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Quarkonia and heavy-quark relaxation times in the quark-gluon plasma
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A thermodynamic 7-matrix approach for elastic two-body interactions is employed to calculate spectral
functions of open and hidden heavy-quark systems in the quark-gluon plasma. This enables the evaluation of
quarkonium bound-state properties and heavy-quark diffusion on a common basis and thus to obtain mutual
constraints. The two-body interaction kernel is approximated within a potential picture for spacelike momentum
transfers. An effective field-theoretical model combining color-Coulomb and confining terms is implemented
with relativistic corrections and for different color channels. Four pertinent model parameters, characterizing
the coupling strengths and screening, are adjusted to reproduce the color-average heavy-quark free energy as
computed in thermal lattice QCD. The approach is tested against vacuum spectroscopy in the open (D, B) and
hidden (W and Y') flavor sectors, as well as in the high-energy limit of elastic perturbative QCD scattering.
Theoretical uncertainties in the static reduction scheme of the four-dimensional Bethe-Salpeter equation are
elucidated. The quarkonium spectral functions are used to calculate Euclidean correlators which are discussed in
light of lattice QCD results, while heavy-quark relaxation rates and diffusion coefficients are extracted utilizing

a Fokker-Planck equation.
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I. INTRODUCTION

Hadrons containing heavy quarks are widely used to deduce
basic properties of the strong force as given by quantum
chromodynamics (QCD) [1]. Heavy-quark (HQ) systems are
also valuable for studying hot and dense matter, in particular
for temperatures and quark chemical potentials which are
parametrically small compared to the HQ mass, T', u, < mg
(Q = c, b). Under these conditions, which are believed to
encompass phase changes of the medium, HQ momenta ( sz ~

mT) are large relative to those of the (light) partons ( pr~
T?) constituting the heat bath. This leads to simplifications in
the theoretical description which facilitate the task of studying
the medium. For example, the prevalence of elastic interactions
with spacelike momentum transfers suggest that a potential
picture for HQ interactions—successful in vacuum—may
remain valid in the medium.

The modifications of heavy quarkonia (charmonium and
bottomonium) in the medium are believed to reveal quark de-
confinement in the quark-gluon plasma (QGP) as produced in
ultrarelativistic heavy-ion collisions (URHICs; cf. Refs. [2—4]
for recent reviews). In addition, open heavy-flavor particles are
being utilized to extract transport properties of the medium
formed at the Relativistic Heavy Ion Collider (RHIC) by
computing their diffusion coefficient in the QGP (see, e.g.,
Ref. [5] for a recent review). In Ref. [6] it was suggested
that the (in-medium) forces responsible for heavy-quarkonium
binding may be closely related to those governing the diffusion
of an individual heavy quark in the QGP. The basis for this
idea is that the exchanged four-momentum, k = (ko, I_é), for
the elastic scattering of a (slow) heavy quark is essentially
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“static,” i.e., the energy transfer is parelmetrically sznaller
than the three-momentum transfer, ko ~ k2 /2mg K |k |, for
both an individual heavy quark and a quarkonium bound
state. A possible consequence of such a connection could
be that a “strong” interaction in the medium, which binds
charmonium states above the critical temperature, at the same
time leads to strong correlations in the heavy-light sector,
which accelerate HQ thermalization compared to perturbative
scattering [6]. The purpose of the present article is to set
up and carry out a framework which enables a systematic
investigation of this connection. This requires to evaluate
in-medium bound and scattering states on equal footing, which
will be realized by employing a thermodynamic 7-matrix
approach [7,8]. To improve the reliability of this framework,
several constraints will be elaborated: input potentials will
be adjusted to reproduce the HQ free energy computed in
lattice QCD (IQCD) in vacuum and at finite temperature,
empirical vacuum spectroscopy in the bound-state regime and
perturbative QCD in the high-energy scattering limit will be
checked, and Euclidean correlators for heavy quarkonia in
medium will be tested with IQCD results.

In the vacuum, the description of heavy quarkonia within
a potential framework can be made rigorous as an effective
field theory of QCD with heavy quarks, so-called potential
nonrelativistic QCD (pNRQCD) [1]. In a hot and dense
medium, however, additional scales enter the problem (e.g.,
temperature, 7', and Debye screening mass, m p) rendering the
extension of the potential concept more involved, especially
in a strongly interacting system where it is difficult to
establish scale hierarchies (for perturbative treatments based
onT > mp ~ gT,see, e.g., Refs. [9-11]). On the other hand,
nonperturbative information on the HQ interaction over a
wide range of temperatures is available from thermal 1QCD
in terms of the free energy, F, of a static QQ pair (strictly
speaking, the difference in free energy of the system with
and without the HQ pair) [12-14]. In practical approaches,
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the color-singlet free energy, F; (or the pertinent internal
energy, Uy = F; — T 0 F;/9T) has been utilized as a potential
in Schrodinger [15-18] and T-matrix [7,8] equations, and
the resulting spectral functions have been checked against
1QCD results for Euclidean correlation functions. While these
approaches suggest that the potential model provides a viable
tool at finite temperature, several open issues remain, e.g.:
(i) the use of free or internal energy (or even combinations
thereof [19]); (ii) the gauge dependence of the color-singlet
free energy [20]; (iii) microscopic insights into the screening
mechanisms (e.g., color-Coulomb vs. confining forces); and
(iv) corrections to (or even validity of) the potential ansatz.
In the present article we do not offer new principle insights
on item (i). To cover the uncertainty associated with this
problem, our calculations will be carried out for both free and
internal energies which are believed to bracket the limiting
cases within their interpretation as a finite-temperature HQ
potential. To address items (ii) and (iii) we adopt a recently
proposed field-theoretic ansatz [21,22] to describe HQ free
energies using a screened Coulomb plus “confining” gluon
propagator. These propagators require four input parameters
(coupling strengths and screening masses) which are adjusted
to reproduce gauge-invariant color-average free energies from
1QCD. Color projections are extracted within the model and
utilized to compute color-singlet quarkonium and heavy-light
spectral functions, as well as colored correlations which
contribute to the transport of heavy quarks in the QGP. As
for item (iv), special care is taken of relativistic effects—
especially for light quarks—which in our framework is
possible once the vector and/or scalar nature of the Coulomb
and confining force is specified. For example, the relativistic
Breit correction known from electrodynamics [23] naturally
emerges as a relativistic effect in the Coulomb potential. We
will furthermore check the static approximation underlying
the potential picture by comparing different versions of the
three-dimensional reduction scheme to obtain the 7" matrix
from an underlying Bethe-Salpeter equation.

This article is organized as follows. In Sec. II we set
up the microscopic model used to fit IQCD free energies.
In Sec. III we recollect main elements of the thermody-
namic 7-matrix formalism, including relativistic corrections.
Section IV is devoted to the discussion of our numerical results
for quarkonium and heavy-light spectral functions and their
applications to Euclidean correlators and HQ relaxation times,
respectively. We conclude in Sec. V.

II. MICROSCOPIC MODEL FOR THE
HEAVY-QUARK POTENTIAL

The recent revival of potential models to describe heavy
quarkonia in medium has been largely driven by the prospect
of a paremeter-free input via static HQ free energies computed
in thermal 1QCD. However, functional fits to the lattice “data”
usually do not offer much insight into the physical mechanisms
underlying the medium effects in the potential nor do they
allow to define vertex structures of the interaction which
become important at higher energies and/or in different color
channels. In addition, it is desirable to base the starting point on
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a gauge-invariant quantity, i.e., the color-average free energy.’
To this end, we adopt the microscopic model developed by
Megias et al. [21,22] which we briefly review in the following
and then fit to lattice data. The key idea underlying this
model is that the HQ free energy can be accounted for by a
nonperturbative ansatz for the gluon propagator giving rise to a
stringlike confining term in coordinate space, plus a “standard”
perturbative term corresponding to a screened color-Coulomb
interaction [21],

Doo(k) = Dgy(k) + Dgg” (k)
. o ey
Dpk) = ———  DN(k)= %
00k ) 2y md oo (k) (k2+n"1%))2
to be understood in static gauge and within dimensional reduc-
tion (m p, M p: screening masses). The leading nonperturbative
effect in the gluon propagator is associated with a dimension-2
gluon condensate dictated by dimensional considerations,
2 2
= LI, @
8 mp
with m% a “glueball” mass. A priori, a dimension-2 gluon
condensate is gauge dependent and as such a somewhat
controversial quantity. Since the gluon propagator is a gauge-
dependent quantity the appearance of gauge-dependent terms
is inevitable. However, it has been argued by several authors
[24-28] that a dimension-2 condensate encodes nontrivial
gauge-invariant information, e.g., topological configurations
associated with magnetic monopoles giving rise to a static
confining force (which is precisely the effect modeled in
the present context). Evidence for a dimension-2 condensate
contribution has also been found in QCD sum rules (see
Ref. [29] and references therein).

To establish the connection to the HQ free energy (given
by a correlator of Polyakov loops, €2), one starts from its
perturbative expression at finite temperature in the color-
singlet channel [21],

1
e~ D/T <ﬁTr[Q(X)QT(y)]>
= /NI (A0aA0a)=43,0) L 0(g6),  (3)

with the perturbative gluon propagator
d*k ik-G-3) P (T
(Ao.a(X)A0p(y)) = 8apT anp’ Dyy(k).  (4)

The separation-independent term, (A%a(x)), in Eq. (3) plays
the role of a self-energy of an individual heavy quark. The
main assumption consists now of augmenting the perturbative
propagator by the nonperturbative one as given by Eq. (1).
Assuming further that the same functional dependence as in
Eq. (3) holds in the nonperturbative case we are lead to the

!Since the model adopted here and the lattice calculations use
different gauges (static vs. Coulomb), this is the only meaningful
way to extract parameters.
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following form of the singlet free energy (N, = 3):

4 1 —mpr m%} —mpr m2G
F](I",T):—gols ;6 +T€ _W—’_m[) .
D
&)

mp

In Ref. [21] this approach has been applied to study the
Wilson loop and HQ free energy in quenched QCD at finite
temperature and efficiently reproduces pertinent IQCD data.
As an extension of this treatment we allow for different
screening masses in the perturbative and nonperturbative parts
of the gluon propagator which improves the precision in our
fits to unquenched 1QCD data. As indicated above we fit the
color-average free energy. Since we aim at a parametrization
over a large range in distance and temperature we employ the
definition [30]

Foolr, T) = =T In[Le F0DIT 4 8o~ F:DIT] (6)

without further approximations which automatically ensures
the correct behavior in the limits 7 >> 1, where the potential
is dominated by two-gluon exchange, F,,(r, T) ~ [Fi(r, T)]?,
and rT < 1, where we have F,(r, T)~ Fi(r, T) + T In(9)
[31]. The evaluation of Eq. (6) requires the color-octet and
-singlet free energies (in addition we will use the extracted
potentials in the sextet and antitriplet channels for the
calculation of HQ relaxation times). In previous works [6,8]
these potentials have been approximated by Casimir scaling
of the singlet potential. While this is a good approximation for
the short-range (perturbative/Coulombic) part of the potential
[31,32], it presumably does not apply to the confining part
which rather appears to be universal, including its long-
distance limit [30,33,34].> We therefore apply Casimir scaling
only to the Coulomb part of the model gluon propagator while
the string part is assumed to be color-blind, i.e., the same in
all color channels.?

