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Elastic electron-deuteron scattering beyond one-photon exchange
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We discuss elastic electron-deuteron (ed) scattering beyond the Born approximation. The reaction amplitude
contains six generalized form factors, but only three linearly independent combinations of them (generalized
charge, quadrupole, and magnetic form factors) contribute to the reaction cross section in second-order
perturbation theory. We examine the two-photon exchange and find that it includes two types of diagrams,
where two virtual photons are interacting with the same nucleon and where the photons are interacting with
different nucleons. It is shown that the two-photon-exchange amplitude is strongly connected with the deuteron

wave function at short distances.
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I. INTRODUCTION

The study of electron scattering on the nucleon and the
light nuclei provides a convenient tool to study the structure
of strongly interacting systems. Due to the smallness of
the fine structure constant o & %, one may expect that
the Born approximation (one-photon exchange, OPE) should
describe such processes with an accuracy of a few percent.
Nevertheless, Thomas Jefferson National Accelerator Facility
(JLab) polarization measurements of G, (Q )/ G? (Q )[1-3],
together with their theoretical analysis [4 71, show that higher
order perturbative effects, such as two-photon exchange (TPE),
can strongly affect some observables of the elastic electron-
nucleon scattering.

Also for more complicated hadronic systems, like the
deuteron, *He, *He, etc., TPE should contribute. Thus for
precise studies of these nuclei a quantitative theoretical
investigation of TPE effects is important; until now only a few
estimates have been done of the contribution of TPE [8-13].

The aim of this article is to estimate the TPE amplitude
for electron-deuteron (ed) scattering in the framework of
semirelativistic calculations, with deuteron wave functions
from “realistic” N N potentials.

The article is organized as follows. In Sec. II we study
the general structure of the reaction amplitude beyond OPE
and define six independent generalized form factors that
determine the amplitude. We show that only three linearly
independent combinations of these generalized form factors
contribute to the cross section in second-order perturbation
theory. We call the corresponding combinations of the form
factors generalized charge, quadrupole, and magnetic form
factors. These generalized form factors are computed in
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Sec. III. Section IV contains numerical results and a brief
discussion.

II. KINEMATICS AND DEFINITIONS

The electron and deuteron momenta in the initial and final
states of elastic ed scattering are denoted by k, k&’ and d, d’,
respectively; ¢ = k — k' is the transferred momentum; M and
m are deuteron and nucleon masses; and actual calculations
are done with m ~ %M .

All calculations are done in the Breit frame, where the
deuteron has the same energy E; in the initial and final state
and moves along the z direction (Fig. 1). We get

dy=dy=E; =/ M?+ Q?/4,
d =d| =0, dy=—d,=-0)2,

Ggo=q=q0=0, qg=0,
ko =k, =E,, k =k, ks

6]
=—ky=0/2,

where Q is the modulus of the transferred momentum. For
definiteness we assume that the transverse momentum of the
electron is directed along the x axis:

60 1 0
klegcosz, k, =0, k3=§Q=Eesin—. 2)

2

In this frame the commonly used polarization parameter €
can be expressed in terms of the electron scattering angle 6
by

e=——2_; 3)

note that tg>5 = (1 + n)tg?%e, where n = 3 M2
The polarization vectors for the incoming and outgoing
deuterons with spin z-projection A are denoted by €()(d) and
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FIG. 1. The electron and deuteron three-momenta in the Breit
frame.

€()(d"), respectively,
/ 1 )
exn(d) = ean(d) = — 5(0, £1,1,0),
(d) ! 0 0,0, E 4)
€ = |\ 5 s Yy s
© M\ 2 d

1
6 O (d/) = — 2’ ()’ 07 Ed M
©) 7 \3

The required electron electromagnetic current j* =
ip(k")yHuy(k) is written as
. 0 .
jo=2E,cos -, j =-2E,,
2
0 ®)
Jj» = —2ihE, sin > ja=0.

Because the electrons are ultrarelativistic, the helicities of the
incoming and outgoing electrons are the same; their signs are
specified by h.
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Instead of the usual reaction amplitude M it is useful to
introduce the reduced amplitude Ty, , by

16w
M= ?EeEdTA’A.h- (6)

It follows from P and T invariance that, in the Breit frame,
this amplitude must have the following properties

T = (—l)x”\ T_,_y.—p, from P invariance,

)

Tyan = T_p_spn, from T invariance.

