
PHYSICAL REVIEW C 82, 014605 (2010)

Calculation of spin distribution for several fission reaction systems induced
by nucleons and heavy ions
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Compound nucleus spin distribution has been calculated for several fission reaction systems induced by
nucleons and heavy ions. Determination of the spin distribution for these systems is based upon the comparison
between the experimental data of the fission fragment angular distributions as well as the prediction of the
standard saddle-point statistical model (SSPSM). For the systems, the two cases, namely with and without
neutron emission corrections were considered. This method is used for the first time to determine compound
nucleus spin distribution. Afterwards, our theoretical results have been compared with the data obtained from the
coupled-channel technique as well as the Wong model, and satisfactory agreements were found. Furthermore,
we have introduced a semiclassical approximation relation for the compound nucleus spin distribution of these
systems.
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I. INTRODUCTION

Compound nucleus spin distribution is a crucial quantity
in determining fusion-fission dynamics, although there has
not been introduced any precise method to determine it. In
this paper, to calculate compound nucleus spin distribution,
two methods are presented. In the first method, the values
of spin distribution for 20 induced-fission reaction systems
are determined by the fission fragment angular distribution
method. This method is based upon the comparison between
the experimental data of the fission fragment angular dis-
tribution as well as the prediction of the standard saddle
point statistical model (SSPSM). Calculation through this
method is considered with and without neutron emission
correction in the reactions. In the second method, there
is presented an approximate method to determine com-
pound nucleus spin distribution based upon quantum-classical
relationships.

II. STANDARD SADDLE-POINT STATISTICAL MODEL

Fission fragment anisotropy A defined as

A = W (0o or 180o)

W (90o)
∼= 1 + 〈I 2〉

4K0
2 , (1)

where 〈I 2〉 is the mean-square angular momentum of the
compound nucleus and K0

2 represents the variance of the K

Gaussian distribution [1]. The standard deviation of the K

(Gaussian distribution) is given by

K0
2 = �effT

h̄2 =
(

1

�‖
− 1

�⊥

)−1
T

h̄2 , (2)

where �eff , �‖, �⊥, and T are the effective moment of inertia,
the moment of inertia parallel to the symmetry axis, the
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moment of inertia perpendicular to the symmetry axis, and
the nuclear temperature at the saddle point, respectively. T ,
the nuclear temperature at the saddle point, can be calculated
as

T =
√

Eex

a
=

√
Ecom + Q − Bf − ER

a
, (3)

where Eex denotes the excitation energy of the compound
nucleus, while Ecom, Q, Bf , and ER represent the projectile
energy in the center-of-mass frame, the Q value, fission
barrier height, and rotational energy of the compound nucleus,
respectively. a stands for the level density parameter at the
saddle point. In this paper, we have taken a = AC.N.

9 MeV−1

where AC.N. is the mass number of compound nucleus.
Due to the use of the SSPSM, in the calculations, it

is assumed that neutrons are emitted before the compound
nucleus approaches the saddle point.

Excitation energy of compound nucleus considering neu-
tron emitted in the fission process, is given by

Eex = Ecom + Q − Bf − ER − νEn, (4)

where ν is the number of pre-fission neutrons, and En is the
average energy of an emitted neutron. The energy carried by
the neutron is assumed to be 5 MeV. Also, if the neutron
energy is considered as 7 � En � 9 MeV, the quantity of spin
distribution varies at most by 2–4 % for each neutron emitted
in this computation procedure. It is now clear that because of
the hindrance to fission, a larger number of particles, neutrons
in particular, are emitted from the fissioning system. These
pre-fission neutrons are emitted not only during the transition
stage up to the saddle point but also during the decent from
the saddle to the scission point. The emission of neutrons
before reaching the saddle point has the effect of lowering
the available excitation energy at this point and this in turn
will reduce the variance of the K distribution. In the present
work, the pre-fission neutrons are taken to be emitted before
the saddle point, since it is not straightforward to separate
experimentally the contribution of neutrons emitted before the
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TABLE I. Heavy-ion induced fission systems
along with their compound nucleus.

Heavy-ion fission systems Compound nucleus

16O + 232Th 248Cf
12C + 236U 248Cf
11B + 237Np 248Cf
32S + 208Pb 240Cf
14N + 232Th 246Bk
11B + 235U 246Bk
11B + 238U 249Bk
12C + 232Th 244Cm
28Si + 208Pb 236Cm
9Be + 232Th 241Pu
24Mg + 208Pb 232Pu
16O + 209Bi 225Pa
19F + 208Pb 227Pa
19F + 232Th 251Es
12C + 237Np 249Es
10B + 232Th 242Am
16O + 208Pb 224Th
19F + 197Au 216Ra

saddle point and the ones emitted after the saddle point but
before the scission point.