This is also compatible with the interpretation of the long-
distance limit as an individual HQ self-energy, as discussed
below. The coordinate-space potential in a color channel a
takes the form

4 C, 2 2
Fa(}’, T) = — =0 —— e Mol + &efmur _ n/lNG +mp
3 r sz sz
= FC(r, T)+ F5(r, T) + Foo(T) 7
Ci=1 Cg=—1/8 Co=—1/4 C;=1/2,

with the Coulomb part F.C, the nonperturbative string part 5,
and an r-independent part, Foo(7'), which will be associated
with a (real part of the) HQ “self-energy,” ES, below. Similar
analytic forms of the potential have been used for fits to
the color-singlet potential in Ref. [18]. Let us examine two
limits of this expression. First, for T — 0 both screening

2Calculations reported in Ref. [35] come to a different conclu-
sion, possibly because they cover smaller distances than those in
Refs. [30,34]. In Ref. [30] potential problems with the computation
of the octet free energy on the lattice below 7, have been pointed out.

3Such a decomposition is not possible in functional parametrizations
of the potential.
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masses should vanish while the condensate characterized by
m¢ remains finite [21]; one obtains [21]

2
. 2o, my

F,r,T=0)=——a,—40or, 0=-—"0,
( ) 3 °r 3
which recovers the Cornell potential in the color-singlet
channel and yields a universal string tension in all color
channels, consistent with Refs. [30,33,34]. Second, forr — oo
at finite 7' one has

®)

o (o 55)
FOOEFa(r_)va):_aS _mD+T ’ (9)

3 2m D
which is independent of a, consistent with IQCD data in Refs.
[14,30]. When additionally taking the zero-temperature limit
of Fy, it diverges since mg > 0 and mfip — 0. This is, of
course, expected in quenched QCD but needs to be amended
in the presence of light quarks, to simulate “string breaking.”
We implement this by enforcing a flat potential above a string-
breaking scale of about » ~ 1.1 fm where the potential has
reached about 1.1 GeV. We now also see that the cancellation
between the leading piece of the second term and the constant
third term in the parentheses of Eq. (7) in the fiip — 0 limit
works only for all color channels if the string term is color-
blind (i.e., has no Casimir scaling). If, on the other hand, both
terms proportional to mé are subject to Casimir scaling, it
would imply that the » — oo limit (i.e., the single HQ self-
energy) picks up a strong dependence on the color orientation
of the quark, which is not natural.

Once the temperature dependence of the parameters mg,
mp, and rip, as well as of the strong coupling, o, is
determined through fits of the color-average free energy,
corresponding expressions for the internal energy, U, can be
computed via

U(r,T)= F(r, T)—TiF(r, T) (10)
dT
and projected into different color channels, a.

It is currently an unsettled question whether the free or
internal energy (or a linear combination thereof) is a more
suitable quantity to be utilized as a static two-body potential
in a Schrodinger and/or scattering equation. We recall that the
quantity, F(r, T')), computed in thermal 1QCD, is the difference
between the free energies of the thermal system containing a
static QQ pair and the thermal system without the pair. In
Ref. [36] it has been argued that the pertinent difference in
internal energies, U(r, T), recovers the thermal expectation
value of the potential energy between the static Q and Q
charges. This suggests U(r) as the appropriate in-medium
two-body potential. Such a potential would by construction
be a real quantity and thus a natural starting point to be
unitarized in a scattering equation, generating appropriate
on-shell cuts in the intermediate state through imaginary parts
in the scattering amplitude. In Ref. [37] it has been argued
that the relevance of F vs. U depends on the interplay of the
thermal relaxation time in the heat bath and the interaction
time of the Q and Q. If the former is much shorter than the
latter, the Q O motion will be adiabatic and the free energy
should be used; on the other hand, for very short interaction
times (e.g., for a broad resonance or high-energy scattering),
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FIG. 1. (Color online) Color-average HQ free energies obtained in thermal 1QCD computations by Kaczmarek er al. (left panel) [12,39]
and Petreczky et al. (right panel) [13,41] compared to our fits using the microscopic model suggested in Refs. [21,22].

the internal energy should be more suitable. Another approach
to the problem has been pursued by using effective field
theories at finite temperature [9,11] by combining HQ and
perturbative hierarchies (HQ speed v < 1 and g7 « T).
These studies recover the color-Coulomb part of the interaction
and suggest that the free energy plays the role of a potential in
a Schrodinger equation. In addition, an imaginary part of the
effective potential has been identified [10,38]. We emphasize,
however, that within a 7 -matrix approach, imaginary parts are
generated via the unitarization procedure in the intermediate
propagator and thus imaginary parts in the potential should be
implemented via suitable cuts in a coupled-channels treatment.
To account for the present uncertainty in the identification of
an irreducible two-body HQ potential we will show numerical
results for both F and U as driving kernel in the 7-matrix
equation. More precisely, we utilize the subtracted quantity

V.r;T) = Xo(r, T) — X(r — 00, T), X=ForU (11

to ensure convergence of the Fourier transform. These choices
are believed to bracket the range of interaction strength in the
HQ sector.

In addition to the potential, another important ingredient
to the two-body scattering equation are the in-medium self-
energies of the heavy quark and antiquark, which we treat
symmetrically as appropriate for a hot medium at vanishing
baryon chemical potential. Starting from a bare quark of mass
mOQ , we interpret the potential value at infinite distance, X (r —
oo, T) in Eq. (11), as a temperature-dependent “mean-field”
contribution to the HQ masses, i.e., as a real part of the self-
energy,

mg=my+EHT), THT)=X(r — 00, T)/2. (12)

This interpretation follows from the picture that at infinite
distance the quarks have become independent of each other
which is supported by 1QCD results as discussed above. In
addition, we will investigate the effects of imaginary parts of
the HQ self-energy,

FQ =-2 ImEQ, (13)

associated with HQ rescattering in the heat bath. This quantity
has been estimated to be about ~0.2 GeV in the T-matrix
calculations of Ref. [6].

Let us now turn to the fit of the potentials to recent 1QCD
data for the color-average free energy. To obtain an indication
of the systematic uncertainty underlying different IQCD inputs
we will carry out all our calculations for Ny =2 4 1-flavor
QCD[12,39,40] and for Ny = 3-flavor QCD [13,41] (the latter
input has been used in the color-singlet channel in a previous
T-matrix study [7]), which we refer to in the following as
potentials 1 and 2, respectively. The underlying (pseudo-)
critical temperatures in these 1QCD calculations have been
quoted as T, = 196 MeV (potential 1) and 190 MeV (potential
2). Figure 1 shows the pertinent color-average free energies
together with our fits which have been performed down to
temperatures of ca. 0.8 7. (not all are shown in the plot). The
agreement with each data set is fair and supports the adequacy
of the underlying model. The temperature dependence of the
four fit parameters is displayed in Fig. 2. The variation of all
parameters between the two potentials is rather small. The
strong coupling constant, o(7), depends weakly on T. To
suppress fluctuations in an unconstrained fit, we have, for
simplicity, adopted a linear ansatz.* The screening masses
exhibit an appreciable increase with temperature reminiscent
of the linear T dependence one expects from leading-order
perturbation theory, m%eﬂ = (1+ N;/6)!/2gT. Compared to
the perturbative result, the coefficients in our fits are smaller
for the Coulomb part (mp) and larger for the “string” part
(mp), suggesting a stronger screening of the confining part
(which primarily acts at larger distances). We have tried
fits enforcing the condition mp = Aip but could not obtain
satisfactory accuracy without introducing unnaturally large
variations of the parameters. This might support the assertion
of differences in the screening process for the perturbative
and nonperturbative components of the free energy. On the
other hand, the variation of the glueball mass with T is
weak. Recalling the explicit relation to the dimension-2

“Without this constraint, the fits tend to generate what we believe
are artificially large variations in the parameters, mainly caused by
varying ranges in r as covered by the 1QCD data at different temper-
atures. This is particularly evident when fitting to the color-singlet
free energy and removing some of the small-distance points. As a
general guiding principle in the fits we tried to utilize redundancies
in parameter choices to obtain smooth variations with 7'.
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FIG. 2. (Color online) Temperature dependence of the parameters deduced from our fit to the color-average free energies from the two
1QCD calculations displayed in Fig. 1. (Left panel) Strong coupling constant «;; (right panel) screening masses of the color-Coulomb and

confining parts, and dimension-2 condensate “glueball mass,” m.

condensate [21]

2
m
=4aST~_Ga
mp

C, = gz )" (14)
we find that a constant of about C, ~ 0.8 GeV? above T,
(see left panel of Fig. 3) is well compatible with our fit, as
also found previously in Ref. [21] and in analyses of the
gluon propagator, three-gluon vertex or quark propagator (see
Ref. [22] and references therein). On the other hand, we
have verified that the 20% decrease of C,(T) across T, is
a robust feature within “reasonable” variations of the other
fit parameters; e.g., when imposing an overall T-independent
value for C,, we could not reproduce the 1QCD values of
F2 over the entire temperature range without “unnaturally”
large variations in the other fit parameters. It is tempting to
speculate that the 20% drop in C,(T') across T, is related to a
similar drop found in the magnetic-monopole density in SU(2)
gluodynamics in Ref. [25], where qualitative arguments have
been put forward that an Ai condensate could be connected
to the monopole density. The temperature window over which
the variation of C,(T) occurs basically conicides with where
rapid changes in the infinite-distance values Fi, and Uy, are
observed, cf. the right panel of Fig. 3. In the zero-temperature
limit, assuming that both screening masses go to zero, a
value of mg =~ 1 GeV is needed to reproduce the vacuum
string tension of /o = 0.465 GeV found in IQCD [39,41], in
connection with strong couplings of oy = 0.285 and 0.33 for

1.2 w
. | @ Ppotential 1 —— ]
F~3 Potential 2 -----
2 081} thYY————————
S
« 0.6 ]
S04l ]
0.2 ]
0 ‘ ‘
1 1.5 2
T[T

potentials 1 and 2, respectively. All of these values are close
to the fitted ones at the lowest temperature.

In Fig. 4 we summarize the results for the vacuum potentials
in the four different color channels which can be formed in two-
body Q0 and Q Q systems [recall that in vacuum the entropy-
term vanishes and thus F, = U,; also F,, = F; from Eq. (6)].
The color blindness of the string term produces a long-range
attraction in all channels (which will support colored bound
states in vacuum as discussed in Sec. IV A). The potentials
emerging from the model-fit at finite 7" are collected in Fig. 5.
One clearly recognizes the “melting” of the string term with
increasing 7. The singlet (meson) and antitriplet (diquark)
potentials remain attractive at all distances. For the octet and
sextet potential some residual attraction from the string term
persist at lower temperatures (especially in U), preserving a
shallow dip structure for quark separations of around 0.1-
0.2 fm. This behavior has also be seen on the lattice [14] and
is obviously incompatible with a Casimir scaling of the string
term.

