change their
character from attractive to repulsive around the energies
of E/A ≈ 200–300 MeV and to become strongly repulsive
above E/A ≈ 400 MeV by the microscopic DFM based on the
complex G-matrix interaction CEG07 [16–18]. In this paper,
we have shown that the tensor force plays an important role
for lowering the attractive-to-repulsive transition energy of

the DFM potentials by decomposing the potentials into the
spin-isospin components. It is also shown that the nearside
and farside (N/F ) decompositions of the elastic-scattering
cross sections clarify the close relation between the attractive-
to-repulsive transition of the calculated DFM potentials and
the characteristic evolution of the elastic-scattering angular
distributions with the increase of the incident energy in the
range of E/A = 100–400 MeV.

No experimental evidence exists so far for the repulsive
nature of heavy-ion optical potentials in this energy range
because of the lack of experimental data above E/A =
200 MeV. Therefore, on the basis of the present analyses,
here, we propose the experimental measurements of elastic-
scattering angular distributions in the 12C + 12C system,
particularly the careful measurements of the characteristic
evolution of the diffraction pattern with the increase of the
incident energy in the range of E/A = 200–400 MeV. More
explicitly, we propose the observation of a strong diffraction
pattern caused by the interference between the nearside and
the farside amplitudes, both having comparable magnitudes,
around the attractive-to-repulsive transition energy, together
with the observation of less diffractive patterns in the farside-
dominant regime (i.e., the attractive-potential regime) on the
lower-energy side as well as in the nearside-dominant regime
(the repulsive-potential regime) on the higher-energy side that
we have seen in Figs. 6–10. Such experiments will provide us
with decisive evidence for the repulsive nature of heavy-ion
optical potentials as well as information about the energy
region where the attractive-to-repulsive transition occurs.

The theoretical ambiguity caused by the unknown strength
of the predicted imaginary potential is found to give only a
minor effect on the determination of the attractive-to-repulsive
transition energy. On the other hand, the transition energy
strongly depends on the interaction models used, namely,
CEG07b with the TBF effect and the CEG07a without
the effect. Therefore, the experimental determination of the
transition energy through the precise measurement of elastic
scattering provides quite important information about the TBF
effect (particularly, its repulsive component), which is one of
the most important medium effects in high-density nuclear
matter, and its energy dependence, in addition to the role of
the tensor force that is one of the main origins of the energy
dependence of the heavy-ion optical potentials in the present
energy region.
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APPENDIX

In this appendix, we give the parameters of CEG07a and
CEG07b interactions fitted as a function of ρ to use in the
DFM calculation. The CEG07 interactions have Gaussian
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form factor, and the parameters were fixed as

vST (s, ρ,E/A) =
3∑

k=1

4∑
i=1

vST
ik (E/A)ρi−1 exp

(
− s2

λ2
k

)
,

(A1)

in terms of vST , the spin-isospin component (S = 0 or 1 and
T = 0 or 1) of the G-matrix interaction. Here, λ1, λ2, and λ3

are fixed to be 0.5, 0.9, and 2.5, respectively. The parameters
vST

ik (E/A) for CEG07a at E/A = 200, 300, and 400 MeV are
given in Tables I–III and for CEG07b in Tables IV–VI. Here,
we note that these parameters are fitted up to kF = 1.8 fm−1

(ρ ≈ 0.39 fm−3).
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