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Central depression of nuclear charge density distribution
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The center-depressed nuclear charge distributions are investigated with the parametrized distribution and the
relativistic mean-field theory, and their corresponding charge form factors are worked out with the phase shift
analysis method. The central depression of nuclear charge distribution of 46Ar and 44S is supported by the
relativistic mean-field calculation. According to the calculation, the valence protons in 46Ar and 44S prefer to
occupy the 1d3/2 state rather than the 2s1/2 state, which is different from that in the less neutron-rich argon
and sulfur isotopes. As a result, the central proton densities of 46Ar and 44S are highly depressed, and so are
their central charge densities. The charge form factors of some argon and sulfur isotopes are presented, and the
minima of the charge form factors shift upward and inward when the central nuclear charge distributions are more
depressed. Besides, the effect of the central depression on the charge form factors is studied with a parametrized
distribution, when the root-mean-square charge radii remain constant.
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I. INTRODUCTION

Nuclear charge distribution is an important property for
describing nuclear structure, and it can directly reflect proton
distribution [1–3]. Nuclear charge distribution and charge radii
are always the necessary outputs of various nuclear models,
so precise and reliable determination of the distribution or
radii can help us to constrain the nuclear models and their
parameters. Elastic electron scattering at high energy is one
of the most powerful tools for determining the nuclear charge
distribution, because the electron-nucleus interaction is well
understood and the scattering is weak enough to keep the
nucleus undisturbed. The electron scattering off stable nuclei
has provided an amount of reliable charge distribution [4–8],
and the experiments for electron scattering off unstable nuclei
have been taken into the agenda and will be carried out in
the near future [9–14]. At present, plenty of work has been
devoted to the theoretical study of the electron scattering off
unstable nuclei [15–22].

Central depression of nuclear matter (proton and neutron)
distribution is an interesting topic in nuclear physics. For
example, as an extreme case of center-depressed nuclear
density, the nuclear bubble has attracted great attention. The
concept of a nuclear bubble originates from the explanation
of equally spaced nuclear levels by Wilson in 1946 [23], in
which the nucleus is assumed to be a thin spherical shell.
From then on, the existence of a nuclear bubble has been
examined with a variety of nuclear models, such as the liquid
drop model, the Thomas-Fermi model, and the Hartree-Fock
method [24–26]. Although different opinions on the exact
position of center-depressed nuclei are obtained with different
nuclear models, the explanations for central depression are
always similar. Central depression is caused by Coulomb
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repulsion (for the depressed proton density) and the lack of
s-state nucleons.

In this article, we will study the central depression of
nuclear charge density distribution. The nuclear charge de-
pression should be the consequence of the depressed proton
distribution. The center-depressed proton densities of light and
medium mass nuclei are mainly caused by the low occupancy
of the proton s states. For example, the central proton density
of 34Si is evidently depressed in view of the proton 2s1/2

state being little occupied [27]. In the nuclei near the stability
line, the energy level of the proton 2s1/2 state always lies
between those of the 1d5/2 and 1d3/2 states. However, with
the nuclei approaching the drip line, the energy level spacings
can be changed, or the level sequence may be rearranged.
46,68Ar are thought to be with greatly depressed central proton
densities due to the level inversion of the proton 2s1/2 state [28].
68Ar is much more neutron-rich than 46Ar, so it may be
more difficult to produce and study 68Ar in the laboratory.
Here we will study the central depression of the nuclear
charge density of 46Ar using the relativistic mean-field theory.
We will examine how the central charge densities change
when the argon isotopes become more neutron rich. Similar
to the case of 46Ar, the central charge density of 44S may
also be evidently depressed, and the charge densities of
some sulfur isotopes will be investigated with the relativistic
mean-field theory. Besides the theoretical charge densities, the
corresponding charge form factors will also be worked out
with the phase shift analysis method. The form factors can
be determined through elastic electron scattering experiments,
and here we will examine theoretically the observable effects
of nuclear charge central depression on the charge form factors.

This article is organized as follows. Section II introduces
the methods for describing the nuclear charge density and
the framework for obtaining the charge form factors with the
phase shift analysis method. Section III presents the numerical
results and discussion. At last, a summary is given.
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II. THEORY

A. Nuclear charge density

Nuclear charge density can be described with a
parametrized distribution, or it can be deduced from various
nuclear models. Gaussian and Fermi types of distribution are
two of the most frequently used for describing nuclear charge
densities. Gaussian distribution is suitable for describing
the charge densities of light nuclei, such as alpha particle, while
Fermi-type distribution is more suitable for heavier nuclei. The
two-parameter Fermi distribution can account for the nuclear
charge radius and skin thickness, supposing the nucleus with
smooth and saturated central charge density. In order to depict
the central charge depression, we may use the three-parameter
Fermi (3pF) distribution. The 3pF distribution takes the
form [8]

ρc(r) = ρ0(1 + wr2/c2)

1 + e(r−c)/a
, (1)

where c is the half-density radius, a is the skin thickness, w

(w > 0) affects the central density and ρ0 is the normalization
constant. The greater w is, the more depressed the central
density.