III. THERMODYNAMIC T MATRIX AND OBSERVABLES

A. Reduction scheme and relativistic corrections

The above constructed in-medium potentials are now
implemented into a thermodynamic 7 -matrix approach. The
latter follows from a three-dimensional (3D) reduction of

2 T T T
(b) Potential 1 / U ——
Potential2/U -----
= 194 Potential 1 /F -----
3 * Potential 2 / F -----e--
S,
H 1F
[T
3
2 05
12 14 16 18 2
T[T

FIG. 3. (Color online) Temperature dependence of the dimension-2 condensate C,, Eq. (14), (left panel) and of the infinite-distance limit
of the free and internal energies for the two 1QCD computations displayed in Fig. 1.
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FIG. 4. (Color online) Vac-
uum HQ potentials in different
color configurations of Q0 (sin-
glet and octet) and Q Q (triplet and
sextet) channels, extracted from
model-fits to color-average QQ
free energies in 1QCD for N, =
241 [12,39,40] (“potential 1,”
left panel) and for N, = 3 [13,41]
(“potential 2,” right panel).

r [fm]
the Bethe-Salpeter equation in ladder approximation [42—44]. the energy transfer relative to the three-momentum transfer.
Heavy-quark systems are particularly suitable for this re- Note that a 4D treatment cannot improve the accuracy as long

duction as their energy transfer is parametrically suppressed as the input is based on static potentials. However, relativistic
compared to the momentum transfer. Even for heavy-light  corrections, as well as different reduction schemes, should and
systems the on-shell condition on the heavy quark suppresses will be addressed below. The former are necessary to ensure

F, Uy(r) [GeV]
F, U (r) [GeV]

F, Us(r) [GeV]
F, Us(r) [GeV]

Fa Us(r) [GeV]
Fa Ua(r) [GeV]

av.

FIG. 5. (Color online) In-medium heavy-quark free and internal energies at various temperatures in color-singlet (long-dashed lines), -octet
(short-dashed lines), -anti-triplet (dash-dotted lines), -sextet (dotted lines), and -average (solid lines) channels, extracted from Ny = 2 + 1 (left

column) and Ny = 3 1QCD computations (right column).
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consistency for relativistic energies (and, in fact, establish
“minimal” Poincaré invariance of the potential approach [45];
see also Ref. [46]), while the latter give an indication of
uncertainties inherent in the static approximation. The 3D
integral equation for the 7" matrix can be further simplified
by applying a partial-wave decomposition which leads to the
following 1D equation,

T..(E;q', q)
2 o0
=Via(g' )+ = / dkk*Vyu(q' k)
0

X G(E; k) T o(Es k, @) {1 — nplw (k)] — nplwa(k)]},
(15)

for the T-matrix 7;, in a given color channel (a) and partial
wave (I); ng is the ﬁFermi-Dirac distribution, and ¢ = | |,
q' =|q’|, and k = |k | denote the relative three-momentum
moduli of the initial, final, and intermediate two-particle
state, respectively, and w; (k) = (m? + k*)!/? the single-quark
energies. Equation (15) encompasses both the heavy-light
(1 =0, 2 =¢q) and quarkonium (1,2 = Q) channels where
either particle can be a quark or an antiquark. The pre-
cise form of the two-particle propagator, G,, depends on
the reduction scheme [47,48], for which we will investigate
two well-established options, namely the Blancenbecler-Sugar
(BbS) [42] and the Thompson (Th) [43] scheme,

Thy . N m(q)
GIZ(E’CI) - E _ wq(q) — CL)Q(q) — Eq — EQ s
BbS . N\ _ 2m(q) (@(q) + w?9(q))
(i) = E? — [0(q) + w9(q) + Z4 + T’ (16)
(q)= ——a0
T (@) elq)

The main difference between both schemes is that the
dependence on the total energy, E, is quadratic for the BbS
propagator but linear for the Thompson version. The form of
the propagators in Egs. (16) further implies that both quarks
remain good quasiparticles in the medium, i.e., their widths
g4 are small compared to their mass. We use a minimal
width of I'y o =20 MeV to facilitate numerical stability,
unless otherwise stated. The incorporation of microscopic
quark spectral functions will be carried out in an upcoming
study. Once the potential is specified, the T-matrix equation
(15) is solved using the algorithm of Haftel and Tabakin [49]
as in previous works in our context [7,8].

It remains to specify how we implement the coordinate-
space potential as extracted from 1QCD in the previous section.
We start by performing the Fourier transform and partial-wave
expansion according to

d3r dx ’ [Gang

‘/IZ/S(Q/v q) = / Twpl(xq/q)VaC/S(r)el(q G
i'-a (17)

Xgig = 9 -4

99 = ==
Vig'l gl

with the usual Legendre polynomials P;. Since the string part
of the potential (V) is primarily active at long distances, i.e., at
low momenta and thus in the nonrelativistic regime, no further
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FIG. 6. One-gluon exchange diagram for quark-quark scattering;
in the center-of-mass system, the relative four-momentum in the
incoming (outgoing) state is g = (p — p2)/2 [¢' = (p} — p3)/2.

amendments are applied to it. However, for the Coulomb
part (VS), which dominates at small distances (and thus at
relatively large momentum transfers), several corrections are
in order. To infer relativistic effects, let us back up to the
definition of the relativistic Coulomb potential given by the
perturbative one-gluon exchange diagram in Fig. 6.

Suppressing the color structure, the Born amplitude (poten-
tial) is given by

aA‘ — /7 - /
Vo~ —— a(p) y" ulpa(py) yuu(pa) — (18)
‘(_Dz
Yukawa Spinor-contraction

where we have included a Debye mass as the leading
temperature correction in the gluon propagator. In addition
to the standard Yukawa propagator [which in the static
approximation amounts to setting t — —(g —¢’)* in the
center of mass system] we have a contribution from the
contraction of the spinors with the vertex. At the level of
the cross section (or amplitude squared) this part gives rise to
the following factor (with the normalization it u = 1),

l@(p}) y* u(pr) a(ph) v u(pa)l?

8[2(s — mi — m2Q)2 +2st+ t2]
- 16m2m2Q ' (19)
q

For large s = E? the terms proportional ¢ are subleading and
can be dropped so that we can reformulate this expression as

li@(p}) y* u(pr)a(py) v, u(p2)l*

2
CTE B M Y
- 16m‘21m2Q ms %2 ’

(20)

The factor in parenthesis is precisely the well-known Breit
interaction in electrodynamics, corresponding to a magnetic
current-current interaction of two moving charges [23,37,50],
while the first factor “corrects” for relativistic kinematics
(the extra factor 4 arises from the summation over spins and
has to be taken out in a spin-independent definition of the
potential). We therefore identify the following factors with
which the nonrelativistic (off-shell) potential, V (g, ¢’), should
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be augmented:

R(q', q) = m(g)""* m(qg)~"/? (21)
B(q', q) = b(g)'* b(g)'? (22)
qz
b =14+ —. 23
@ [%q(q)wg(q)} )

Note that B, R — 1 forq, g’ < mg 4. For the string term, for
which we assume a scalar interaction, the spinor contraction
leads to

4(4m7 —r1)(4my — t)'

(24)
2
16 mé my,

lia(q") u(q)a(p ) u(p)* =

Assuming again that we can drop the terms proportional ¢
(relative to m g 4), no relativistic correction factor is mandated
(this refines the procedure adopted in earlier works [7,8]).

To check the impact of our corrections we compute the
cross sections for one-gluon exchange (Fig. 6) for quark-quark
scattering using the Coulomb term in Born approximation
including our correction factors,

do 1 2 mmj

_ 2 , .
dQ ~ 64xs 36 02 %:ITM, Tra = Vi,

(25)

and compare it to the exact perturbative QCD (pQCD) results
in the left panel of Fig. 7. One finds that the relativistic correc-
tion factors B and R are essential to establish consistency with
pQCD at high energies; even at low energies, the agreement
is no worse than 20%, which supports the approximation of
neglecting ¢ against s and m g 4 in the numerator of Eq. (19).
The factors R and B provide a substantial improvement
over not including them. Without the R factor, one obtains
vanishing cross sections at high energy (only half of the
correct magnitude without the Breit correction); even close
to threshold the discrepancy to pQCD is larger than with
the corrections. Also note that without the relativistic factors
the cross section goes to zero for m;, — 0, which becomes an
uncontrolled feature in applications to heavy-light scattering.
In the right panel of Fig. 7 we compare a pQCD calculation
assuming a scalar vertex structure to the 7-matrix Born results
with and without correction factors B and R. In this case,

0.8 : : ; ‘ ‘
pQCD —— (@)

0.7
non rel.
0.6 | with corr. ----- heavy-heavy |

05 |
04 |
03 |
02|
0.1 ™
0 " ................... "

G [ub]
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it is obviously mandated not to include these factors. As to
be expected, the nonrelativistic approximation leads to the
same result irrespective of whether one uses a vector or scalar
interaction.

Finally, we account for effects of the running coupling
constant in the off-shell extrapolation of the potential. For
on-shell kinematics, ¢ = ¢’, such effects are effectively taken
care of by our parametrization of the potential. For off-shell
scattering, we simulate the running coupling by introducing a
factor Fryn(g # q') < 1 as

AZ N2 AZ
Fun(q',q) =In [F}/ln [%] (26)

with A =1GeV and A = 0.2 GeV.
Putting all corrections together, the final form of the
potential figuring in the 7'-matrix equation (15) is

Vialq'.q) = R(q',q) B(q', ) Fun(@'. 9) V(@' @)
+ V3.4 ).

In vacuum the unscreened Coulomb potential exhibits a well-
known infrared singularity. We tame this by introducing a
small low-momentum cutoff; we have checked that varying
this cutoff has a very small effect on the vacuum spectral
functions.

27)

B. Quarkonium correlators and HQ diffusion

The key quantity for computing observables is the on-shell
T-matrix, 77 ,(E; q, q), where E = w1(q) + w1(gq) for both in-
and outgoing channels. Following Ref. [7], the continuation
below the two-particle threshold, Ew, = m + m», is carried
out for vanishing three-momentum, 7; ,(E; 0, 0). The mesonic
spectral function in a given quantum-number channel o is
defined as

1
ou(E) = —;Imga(E), (28)
where G denotes the correlation function, for which we will
focus on the case of a heavy quark and antiquark (QQ) in
the color-singlet channel (¢ = 1) in a QGP of vanishing net

0.8 w : " ‘ :
07} pQCD —— (b)

non rel.
0.6 | with corr. heavy-heavy |

05 ¢
04 heavy-light
0.3 |
02|
0.1 |

0

o [ub]

FIG. 7. (Color online) (Left panel) Perturbative QCD cross section for quark-quark scattering via z-channel gluon exchange using a vector
interaction. The full pQCD result (solid line) is compared to the 7 -matrix result in Born approximation using (i) a nonrelativistic treatment of
the spinor structure (doted line) and (ii) the correction factors R and B. (Right panel) The same but for a scalar interaction. The heavy- and
light-quark masses are set to 1.7 and 0.4 GeV, respectively, and the strong coupling and Debye mass have been fixed at 0.3 and 0.67 GeV,

respectively.
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baryon charge (14,). It can be written as
Gu(E) = Go(E) + AG(E), 29)

where
GU(E) = iN/N, / Lk G BT = 2np (o]
« Qn)}
X Tt[Tq A+ (k) Ty A_(—K)] (30)

denotes the noninteracting contribution with the parti-
cle/antiparticle projectors

= wok)y' —k-y+m

2mg (3D
The Dirac matrices I'y € {1, y,,, ¥5, Y, ¥5} characterize the
scalar, vector, pseudoscalar, and pseudovector channels, re-
spectively (corresponding to .0, J/v¥, n., and . in the
charmonium sector). In the following we will neglect effects
due to spin-orbit and spin-spin (hyperfine) interactions which
is justified in the HQ limit. It implies degeneracy of the S-wave
(I = 0) states J/y and 7., as well as of the P-wave (I = 1)
Xc states (in the vacuum spectrum, this is realized within
~0.1 GeV). Thus, we will compute only the vector (I'y = y,,)
and scalar (I'y, = 1) channels. The interacting contribution to
the correlator in Eq. (29) is given in terms of the off-shell T
matrix as

N¢N,
AGu(E) = =L
b

/ kK Ga(E: k) (1 = 2nplwp()])

x [k k2 Gk 1 = 2mplo

x [ao(k, kK)To.o(E; k, k') +ai(k, k)T o(E; k, k).
(32)

The coefficients a; result from the traces over the spinor
structure. In line with the above approximation of neglecting
spin-induced interactions, we use a 1/m expansion for
these coefficients (which also leads to the degeneracy of
pseudoscalar-vector and scalar-axialvector). One has [7]

ap = 2 ay = 0 (33)
for § waves and
kk'
ap = 0 a) = —2—2 (34)
Mo

for P waves.