The reaction amplitude is determined by six independent
invariant amplitudes (form factors), which are specified by
the following parametrization:

0 h h
Giicos 5 —\/ggm -
—h 0
T)J)\;h = \/gglo gOO Cos 3 _\/gglfo ) (3)
—h —h [%
gl,—l \/ggm g1 cos 3

where lines and columns correspond to the allowing order,
(M, A) =+1,0,—1, and

.0 .0
Glo = fi +hsm§fz, g{l,,l = f3+hs1n§f4. )

The form factors Gij, Goo, and fi, ..., fs are complex
functions of the two independent kinematical variables, for
example, Q% and 6.

The relation of the amplitude 7,/ to the invariant
amplitudes G, ..., G¢ used by other authors [14,15] is given
in Appendix A.

Later on the amplitude (8) is expanded in ¢, and only terms
of order zero and one are kept. As shown in Eq. (A8), at zero
order (OPE approximation) the amplitude written in terms of
the charge, magnetic, and quadruple form factors (G¢, Gy,
and G o) becomes

|
(Ge — InGo)cos§ = [2Gu(1 +hsin ) 0
0= | J3Gu( —hsing)  (Ge+4nGorcoss = [1Gu(1 +hsin9) |, (10)
0 JEGu(—hsin®)  (Ge - 2nGo)cos §

where the form factors G¢(Q?), GQ(QZ), and G (Q?) are
real and depend upon Q2 only.

Next the generalized electric, quadrupole, and magnetic
from factors G¢(Q?2, 6), QQ(QZ, 0), and G (Q?, 0), which re-
produce the spin structure of Eq. (10), and the additional form
factors g1(Q?, 8), g2(Q?, 8), and g3(Q?, #) are introduced as
follows:

2 4
Gii=Gc — gﬂgQ, Goo = Gc + gngQ,

%
fi=Gu+agisin® =, fr=Gy— g, (11)

2

fr=8, fi=gs.

In OPE 4 TPE approximation the form factors can be
written as

Gc = Gc +68Gc,
Gu = Gu +6Gu,

Q Q Q (12)

where § stands for the terms of order «; likewise, the form
factors g1, g2, and g3 are also proportional to «.

By standard calculation one derives the differential cross
section

do oM —5
o
d2 cos? 3
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where oy is the Mott cross section and

Z | Txnl®

)L)J

= cos? > [A(Qz, )+ tgz%B(Q2, 9)} + O@?)

%
<1—|—s1n —) |:EIQE(Q 0))* + nlgM(Q 9)|i|

+O(a?), (14)
with
A(Q%.0) = 1Gc(Q%. 0)* + £n*IGo(Q%. 0)
+2n1Gu(Q%. )17,
B(Q*.6) = 3(1 +mn|Gu(Q*, 0), (15)

Gz = 1Gc(Q% )1 + 31°1Go(Q%, O).

The advantage of using the form factors G¢, G, and Gy is that
the expression for the cross section has the same form as the
Rosenbluth formula; nevertheless the Rosenbluth separation of
the structure functions A(Q?, 6) and B(Q?, #) can no longer
be done because they depend on two variables.

III. CALCULATION OF THE TWO-PHOTON EXCHANGE

In what follows the contribution of meson exchange
currents to the TPE amplitude are neglected, and two types
of TPE diagrams are considered, where the virtual photons
interact directly with the nucleons

My =M+
M, + M,

n’

MU (16)

One of them, M! = corresponds to diagrams

where both photons 1nteract with the same nucleon (Fig. 2,
= Mp+

top). The other type, MU MUY, corresponds to the

d d

FIG. 2. Two-photon exchange diagrams. The top diagrams cor-
respond to the amplitudes ./\/l'p and M! and the bottom diagrams
correspond to the amplitudes MY (left) and MY (right).
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diagrams where the photons interact with different nucleons
(Fig. 2, bottom).

The deuteron structure is described by the nonrelativistic
wave function

YL P) =) Yo (h, )

= Z |:\/—<——0102 1)»>U0(P)
/11
- st(p)<5§alaz 1M> (216 M|12)Us(p)
EM

x |Nyoy, N2o2), a7

where p is the internal momentum in the deuteron,
|Nyoy, Nyop) is the spin-isospin wave function of the two
nucleons, and (- - - | - - -) are Clebsh-Gordan coefficients.

