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Ultrahigh-spin spectroscopy of 159,160Er: Observation of triaxial strongly deformed structures
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Three weakly populated high-spin rotational bands associated with the γ decay of 159Er and 160Er were
observed in fusion-evaporation reactions involving a beam of 48Ca at an energy of 215 MeV incident on a 116Cd
target. The γ decays were detected using the highly efficient Gammasphere spectrometer. The discovery of these
bands, which extend discrete-line spectroscopy in these nuclei to ultrahigh spin of ∼60h̄, is consistent with
recent observations of high-spin collective structures in isotopes of Er, Yb, and Tm around N = 90. Cranked
Nilsson-Strutinsky calculations suggest that these bands may arise from well-deformed triaxial configurations
with either positive or negative γ deformation.
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I. INTRODUCTION

Spectroscopic studies investigating the interplay between
single-particle and collective structures at high angular
momentum have led to the observation of many nuclear
phenomena. A particularly fascinating region occurs in the
rare-earth nuclei near N = 90, where dramatic changes in
shape are found as the nucleus is excited to higher angular
momentum values. The use of state-of-the-art γ -ray detector
arrays now enables discrete-line spectroscopy to be performed
to ultrahigh spin (∼60h̄). This has led to the recent discoveries
of rotational band sequences that appear to bypass the textbook
band-terminating single-particle oblate states in 157,158Er [1]
in the 40h̄–50h̄ range. These sequences represent a return to
collective behavior for these nuclei at the highest spins.

The A ∼ 158 Er isotopes lie between two distinct regions
within the high-spin domain. There is a region of nuclei
that exhibit superdeformed (SD) structures, which lies around
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152Dy [2], and a region where triaxial strongly deformed (TSD)
structures have been inferred in 161,163,165,167Lu [3–7]. Indeed,
triaxial structures were established with the observation of
“wobbling” excitations in 163Lu [4,5]. Wobbling excitations
are unique to rotating asymmetric nuclei [8] and had been
predicted to occur at high spin for more than 30 years [9].
Interestingly, a study of high-spin states at the heavier edge
of the SD mass 150 region revealed coexisting TSD and SD
structures in 154Er [10,11].

These observations led to searches for similar high-spin
structures in other rare-earth nuclei between these two regions.
This resulted in the observation of four weakly populated,
high-spin rotational bands in 157,158Er [1]. Notably, these bands
have dynamic moments of inertia similar to the TSD structures
in the Lu isotopes and in 154Er. Cranked Nilsson-Strutinsky
calculations suggest that these bands may also be associated
with TSD structures. Moreover, the calculations suggest that
the structures lie in a valley of favored shell energy in
deformation and particle-number space [1].

A high-spin rotational band with a high moment of inertia
characteristic of a TSD sequence has also been observed
recently in the N = 90 nucleus 160Yb [12]. In the Tm isotopes,
high-spin bands, which may also correspond to triaxial-
deformed shapes, have been reported in 160,161Tm [13] and
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163Tm [14]. Lifetime measurements, undertaken for the two
rotational bands observed in 163Tm [15], confirmed that these
bands are associated with highly deformed structures with
transition quadrupole moments of 7.4 and 7.7 e b, respectively.
In addition, exploration of the high-spin structures of Hf
isotopes has led to the discovery of deformed bands with high
dynamic moments of inertia in 168,170–175Hf [16–20]. However,
these bands appear to be associated with enhanced-deformed
(ED) prolate shapes (deformations enhanced with respect to
the normal deformed nuclear shapes) and SD structures [18],
with the exception of the discovery of a possible TSD band in
168Hf [16,21].

This recent body of data has revealed that the nature
and understanding of the collective bands at ultrahigh spins
changes rather rapidly with small variations in N and Z. The
studies have revealed a complex mixture of SD, TSD, and
ED structures. The present work was undertaken to search
for high-spin rotational bands in 159,160Er and three new
bands with high dynamic moments of inertia are reported in
these nuclei. The present article supercedes the conference
proceedings [22,23] where these new band sequences were
previously discussed.