To test or quarkonium spectral functions against 1QCD
correlators, computed with good accuracy in Euclidean space-
time, we need to calculate the Euclidean-time correlator
defined as

Gu(t,T) = /dE o (E, T)K(z, E, T),

(35)
cosh[E (t — B/2)]
sinh[EB/2]

The use of a constant width in the two-particle propagator,
Egs. (16), implies a nonvanishing value for o,(E — 0). This
induces an artificial singularity in the Euclidean correlator
since the temperature kernel, C, diverges in the zero-energy

K(t,E,T) =
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limit. This is an artifact of the quasiparticle approximation
that can in principle be cured by employing a microscopic
calculation of the single-particle self-energies leading to the
proper limit, o, (E — 0) — E, for the retarded meson spectral
function. We defer this study to future work and evade the
singularity problem by imposing a cutoff below which we set
the imaginary part of the propagator to zero, E.,; = 2(8) GeV
for charmonia (bottomonia). Note that these cutoff values are
far away (by several factors of the quasiparticle width) from
bound-state location. Thus, there is very little sensitivity to our
correlator results when decreasing E by up to a factor of 2.
An additional subtlety in the comparison of model spectral
functions to 1QCD Euclidean correlators [51-53] is the pres-
ence of so-called zero-mode (ZM) contributions. These may
be pictured as changing the time direction of a HQ line and thus
represent HQ scattering processes, including Landau damping
(rather than Q Q propagation). It turns out that the pseudoscalar
quarkonium channel does not pick up the ZM contribution. To
avoid extra uncertainties due to the latter, we therefore restrict
our comparisons to Euclidean 1QCD correlators to this channel
[recall that within our approximations the S-wave pseudoscalar
(n¢) and vector (J/yr) channels are degenerate]. A common
way to display the Euclidean correlator at a given temperature
uses a normalization to a so-called reconstructed correlator,
which uses a baseline spectral function (e.g., the vacuum one)
with the Kernel /C at the same temperature as in numerator,

[dEo0y(E, T)K(x, E. T)
deOa(E’ Tee) K(t, E, T)

R.(t;T) = (36)

The idea underlying this ratio is to exhibit the temperature
effects on the in-medium spectral function, o, (E, T') relative to
a baseline spectral function, o, (E, i), and thus to reduce the
effects of systematic uncertainties (e.g., discretization effects
in IQCD which distort the high-energy part of the spectral
functions). As pointed out in Ref. [7] the spectral function
used in the reconstructed correlator can have significant impact
on the normalization and shape of R,(t; T). Here, we always
use our calculated vacuum spectral function as baseline, i.e.,
Tiec = 0.

Let us finally elaborate on the diffusion properties of a
single heavy (anti-) quark which we evaluate in terms of the
heavy-light quark 7" matrix. As discussed in the previous
paragraph, the zero-energy limit of the quarkonium spectral
function in the vector channel can be related to (large-
wavelength) HQ transport [51-53]. In principle, this can be
used to extract the HQ diffusion constant (at vanishing HQ mo-
mentum). However, the 3D reduction underlying the 7-matrix
approach eliminates the contributions from antiparticles which
are needed to exploit this connection, since the zero-mode
contribution involves reversing a quark (or antiquark) line in
the quarkonium correlator into its antiparticle line. At the same
time, this operation identifies the transport contribution as a
scattering process of a single heavy quark. Here, we compute
this process explicitly (and for arbitray HQ momentum) using
the same interaction kernel as in the quarkonium channel by
substituting one of the heavy quarks by a light quark (note
that the static approximation remains valid for an in- and
outgoing on-shell heavy quark). Following Ref. [54], one may
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approximate the Boltzmann equation for the HQ distribution
function in the QGP by a Fokker-Planck equation and extract
the pertinent thermal relaxation rate (inverse relaxation time)
as

ve = 1/70 = lim A(p) (37)
17*)

with the friction coefficient

AGG) = : / L / q
16 27)° wo(p) J wq(q) ! wy(q’)

X/ d3p/ (27.[)4
CUQ(P’) dc

X(l_p,;,f)‘ (38)

The invariant amplitude squared, which is summed over color,
angular momentum, spin, and light-flavor degrees of freedom
(and averaged over the d. = 6 initial spin-color states of a
heavy quark), is calculated in terms of S and P waves on-shell
T matrices as

64 2 2
Z|M|2 = s—z(s —mg—}—mi}) (s—sz—i—m;)

X Ny Y da(|Tu o) + 31Ta1(5) cOSOcm)),

Y IMPsYg+p—q —p)

(39)
where’

T,.i(s) = m(pem)'? Toi(E, pem., Pem) M(Pem)'’?  (40)

with center-of-mass (c.m.) energy and momentum
E = \/E = CUq(pc.m.) + U)Q(pc.m.)
1 2
4 2
Pem. = 5% \/mQ + (mﬁ —s5) = 2mQ(m31 +5).
The color degeneracy factors are given by
dy=1 d3=3, ds=6,

In Eq. (38), the distribution functions, ng, include up (u),
down (d), and strange (s) quarks in the thermal heat bath
with incoming (outgoing) three-momentum, ¢ (g'). The in-
and outgoing HQ three-momenta are p and p’. As an exten-
sion to previous work [6,56] we here distinguish explicitly
between light- and strange-quark contributions (instead of
using light quarks with an effective degeneracy of Ny = 2.5).
In accordance with HQ spin symmetry (as adopted in the
quarkonium sector) we assume degeneracy of S waves (e.g.,
pseudoscalar D and vector D* mesons) and of P waves
(e.g., scalar Dy and axialvector D; mesons). In our numerical
calculations below we also evaluate the contributions from
HQ scattering off gluons. In this case, a potential picture is
less straightforward. Therefore, as in previous work [6,56], we
account for elastic HQ-gluon scattering via the leading order
perturbative diagrams (including a Debye screening mass)
with a rather large coupling constant of «; = 0.4.

ds = 8. (41)

SDue to the slightly different definition of the relativistic factors in
our 7" matrix compared to Ref. [6] the connection to the cross section
is modified [55].
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C. Summary of parameter fixing

Before we turn to the discussion of our numerical results for
HQ and quarkonium properties in the QGP, we here summarize
the parameters figuring into the calculations, how they are
fixed, and what the main corresponding uncertainties are.

1. Interaction potential

The four parameters characterizing the strength [o(T),
mZG(T)] and screening [m p(T), fii p(T)] of the color-Coulomb
and string potential, respectively, are fit at each temperature
to 1QCD computations of the color-average Q O free energy.
Uncertainties in these parameters are estimated by using two
different 1QCD computations of this quantity, namely for 2+1
[12,39,40] and three-flavor QCD [13,41]. The uncertainties in
the concpetual extraction of a Q Q potential are estimated by
using either the free or internal energy for both cases, believed
to bracket the magnitude of possible interaction strengths.

2. Heavy-quark self-energy

The real part of the single HQ self-energy in medium is
identified with (half of) the long-distance limit of the extracted
potential, Re X,(T) = X(r — oo, T)/2, and assumed to
be momentum independent. For the imaginary part of the
single HQ self-energy, our default is the “narrow-width limit”
withIm Xy 5(T) = =Ty /2 = —0.01 GeV, translating into
a quarkonium bound-state width of I'p5 = 0.04 GeV, for
numerical and plotting purposes. To illustrate the uncertainty in
the width, we also perform calculations with a (constant) large
HQ width of 'y 5 = 0.1 GeV, which affects quarkonium cor-
relator ratios and HQ diffusion coefficients by less than 10%.
However, the “apparent” quarkonium melting temperatures as
estimated from the disappearance of the peak in the spectral
function are affected significantly (e.g., reduced by ca. 20%
for ground-state charmonium).

3. Quark masses

In addition to the self-energy of the heavy quark its
temperature-independent bare mass has to be fixed, cf. Table .
This is done by requiring that, for each potential separately, the
charmonium and bottomonium ground-state mass in vacuum
result at their empirical value (more precisely, at the average
ne-J /¥ and Y-n, mass since we neglect hyperfine splitting
in this work). In addition, for the calculation of the heavy-
light T matrix, the light quark mass has to be fixed. In
the vacuum, we merely check whether the use of typical
constituent quark masses for u, d (m,, = 0.4 GeV) and
s quarks (m; = 0.55 GeV), believed to arise from chiral
symmetry breaking, lead to reasonable values for ground-state
D, D; and B, B; masses. In the QGP, we adopt thermal
parton masses proportional to g7 such that the corresponding
quasiparticle equation-of-state of the QGP is in line with the
ca. 10% reduction relative to the massless gas as found in
1QCD [57]. The same g is used to compute the gluon scattering
contribution to HQ diffusion in leading-order pQCD. As
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TABLEI Dependence of the bare HQ masses on the 3D reduction
scheme and underlying lattice potential when adjusting the ground-
state quarkonium mass to the average experimental value. Also quoted
are the effective light- and strange-quark masses which have been
adjusted to the average heavy-light meson ground-state mass.

BbS scheme Th scheme

Potential 1 mg 1.355 GeV 1.264 GeV
m?, 4.712 GeV 4.662 GeV

Potential 2 m? 1.402 GeV 1.293 GeV
m,O, 4.768 GeV 4,700 GeV

my = 0.4 GeV, m; = 0.55 GeV

noted in Ref. [6] the values of the light-parton masses and
widths have very little impact on the HQ diffusion coefficient,
while the gluon contribution as calculated here is subleading
compared to the heavy-light 7" matrix. Thus our results for
the HQ diffusion coefficient are rather insensitive to the QGP
quasiparticle properties and the value used for g. They are
much more sensitive to whether the internal or free energy is
being used as interaction kernel.

4. Numerical parameters

Finally, there are three parameters of an essentially numer-
ical nature: the energy cutoff, Ey, in the evaluation for the
Euclidean correlatros, Eq. (36), and the parameters A and A
in the off-shell extension of the running coupling constant,
Eq. (26). We have verified that factor-2 variations in these
parameters have negligible impact on our results.

We believe that, with the model input and pertinent parame-
ters fixed as sketched above, and with constraints from 1QCD,
the pQCD limit and vacuum spectroscopy, the in-medium
T-matrix approach allows to establish useful connections
between quarkonium properties and HQ transport in the QGP.

IV. SPECTRAL FUNCTIONS, CORRELATORS,
AND RELAXATION TIMES

In this section we first fix the bare heavy-quark masses—
as well as light- and strange-quark masses—and check the
resulting spectral functions against vacuum spectra of hidden
and open heavy-flavor mesons (Sec. IV A). We then discuss our
numerical results for quarkonium spectral functions and perti-
nent Euclidean correlators with emphasis on the uncertainties
originating from the choice of potential and reduction scheme
(Sec. IV B). Finally, we apply our formalism to evaluate HQ
thermalization times and diffusion coefficients (Sec. IV C).