Many nuclear models can generate reasonable nuclear
charge density, for example, the liquid drop model, shell
model, and self-consistent mean-field theory. Here we focus
on the relativistic mean-field (RMF) theory with the following
effective Lagrangian [29–32]:

L = �̄(iγ µ∂µ − M)� − gσ �̄σ� − gω�̄γ µωµ�

− gρ�̄γ µρa
µτ a� + 1

2∂µσ∂µσ − 1
2m2

σ σ 2 − 1
3g2σ

3

− 1
4g3σ

4 − 1
4�µν�µν + 1

2m2
ωωµωµ + 1

4c3(ωµωµ)2

− 1
4

�Rµν · �Rµν + 1
2m2

ρ �ρµ · �ρµ − 1
4FµνFµν

− e�̄γ µAµ
1
2 (1 − τ 3)�, (2)

with the tensor field

�µν = ∂µων − ∂νωµ, (3)
�Rµν = ∂µ �ρν − ∂ν �ρµ, (4)

Fµν = ∂µ Aν − ∂ν Aµ, (5)

where

� and M are the nucleon field and mass,
Aµ is the photon field,
mσ , mω and mρ are the masses of σ , ω, and ρ mesons,
gσ , gω, and gρ are the coupling coefficients between the
mesons and nucleons,
g2 and g3 are the nonlinear coupling strengths of the
σ meson, and
c3 is the coupling coefficient of the nonlinear self-coupling
of the ω field.

The motion equations of the nucleons and mesons can be
derived according to the variational principle. Based on the no-
sea approximation and mean-field approximation, the motion
equations can be solved iteratively, and the wave functions of
the nucleons can be obtained. Thus we get the nuclear matter
(neutron and proton) distribution. Neglecting the contribution

from neutrons, the nuclear charge density can be obtained by
folding the proton charge distribution ρp(r) with the single
proton charge distribution ρp(r) [33]

ρc(r) =
∫

ρp(r′)ρp(|r − r′|) dr′, (6)

with
∫

ρc(r) dr = Z.
To measure how the central density is depressed, the

depression degree is introduced as follows

D = ρmax − ρcent

ρmax
× 100%, (7)

where ρmax is the maximum of the density and ρcent is the
central density. The central density is more depressed when D

is larger.
Once the nuclear charge density is obtained, the electro-

static potential between the electron and the nucleus can be
determined as follows:

Vc(r) = − e2

4πε0

∫
ρc(r′)
|r − r′|dr′. (8)

For simplicity, the nuclear charge distribution is assumed to
be spherical in the following, so the electrostatic potential is
also spherical.

B. Nuclear charge form factor

The elastic electron scattering by the nuclear electrostatic
potential is described by the Dirac equation [34,35]

[α · p + βm + V (r)]�(r) = E�(r), (9)

where α and β are the Dirac matrices, and m, E, and p
are the rest mass, energy, and momentum of the incident
electron, respectively. When the potential V (r) is spherical,
the solution of the Dirac equation can be decomposed into
different partial waves with definite orbital angular momentum
and spin orientation. The phase shifts, which are characterized
into spin-up ones δ+

l (with parallel alignment of phl and phs)
and spin-down ones δ−

l (with antiparallel alignment of l and s),
can be worked out by solving the Dirac equation with scattering
boundary condition [36]. Then can be determined the direct
scattering amplitude

f (θ ) = 1

2ik

∞∑
l=0

[(l + 1)(e2iδ+
l − 1) + l(e2iδ−

l − 1)]Pl(cos θ ),

(10)

and the spin-flip scattering amplitude

g(θ ) = 1

2ik

∞∑
l=0

[e2iδ−
l − e2iδ+

l ]P 1
l (cos θ ) , (11)

with Pl and P 1
L denoting the Legendre function and associated

Legendre function, respectively.
The differential cross section can be calculated

dσ

d�
= |f (θ )|2 + |g(θ )|2, (12)
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TABLE I. Root-mean-square charge radii (Rc) and
central depression degrees (D) of the charge densities
with the 3pF distribution taking different w values.

w Rc (fm) D

0.0 4.10 0.0%
0.5 4.39 9.3%
1.0 4.54 23.8%

as well as the form factor

|F (q)|2 = dσ/d�

dσM/d�
, (13)

with the momentum transfer

q = 2k sin
θ

2
,

and Mott cross section

dσM

d�
=

(
Zα2

2E

)2 cos2 θ
2

sin4 θ
2

.

