
PHYSICAL REVIEW C 81, 065208 (2010)

Kaonic hydrogen atoms with realistic potentials
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Kaonic hydrogen is studied with various realistic potentials in an accurate numerical approach based on
Sturmian functions. It is found that the mass difference between the K−p and K̄0n channels has a considerable
effect on theoretical results of the energy shift and decay width of kaonic hydrogen. On average, the theoretical
result in the isospin symmetry limit is smaller by a factor of about 20% than the full result where the mass
difference between the K−p and K̄0n channels is properly treated. The theoretical results based on realistic local
potentials, which reproduce well scattering data, are inconsistent with the recent measurement of the energy shift
and decay width of the 1s kaonic hydrogen state by the DEAR Collaboration.
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Kaonic hydrogen is mainly the Coulomb bound state of
a K− and a proton, but is affected by the strong interaction
at small distances. The strong interaction couples the K−p

state to the K̄0n, π�, π�, η�, and η� channels and results
in the π� and π� decaying modes. It is believed that the
study of kaonic hydrogen effectively probes the low-energy,
and especially zero-energy, strong kaon-nucleon interaction.
Inspired by the recent precise determination of the energy and
decay width by the DEAR Collaboration [1], kaonic hydrogen
has been extensively studied in the theoretical sector, mainly
in effective field theory [2–10].

The success of the effective field theory applied to kaonic
hydrogen makes it possible to construct equivalent local KN

potentials, which may be conveniently applied to computations
of K-nuclear few-body systems and hyper-nucleus produc-
tions [11]. The solution of the Schrödinger or Lippmann-
Schwinger equation with such an equivalent potential should
approximate as closely as possible the scattering amplitude
derived from the full coupled-channel calculation of the
effective field theory.

In this work, we study kaonic hydrogen with local
potentials, which are purely phenomenological or based on
chiral SU(3) models. The 1s kaonic hydrogen energy shift and
decay width are derived by solving the dynamical equation[
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where V em is the electromagnetic potential, V h
0 and V h

1 are
respectively the isospin I = 0 and 1 strong interactions of
the KN system, and RK−p(r) and RK̄0n(r) are respectively
the K−p and K̄0n components of the radial wave function
of the KN system. Equation (1) embeds into the Schrödinger
equation the relativistic effect and the mass difference between
the K−p and K̄0n components. The relativistic modification
of the Schrödinger equation to Eq. (1) has been discussed in
Refs. [12–17].

The local potentials considered herein are the phenomeno-
logical KN potential taken from Refs. [18,19] and the various
effective potentials which are worked out in Ref. [20]. The
interaction [18,19] is constructed by fitting the free K̄N

scattering data [21], the KpX data of kaonic hydrogen by
the KEK Collaboration [22] and the binding energy and decay
width of �(1405), which is regarded as an isospin I = 0 bound
state of K̄N .

In Ref. [20], an effective local potential in coordinate space
is constructed such as the solution of the Schrödinger or
Lippmann-Schwinger equation with such a potential approx-
imates as closely as possible the scattering amplitude derived
from the full chiral coupled-channel calculation. Four versions
of effective potentials referred to as ORB, HNJH, BNW, BMN
have been constructed in Ref. [20], based respectively on the
chiral SU(3) models [3,4,8,10].

The accurate evaluation of energy shifts, decay widths, and
especially wave functions of exotic atoms has been a challenge
to numerical methods [16,23]. An approach is required which
is able to account accurately for both the strong short-range
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TABLE I. 1s kaonic hydrogen energy shift �E1s (�E0
1s) and

decay width �1s (�0
1s) derived by directly solving Eq. (1) with

(without) the mass difference between the K−p and K̄0n states
considered.

�E0
1s [eV] �0

1s [eV] �E1s [eV] �1s [eV]

AY [19] −268 312 −384 288
ORB [20] −255 534 −348 646
HNJH [20] −248 527 −336 648
BNW [20] −220 544 −288 674
BMN [20] −197 517 −297 622

interaction and the long-range Coulomb force. The numerical
approach based on Sturmian functions [24] has been found
effective and accurate. In this work, we use the numerical
method which has been carefully studied and discussed in
Refs. [24–26] to study kaonic hydrogen.