A. Vacuum spectroscopy and quark masses

Let us first focus on the vacuum spectra of charmonia
and bottomonia to determine the bare masses of charm (c)
and bottom (b), m?_b, which figure into the expression for
the effective mass, Eq. (12). We do this by requiring the
S-wave charmonium (bottomonium) ground state to occur at
the average mass of n. and J/¢ at ~3.04 GeV, and at the
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T(1S) mass of ~9.46 GeV (we neglect hyperfine splittings);
see Fig. 8. Since the entropy term in the HQ free energy
vanishes in the vacuum there is no difference between the
free and internal energy. The resulting bare-quark masses
are compiled in Table I for the two different potentials and
reduction schemes. They generally fall into the range expected
from the bare masses quoted by the particle data group [58]
and are also consistent with previous T -matrix calculations [7].
The spread (in particular the relative one) is somewhat larger
in the charm sector (ca. 140 MeV) than in the bottom sector
(ca. 100 MeV), in line with the expectation that the 3D
reduction becomes more reliable with increasing mass. The
mass gap between the ground and first excited charmonium
state varies rather little between the two potentials within a
given reduction scheme, émy = 0.65-0.68 GeV (BbS) and
0.54-0.56 GeV (Th). Compared to the experimental value
of my: —my;y = 0.59 GeV, the Thompson scheme seems to
be doing slightly better (the bare masses in the BbS scheme
tend to be slightly high). The situation is opposite for the
pseudoscalar mass splitting between 7. and 7.(2S), where
the BbS scheme does slightly better (however, the effects of
the hyperfine splitting are expected to be larger in the
pseudoscalar than in the vector case). The Th scheme appears
to perform somewhat better again for the . states, for which
the BbS scheme overpredicts the spin-averaged mass by up
to 0.1 GeV. From these observations we deduce an overall
uncertainty of our 7-matrix approach of 50-100 MeV in the
charmonium sector, comparable to corrections one expects
from hyperfine splittings.

In the bottomonium sector (lower panels in Fig. 8), the
mass gaps between the ground state Y and the first exited
state, as well as between the first and second exited states,
are reproduced within 30 MeV (BbS) and 70 MeV (Th). The
differences in the potentials have again only minor impact. A
similar trend is found for the spin-averaged masses of the y,
states: using the BbS scheme our results tend to be higher in
mass (especially for potential 2) compared to the experimental
values for m,,, and m,,,, while for the Th scheme we typically
obtain results 30 MeV below experiment. In addition, for both
reduction schemes and potentials, we obtain a x,(3S) state
right at the continuum threshold. Since there is no experimental
evidence for this state, this could again be indicative for
some overbinding. Recall, however, that we do not account
for residual B-B interactions in our single-channel treatment,
which could have a significant impact on the spectral function
especially close to threshold. As to be expected, the difference
in the Coulomb term of the two vacuum potentials (different
o but equal string tension) induces larger deviations for the
more deeply bound bottomonia, while the sensitivity to the
reduction scheme (static approximation) is reduced. Overall,
the accuracy of the predictions of our 7-matrix approach is at
the 10% level of the 15-2S mass splittings. This is of the same
order (or even below) the observed hyperfine splittings. This
seems reasonable given that we have neglected both spin-spin
and spin-orbit interactions at the quark level, as well as residual
mesonic interactions in DD and B B channels.

Finally, the values of light- and strange-quark mass have
to be fixed. Since the physics of their effective vacuum
masses differs from than in the HQ sector (spontaneous chiral
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FIG. 8. (Color online) Quarkonium spectroscopy in vacuum for S-

(lower panels).

symmetry breaking vs. string breaking), we directly adjust the
constituent masses. With m,; = 0.4 GeV we obtain a S-wave
D-meson mass of 2.01(2.02) GeV in the Th (BbS) scheme
which coincides with the experimental value for the D* meson
(but is larger than the average D-D* mass by ca. 60-70 MeV),
see Fig. 9. It turns out that both smaller and larger m, lead to a
larger D-meson mass: in the former case the increase in kinetic
energy dominates, while in the latter case the increase in mass
is more important. The result for the D-meson mass is roughly
consistent with the string-breaking scale in the HQ potential,
in the sense that the D D threshold (=twice the D-meson mass)
approximately coincides with twice the separation energy of
the Q Q pair plus their bare masses,

2mp =~ V(rsg) +2m° = 2m,. (42)
In this interpretation, the binding energy of the heavy-light
system should coincide with the constituent light-quark mass.
This is roughly satisfied in the charm sector (mp is ~3-10%
larger than m.) while the agreement improves in the bottom
sector. Interesting effects are found in the nonsinglet color
channels (which will figure into our calculations of HQ
transport in Sec. IV C below); cf. Fig. 9. In the color-antitriplet
diquark channel, where the Coulomb term brings in half of the
attraction as in the mesonic (color-singlet) channel, a bound
state is observed at about m o, >~ 2.1 £ 0.05 GeV, correspond-
ing to a binding energy of ca. 0.15 GeV. To construct a charmed
baryon, one may imagine to add another light quark with an
estimated binding of ~0.25 GeV, in analogy to the D meson.
The resulting baryon mass would amount to ~2.25 GeV, not far
from the empirical A, mass of 2.29 GeV. The color-Coulomb
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and P-wave charmonia (upper panels) and S- and P-wave bottomonia

is repulsive in the sextet and octet channels, implying that the
states at around ~2.2 GeV are entirely due to the confining
force. It is tempting to speculate that the binding of an octet
and antioctet (or sextet and antisextet), with a binding energy
comparable to the ground-state charmonium, ~0.6 GeV, could
be a relevant configuration underlying the recently discovered
X, Y, and Z states in the 3.8—4.5 GeV mass region. The small
widths of these states would be naturally explained due to
their predominantly color nonsinglet building blocks; see also
Refs. [59-61]. If this picture is correct, one predicts further
regimes of rich spectroscopy for narrow “exotic” four-quark
states around masses of 6 GeV (2c2¢), 10 GeV (bbq§, 2b27,
2b2q), and 20 GeV (2b2b).

The empirical heavy-strange mesons, D, and D}, are ca.
100 MeV heavier than the nonstrange states (D and D*). We
can reproduce this splitting by choosing a constituent strange-
quark mass of m; = 0.55 GeV, consistent with typical values
in constituent quark models. Other properties of the cs states
are quite similar to our findings for the cq states and will not
be reiterated here. This also applies to the open-bottom bg and
bs states.

B. Quarkonium spectral and correlation functions
in the quark-gluon plasma

With all parameters fixed and in-medium potentials de-
termined we now proceed to compute the spectral functions
of heavy quarkonia in the QGP. These can be tested by
comparing the pertinent Euclidean correlator ratios, Eq. (36),
to computations of this quantity on the lattice. Recent results
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FIG. 9. (Color online) Imaginary part of the charm-light 7-matrix in the vacuum using m, = 0.4 GeV. We show the color singlet Qg
(upper left plot), antitriplet Qg (upper right plot), octet Qg (lower left plot), and sextet Qg (lower right plot) channels.

by Jakovic et al. [62] in quenched QCD and by Aarts
et al. [63] for Ny =2 show small variations of about 10%
of the correlator ratios for charmonia up to temperatures of
about 2 7., and even less for bottomonia. Such a behavior
could be semiquantitatively reproduced in several potential
model approaches [7,16,17,64]. However, no systematic as-
sessment of relativistic corrections has been performed in these
works.

We limit our in-medium investigations to the temperature
regime T > 1.2T,; closer to T, the infnite-distance limit
of the internal energy, U, (T), exhibits a rapid increase
which is presumably associated with the onset of phase-
transition dynamics. We do not expect pertinent effects to
be properly accounted for in our current single-channel (Q Q)
implementation of the 7" matrix (e.g., close to a second-order
phase transition, long-range many-body correlations become
important, as well as new degrees of freedom such as DD
channels, which are not included here). We also recall that at
this point we do not include hyperfine (spin-spin) interactions,
energy-momentum dependencies of the HQ self-energies, nor
additional coupled channels (e.g., singlet-to-octet transitions
involving an extra gluon from the heat bath [9]). Therefore,
we believe that quantitative comparisons beyond the 10%
acccuracy level referred to above are not yet warranted but
will be conducted in future work once (some of) the neglected
effects are accounted for.

In the following, we divide the presentation into the
charmonium (Sec. IVB1) and bottomonium (Sec. IV B2)
sectors, followed by a combined evaluation (Sec. IV B3).

1. Charmonium

We begin our in-medium analysis for the S- and P-wave
channels in the charmonium sector using a small “numerical
width” of 20 MeV for the ¢ and ¢ quarks (recall the degeneracy
of pseudoscalar-vector as well as of scalar-axialvector states).
Contrary to the vacuum, we now distinguish two scenarios
depending on whether the free (F) or internal (U) energy is
identified as the static finite-temperature potential. The results
are compiled in Figs. 10 and 11 for U and in Figs. 12 and 13
for F as potential.

Let us first focus on the former case, V(r;T) =U(r;T) —
Ux(T). At the level of the in-medium spectral functions both
1QCD inputs and reduction schemes share a number of generic
trends, all of which were already present in the 7-matrix
calculations of Ref. [7]. The S-wave ground state (1., J/v¢)
survives as a bound state up to temperatures of about 2-2.5
T, around which it merges into the cc continuum. But even
at temperatures as low as 1.2 T, the medium effects in the
potential induce a reduction of the binding energy, Ep =
2m. — my by about a factor of ~2, to Ep >~ 0.3-0.4 GeV
compared to 0.6-0.8 GeV in the vacuum (for Th and BbS,
respectively). The effective quark mass at this temperature is
approximately the same as in vacuum, causing a net increase
in the mass of the S-wave ground state to my(1.27;,) >~
3.3-3.4 GeV. For higher temperatures, the binding further
decreases but this effect is overcompensated by a reduction
in the effective charm-quark mass [i.e., in Uxo(7T)/2], so the
mass of the state actually decreases. Along with the decrease
in binding goes a reduction in the strength of the state
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FIG. 10. (Color online) Charmonium spectral functions and Euclidean correlators in the pseudoscalar (S-wave) channel at various
temperatures using the internal energy (U) as potential. Results for two reduction schemes and two different potentials are compared.

to 30—40% from one for temperatures of 1.2-2 T,. This is too
large compared to the 10—15% reduction that has been found
in 1QCD computations [62,63,65]. However, employing the
Thompson scheme, the correlator ratios are within 15% from
1, which is better in line with IQCD. The technical reason
for the difference in the correlator ratios between BbS and

(=peak height of the spectral function at fixed width). The
rather subtle differences in the spectral functions become more
apparent in the Euclidean correlator ratios, especially between
the two reduction schemes (within a given reduction scheme,
the two different potentials lead to small variations also for the
correlator ratios). For the BbS scheme, the ratios deviate by up
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FIG. 11. (Color online) Charmonium spectral functions in the scalar (P-wave) channel at various temperatures using the internal energy
(U) as potential. Results for two reduction schemes and two different potentials are compared.