III. FISSION FRAGMENT ANGULAR
DISTRIBUTION METHOD

The calculation method is based upon the experimental data
for the fission fragment angular distribution. In this method,
the quantity 〈I 2〉 is considered as a linear equation in terms

of the projectile energy in the center-of-mass framework [2],
then, having found the values of Bf , ER , and �effT

h̄2 and
using the experimental data for the angular anisotropy of
fission fragments [3-12], we could obtain 〈I 2〉 by comparing
the experimental data of angular anisotropy as well as the
prediction of SSPSM. In the present work, we determined the
values of 〈I 2〉 for 18 systems undergoing induced fission with
heavy ion as well as those of two systems undergoing induced
fission with nucleon. In Table I, the systems are listed along
with their compound nucleus.

We take the relationships of 〈I 2〉 in terms of Ecom
Vb

as

〈I 2〉 = aν
Ecom
Vb

+ bν , where ν = 0, 1, 2 denotes considering
without the emission of neutron, emission of one neutron,
emission of two neutrons, respectively, and Vb denotes the
Coulomb barrier height. Table II shows aν and bν for
the heavy-ion induced fission systems. Figures 1–6 show the
compound nucleus spin distribution determined by fission
fragment angular distribution method with and without neutron
emission correction for the systems that formed similar Cf, Bk,
Cm, Pu, Pa, and Es isotopes, respectively.

Figures 7–9 show the compound nucleus spin distribution
determined by fission fragment angular distribution method
with and without neutron emission correction for the 10B +
232Th, 16O + 208Pb, and 19F + 197Au systems, respectively.
In the induced fission performed by light projectile such as
proton, neutron, and α particle, we must pay attention to some
important points expressing the difference between induced
fission with light projectiles and heavy ion induced fission. In
fission with light projectiles, the energy in the center-of-mass
framework (Ec.m.) is roughly the same as that in the laboratory
framework. Due to the low weight of projectile, rotational
energy (ER) can be neglected. Given all necessary data
including Bf and �eff

h̄2 [12], we can determine the compound

TABLE II. Coefficients of equation 〈I 2〉 in terms of Ec.m.

Vb
without considering neutron emission and by considering

the correction related to neutron emission.

Heavy-ion fission systems a◦ b◦ a1 b1 a2 b2

16O + 232Th 3809.34 −3430.74 3642.98 −3297.52 3482.42 −3172.36
12C + 236U 2235.00 −2029.73 2182.25 −2007.43 2130.64 −1988.60
11B + 237Np 1596.06 −1508.09 1540.68 −1467.52 1486.31 −1429.41
32S + 208Pb 2521.15 −1964.83 2481.59 −1984.29 2444.85 −2007.43
14N + 232Th 2657.06 −2227.97 2557.06 −2157.98 2457.37 −2090.22
11B + 235U 819.12 −614.26 777.84 −592.14 738.85 −573.47
11B + 238U 909.02 −775.83 865.50 −723.77 790.06 −669.14
12C + 232Th 2520.80 −2411.03 2387.74 −2287.69 2249.77 −2160.82
28Si + 208Pb 4085.20 −3241.52 4025.92 −3280.27 3970.31 −3325.17
9Be + 232Th 1500.67 −1468.21 1405.45 −1377.69 1308.18 −1286.01
24Mg + 208Pb 2822.95 −2082.23 2770.82 −2073.60 2719.75 −2066.83
16O + 209Bi 5142.16 −5118.57 4877.85 −4846.12 4624.32 −4856.34
19F + 208Pb 1392.71 −1047.92 1378.15 −1093.43 1364.73 −1141.22
19F + 232Th 4537.96 −3991.86 4300.21 −3790.51 4064.60 −3592.93
12C + 237Np 2365.57 −2299.27 2253.64 −2196.80 2138.83 −2092.64
10B + 232Th 2206.54 −2259.43 2082.98 −2133.75 1957.33 −2006.37
16O + 208Pb 3658.66 −3269.54 3448.57 −3088.14 3248.61 −2917.98
19F + 197Au 7361.20 −6450.38 6885.97 −6046.81 6430.95 −5666.81
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FIG. 1. Compound nucleus spin distributions for the systems that formed similar Cf isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 16O + 232Th system. (b) Spin distribution for the
12C + 236U system. (c) Spin distribution for the 11B + 237Np system. (d) spin distribution for the 32S + 208Pb system.
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FIG. 2. Compound nucleus spin distributions for the systems that formed similar Bk isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 14N + 232Th system. (b) Spin distribution for the
11B + 235U system. (c) Spin distribution for the 11B + 238U system.
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FIG. 3. Compound nucleus spin distributions for the systems that formed similar Cm isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 12C + 232Th system. (b) Spin distribution for the
28Si + 208Pb system.
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FIG. 4. Compound nucleus spin distributions for the systems that formed similar Pu isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 9Be + 232Th system. (b) Spin distribution for the
24Mg + 208Pb system.
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FIG. 5. Compound nucleus spin distributions for the systems that formed similar Pa isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 16O + 209Bi system. (b) Spin distribution for the
19F + 208Pb system.
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FIG. 6. Compound nucleus spin distributions for the systems that formed similar Es isotopes. The dashed line shows spin distribution
without correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction
when the number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the 19F + 232Th system. (b) Spin distribution for the
12C + 237Np system.