A. M}, diagram

The TPE amplitude for a nucleon N has the following
structure [4]

droa
QZ

where Hy, is the “effective hadron current”

Mo,y = —— i) yun(p/'no' |Hjf | py o), (18)

TN v qv =N \JPM
AF [yv",y ]E+F3 K,y Pl (19)

HYy = AF)Ny" —
In Egs. (18) and (19), py and pj are the nucleon momenta,
o and o’ are the nucleon spin projections, |py o) and |p o)
are the nucleon spinors, K = (k +k')/2, P = (pn + pn)/2;
AF, FN and AF, FN may be called corrections to the Dirac and
Pauh form factors and F; FYN is a new form factor. All the
quantities AF1 , AF2 , and Fjy FN are of order a. They are
complex functions of two kmematlcal variables, for example,
0?andv = 4PK.

Because we employ a nonrelativistic deuteron wave func-
tion we must put

pp~ (m.3d+p),  pu~(m, 3d—Pp),

Py 4+ 5), (4 ),
where p and p’ are the internal momenta in the deuteron.

From Eq. (18) it follows that the M amplitude is given by

drra
0?
where DH(A')) is an effective deuteron current. The latter
is derived in the same way as the deuteron current J* in

the impulse approximation [16] with the nucleon current
substituted by the effective hadron current (19),

Eq N 1.
d*put P+ =q
m

(20)

M = @'y, uD"(\, 1), 1)

DEO, L) = A’) (HY+ B (5, 1).

(22)

t\.)
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Here W(p, A) and W(p + q A’) are wave functions of the
deuteron in the initial and ﬁnal states.!

Later on we will need a nonrelativistic reduction of matrix
elements of the effective hadron current. Retaining the terms
linear in the nucleon momentum one gets (see Appendix B)

(pro'|HY Py o)

N E,Qo0?
~2my,, <5g§ ! Qo

Z_mZCOS%N) Yo
= xl,'H(])VXa,
<ﬁ/NG/|I§N|ﬁN o)
~ Xo |:z(a X q) (SQM EF3N> + 2138gfgv:| Xm
= %\ Hy o (23)

where ¢ are Pauli matrices and ¥, and x, are Pauli spinors.
The generalized nucleon electric and magnetic form factors
are defined by (see Ref. [7])

8GN = AFN —tAFN +

4m 2F3’
8GN = AFN + AFEN + 4—2F3N.

(24)

Here 7 = 4Q— ~4n and v~ mE,. After substitution of

Egs. (23) and (24) into Eq. (22) the matrix elements of the
effective deuteron current between the initial and final deuteron
states become

2E.(8G¢ — 3n8Gy),  if A=A =+I,
2E,(8G¢ + 5n8Gy),  if A=1 =0,
DY, ) = _zi%
1cos 5 SN HINFs, if A —r==+1,
0, if A —a=+2,

DO, A) =i |T x G | —2 o <5gM

) ; (25)

where J = (J1, J2, J3) is an operator of the deuteron total
angular momentum, and

8Gr = 28G5 [1%(Q) + I5(0)].

3f

8Gy = —=38G3 [1 0(Q) — I%Z(Q)} :

1

22
M

5Gy = — { 5GS[1%(Q) + I3,(0)] + 2863,

1 1
{100@) 5 12(0) + \Elio(Q) + 5@(@} } ,

M ~ 1, 1,
Fy=2—F | (0~ 5 122(Q)+ S+ 5 1(0)|.
(26)
'Here the additional multiplier (2m)~! appears because of the

additional multiplier 2m in the effective current [see Eq. (23)] in
comparison with the nucleon currents (3) and (4) of Ref. [16].
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In these expressions the notation 1 ZL,Z(Q) =
Jo o drjL(30ruy(ruy(r) was used, where j,(x) is a
spherical Bessel function, u,(r) is the radial deuteron wave
function for orbital momentum ¢, and 8G% 7 = 2(89 e+ 0G%),
etc. Contracting the effective deuteron current with the
electron current j, one arrives at

1 E,
g = —€—Fi. 27
m

The corrections g, and g3 are obviously vanishing for the first
type of diagram, g} = g} = 0.

B. M! diagrams

In Ref. [12] the contribution of the M! diagram was
estimated within a nonrelativistic approach with a Gaussian
deuteron wave function. The present calculations are similar,
but use a deuteron wave function extracted from a “realistic”
N N potential; also, a modern parametrization for the nucleon
form factors has been adopted.