III. NUMERICAL RESULTS AND DISCUSSION

To begin with, we study the central depression of nuclear
charge density distribution with the three-parameter Fermi
(3pF) distribution. 40Ca is chosen as the example nucleus.
The parameters in the 3pF distribution [Eq. (1)] are set in
the common way, c = 1.25A1/3 fm and a = 0.65 fm. The
parameter w is adjustable to illustrate how the central density
is depressed. Table I shows the rms radii and central depression
degrees for three different values of w. w = 0 means no central
depression. With increasing w, the central densities become
more depressed and the corresponding rms radii get larger.

The charge densities for different w values are plotted in
Fig. 1. The changing trend of the cental density depression
is illustrated when the value of w varies. The form factors
defined in Eq. (13) are displayed in Fig. 2. The charge form
factors are not sensitive to the scattering energy [16], and the
scattering energy is chosen to be 500 MeV (a typical beam

FIG. 1. Nuclear charge densities in the form of three-parameter
Fermi distribution with different w values.

FIG. 2. Nuclear charge form factors for the charge densities in
Fig. 1.

energy in high-energy electron-nucleus scattering) throughout
our calculation. With w increasing, the minima of the form
factors shift inward and upward, which should be caused by
central depression of the nuclear charge density.

In the following, we study the central depression of nuclear
charge densities of some nuclei with relativistic mean-field
theory, and check whether there exist similar effects as the
above case with the 3pF charge distribution. In the relativistic
mean-field calculation, the BCS treatment is adopted for
the open-shell nuclei, and the pairing gaps are �n = �p =
11.2/

√
A MeV.

46Ar is thought to be with clear center-depressed proton
density [28], so its central charge density should also be
evidently depressed. As is well known, the central nuclear
charge density is contributed mainly from protons occupying
the s state. The valence protons in 46Ar prefer to occupy the
1d3/2 state rather than the 2s1/2 state, in order to obtain a
lower system energy. However, this is not the case in the
less neutron-rich argon isotopes, whose valence protons are
more likely to occupy the 2s1/2 state instead of the 1d3/2

state. This changing tendency along the argon isotopic chain
is reproduced in the relativistic mean-field calculations with
NLSH and TM2 parameter sets [37,38], shown in Table II.
The NLSH and TM2 parameter sets are often used in the
literature. They are reliable for stable nuclei and can give
reasonable description of the exotic nuclei. According to
Table II, the RMF calculations can reproduce the changing
tendency of the binding energies and charge radii reported in
other literature [39,40], although the absolute values calculated
here deviate from the referenced ones.

The probability of the valence protons occupying the 2s1/2

state gets smaller when the argon isotope becomes more
neutron rich. This effect may be caused by the following
phenomena. First, the potential felt by the valence protons
is changed when more and more neutrons are added to the
isotope, so the energy level of the proton 2s1/2 state is lifted up
while that of 1d3/2 is pressed down. Second, the neutrons
become more widely extended when the nucleus is more
neutron rich. The strong proton-neutron interaction pulls the
valence protons outward, meaning that the central proton
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TABLE II. Binding energies (B/A), rms charge radii (Rc), probabilities of the valence protons occupying the 2s1/2 state (P ), central charge
density depression degrees (D) for argon and sulfur isotopes calculated from the RMF theory with NLSH and TM2 parameter sets, and the
referenced binding energies and charge radii in other literature [39,40].

Nucleus NLSH TM2 Referenced data

B/A (MeV) Rc (fm) P D B/A (MeV) Rc (fm) P D B/A (MeV) Rc (fm)

36Ar 8.337 3.36 0.67 2.5% 8.371 3.44 0.60 11.2% 8.520 3.39
40Ar 8.566 3.37 0.54 5.9% 8.589 3.45 0.48 13.4% 8.595 3.43
46Ar 8.416 3.40 0.24 30.5% 8.487 3.47 0.18 40.0% 8.411 3.44
32S 8.233 3.24 0.50 7.5% 8.331 3.31 0.49 12.0% 8.493 3.26
38S 8.404 3.28 0.27 16.7% 8.443 3.36 0.22 23.8% 8.449 –
44S 7.976 3.32 0.08 35.7% 8.052 3.40 0.05 42.2% 7.994 –

density is depressed and the valence protons are less likely
to occupy the low orbital angular momentum states.