Thompson scheme can be traced back to the larger binding that
the BbS scheme generates already in the vacuum. This requires
relatively large bare charm-quark masses (recall Table I) which
in the medium ultimately lead to too large a ground-state
mass (or continuum threshold) when the latter approaches its
dissolution [note that in the BbS scheme the J /v (or 1) mass
at 2 T, is still significantly above its vacuum mass, while in the
Th scheme it has dropped below the vacuum value]. For the
ground-state P-wave state (x.) we also find that, right above
T,, it is heavier than in vacuum due to the decrease in binding.
However, due to its relatively the small binding energy (in
vacuum Ep ~ 0.22-0.25 GeV and 0.3-0.35 GeV in the Th
and BbS scheme, respectively) it dissolves just above ~1.2 T,
where it merges into the c¢ continuum.

Next we discuss the in-medium charmonium results when
using F as potential, V(r;T) = F(r;T) — Foo(T), summa-
rized in Figs. 12 and 13. Compared to the use of U, the
in-medium binding is appreciably reduced (recall Fig. 5).
For example, the binding energy of the S-wave ground state
at 1.2 T, is reduced by about one order of magnitude, and
the state dissolves shortly thereafter, at ~1.3 T, (Fig. 12).
The P-wave states have disappeared already just above 7. At
the same time the value of the potential at infinity provides a
smaller self-energy correction (see Fig. 3), leading to a smaller
effective quark mass and, consequently, a lowered continuum
threshold compared to using U. This, in particular, entails no
or only a small rise in the in-medium mass of the J /vy above
T,. For the BbS scheme the drop in effective mass and the
reduction in binding nearly compensate each other, leading

to a stable J/¢ mass until dissolution. For the Th scheme
the smaller bare-quark mass even leads to a net decrease of
the in-medium J /v mass. The Euclidean correlator ratios are
again very similar for the different potentials but exhibit a
significantly different r dependence for the two reduction
schemes. For the BbS scheme the deviation relative to the
vacuum correlator is up to ~50% while for the Th scheme it is
no more than 10%. However, for both schemes the temperature
evolution is remarkably stable, with variations of no more
than 15% even in the BbS scheme. Thus the rather large
overall deviation originates from the reconstructed (vacuum)
correlator, where the problem can be traced back to the large
bare-quark mass which is required in this scheme due to the
large vacuum binding energy.

To further map out uncertainties we consider the influence
of a quark width on the correlator ratios. In Refs. [6,8] it
has been found that the charm-quark width above 7, may be
as large as 0.2 GeV. We injected into Eqgs. (16) a value of
I'gp = 0.1 GeV for the HQ width and plot the results, using
U as potential, in Fig. 14. As an immediate consequence,
the J/W width turns out to be about twice the single-quark
quark width, as to be expected. The “dissociation” temperature
(loosely defined as the temperature where the peak height
is reduced to less than twice the height of the continuum)
decreases significantly compared to the narrow-width approx-
imation, to about 1.7 T.: the broadening of the resonance
structure simply accelerates the merging with the contin-
uum part. The peak positions (masses) of the narrow-width
calculation are basically preserved. The correlator ratios are
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FIG. 12. (Color online) Same as in Fig. 10 but using the free energy (F') as potential.

increased compared to the calculation with small quark widths.
The magnitude of the effect is relatively small for the Th

scheme where the spread

was already small before. For the BbS

scheme the increase is more significant: the up to 40% spread
in the narrow-width calculation is reduced to within 30%.
Similar systematics are also found when using F as potential.

2. Bottomonium

In analogy to the charmonium calculations we supply a
small “numerical width” of 20 MeV for the b and b quarks.
The in-medium bottomonium spectral functions and correlator
ratios are compiled in Figs. 15 and 16 for U and in Figs. 17

and 18 for F as potential.
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FIG. 13. (Color online) Same as in Fig. 11 but using the free energy (F') as potential.

For the U potential, similar to charmonium, the reduction in
binding combined with a large effective quark mass (similar as
in vacuum) leads to an increase in the mass of all bottomonium
states right above T7,. Within the BbS scheme the mass
of the lowest Y bound state varies by less than 100 MeV over
the considered temperature range of 1.2-2 T,: the lowering of
the bb threshold and the loss in binding nearly compensate.
Buteven at 2 T, a well-defined Y'(15) bound state persists. The
T(2S) survives up to a temperature of about 1.7 7, and shows a
much larger variation in mass (about 0.5 GeV) while the Y (3.5)
basically dissolves at 7. In the Th scheme we observe a similar
pattern. For the Euclidean correlator ratios the calculations
within the BbS scheme deviate from one by 20-25%, more
than seen on the lattice. However, the relative temperature
variations are smaller, ca. 10-15%. In the Th scheme the
temperature variations are further reduced to less than 10%,
and also the deviations from one are smaller, which is better in
line with the essentially constant IQCD correlator ratios close
to 1. Further stabilization of our results is conceivable with
more realistic in-medium widths and/or improvements in the
connection between vacuum and in-medium potentials. For
the P-wave y; states the ground state melts at about 1.7 T,
while the first excited state dissolves at about 1.2 7.

When using F as potential the reduction in binding is
again more pronounced, with a dissolution of all excited
S-wave Y’s and all y, states right at 7. Only the Y ground
state survives until somewhat above 2 7,. Compared to the
calculation with U as potential the strength of the state at
2 T. is reduced by a factor of ~3, indicating the lower binding,
while its mass is about 200 MeV smaller (the loss in HQ
mass overcompensates the loss in binding energy). Also here

the temperature dependence of the ground-state mass is rather
stable. As before, the Euclidean-correlator ratios are rather
sensitive to the interplay of HQ mass, quarkonium binding,
and the “pole strength” of the states. The BbS scheme again
shows appreciable deviations from one for both potentials, up
to 40%, while for the Th scheme these are 10-15%. However,
the spread in the temperature dependence is less than 10% for
both reduction schemes and lattice inputs. We have verified
that the inclusion of larger HQ widths has effects similar as in
the charmonium case, increasing the correlator ratios by up to
0.1 units at large t.

3. Discussion of quarkonium results

Let us try to summarize and evaluate the findings in
the quarkonium sector. Within the Th scheme, all S-wave
correlator ratios (for both 1QCD inputs, for U and F, as
well as for charmonium and bottomonium) are within ca.
15% of 1, for all temperatures between 1.2 and 2 T,. For a
given calculation (scenario) the relative deviations within this
temperature range are, in most cases, even smaller, suggesting
that the reconstructed correlators play a non-negligible role in
the absolute uncertainty (e.g., “residual” hadronic interactions
between D and D states in the continuum are not accounted
for in a single-channel T matrix as employed here). Within
the BbS scheme, we generally find larger deviations of the
correlator ratios from 1 (by up to ~50%); within a given sce-
nario, the temperature variations are significantly smaller, up
to 30% (or even less especially for the free energy). While this
may overestimate the uncertainty associated with the 4D—3D
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FIG. 14. (Color online) Same as in Fig. 10 but employing a single-quark width of 100 MeV.

reduction scheme (recall that the BbS scheme has a tendency beset with larger uncertainty). We have confirmed indications
for overbinding, even in vacuum, see also the discussion found in Ref. [7] that effects of a finite spectral width are
in Appendix A), it stipulates that the static approximation not negligible either, increasing correlator ratios at the 5-10%
(especially for charmonia) requires further scrutiny if one aims level. Our schematic implementation of the in-medium widths
at an absolute accuracy at the 10% level (applications based on has only scratched the surface of a full many-body calcu-
the (nonrelativistic) Schrodinger equation are expected to be lation utilizing microscopic single-quark spectral functions

035201-18



QUARKONIA AND HEAVY-QUARK RELAXATION TIMES IN . ..

PHYSICAL REVIEW C 82, 035201 (2010)

140 160
120 | g (@) 140 t () ]
100 Y, np g Potential 1 1 120 Potential 2
T gl 4 BbS-Scheme T 100 | BbS-Scheme
S 60! ' & 80
S £ o 60 °f
40 | 40 |
20 t 20t
0 0
9
1.3 1.3
12| (© | 12| () |
Potential 1 Potential 2
Ty BbS-Scheme Ty BbS-Scheme
A
e
09 1
0.8 r
0.7 ‘ : 0.7 ‘ ‘
0 0.2 0.4 0 0.2 0.4
T [fm] T [fm]
100 w 120 . :
i
80 Y, my Potential 1 © ] 1000 v, q, 2 Potential 2 M
o Th-scheme — 80} | Th-scheme
60 « .
> >
8 S 607 i
o 407 © 40} i
20 20 | I3
0 0
9 10.5 11 9
1.3 1.3
12 | O 12 "7
Potential 1 Potential 2
1y Th-scheme 11y Th-scheme
4 TSR e g pags TS
< 1 FE St e TF e e
0.9 | NS 0.9 TR
08 | 0.8 ’
0.7 : : 0.7 : :
0 0.2 0.4 0 0.2 0.4
T [fm] T [fm]
T=0T, —— T=1.2T, —---- T=1.35 Tg------
T=A5 Ty wooeen T=1.75Tg—— - T=2T,

FIG. 15. (Color online) Bottomonium spectral functions and Euclidean-correlator ratios, using U as potential, for the pseudoscalar channel
at various temperatures. We compare the BbS and Th schemes as well as the two different potentials.

in the T-matrix equation (see, e.g., Ref. [66] for a recent
perturbative calculation of the HQ spectral function in the
QGP).

Our analysis corroborates indications from earlier studies
[7,16,17,64] that there is currently no decisive discrimination
power between the different scenarios realized by the use of U

(“strong binding”) and F (“weak binding”). When employing
U the mechanism underlying a constant (or temperature-
stable) correlator ratio is rather involved, being a combination
of four components: On the one hand, the binding energies
close to (but above) T, are rather large (several 100 MeV),
together with a large pole strength (due to the steepness
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FIG. 16. (Color online) Bottomonium spectral functions using U as potential for the scalar channel at various temperatures using the BbS

(upper panels) and Th reduction schemes (lower panels).

of the U potential at intermediate distances). On the other
hand, the effective HQ mass, governed by Uy (T'), and thus the
0 O threshold energy, are also large (basically as in vacuum).
With increasing temperature, the binding and the pole strength
drop, as do the HQ mass and continuum threshold, thus
balancing the (low-energy) strength in the spectral function.
On the contrary, when employing F, the binding already
vanishes just above T, and the balance in the spectral function
on increasing 7T is between a further loss of strength in the
threshold state (cusp) and a reduction in the HQ threshold.
In particular, with the F potential one does not encounter
a regime above 7, with a large variation in binding energy.
However, going further down in temperature, such a regime
must inevitably occur when approaching the vacuum limit,
and similar “complications,” as in the U -potential calculations
above T, are to be expected. Thus, a sensitive test of whether
the F' potential can be consistent with IQCD correlators is in
the temperature regime where the largest variation in binding
occurs (which is apparently at or below T).

C. Heavy-quark diffusion in the quark-gluon plasma

Following the analysis of in-medium quarkonia we now
turn to evaluating heavy-flavor transport in the QGP. In the
vacuum we have found that the low-lying D-meson spectrum
is reasonably well reproduced, but also that shallow bound
states might occur in colored heavy-light two-body channels
(recall Fig. 9). The calculation of the heavy-light 7 matrix in
the QGP requires an additional input in terms of the in-medium

light quark masses [recall that the in-medium HQ self-energy is
determined by the infinite-distance of the free/internal energy
according to Eq. (12)]. Due to chiral symmetry restoration,
the vacuum constituent-quark mass is expected to approach
zero; however, the light quarks and gluons most likely acquire
(chirally symmetric) thermal masses. We approximate these
by adopting the functional form expected from perturbative
QCD [67],

1
ma(T) = \@ T, my(T) = Jm2y+mi(T)

(43)
myo=mgqo= O, mgo = 0.11GeV.