The appropriate amplitude is given by the sum of two
diagrams displayed at the bottom of Fig. 2, M = MU +
Mg, where

d4p d4 ~ [J.V()\ )n)
IPXG(AY, A=

. nm _
iMp.x Q) @)t

(28)

Here p = 3(p" — p@) and p' = 3(p'V — p’@) are the
relative momenta in the initial and final deuteron,

P _ iup(K)(—iey, )il + p)(—ieyy)u(k)

1% 12 _ MZ +i0 ’
=1
—i —I
G(A, Ay) =

A2 — k2 +i0 AZ—K2+Z()

3) = (e’ Tr{id™(p'V, p'®) (B +m)
x THAD PV +m)id® (pD, p@)
x (P —m)Ty(A3) (FP —m)),
%uv(x’,\)(A; A%),

MVA) (A2
TP (AL A

TN % o) =

D = [(p’D)? —m? +i0][(p™M)? — m? +i0]
x [(p®) —m* +i0][(p'?)* —m* +i0].
(29)

where P and X superscripts (subscripts) mean appropriate
quantities related to diagrams with “parallel” photons (left
bottom, Fig. 2) and “crossed” photons (right bottom, Fig. 2);
A=A, y*. In Eq. (29) we use the following notations: [ is
the four-momentum of the intermediate electron, A =k — [
and A, = [ — k’ are the four-momenta of the virtual photons,
and « is an infinitesimal photon mass introduced in the photon
propagators to regulate the infrared divergences; Ff(A%) and
f‘g (A%) are electromagnetic currents for the nucleon and
antinucleon, in which the form factors are functions of A%
and A2, respectively; and dP(p", p@) and d*)(p'V, p'®)
are dpn vertex functions for the initial and final deuteron.
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A

FIG. 3. Four types of poles taken into account in integration over dpy and dpy,.

In expression (29) for 7p" )‘2(“) moving along the nucleon
loop (bold lines in the bottom diagrams in Fig. 2), a line
with an arrow opposite to the motion corresponds to a
fermion propagator and a line with an arrow along the motion
corresponds to an antifermion propagator.

An infrared divergent term appears in M when one
photon is soft, A; > 0, A, = g or A} —> g, Ay — 0. Itis
canceled by radiative corrections that are not of interest in
this article. The configuration where each intermediate photon
carries about half of the transferred momentum (hard-photon
approximation) is emphasized,

Ay~ Ay ~ %. (30)

In this case there is no infrared divergent term.

To relate the dpn vertex to the deuteron wave function with
one of the nucleons on the mass shell one must integrate over
dpo and dpj. Four types of poles contribute to this integral
(see Fig. 3). What follows is a discussion of the contribution
coming from the poles of the first diagram of Fig. 3,

, v (A ,
g — Cpd' P X" 1 dpd’p
PX= )8 D 4 2E\2E,(2m)°
Tp.v(k’/\)
X 5 _P’X 5 —, (3D
(pD7 —m? +i0)(p®° — m? +i0)
where Ei=./m>+(p— % )2 and E) =
Jm (= 1a
One can use the expansion
PO +m = Z|p a1)(p Vo,
(32

/(2) / |

PO —m= Z“,/(z) .

(in the last equation ¢ means charge conjugated spinor) and
define the wave functions of the initial and final deuteron by

d()‘)(p(l), p(2))

¢()~)(p(1)’ p(z)) — ,
p* —m? +i0

A (/D) pi(2) (33)
p 0, py = L)
7 pO* —m? 40
These wave functions are normalized by the condition
d’p RPN CD R C) NG DI )
WTIW (P, p (P, p =1 (34

[and similarly for ¢@)(p'®, p'@)], which comes from the

requirement G¢(0) = 1.

Note that in general the nucleons N’V and N® are not
on-shell and at this step one cannot use expansions similar to
Eq. (32) for ' ¥ 4+ m and p® — m. Nevertheless we assume
that the relative momenta in the initial and final deuteron are
restricted by

pl~1p'l < Q. (35)

This means that in all expansions one must keep terms linear
in p and p’ only and

1 d-p 1 d - p'
Eiamip, 24P g g @) s
2 E,; ’ 2 E,
. | |
p? —70 %P, p'? 29%EP", 37)
A—lj:(S § = Q(’+)” b
1,2—2q s = 2E, Pz T P3), P pP)-
(38)

One sees that in the framework of our approximation all
nucleons become on-shell and one can use an expansion
similar to Eq. (32) for p" +m and p® —m. As a result
all diagrams in Fig. 3 give the same contribution and