II. EXPERIMENTAL DETAILS

High-spin states in 159,160Er were populated using a
215-MeV beam of 48Ca, which was incident upon en-
riched targets of 116Cd, inducing fusion-evaporation reactions.
The experiment was performed at the ATLAS facility at
Argonne National Laboratory. The target consisted of two self-
supporting 116Cd foils with a total thickness of 1.3 mg/cm2.
The γ decays resulting from the reaction products were

detected using the Gammasphere spectrometer [24]. A total
of ∼1.9 × 109 events were collected when at least 7 of the
101 Compton-suppressed HPGe detectors fired in prompt
coincidence. The data were collected over a 5-day period.
Unfolding the events resulted in approximately 3.5 × 1010

quadruple and 1.4 × 1011 triple coincidence events, which
were replayed off-line into RADWARE-format four-dimensional
(E4

γ ) hypercubes and three-dimensional (E3
γ ) cubes for

analysis [25].

III. RESULTS

Previous experimental work on 160
68 Er92 and 159

68 Er91 has
established yrast and near-yrast normal-deformed rotational
bands up to a spin of ∼50h̄ [26,27]. A search for rotational
bands with high moment-of-inertia values was undertaken and
three such sequences were found, two in 160Er and one in
159Er. The relative intensities of these bands were estimated
to be of the order of 10−4 of the respective reaction channel
yield, similar to the corresponding bands in 157,158Er [1].

A γ -ray spectrum for the strongest of these bands in
160Er (band 1) is presented in Fig. 1(b). This spectrum
was produced from the cube (E3

γ ) using a sum of double
gates set on all of the transitions in the band from 1017 to
1532 keV. In addition, two tentative transitions at 1593 and
1666 keV were observed. Figure 1(a) shows the low-energy
range of a γ -ray spectrum produced with a sum of triple
gates set on the transitions within this band generated from
the hypercube (E4

γ ). Although no linking transitions between
the new band and the normal-deformed, low-spin states could
be established, yrast transitions of 160Er are visible in Fig. 1(a).
Transitions in 160Er are also present in Fig. 1(b), labeled with
an asterisk, at 938, 960, 983, and 1010 keV, which correspond
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FIG. 1. Background-subtracted γ -ray spectra produced with sums of triple gates (a), (c), and (e) from the hypercube (E4
γ ) and double

gates (b), (d), and (f) from the cube (E3
γ ) set on all of the firm transitions within the new rotational sequences associated with 160Er and 159Er.

Transitions are labeled by their energies in keV. Photopeaks labeled in (a) and (c) correspond to the yrast γ decay of 160Er [26] and photopeaks
labeled in (e) correspond to the yrast γ decay of 159Er [26]. Photopeaks labeled with asterisks in (b) and (d) correspond to transitions within
the 160Er yrast band. See text for further details.
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to the decay of the Iπ = 30+, 32+, 34+, and 36+ yrast
states, respectively [26,27]. These observations give strong
evidence that this band is associated with 160Er and suggest
that the lowest energy states depopulate spins of the order
of 35h̄.

A second rotational structure associated with the γ decay
of 160Er (band 2) has also been found in the present data.
This weakly populated sequence comprises of nine γ -ray
transitions from 1002 to 1470 keV and two tentative transitions
at 947 and 1568 keV. A γ -ray spectrum produced with a sum
of double gates placed on the transitions within the band is
presented in Fig. 1(d) alongside the low-energy range of a
γ -ray spectrum produced with a sum of triple gates, also set on
these transitions, which shows the low-lying yrast transitions
of 160Er [Fig. 1(c)]. Photopeaks labeled with an asterisk in
Fig. 1(d) at 938 and 960 keV correspond to the decays from
the Iπ = 30+ and 32+ yrast states of 160Er, respectively, which
may also indicate that the lowest energy states depopulate spins
of the order of 33h̄.

A third rotational structure consisting of ten transitions
from 911 to 1341 keV was observed and is associated with
159Er. This rotational structure is seen in the γ -ray spectrum of
Fig. 1(f), which was produced with a sum of double gates
placed on the all ten transitions. Figure 1(e) indicates that
the low-lying transitions in the yrast band of 159Er are in
coincidence with the new band.

IV. DISCUSSION

Under the assumption that the in-band transitions are of
stretched E2 character, the dynamic moment of inertia, J (2),
of the bands can be extracted. These quantities are plotted
as a function of the rotational frequency h̄ω in Fig. 2(a).
For comparison, the J (2) values for the candidate TSD bands
in 157,158Er [1] and the TSD band in 154Er [11] are plotted
in Fig. 2(b). Detailed analysis of the dynamic moments of
inertia have proved useful in understanding the behavior of
highly collective structures such as those associated with
superdeformation (see Refs. [28] and [29] and references
therein). This work aims to apply the same methodology to
this new class of ultrahigh-spin collective sequences in the
erbium isotopes.