The preference for the proton 1d3/2 state rather than
2s1/2 in neutron-rich argon isotopes is also supported by the
experimental evidence from chlorine and potassium isotopes
[41]. The chlorine isotopes 33,35,37,39Cl are determined to be
in the ground state with spin-parity Jπ = 3

2
+

, while 41,43,45Cl

with Jπ = 1
2

+
. Based on the shell model, the total spin-parity

of even-odd or odd-even nuclei should be contributed by the
valence nucleon(s) outside an even-even core with Jπ = 0+.
Spin-parity Jπ = 3

2
+

of 33,35,37,39Cl means that two of the three
valence protons occupy the 2s1/2 state and the last one occupies
the 1d3/2 state. The case for 41,43,45Cl is different, in that two of
the three valence protons occupy the 1d3/2 state and the last one
occupies the 2s1/2 state. The above evidence indicates that the
valence protons prefer to occupy the 1d3/2 state rather than the
2s1/2 state in neutron-rich chlorine isotopes. A similar situation
happens for neutron-rich potassium isotopes. We, therefore,
have reason to believe that the very neutron-rich nuclei with
charge numbers ranging from 16 to 19 have center-depressed
central charge densities due to their low occupancy of the
proton state 2s1/2.

The charge densities of 36,40,46Ar from RMF theory with the
NLSH parameter set are displayed in Fig. 3. It is evident that

FIG. 3. Nuclear charge densities of 36,40,46Ar from the RMF
theory with the NLSH parameter set.

the central nuclear charge densities are more depressed when
the nuclei become more neutron rich. With the above nuclear
charge densities, we calculate the charge form factors defined
in Eq. (13) using the partial wave analysis method. According
to the charge form factors shown in Fig. 4, the minima shift
upward and inward with the isotopes becoming more neutron
rich. This changing trend should be caused by the variation
of the nuclear charge densities, especially their central parts.
The charge densities calculated with the TM2 parameter set
are shown in Fig. 5, and the corresponding charge form factors
are shown in Fig. 6. The results from the two parameter sets are
in accordance with each other. The charge form factors can be
obtained in the electron-nucleus scattering experiments. The
electron scattering by stable nuclei have been measured to a
high precision, and the measurement for short-lived unstable
nuclei will be carried out in the next-generation facilities. Had
we obtained the experimental electron-nucleus cross section,
the nuclear charge densities could have been determined in
a model-independent way. Then we would have compared
the theoretical and experimental results so as to check the
prediction of the nuclear model.

Similar to situation in 46Ar, there may also exist an obvious
center-depressed charge distribution in 44S. According to the
shell model, the two valence protons of sulfur isotopes mainly
occupy the 2s1/1 and 1d3/2 states. As we have indicated

FIG. 4. Nuclear charge form factors for the charge densities in
Fig. 3.
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FIG. 5. Nuclear charge densities of 36,40,46Ar from the RMF
theory with the TM2 parameter set.

before, the valence protons are more likely to occupy the
1d3/2 state when the nucleus is very neutron rich. The RMF
theory with NLSH and TM2 parameter sets gives the binding
energies, nuclear charge radii, and the probabilities of the
valence protons occupying the 2s1/2 state in Table II. The
calculations well predict the changing trend of the binding
energies without respect to their absolute values.

Figure 7 shows the nuclear charge densities of 32,38,44S from
RMF theory with the NLSH parameter set. The corresponding
charge form factors are plotted in Fig. 8. The same results but
with TM2 parameter set are displayed in Figs. 9 and 10. The
nuclear charge densities change in a similar way as those of the
argon isotopes when the nuclei become more neutron rich. The
minima of the form factors shift inward and outward with
the nuclei becoming more neutron rich. The changing trend
of the form factors is also obtained in the case before, in which
the charge densities are in the form of a 3pF distribution.

In the above cases, the central depression of nuclear charge
distribution is accompanied by the increased rms charge radius.
To avoid the influence of the increased charge radius on the
form factors, we will study cases where the rms charge radius

FIG. 6. Nuclear charge form factors for the charge densities in
Fig. 5.