273 93 1
e“d’pd’p 550 5/ 5
(Qn)2E2E) 2, (P Pogield” 5" o)
oy, 2171' (77

x{p" Vo [T} (AD)15 Von) (5 Vorl¢"|p Ponic)

X(P 02;C|FM( )|_”(2) lsc). (39)
dTy" is obtained by the exchange A7 <> A inEq. (39). Using
the fact that (p Vo |¢*|p Poy; c) and(wz)g clg* |p'Val)

are Lorentz invariants, one can substitute the nonrelativistic
deuteron wave functions (17) instead of these wave functions:

ATy’ ~ —

1 -

E(p Jo1l¢*1p Poric) — ) W0, (A, D),
1

VEq

This substitution must be completed by the transformation of
the current I'y — I'y. In Eq. (40)

2 M (= M
P =\ P, D2 Edp3 =\DPL Edps

(40)

(@) > (1) 32t =
(b @ogselg” 15 Vo) - @m0 5.

41)
and ﬁ/= p]/ pz/ ﬂp3/ — ‘5/ ﬂpz’
’ ’ Ed 1 Ed 3
are the internal momenta in the deuteron rest frame.
Expanding the current matrix elements

(P'Do'\THAY)p Do)y =2my) T*(A2)x, in terms of
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Pauli spinors one gets

MU = 640 (4 )2 E, / Apdip’
B Q° @m)}
. ~ /1 ~ /1 -
x Wi, p) [r;f‘”rm (Z Q2> Iy, (Z Q2> + pA
+7'B+0(2 MZ)} v, P, (42)

where A and B are some vectors and
5 = Ky k= 3Pv" + v K + 30" Junk)
= Gk KY R+ KDY (43)
The integrals [ d*F pW(r, p)and [d*p’ p'W(\, p’) obvi-
ously vanish after angular integration and one arrives at
64a’(4m ) E, ’“’93?’\ N
Q6 w2
where 7 = ¥ (0)T 1, (3 0T, (5 011 (0): ¥ (0), ¥,.(0),

and v/ (O) are the deuteron wave functlons in coordinate space
at7 = 0; and

(10)-o1 ()
. 45)

F <1Q2) =G x§)G (1Q2>

K\ 4 oM M\ 4

(suffix k = 1, 2 enumerates the nucleons).

For further calculations it is useful to introduce “plus”
and “minus” components of the tensors according to Ay =
JVI(A| £iA;). The contraction of the lepton and deuteron
tensors becomes

T = Mg To0 — 2(MG L To— + MY 70
O e 2 MM ), (46)

MU~ — (44)

where

0
Too = 8Ee2 cos >

0 0
Tor = —2«/_E3 (2 — sin’ 5~ h sin —)

2
6 0
Ty = —2«/_E2 2 —sin® = + hsin —
2 2
2 %
7.4 = 4E; cos 3 11— s1n—
0 %
T__ = 4Eezco 5 (1 + hsin —) , T4 = 4Eezcos§
“47)
and
mll =M — mOO — iG
00 0 00 . EE>
My =My, = -t = -, 1O
=——VnGeu, (48)
C
m-t = = —yGyw, 93?3& ——nGuum,

PHYSICAL REVIEW C 81, 054001 (2010)

with the abbreviations

= [uy()Plr=0.  Grre = GL(30%)GE(50%).
Gum = G1,(;0°)GL(32%),
Gewm = 3[GE(:Q°) Gl (3Q°) + Gl (32°) 1 (:.2) |

Finally we get the following amplitudes,

0
Top = #cos E(GEE —nGum),

11 n .50 .0
Tip, = —» EGEM 2 —sin §+hsm§ , (49)

1 0 .0
T2y Z%UGMMCOSE 1+hs1n§ ,

11 4
T|, = »cos EGEE’

where

128aCE,

and one arrives at

1 ”
8G¢ = » (GEE - gﬂGMM> . 8Gh = _EGMM,

%G gy cos? 2

Z%GEM I b3 (51)
1+sin2§

= —. ) 1 =
1 +sin? §

5Gay
m_ I _ 0
& = §3 = 1 COoS EGMM'

One should note that Eq. (42) is not valid at & — 0 (or,
equivalently, ¢ — 1). Indeed, the denominator of the electron
propagator

E.Q

1 2 6 ~ ~/ 2
i (pz+p ) =208 S E(px — p )@
contains products of E, and components of the internal
momenta. From Eq. (2) it follows that E, — oo when 8 — 0

and the factor C should be changed to

1
(2m)3

/i

The amplitudes in Eq. (49) with the substitution of Eq. (52) in
Eq. (50) coincide with the results of Ref. [12].