The J (2) moments of inertia for the new bands in 159,160Er
all decrease with increasing rotational frequency. This is
consistent with the previously observed bands in 157,158Er,
which suggests a similar underlying intrinsic structure. The
bands in 159,160Er and band 2 in 158Er display a rise or “bump”
in the J (2) value with a maximum at ∼0.55 MeV. In addition,
the bands in 159,160Er are not observed much below ∼0.5 MeV;
therefore, the possible existence of a sharp increase in the J (2)

moment of inertia, seen at lower rotational frequencies in bands
1 in 157Er and 158Er, could not be established, although a rise
in the J (2) moment of inertia at low rotational frequency is
observed in 159Er.

To achieve an understanding of the nature of the underlying
structure of these bands, calculations have been performed
within the framework of the configuration-dependent, cranked
Nilsson-Strutinsky formalism without pairing [30,31].
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FIG. 2. (Color online) The dynamic moment of inertia J (2) as a
function of rotational frequency h̄ω for (a) the new bands associated
with 159,160Er and (b) proposed TSD bands in 157,158Er [1], and the
TSD band in 154Er [11]. The parentheses are associated with tentative
transitions.

In these calculations, the modified oscillator parameters
are those used in Ref. [32] and references therein, that is, the
so-called A = 150 parameters that have been used in all CNS
calculations in this mass region over the past 20 years. The
Lublin Strasbourg drop model [33] is used for the macroscopic
energy with the rigid-body moment of inertia calculated
with a radius parameter r0 = 1.16 fm and a diffuseness
parameter a = 0.6 fm [34]. Representative potential energy
surfaces (PES) as a function of angular momentum with
(parity, signature) + (π, α) = (−, 1) for 160Er from 31h̄ to
81h̄ are displayed in Fig. 3. Similar behavior is also found
for the other (π, α) configurations in 160Er and in 159Er. The
triaxiality parameter γ , used in the polar description of rotating
quadrupole shapes, is defined by the Lund convention [9].

The PESs shown in Fig. 3 indicate a wide variety of nuclear
shapes that compete for yrast status as a function of angular
momentum. The various minima of interest in the PESs are
labeled 1–7 in Fig. 3. At low spin, Fig. 3(a), the lowest-energy
minimum in the PES corresponds to a well-developed prolate
shape at γ = 0◦ and ε2 ∼ 0.23, labeled 1. As the angular
momentum is increased, this minimum migrates across the γ

plane toward an oblate (or near oblate) noncollective structure
(γ = 60◦), labeled 4 in Fig. 3(c). For low and medium spin
values, two minima are present at ε2 ∼ 0.37 and γ ∼ ±20◦,
labeled 2 and 3, respectively, corresponding to TSD shapes.

At high spins (51h̄–81h̄) another minimum at ε2 ∼ 0.45,
γ ∼ 20◦, labeled 5 in Fig. 3(f), is calculated to become yrast
at ∼71h̄. A small minimum is also predicted to occur at
ε2 ∼ 0.28, γ ∼ 5◦, labeled 6 [Fig. 3(d)], between ∼51h̄ and
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FIG. 3. (Color online) Calculated potential-energy surfaces versus quadrupole deformation ε2 and the triaxiality parameter γ of 160Er with
(π, α) = (−, 1) for spins I = 31, 41, 51, 61, 71, and 81, labeled (a)–(f), respectively. Contour lines are separated by 0.25 MeV and the γ plane
is marked at 15◦ intervals. Dark regions represent low energy with absolute minima labeled with a dot. Individual minima labeled 1–7 are
discussed in the text.

71h̄. At the very highest spins, highly deformed prolate shapes
are predicted to occur before the onset of fission [9], and
such a minimum is seen to be established in the PES at 81h̄,
labeled 7. The dynamic moment of inertia values extracted
for these minima (5, 6, and 7) do not compare favorably
with the values for the new experimentally observed bands.
Furthermore, the energy for minima 5 and 7 are calculated to
be too high in excitation energy at lower spin (40h̄–50h̄) to
result in detectable γ -ray yields. Therefore, these minima are
not discussed further.