nucleus spin distribution through comparing the experimental
data for angular anisotropy of fission fragments [12] as well
as the prediction of SSPSM. In this work, we have determined
the values of compound nucleus spin distribution in terms
of Ec.m.

Vb
for P + 197Au and P + 209Bi systems leading to

198Hg and 210Po compound nuclei, respectively. We take the
relationships of 〈I 2〉 in terms of Ec.m.

Vb
as 〈I 2〉 = aν

Ec.m.

Vb
+ bν ,

where ν = 0, 1, 2 denotes without considering the emission of
neutron, emission of one neutron, emission of two neutrons,
respectively. Table III shows aν and bν for these two systems.

Figure 10 shows the compound nucleus spin distribution
determined by fission fragment angular distribution method
with and without neutron emission correction for the P +
197Au, and P + 209Bi systems.

For the P + 209Bi system, compound nucleus spin distribu-
tion is calculated by taking at most one neutron into account
because the imaginary values of 〈I 2〉 is determined in terms of
emitting two neutrons.
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FIG. 7. Compound nucleus spin distributions for the 10B + 232Th
system that formed 242Am compound nucleus. The dashed line shows
spin distribution without correction of neutron emission, and the
solid lines from top to bottom represent the spin distribution with
neutron emission correction when the number of emitted neutrons is
considered 1 and 2.
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FIG. 8. Compound nucleus spin distributions for the 16O + 208Pb
system that formed 224Th compound nucleus. The dashed line shows
spin distribution without correction of neutron emission, and the
solid lines from top to bottom represent the spin distribution with
neutron emission correction when the number of emitted neutrons is
considered 1 and 2.
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FIG. 9. Compound nucleus spin distributions for the 19F + 197Au
system that formed 216Ra compound nucleus. The dashed line shows
spin distribution without correction of neutron emission, and the
solid lines from top to bottom represent the spin distribution with
neutron emission correction when the number of emitted neutrons is
considered 1 and 2.
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TABLE III. Coefficients of equation 〈I 2〉 in terms of Ec.m.

Vb
without

considering neutron emission and by considering the correction
related to neutron emission.

Proton induced
fission systems a◦ b◦ a1 b1 a2 b2

P + 197Au 49.43 −59.00 47.37 −62.65 52.80 −84.15
P + 209Bi 20.44 −17.48 24.75 −31.63 – –

IV. DETERMINATION OF 〈I2〉 USING
QUANTUM-CLASSICAL RELATIONSHIPS

The maximum angular momentum transferred to the
compound nucleus, Imax, was calculated according to the
semiempirical formula [2]:

Imax = 0.155r◦
(
A

1/3
i + A

1/3
t

) [
EiA

2
i At

(Ai + At )2

]1/2

, (5)

where Ai , At , Ei , and r◦ are the mass number of projectile,
the mass number of target, the kinetic energy of projectile,
and the radius constant, respectively. The maximum angular
momentum 〈Imax〉 on the basis of quantum relationships is
given by

Imax =
√

2µrb(Ei − Vb), (6)

where µ, rb, and Vb are the reduced mass of projectile and
target, the fusion barrier radius constant, and the fusion barrier
height, respectively.