To evaluate the integral in Eq. (52) one can use the integral
representation for the denominator

C—)S:

d*pd*p'Uo(pI)Uo(P")
(P + D! )—SCong(p‘—p-l-lO
(52)

! > iH0)
— —j d i(a+i0)T 53
PR 1/0 Te (53)

and reduce Eq. (52) to the one-dimensional integral

i <>Od‘L’ i
§=-t0° / SO, (54)
0
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0.003 T T T T

0.002 i

0.001

S (GeV?®)

_0.001 1 1 1 1

FIG. 4. S factor calculated for the CD-Bonn potential [17] (left) and the Paris potential [18] (right). Dashed, dot-dashed and solid curves

are for Q? =1, 2, and 3 GeV?, respectively.

where y = TE, /4 cos? % + AQI—ZZ By changing the variable in

Eq. (54) one gets

o0
dy .
S=—if / ey, (55)
o Y
where
Q2
f= = (56)
4E.\/4cos? § + %
For the standard parametrization of the wave function
(57)

uog(y) = Zc,,e_“"y, with ch =0,

0.02 T T T T

-0.02

8Gc/GE

-0.04

-0.06

-0.08 1 1 1 1

0.2 T T T T

0.1 |

6Gm/GE
\
j

we obtain (Appendix C)
S= _lf Z chcm(an +am — if)ln(an + oy — lf)
n m

(58)

In Eq. (55) the exponent reduces to 1 in the limit £, — oo for
fixed Q and
0
ReT, ~ sin 2 SmT)}, — const; (59)
that is, at the limit & — O the TPE does not contribute to the
cross section in the next order of the o expansion.
The € and Q? dependence of S is displayed in Fig. 4. One
sees that the S factor depends strongly on the NN potential

-0.02 1 1 1 1

FIG. 5. Two-photon-exchange corrections 8G¢/Gg, 8Go/ G, 8Gu/Ge, and g,/Gy at Q? = 1 GeV>. Dashed, dot-dashed, and solid
(bold) curves are for M!, M, and M" + M", respectively, calculated with the CD-Bonn potential. The solid (thin) curves depict M + MU

calculated with the Paris potential.
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6Gm/GE

and in any case it is very different from the constant value
C= [u6(0)]2. The reason is as follows: from Eq. (58) one gets

PHYSICAL REVIEW C 81, 054001 (2010)

0.4 0.6 0.8 1

0.02 . . . . 0.2 :
0 F
0.02 |
0.04 [
0.06 [ ] o3t
-0.08 : : : : 04 -
0 0.2 0.4 0.6 0.8 1 0 0.2
0.2 . . . . 0.06 .
0.04 |
01 f ]
S
= 2 002 f
ol & ]
0 F
0.1 : : : : -0.02 :
0 0.2 0.4 0.6 0.8 1 0 0.2

that S — C at the formal limit

6Gc/Gr

FIG. 6. Same as Fig. 5 for Q> =2 GeV>.

But from expression (56) it follows that f — %M sin%
when Q% — oo and the condition (60) cannot be fulfilled

at any Q2. Note that a similar situation takes place in the
evaluation of the so-called triangle diagram in pd backward

f>a,+a,. (60) scattering [19].
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FIG. 7. Same as Fig. 5 for Q% = 3 GeV>.
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FIG. 8. Ratio of g, = g3 to G . Dashed, dot-dashed and solid curves are for Q% = 1, 2, and 3 GeV?, respectively. Left and right panels are

for the CD-Bonn and Paris potentials, respectively.

We have also studied the deuteron D-wave contribution to
the S factor and found that it contributes less than 10%.

IV. NUMERICAL RESULTS AND DISCUSSION

Figures 5-8 display the € behavior of the TPE corrections
8Gc/GE, 8Go/GE, 8Gu/GE, and g1/GE calculated with
the deuteron wave function for the CD-Bonn and the Paris
potentials. The form factor G(Q?) was calculated in the
framework of the impulse approximation.