A. The TSD minima at ε2 ∼ 0.37 and γ ∼ ±20◦

A possible interpretation for the new bands in 159,160Er
is that they are associated with the minima at ε2 ∼ 0.37
and γ ∼ ±20◦, labeled 2 and 3, respectively, in Fig. 3(a),
similar to those suggested for 157,158Er [1]. Quantitative energy
calculations have, therefore, been carried out for these minima.
The extracted configurations are labeled relative to the 146Gd
(Z = 64, N = 82) closed core; that is,

π (h11/2)p1 (h9/2f7/2)p2 (i13/2)p3

. . . ν(Nosc = 4)−n1 (h11/2)−n2 (i13/2)n3 ,

specifying the number of particles and holes in orbitals outside
the core. The number of protons in the Nosc = 4 orbitals and
neutrons in the h9/2f7/2 orbitals is then fixed from the particle
numbers, Z = 68, N = 92 (or 91 for 159Er), respectively.
For convenience, the configurations will be given in the
shorthand notation, [p1(p2p3), (n1n2)n3], where the numbers
in parentheses are given only when they are different from
zero.

1. Positive-γ configurations

For the positive-γ minimum (at ε2 ∼ 0.37, γ ∼ 20◦) calcu-
lated excitation energies for six low-energy configurations in
160Er are plotted, relative to that of a rotating liquid drop [34],
as a function of spin in Fig. 4(a). The associated dynamic
moments of inertia are given as a function of rotational
frequency in Fig. 4(b). To understand the single-particle
occupancy given in Fig. 4 for these configurations, the single-
particle Routhians are plotted for protons and neutrons in
Figs. 5(a) and 5(b), respectively.

The favored proton configuration above h̄ω ∼ 0.4 MeV
[see Fig 5(a)] is the negative-parity configuration,

π (h11/2)6(h9/2f7/2)1(i13/2)1,

or [6(11)] in the shorthand notation. For neutrons [Fig. 5(b)],
an energy gap appears for N = 90 that remains over a large
frequency range. The lowest N = 92 configurations can be
formed by filling two of the four h9/2f7/2 or i13/2 orbitals
above this gap, resulting in six different configurations.

It is the combination of these six neutron configurations
with the favored proton configuration that forms the low-
energy triaxial structures. Note that all these neutron configu-
rations have the typical feature of the triaxial structures in this
region of the nuclear chart, for example, two neutron holes in
both the Nosc = 4 and h11/2 orbitals [1].

The resulting six configurations can be split into two
distinct groups, those that show a bump in the J (2) moment
of inertia at ∼0.45–0.50 MeV [Fig. 4(b)] and those that do
not exhibit this anomaly, but experience a sharp discontinuity
at ∼0.75 MeV. The bump at ∼0.45 MeV in the J (2) moment
of inertia is associated with an alignment involving a pair
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FIG. 4. (Color online) (a) Calculated excitation energies E

relative to that of a rotating liquid drop Erld as a function of spin I for
the six lowest-energy, positive-γ configurations (ε2 = 0.37, γ ∼ 20◦)
and (b) J (2) values as a function of rotational frequency h̄ω for the six
low-lying collective configurations in 160Er. Solid lines correspond to
positive parity configurations and broken lines correspond to negative
parity. Similarly, solid symbols correspond to positive signature and
open symbols correspond to negative signature.

of i13/2 neutrons, as indicated with a circle in Fig. 5(b). The
two new experimentally observed bands associated with 160Er
exhibit a bump in the J (2) moment of inertia at ∼0.55 MeV
[Fig. 6(a)]. Therefore, in this scenario, the observed bump
may be attributed to this i13/2 neutron alignment. If the third
Nosc = 6 α = −1/2 orbital is occupied, see Fig. 5(b), then
the strong alignment at 0.45 MeV is effectively blocked and a
crossing with a down-sloping i11/2/g9/2 orbital at ∼0.75 MeV
is predicted, which is also indicated by a circle in Fig. 5(b).
The [6(11), (22)5] and [6(11), (22)4] configurations follow
the trends of the J (2) moment of inertia for the experimentally
observed bands in 160Er. This is demonstrated in Fig. 6(a)
where the configurations that have the best overall agreement,
namely the two [6(11), (22)5] signatures, are compared with
the data.

For 159Er, the favored proton configurations are the same
as for 160Er in the positive-γ minima. The favored neutron
configurations are formed with one of the four h9/2f7/2 and
i13/2 orbits above the N = 90 shell gap filled in the single-
particle Routhians of Fig. 5(b). Figure 6(b) displays three of
the four configurations that have characteristics similar to the
observed band. The same i13/2 neutron alignment also appears
present in 159Er. In both 159Er and 160Er, this alignment occurs
at a slightly higher rotational frequency in the experiment than
is predicted. This difference is not unreasonable in view of the
uncertainties in the calculations, where the crossing frequency
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FIG. 5. (Color online) Single-particle proton (a) and neutron
(b) energies as a function of rotational frequency (Routhians) at
a deformation of ε2 = 0.37, γ ∼ 20◦. The orbitals are labeled at
h̄ω = 0 by the Nosc shell (sometimes referred to as Nrot shell [31])
to which they belong with the ordering within the N shell as a
subscript. A few orbitals important for the present interpretation are
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to specific issues discussed in the text.

is very sensitive to changes in deformation and residual pairing
might play a role as well.