When implemented into a quasiparticle (QP) description of the
QGP this form allows to recover an energy density, egp, which
is roughly 10-20% below the perturbative value, independent
of temperature [68,69]. We fix the strong coupling in Eq. (43)
at g = 2.3, resulting in egp/esp == 0.83, consistent with recent
1QCD calculations [57] for T > 1.4T.. This value for g is also
compatible with our perturbative calculations for scattering off
thermal partons (o; =~ 0.4).

In Fig. 19 we compile in-medium charm-light 7" matrices
using U for potential-1 within the Th scheme, with an in-
medium single-quark width of 100 MeV (uncertainties due to
reduction scheme and potential are exhibited in the context of
the thermal relaxation rates below). In the medium the color-
sextet and -octet correlations fade rapidly due to screening of
the attractive string part of potential (recall Fig. 5). The meson
(color-singlet) and diquark (color antitriplet) channels feature
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FIG. 17. (Color online) Same as in Fig. 15 but using F as potential.

broad “Feshbach resonances” (i.e., resonances at threshold)
up to ~1.5 T,. Compared to previous 7-matrix results [6],
the diquark state is slightly more robust, due to the refined
(color-blind) treatment of the string term (e.g., the ratio of
peak heights for color antitriplet to color singlet at 1.2 T,
is about twice as large). For the charm-strange correlations
similar patterns are found.

Next we calculate HQ relaxation rates. The original sugges-
tion of nonperturbative effects in HQ diffusion has been put
forward in Ref. [56] using an effective resonance model where
the masses and coupling strengths were free parameters; within
reasonable ranges of these, a factor 2—4 shorter thermalization
times compared to pQCD were found. Subsequently, heavy-
light T-matrix calculations [6] were carried out to render
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FIG. 18. (Color online) Same as in Fig. 16 but using F' as potential.

the schematic estimates more quantitative (and to check for
the existence of D-meson resonances in the QGP), roughly
confirming the results of the resonance model if the U
potential is employed. Here, we elaborate for the first time a
quantitative connection to in-medium quarkonium properties.
With the potential and all other parameters determined our
relaxation rates, A(p), are predictions of the approach. They
are calculated utilizing Eq. (38) and displayed in Figs. 20
and 21 as a function of the HQ momentum for several
temperatures above 7. For completeness, we have added to
the T-matrix results the contribution from HQ scattering off
gluons using LO pQCD diagrams (including Debye screening)
with a coupling constant oy = 0.4. At the lowest temperature,
T =1.2 T,, we find y. = 0.14-0.2 fm~', where most of the
variation is due to the potential choice while the reduction
schemes agree within 10% for a given potential (pQCD
scattering off gluons contributes, ca. 0.025 fm~'). Thus, in
the scattering regime the dependence on the reduction scheme
is less pronounced than for bound states (see also Appendix A).
The relaxation rate increases to 0.25-0.33 fm~! at 2 T,
(again with most of the spread owing to the difference in
the potentials; pQCD scattering off gluons contributes, ca.
0.07 fm~"). The magnitude of the low-momentum relaxation
rates at T = 1.2 T, (2 T,) is a factor 4-5 (2.5-3.5) larger
than for a LO pQCD calculation for scattering off thermal
quarks, antiquarks, and gluons with oy = 0.4. They are slightly
larger than the previous T-matrix results of Ref. [6], where
Ye = 0.12-0.19 fm~! has been obtained over the temperature
range T = 1.1-1.8 T, for parametrizations of yet two other
(quenched [19,70] and Ny = 2 [37,71]) IQCD-based internal

energies. In the previous calculations [6] a constant charm-
quark mass of m, = 1.5 GeV was used while we here include
the in-medium self-energy from the infinite-distance limit of
the internal (or free) energy. When using U, m} is larger than
1.5 GeV up to temperatures of ca. 1.9 T, (potential-1 with
Th scheme, see Table I and right panel of Fig. 3). The extra
interaction strength in our present calculation compared to
Ref. [6] is mostly due to the color-blind treatment of the string
term, particularly in the diquark channel.

We emphasize that the in-medium HQ masses as used here
are mandatory to maintain consistency with the quarkonium
correlator ratios where they play a critical role in balancing
the changes in binding energy. Our investigations actually
show that the internal energy based on the quenched 1QCD
input from Refs. [19,70] leads to Euclidean correlator ratios
for quarkonia which exhibit a large temperature variation
(decrease with increasing 7') incompatible with 1QCD results,
i.e., well beyond the 30% error margin deduced in Sec. IV B 1.
The large temperature variation (screening) in the underlying
potential leads to a decrease of the thermalization rate with
temperature. This feature is not confirmed in the more
quantitative calculations presented here. However, the increase
with temperature of y, for our T-matrix (plus pQCD gluon
scattering) calculations is significantly slower than for the LO
pQCD calculations with temperature-dependent Debye mass:
for T = 1.2 — 2T, the former increase by a factor of ~1.7
(less for the T-matrix contribution alone) compared to a factor
of ~2.5 for LO pQCD only (light anti-/quarks and gluons).
Furthermore, in the 7-matrix calculations A(p) decreases
appreciably with increasing three-momentum while the LO
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FIG. 19. (Color online) Imaginary part of the in-medium on-shell 7 matrix for charm-light quark scattering in the color-singlet (upper left),
antitriplet (upper right), octet (lower left), and sextet (lower right) channels. In all cases IQCD potential-1 is used for U within the Thompson
scheme. Note the factor 100 difference in the y scales of the upper and lower panels.

pQCD results are almost constant. This is simply due to the fact
that with increasing three-momentum the charm quark is less
likely to excite a low-energy Feshbach resonance in collisions
with thermal quarks or antiquarks. At high three-momentum,
resummation effects in the 7 matrix cease and the relaxation
rates come closer to the LO pQCD results (recall the impor-
tance of the proper relativistic factors for this behavior). The
difference at high three-momentum is mostly due to the smaller
value of the screening mass of the Coulomb term in our IQCD
fit relative to the pQCD value, m%QCD =1+ N./6gT. As
in Ref. [6], the dominant contribution to the HQ relaxation
rate originates from the S-wave meson (color-singlet) and
diquark (color-triplet) channels, while the octet and sextet
channels are suppressed (even at 1.2 T,), as is immediately
inferred from the magnitudes of the corresponding 7 matrices
in Fig. 19. The P-wave channels contribute about 30% of the
S waves.

When using F instead of U as potential the low-momentum
charm-quark relaxation rate is reduced by approximately a
factor of ~2, but still larger by a factor of ~2 than the LO
pQCD results, cf. Fig. 21. Consequently, they come closer
to the LO pQCD results at high momentum, even though a
significant enhancement persists even at p = 5 GeV (mostly
due to the differences in screening mass as mentioned above).

To put our results in context with other approaches we
display in Fig. 22 (left panel) the temperature dependence of
the relaxation rate at zero momentum for different models.
Specifically, we compare our results for U and F to LO

pQCD, to earlier T-matrix calculations [6] and to estimates
from gravity-gauge duality (AdS/CFT) [72,73] (see also
Refs. [74,75] for LO calculations with running coupling). The
uncertainty bands associated with our 7-matrix calculations
are largely governed by the differences in the underlying IQCD
input. As discussed above, the results using U overlap with the
earlier T-matrix calculations (where also U has been used as
potential), especially when the latter would be calculated with
a color-blind string term. When using F the results are closer
to, but still significantly above, LO pQCD. The AdS/CFT rates
are markedly larger than any of the T-matrix rates, except for
extrapolations close to 7.

In the right panel of Fig. 22 we compile the temperature
dependence of the spatial diffusion coefficients,

T
meye '
for the above discussed approaches. We plot D; in units of the
thermal wavelength of the medium, 1/(27 T'), which renders
it suggestive for a connection to the widely discussed ratio of

viscosity to entropy density; e.g., in kinetic theory for a weakly
interacting gas one has the approximate relation

— 45
;s (45)
In the strongly coupled limit of the AdS/CFT correspondence,
one finds the same parametric dependence, albeit with a
different numerical coefficient [the conjectured lower bound
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FIG. 20. (Color online) Charm-quark relaxation rate as a function of three-momentum calculated in the 7-matrix approach using U as
potential, compared the LO pQCD with «; = 0.4. A perturbative gluon contribution has been added to the heavy-light 7-matrix rates.

of n/s = 1/4m corresponds to diffusion at the thermal wave-
length, D, >~ 1/(2x T)]. Besides the quantitative comparison
of the Dy values their 7 dependence is of particular interest.
It is constant for AdS/CFT [which has no scale other than
temperature; note that the HQ mass is effectively divided
out in Eq. (44)] and almost constant for LO pQCD and the
T-matrix approach with F as potential, decreasing by less
than 5% and up to 30%, respectively, for T =2 — 1.2 T,.
The variation is larger, ca. 50%, if U is used as potential.
The largest variation of more than 50% is found with the
quenched 1QCD input [19,70] for U in the previous 7 -matrix
calculations, but, as we indicated above, this 7 dependence
is incompatible with the small temperature variation in the
Euclidean quarkonium correlator ratios. Nevertheless, our
current, better constrained 7-matrix calculations support a
decreasing trend when approaching the “critical” temperature
from above, as typical for many substances at or in the vicinity
of a second-order transition.

In Figs. 23 and 24 we display the relaxation rates for bottom
quarks for the U and F potentials, respectively. The general
trends (and quantitative enhancements over LO pQCD) are
very similar to the charm case so that an analogous discussion
applies which we do not reiterate here.

V. SUMMARY AND CONCLUSIONS

We have set up a common framework to evaluate properties
of open and hidden heavy-flavor states in the QGP. A

thermodynamic 7'-matrix formalism for heavy quarkonia and
heavy-light quark interactions has been combined with input
potentials estimated from heavy-quark free energies computed
in lattice QCD. Compared to earlier calculations, we have
refined this link by utilizing a field-theoretic ansatz for an
effective in-medium gluon propagator. This enabled the fits
to be carried out at the level of the color-average free energy
while disentangling color-Coulomb and confining interactions
and thus gain insights into their medium modifications via
the temperature dependence of the associated fit parameters
(screening masses and coupling strengths). The T -matrix
calculations further allowed us to identify appropriate rela-
tivistic corrections to the static potential, including differences
between vector and scalar interactions for the color-Coulomb
and confining parts, respectively; e.g., a color-Breit correction
naturally emerges for the Coulomb term. The relativistic
corrections are crucial to establish quantitative consistency
for high-energy scattering between perturbative QCD and
the 7-matrix in the Born approximation. This connection
is a prerequisite for a simultaneous treatment of bound and
scattering states, which was one of the main objectives of our
work.