In the present calculations of the TPE correction in M
the amplitudes A F’ llt]2 and F; from the theoretical calculations

of Ref. [6] are used. At Q% < 6 GeV? they are practically
independent of the parametrization of the nucleon form factor.
For M we use the following parametrization of the nucleon
form factor:

(i) For the magnetic form factors of the proton and neutron,
we use the dipole parametrizations
Gy(Q%) = 1,Gp(Q), G (Q%) = G p(Q?),
(61)
where Gp(0%) = (1 + 02/0.71)72.
(ii)) The electric form factors of the proton and neutron

were taken from the parametrization of the JLab data

(see [21]),
GL(Q%) = (1.0587 — 0.142650%)G p(0%), (62)

and so-called Galster parametrization [22], respec-
tively.

One sees that two-photon exchange may give a large
contribution to the elastic ed scattering, although caution is

TABLE I. u;(0) for some popular potentials.

u/'(0), fm=3/? Potential Ref.
1.1978 x 107! Paris [18]
3.1035 x 10! CD-Bonn [17]
2.6860 x 107! Nijm I [20]
2.6730 x 1072 Nijm 11 [20]
3.1571 x 10! Nijm 93 [20]
5.8334 x 1072 Reid 93 [20]

required because these estimates have large uncertainties. The
most important source of uncertainty comes from the S factor,
which is determined by the short-range part of the deuteron
wave function. The last quantity is very poorly known (see,
e.g., Table I). Of course, besides N N degrees of freedom, non-
nucleon (quark) degrees of freedom should also be taken into
account in this region and one may expect that in the framework
of more realistic estimates the two-photon corrections may
be smaller. The implication is that the experimental study of
two-photon exchange in elastic ed scattering at Q2 ~ few
GeV? can give important information about the deuteron
structure at short distances.

In summary, we estimated the two-photon-exchange
amplitude in elastic ed scattering. There are six independent
form factors that determine this amplitude, but only three
of them contribute to the cross section in second-order
perturbation theory.

There are two types of two-photon-exchange diagrams. For
the first type two intermediate photons interact with the same
nucleon. For the second type the intermediate photons interact
with different nucleons.

We show that the two-photon-exchange amplitude is
strongly connected with the deuteron structure at short
distances.

ACKNOWLEDGMENTS

The authors thank A.-Z. Dubnickova for important discus-
sions and D. L. Borisyuk for providing the numerical calcu-
lations of two-photon-exchange form factors for the electron-
nucleon scattering. We are also grateful to D. L. Borisyuk,
M. Faber, and C. F. Perdrisat for reading the manuscript
and critical remarks. This work was partially supported by
a Joint Research Project between the Ukrainian and Slovak
Academies of Sciences and the Slovak Grant Agency for
Sciences VEGA, Grant 2/0009/10.

APPENDIX A: GENERAL EXPRESSION FOR
THE ed — ed AMPLITUDE IN THE BREIT FRAME

From the invariance under Lorentz transformations and
space and time inversions it follows that the amplitude of the
elastic scattering of a spin—% particle (the electron) off a spin-1
particle (the deuteron) has nine invariant amplitudes (form
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factors). Usually for ultrarelativistic electrons the mass can be
neglected and the electron helicity is conserved. In this case
the number of form factors is reduced to six and the amplitude
has the general form [14,15]

dro 1 _ A4na
g =g

where j, is the electromagnetic current for the electron and
J# is an “effective current” for the deuteron

M=—

Ty, (A1)

== {Gl(e’*e)(d +d) + Gl e — €, ()]

(€ q)(eq)

D4 1 dy, + G, ELXE)

- G; d+d),

2M 2M?
+ Gsl(€"K)e, + €, (€K)]

/*K _ 1% K
+G6(6 )(Gq)zMge q)(€ )(d+d,)ﬂ}. (A2)

Here K = k + k. The form factors Gy, ..., G are complex
functions of two variables, for example, Q2 and 6.
In the Breit frame one simply finds

E;Q
M

/ /
€nq = €09 =0, €0qg=¢€pq =~ )

e =—1, €hem =0, €ewme0) = €wnep =0,
2
. 0
€'\ €0) = 1+ A3
OO ( 2M2> (A3)

0
enK =€ K = ++/2E, cos X
E,

E(())K = —G(IO)K = —

and

. E.Q 0 , . E.Q 4
€<0>J=—7COS§’ €0 =

0
€+) ] = V2E. (:I:l — hsin 5),
;o 0
€4y = V2E. i1+hsm§ ,

(d+d)j=4E.E,cos %

(A4)