The 1s kaonic hydrogen energy shift �E1s and decay width
�1s shown in Table I are derived by solving Eq. (1) in the above-
mentioned Sturmian function approach [24–26], with the mass
difference between the K−p and K̄0n channels treated as
shown in Eqs. (1) to (10). The negative energy shift in Table I
means that the 1s energy level is effectively pushed up by the
strong interaction since there exists one deep bound state, the
�(1405). Shown in Table I are also the energy shift �E0

1s and
decay width �0

1s in the isospin symmetry limit, where the mass
of proton is applied for both the proton and neutron and the
mass of K− for both the K− and K̄0.

It is found from Table I that the theoretical results in the
approximation of the isospin symmetry limit are rather differ-
ent from the full results where the mass difference between
the K−p and K̄0n channels is properly treated, as shown in
Eqs. (1) to (10). Except for the decay width for the phenomeno-
logical KN potential [18,19], the isospin symmetry approxi-
mation largely underestimates both the energy shift and decay
width of the 1s kaonic hydrogen. On average, the theoretical
result for the energy shift in the isospin symmetry limit is
smaller by a factor of about 28% than the full result. For the
equivalent local potentials referred to as ORB, HNJH, BNW,
BMN in Table I, which are constructed in Ref. [20], based
respectively on the chiral SU(3) models [3,4,8,10], the isospin
symmetry approximation for the decay width of the 1s kaonic
hydrogen is about 18% smaller than the result where the mass
difference between the K−p and K̄0n channels is considered.

The most recent experimental values on the energy shift
and decay width of the ground state of kaonic hydrogen are,
respectively,

�E1s = −193 ± 37 (stat) ± 6 (syst) eV (11)

and

�1s = 249 ± 111 (stat) ± 30 (syst) eV (12)

obtained by the DEAR Collaboration [1]. These values
are smaller by a factor of almost 2 than the experimental
values measured by the KEK Collaboration [22], which are,

TABLE II. K−p scattering lengths aK−p derived with local
single-channel potentials [19,20] compared with the K−p scattering
lengths ãK−p (taken from Refs. [18,20]) derived with the multichannel
effective interactions [3,4,8,10,18].

aK−p [fm] ãK−p [fm]

AY [19] −0.678 + i0.506 −0.70 + i0.53
ORB [3] −0.586 + i0.844 −0.617 + i0.861
HNJH [4] −0.566 + i0.829 −0.608 + i0.835
BNW [8] −0.487 + i0.838 −0.532 + i0.833
BMN [10] −0.426 + i0.788 −0.410 + i0.824

respectively,

�E1s = −323 ± 63 (stat) ± 11 (syst) eV (13)

and

�1s = 407 ± 208 (stat) ± 100 (syst) eV. (14)

It is clear that except for the decay width derived with the
phenomenological KN potential referred to as AY in Table I,
all other theoretical values are much larger than the DEAR
data. However, the theoretical results shown in Table I for
both the pure phenomenological potential and the chiral SU(3)
symmetry-based potentials are fairly consistent with the KEK
measurements, considering the large error of the KEK values
of the 1s kaonic hydrogen decay width.

It is difficult to conclude whether the equivalent potentials
based on chiral SU(3) models are reasonable since the KEK
and DEAR data are so inconsistent with each other. One may
have to wait for the more accurate measurement of the 1s

kaonic hydrogen by the SIDDHARTA Collaboration.
One may argue that the theoretical results of the 1s kaonic

hydrogen energy shifts and decay widths derived in the work
with the the local, equivalent single-channel potentials may not
reflect well the original equivalent interactions. To clear this
issue, we compare the K−p scattering lengths derived with the
effective multichannel interactions [3,4,8,10,18] with the ones
evaluated with the local single-channel potentials [19,20] using

aK−p = 1
2 (aI=0 + aI=1) (15)

in the isospin-symmetry limit, where the mass of proton is
applied for both the proton and neutron and the mass of K−
for both the K− and K̄0. Shown in Table II are the K−p

scattering lengths aK−p derived with the local single-channel
potentials [19,20], which are employed here in this work to
evaluate the energy shifts and decay widths of the 1s kaonic
hydrogen and the K−p scattering lengths ãK−p derived with
the multichannel effective interactions [3,4,8,10,18]. It is
found that the average discrepancy between aK−p and ãK−p is
less than 5%, much smaller than the effect resulted from the
mass difference between the K−p and K̄0n channels. One
may conclude that the local single-channel potentials [19,20]
applied to the KN system well approximate the original
multichannel effective interactions.
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