The bare masses of the charm and bottom quark have been
fixed to the (spin-averaged) mass of the quarkonium ground
states, n.-J/¢¥ and n,-Y, in vacuum. The resulting mass
splittings for the excited states agree with the experimental
values within ca. ==10%, which is smaller than the effects due to
hyperfine interactions which have been neglected in this work.
The largest source of uncertainty turned out to be the static
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FIG. 21. (Color online) Same as in Fig. 20 but using F as potential.

reduction scheme underlying the scattering equation, while the
two considered lattice potentials induced smaller variations.
We also verified that the vacuum D- and B-meson masses are
reasonably well recovered when using typical values for the
constituent light- and strange-quark mass. As a by-product,
we found that the scalar treatment of the confining force leads
to shallow bound states in the color-sextet and -octet channels
in vacuum, which might be relevant for a rather rich spec-
troscopy of narrow four-quark states as discussed in the recent
literature.
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04} e i T-matrix [6] - - - - - ]
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Our finite-temperature calculations have been carried out
within two scenarios of adopting an in-medium potential
from the lattice results, either the free (F) or internal (U)
energy. First, we calculated spectral functions and pertinent
Euclidean-correlator ratios for heavy quarkonia. We confirmed
the earlier found trend that for F charmonia dissolve rather
close to T, (Tgiss = 1.2 T,) while for U the J/vy may survive
up to 2-2.5 T,. However, both scenarios can lead to almost
constant correlator ratios and thus to agreement with lattice
QCD results for this quantity. The reason is a small in-medium
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FIG. 22. (Color online) Comparison of our results for charm-quark relaxation rates (left plot) using U and F potentials to previous 7'-matrix
calculations [6] and estimates from AdS/CFT [72,73]. The T-matrix rates have been augmented by perturbative scattering off thermal gluons.

The right panel shows the corresponding spatial diffusion constants.
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FIG. 23. (Color online) Bottom-quark relaxation rates as a function of three-momentum calculated in the 7 -matrix approach using U as
potential (plus perturbative scattering off thermal gluons) compared to LO pQCD.

HQ mass correction when using F, while it is larger for U. As
in the vacuum, we found significant variations due to the static
reduction scheme, reflected by deviations of up to ~40% in
the correlator ratios at a given temperature. However, within
a given reduction scheme, potential choice and lattice input,
the relative temperature variation of the correlator ratios is
usually much smaller. This suggests that future studies should
scrutinize not only corrections to the static approximation
but also the role of the reconstructed (vacuum) correlator
figuring into the denominator of the ratios, especially close
to threshold where hadronic (D D) correlations could become
important.

For heavy-flavor transport in the QGP, the use of U leads
to a factor of ~2 smaller thermalization times and (spatial)
diffusion constant compared to F. This is largely due to
“Feshbach”-type resonances in meson and diquark channels
up to 1.3-1.5 T, but nonperturbative rescattering strength
persists in the heavy-light 7 matrix for temperatures beyond
2 T.. Even when using F as potential, these effects lead
to up to a factor of 2 faster thermalization compared to
perturbative scattering. The uncertainty due to the reduction
scheme is smaller for heavy-quark transport coefficients than
for quarkonium correlator ratios. The screening effects in
the interaction generate a significant increase of the spatial
diffusion constant (in units of the thermal wavelength) with
temperature (especially for U), suggestive for a minimum
toward T.

Our analyses suggest that a thermodynamic 7 -matrix
approach can be used to establish quantitative relations

between quarkonium survival and heavy-quark transport in the
QGP. In particular, we have assessed uncertainties associated
with commonly applied static (potential) and nonrelativis-
tic approximations. While the latter are mandatory in the
scattering regime, the former turned out to be on the few-
tens-of-percentages level, which is relatively large for the
lattice correlator ratios but relatively small in the context
of current estimates for heavy-quark diffusion coefficients.
A pressing issue remains the uncertainty in the definition
of a finite-temperature potential, especially when based on
model-independent input from thermal lattice QCD.

Several directions for future investigations emerge from
our studies. As already mentioned, retardation effects and
the influence of virtual antiparticle contributions need to
be addressed, especially in the bound-state regime, e.g., by
replacing the 7T matrix by a Dyson-Schwinger formalism
at finite temperature. Such studies could also facilitate the
treatment of heavy-quark interactions with thermal gluons
beyond the perturbative level. A more microscopic treatment
of the heavy-quark width figuring into the two-particle
propagator of the scattering equation is desirable and in
principle straightforward. Additional finite-width effects arise
via inelastic interaction channels, which can be implemented
via coupled channels into the T-matrix equation. For ex-
ample, gluon radiation is expected to become important
for high-energy charm-quark scattering and/or quarkonium
dissolution, while DD or even magnetic charge-anticharge
states could improve the description around 7, and extend
it to temperatures below T,. Heavy-quark susceptibilities, or
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FIG. 24. (Color online) Same as in Fig. 23 but using F' as potential.

more generally correlators of charm quarks with conserved
charges (e.g., baryon or strangeness), which are computed with
good accuracy in thermal lattice QCD, can be calculated with
our T matrix. Here, the presence of broad resonances does
not necessarily imply large signals in such quantities. The
in-medium quarkonium and heavy-quark transport properties
should be implemented into comprehensive phenomenological
analyses of pertinent observables in heavy-ion collisions, e.g.,
via rate equations and/or Langevin simulations in a realistic
bulk medium evolution. This will provide quantitative tests
of the equilibrium results in current and future experiments
and thus advance our understanding of strongly coupled QCD

A [GeV]

FIG. 25. (Color online) Dependence of the vacuum J /W binding
energy on a momentum cutoff introduced in the 7-matrix integral in
Eq. (15).

matter at temperatures around and above T,. Work along some
of these lines has been initiated.
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APPENDIX A: DIFFERENCES IN THE
REDUCTION SCHEME

In this appendix we discuss differences between the BbS
and Th reduction schemes. For this purpose we concentrate on
the case of heavy quarkonium bound states. From Egs. (16) it
follows that the BbS and Th two-particle propagators differ as

4wo(k)

G™ME, k
E +2wo(k) 2(E, ©)

GBS(E k) = (Al)

due to a different treatment of the left-hand cut (virtual
antiparticle contributions). Both reduction schemes should
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FIG. 26. (Color online) Temperature dependence of the binding
energy (e€p) of the J/W (or n.) using U as potential, for various
combinations of reduction scheme and 1QCD input.

give very similar results for the T-matrix if

4wo(k)

Fo =% F2wok)

(A2)

This condition is rather well satisfied in the scattering region,
i.e., above the two-particle threshold, where the integral is
dominated by the pole (unitarity cut) of the propagator,
E —2wg(k) ~ 0, which implies E ~ 2w (k). However, in
the bound-state regime, i.e., below threshold, the situation
can differ. For example, in the extreme case of E — 0 the
difference between the propagators becomes as large as a
factor of 2, entailing large discrepancies in the results for the
T -matrix. Let us try to asses the differences more quantitatively
for the case at hand, i.e., for the binding energy of the
charmonium ground state in vacuum. Our results for the BbS
and Th scheme show a ca. 25% difference in the J /W binding
energy (the explicit values are quoted in the legend of Fig. 26).
As a rough guideline, the influence of G on the binding
may be estimated by formally writing the solution of the T
matrix as 7 = V/(1 — GV). At the bound-state energy, one
has GV =1, and thus a 25% change in G approximately
“mimics” a 25% stronger potential or binding energy (for the
same static input potential). Thus, for the BbS propagator in
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the 7" matrix integral one should expect, on average,

4awg(k)

Fky = E+2wok)

1.25. (A3)

To estimate the relevance of the integration momenta we
apply a cutoff, X, in the 7-matrix equation (15) and study
the dependence of f(A) and the J/v binding energy on this
cutoff, as displayed in Fig. 25. Taking as an approximative
representative momentum the one by which half of the binding
is built up (A =~ 1 GeV) and evaluating the “BbS factor”
at this value, one finds f(A) ~ 1.2. The magnitude of the
deviations between BbS and Th for bound states can thus
be roughly accounted for and is expected to become larger
with increasing ratio of binding energy to the mass of the
constituents.

APPENDIX B: BINDING ENERGIES

In this appendix we compile the temperature dependence
of the binding energies of the J/¢¥ and Y ground states.
We define the binding energy as the difference between the
quark-antiquark threshold, 2m ¢, and the mass of the state in
question. In the vacuum the J /v (n.) binding energy is about
0.65(0.85) GeV for the Th (BbS) scheme. The in-medium
binding energies are shown in Fig. 26 when using U as
potential (for F the state already dissolves at about 1.3 7,.). One
observes that the BbS scheme leads to a steeper dependence of
the binding on temperature compared to the Th scheme while
the melting temperature is quite similar in both cases.

A similar pattern occurs for the Y ground state, displayed
in the left and right panels of Fig. 27 when using U and F,
respectively. Note, however, that the scheme dependence of the
binding energy is significantly reduced in the bottomonium
case, to about 10%, reflecting a better accuracy of the
static approximation due to the larger bottom-quark mass, as
expected. With the weaker interaction implicitin F the binding

0.3 T T
b BbS/P1 —— SBvaC'=1.101 GeV
(b) Th /P1 —==- SB"aC'=1.OO1 GeV

M. vac.
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Ugﬂ .
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FIG. 27. (Color online) Temperature dependence of the binding energy (€z) of the Y (or 1,) using U as potential (left plot) and F as
potential (right plot) for various combinations of reduction scheme and 1QCD input.
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FIG. 28. (Color online) Comparison of the pseudoscalar spectral functions for charmonium (upper panels) and bottomonium (lower panels)
using the full potential (left column) and the color-Coulomb term only (right column). In all cases U has been used as potential together with

the Th reduction.

is reduced by about a factor of 4. The uncertainty induced by
the different IQCD inputs is significantly larger than the one
caused by the reduction scheme.

APPENDIX C: INFLUENCE OF THE CONFINING FORCE

In this appendix we assess the relevance of the confining
interaction for bound-state formation. Recalling the definition
of the free energy from Eq. (7),

Fu(r, T)=VE@r, T)+ V5@, T) +22o(T),

we repeat our calculations with the string term, VS, switched
off while all other parameters are kept fixed. The corresponding
results for the internal energy, U, are obtained using Eq. (10)
with the modified free energy (we keep, however, the self-
energy from the full calculation). The results using U as
the potential are presented in Fig. 28 using the Thompson
reduction. For J/¢ (n.) states the most striking difference
occurs in the vacuum where without the confining interaction
no excited bound states are supported and only a modest
threshold enhancement remains for the ground state. In the
medium the relevance of the string term gradually decreases
until the results become similar to the full calculation for a
temperature close to 2 T, (even though the peak height is still
smaller). This follows from the significantly stronger screening

of the confining relative to the Coulomb term [# p(T") is much
larger than m p(T) above T, recall Fig. 2]. Close to 7, half
of the binding of the J /4 is still supplied by remnants of the
confining force. These systematics suggest that charmonia are
rather sensitive to medium effects on the confining force in
the temperature regime of 1-2 7,. At first glance it might be
surprising that the calculation without string term produces
more binding in the medium than in the vacuum. The reason
is that, without the string term, the internal energy, as given
by Eq. (10), leads to a more attractive potential in the medium
(up to ~1.5 T,) than in the vacuum (note that we are still using
the large effective mass which, of course, is generated by the
large-distance limit of the string term).

For the more tightly bound bottomonia (') the sensitivity
to the string term is still appreciable. In the vacuum the ground
state is only bound by ca. 100 MeV while the excited states are
unbound. In the medium a similar trend as in the charmonium
sector is observed in that the significance of the string term
ceases as temperature increases.

Generally, our findings clearly demonstrate the importance
of the confining interaction in both charmonium and bot-
tomonium spectroscopy, both in vacuum and in medium for
temperatures of up to ca. 2 ... The use of potentials developed
in a perturbative expansion therefore omits important physics
in the description of quarkonium melting in medium.
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