From Egs. (A1)-(A4) it follows that
T =T-1-1a

E.\> ,0 E, 6
=1G;— | — cos? —Gs— =2Gs | cos =
M 2 E, 2’

Toon = |:(1 +2n)Gy —2nGy + 2(1 + n)nGs

2E62G EEG 9
— —_— — COS —
M) 1T T T Ty

Tio,n = —To1,—n = To—1,n = —T_10,—
0] E,E2 L0
=2 —E,;,G 2 —G
\/_4EdM G227 pmcos 5 0u

PHYSICAL REVIEW C 81, 054001 (2010)

6 E3E, 0
+ E, 1+cos§ G5+2M COSEGG

0
+ h sin 5(—EdG2 + EeGS)] s

Ti—1n = T-11,-n
E, 0 [EeEd

— COS

0 0
£, 3 cos =G4+ (1 + h sin 5) Gsi| .

M? 2

(AS)
In the Born approximation the form factors G4, Gs, and Gg
vanish and the form factors G, G», and G3 become the real
functions G(lo) s Gg)), and Ggo) of one variable Q?; that is,

G0 + O(w),
G4 ~ G5 ~ G6 ~ .

G =GY(QH+ 0@, G,=

A6
G; = GY(0%) + O(w), (A0

Commonly the charge, magnetic, and quadrupole form factors,

Gc(0%), Gu(Q?), and G o(Q?) are used instead of the form
factors G(IO), G(20)’ and G(30). They are connected by

G(0%) = Ge(QY) - %nGQ<Q2>,
G0 = Gu(Q),
GY(0%) = l [— Gc(0M) + Gu(QY)
+ (1 + %n) GQ(QZ)] : (A7)

and Eqgs. (A5) are reduced to

2 0
Tl(?)h = T(01) = [GC(Q2) - gnGQ(QZ)] cos =,

4 6
10, = [6e(@) + 16007 | cos.

2
0 0 0 0
TI(O,)h = _To(1,) = To( )1 h= _T( 1)0 —h (A8)
0
= —ﬁGM(QZ) <1 + hsin E) ,
©0) (]
I Lh = T—ll—h =0.

APPENDIX B: NONREALATIVISTIC REDUCTION OF THE

EFFECTIVE HADRON CURRENT
In the Breit frame K = E.(1, cos ,0,0) and

<-’/(N) /|H0|"(N)O,>
XJ/ {2mAF1N + %(—Q +2i63nmpnO'm)Af2N

E, 0 ~
+ = [Zm — cos 5(217l + iQUz)i| FSN} Xos (BD)

(p" Vo' |Hy P o)

~ 2L [(p% — i Q™o AF 1y + i Q0" AFon]Xo,
(B2)
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(p Vo' |HY1p™N o)
~ (p™ 4+ p ™ AF N xl xo (B3)

where a = 1, 2.

Note that up to terms of order O(*~ L , the ampli-
tudes AF, IN> AF2N, and F3 N are mdependent on the nucleon
momenta. In this approximation the terms proportional to p
will vanish after integration in Eq. (22) and Egs. (B1) and (B3)
become

) ~ SOMeV/c

<—>/(N) /|H0|—>(N) )

i = 0 =
Xo' ZmAFlN — —AFzN
2m

E, 0 ~
+— 2m—chos§ Fin | xo

E, 0 ,~
= x (ZmAgE _ kL coszasz) Xo, (B4)

(p" Vo' |Hy|p™ o)

~ 20 Q€ (AFiy + AFan)x) 0" 1o (B5)

APPENDIX C

Let us consider the integral

© 4 .
= [ et (e
o Y

PHYSICAL REVIEW C 81, 054001 (2010)

where f is a real constant. With Eq. (57) for uo(y) the integral
becomes a series,

=Y Y[ 5
n m 0

with all terms divergent. We regularize the expressions by
defining

e(if—otn —otm),v’ (C2)

[ =lim I, (C3)
e—0

where

Il = / 2—¢
o Yy

=D catm(otn +am —if) T(=1+£). (C4)

e uo(y)I?

By expanding the I" function near the pole
1
F(—1+8)=—g+y—1—(’)(s) (C5)

and taking into account the constraint ) , ¢, = 0, one gets

I= hm [Zchcm(an +a, —if)

x In(e,, + oy —if) + 0(8):|

= Z chcm(an + o — lf) ln(an + o — lf) (C6)
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