FIG. 7. Nuclear charge densities of 32,38,44S from the RMF theory
with the NLSH parameter set.

remains constant while increasing the central depression. 40Ca
is taken as the model nucleus. The charge density takes the two-
parameter Fermi (2pF) form when it is not center depressed

ρc(r) ∝ 1

1 + e(r−c)/a
, (14)

with c = 1.25A1/3 fm and a = 0.65 fm. If the central density
is depressed, the charge density is simulated by subtracting a
Gaussian distribution from the above 2pF distribution

ρc(r) ∝ 1

1 + e(r−c)/a
− ge−r2/t2

, (15)

where g is an adjustable parameter to give different depression
degree, and t equals 3.3469 fm so that the rms charge radius
remains constant (Rc = 4.10 fm) while changing the g value.
The depression degree is 30% when g = 0.5581, and 60%
when g = 0.7888. The charge form factors for nuclear charge
densities with D = 0%, 30%, and 60% are displayed in
Fig. 11. According to Fig. 11, the first minimum and maximum
clearly shift upward and inward, and the other minima and

FIG. 8. Nuclear charge form factors for the charge densities in
Fig. 7.
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FIG. 9. Nuclear charge densities of 32,38,44S from the RMF theory
with the TM2 parameter set.

maxima mainly shift upward when the central charge density
is depressed in this way.

According to all the above calculations, the first minima
and maxima of the charge form factors shift inward and
upward when the charge densities are center depressed. The
first minima and maxima of the form factors lie in the region
with q ranging from 0.5 to 1.5 fm−1, which is covered in
the planned experiments [10]. The first maximum of the form
factors for the charge density with clear central depression
(e.g., in Fig. 11) has a magnitude several times larger than
that for the charge density with no evident depression, and
the magnitude difference can be detected in future electron
scattering experiments. To determine the full charge density
with ambiguity of a few percent, it is necessary to measure the
scattering cross section in a wide q range (e.g., 0.5 ∼ 4 fm−1)
with acceptable precision, and the high luminosity at least
1027 cm−2 s−1 is needed [10,14]. The luminosity is defined
as L = NionNe, where Nion is the target thickness and Ne is
the electron beam current. A typical beam current is 100 mA,
so the target thickness should be the order of 109 cm−2 to
obtain a luminosity 1027 cm−2s−1. A large target thickness is

FIG. 10. Nuclear charge form factors for the charge densities in
Fig. 9.

FIG. 11. Nuclear charge form factors for the differently center-
depressed charge densities but with the same rms charge radius.

hard to get for very unstable nuclei. The planned experiments
enable the radioactive nucleus with a half-life as short as
100 ms to be studied [13,14], so the nuclei 44S and 46Ar with
half-lives 123 ± 10 ms and 8.4 ± 0.6 s can be studied in the
future electron scattering experiments. With the development
of the experimental technique, higher luminosity and higher
precision measurement can be obtained for electron scattering
off unstable nuclei, and the central depression of nuclear
charge density can be studied through these experiments.

IV. SUMMARY

We have studied the central nuclear charge depression with
the parametrized distribution and relativistic mean-field theory.
The charge form factors are worked out with the partial wave
analysis method. The central charge depression is depicted
with the depression degree defined as the relative difference
between the central and maximum charge density [Eq. (7)].
The slight central charge depression is a common phenomenon
for the neutron-rich nuclei in an isotopic chain. In our previous
work, the charge densities of oxygen isotopes are studied [22].
The central charge density of 24O is depressed compared with
that of 16O, but the depression is much less clear than that in
this article.

46Ar is suggested to be with a clear center-depressed proton
density [28]. The center-depressed proton density may be
mainly caused by level inversion of the 2s1/2 and 1d3/2 states
in the very neutron-rich argon isotopes. This level inversion
is also supported by the evidence from the ground-state
spin-parities of the very neutron-rich chlorine and potassium
isotopes. According to our relativistic mean-field calculation,
the central charge depression degree of 46Ar is 30.5% with
NLSH parameter set and 40.0% with TM2, which is obviously
larger than that of 36,40Ar. The charge form factors for 36,40,46Ar
are worked out using the partial-wave analysis method. The
minima of the form factors shift upward and inward, with
the isotopes becoming more neutron rich. The charge form
factors can be determined in the electron-nucleus scattering
experiments. At present, electron scattering experiments for
stable nuclei are able to be performed with high precision,
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and that for very unstable nuclei is still under construction
and will be carried out in the near future. Comparing the
theoretical and experimental form factors will be helpful for
us to check the validity of the nuclear models and to have a
better understanding of the nuclear structure.

Just as 46Ar, 44S may also have a clear center-depressed
charge density. The charge densities and form factors of the
sulfur isotopes are studied in detail, and similar conclusions
as those for the argon isotopes are reached. The center-
depressed nuclear charge density is an important hint of the
low occupation of the s states by protons. Investigation of
center-depressed nuclear charge distribution is helpful for us

to understand the nuclear structure, such as the nuclear shell
evolution in exotic nuclei.
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