The mean-square angular momentum 〈I 2〉 for the com-
pound nucleus was set equal to I 2

max/2. From above, compound
nucleus spin distribution 〈I 2〉 can be approximated as

〈I 2〉 = A2
i At

2(Ai + At )2
r2
b

(
A

1/3
i + A

1/3
t

)2
(

1 + mi

mt

)

×Ec.m. − A2
i At

2(Ai + At )2
r2
b

(
A

1/3
i + A

1/3
t

)2
Vb, (7)
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FIG. 10. Compound nucleus spin distributions for P + 197Au, and P + 209Bi systems. The dashed line shows spin distribution without
correction of neutron emission, and the solid lines from top to bottom represent the spin distribution with neutron emission correction when the
number of emitted neutrons is considered 1 and 2. (a) Spin distribution for the P + 197Au system. (b) Spin distribution for the P + 209Bi system.

where mi and mt are the mass of projectile and the mass of
target, respectively.

V. COMPARISON AND DISCUSSION

In Fig. 11, the values of compound nucleus spin distribution
obtained from quantum-classical relationship for the 16O +
232Th and 14N + 232Th systems are compared with those
of the coupled channel technique [13,14] and with those of
the Wong model [15], respectively. In Fig. 12, the values
of compound nucleus spin distribution obtained from fission
fragment angular distribution method for the 16O + 232Th and
16O + 208Pb systems by considering correction related to the
average number of neutrons [6] are compared with those of
coupled channel technique as well as the values of compound
nucleus spin distribution obtained from the fission fragment
distribution method for the 14N + 232Th system by considering
the correction related to two emitted neutrons are compared
with those of the Wong model.

As seen, the results obtained from angular distribution
method are in good agreement with those of the coupled
channel technique as well as the Wong model, however
the values of 〈I 2〉 determined by using classical-quantum
relationships are not very precise.

VI. SUMMARY AND CONCLUSIONS

Calculation of the values of spin distributions using the
experimental data for fission fragment angular distribution
as well as the prediction of the statistical models is a novel
method, which has been carried out in this work for the first
time.

In this work, 〈I 2〉 is calculated in terms of emitting one
and two neutrons and compared with the case of ignoring the
neutron emission. It was noted that the values of 〈I 2〉, due to
the neutron evaporation, decreases, usually less than 10%.

Considering the level density parameter as a =
AC.N.

8 , AC.N.

10 , AC.N.

11 , rather than a = AC.N.

9 , the quantity for spin
distribution of the compound nucleus varies at most by 6 to
7 %. Hence, this quantity is not sensitive to the level density
parameter selected in the computation.

014605-6



CALCULATION OF SPIN DISTRIBUTION FOR SEVERAL . . . PHYSICAL REVIEW C 82, 014605 (2010)

1 1.05 1.1 1.15 1.2 1.25
Ecom
Vb

200

400

600

800

1000

1200

1400

1600

I
2

a

1.05 1.1 1.15 1.2 1.25
Ecom
Vb

0

200

400

600

800

1000

I
2

b

FIG. 11. (a) The comparison of 〈I 2〉 obtained from the quantum-classical relationship (solid line) for the 16O + 232Th system with those
of the coupled channel technique (dashed line). (b) The comparison of 〈I 2〉 obtained from quantum-classical relationship (solid line) for the
14N + 232Th system with those of Wong model (dashed line).

In the second method, using quantum-classical relation-
ships, an approximate formula for 〈I 2〉 results which do not
agree with previous ones was obtained.

The calculated values for 〈I 2〉 by the fission fragment
angular distribution method for the 16O + 232Th and 16O
+ 208Pb systems by considering the correction related to the
average number of neutrons are compared with those of the

coupled channels technique and for the 14N + 232Th system
by considering correction related to two emitted neutrons with
those of the Wong model. Both of which were in agreement.

Overall, as experimental values of fission fragment angular
distribution are used in this method, we can conclude that
fission fragment angular distribution has been successful to
calculate compound nucleus spin distribution.
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FIG. 12. (a) The comparison of 〈I 2〉 obtained from fission fragment distribution method (solid line) for the 16O + 232Th system by
considering the correction related to the average number of emitted neutrons with those of the coupled channel technique (dashed line).
(b) The comparison of 〈I 2〉 obtained from the fission fragment distribution method (solid line) for the 14N + 232Th system by considering the
corrections related to two emitted neutrons with those of the Wong model (dashed line). (c) The comparison of 〈I 2〉 obtained from the fission
fragment distribution method (solid line) for the 16O + 208Pb system by considering the corrections related to the average number of emitted
neutron with those of the coupled channel technique (dashed line).
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