It is interesting to note that, in the lighter N = 86 isotope
154Er, the bump at ∼0.55 MeV is not present [see Fig. 2(b)].
This indicates that the i13/2 neutron orbitals involved are not
active, which is consistent with them being further in energy
from the Fermi surface.

Based on the interpretation that the observed bands corre-
spond to the ε2 ∼ 0.37, γ ∼ 20◦ minimum, the calculations
predict that the band in 159Er extends to I ∼ 97/2 and the
bands in 160Er extend to I ∼ 59 and I ∼ 55 for bands 1
and 2, respectively. These assignments are consistent with
the observation of yrast decays in 160Er occurring around
Iπ ∼ 36+ in the γ -ray spectra.

2. Negative-γ configurations

Recent lifetime measurements [35] for the candidate
TSD bands observed in 157,158Er have determined that these
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structures are indeed associated with large quadrupole mo-
ments. These measurements indicate, however, that the bands
are strongly deformed and most compatible with negative-
γ deformation. Therefore, to consider this possibility, the
configurations that arise from the minimum in the PES plots
for 160Er at negative γ (ε2 ∼ 0.37, γ ∼ −20◦) [labeled 3 in
Fig. 3(a)] have also been investigated in detail.

Single-particle Routhians at a deformation typical for this
negative triaxial minimum are plotted for protons and neutrons
in Figs. 7(a) and 7(b), respectively. A comparison between the
proton orbitals of Fig. 7(a) and the corresponding proton or-
bitals at positive γ [Fig. 5(a)] indicates that there are common
crossings between the 54 h11/2 orbital and the 55 h9/2f7/2

orbital of each signature, which are marked with circles in
Fig. 7(a) at h̄ω ∼ 0.40, ∼0.70, and ∼0.75 MeV. For negative γ ,
these orbitals interact strongly; therefore, in the calculations,
the adiabatic path of the orbitals is followed through the
crossings. Consequently, the configuration-labeling notation
will change after each crossing. This is contrary to the
positive-γ situation, where the interactions are much smaller
and the diabatic path of the orbitals is followed. Therefore,
for negative-γ deformation, the bands are labeled according
to their configuration over the spin range of the experimentally
observed bands [0.5–0.6 MeV in Fig. 7(a)]. The favored proton
configurations are then either [7(10)] or [6(11)]. Similar types
of crossing have previously been observed in the SD bands
of 146–148Gd (Nosc = 6 orbitals) [36] and 140Nd (Nosc = 5
orbitals) [37].

0.0 0.2 0.4 0.6 0.8 1.0
h- ω (MeV)

49

50

51

52

S
in

gl
e-

ne
ut

ro
n 

en
er

gi
es

, e
i (

M
eV

) (b)
ε

2
 = 0.36, γ = -19

o
, ε

4
 = 0.031

92

94

90

57 

58 

62 

414

59 

63 

510

511

64 

415

0.0 0.2 0.4 0.6 0.8 1.0
h- ω (MeV)

40

41

42

43

S
in

gl
e-

pr
ot

on
 e

ne
rg

ie
s,

 e
i (

M
eV

)

66
h

11/2

ε
2
 = 0.36, γ = -19

o
, ε

4
 = 0.031

h
9/2

f
7/2

i
13/2

(a)

49 

53 

410

54 

55 

4
11

412

56 

61 

413

FIG. 7. (Color online) Single-particle proton (a) and neutron
(b) energies as a function of rotational frequency (Routhians) at a
deformation of ε2 = 0.36, γ = −19◦. The orbitals are labeled using
the same convention as described in the caption of Fig. 5.

The favored neutron configurations are predicted to be
similar to those for positive-γ deformation. However, in
contrast to positive-γ deformation [Fig. 5(b)] for the neutrons,
there are no crossings within the Nosc shells for the valence
orbitals.

The calculated excitation energies and J (2) moment of
inertia for five low-energy, negative-γ configurations at ε2 ∼
0.36 are given in Figs. 8(a) and 8(b), respectively. The
two signatures of the low-energy, positive-γ [6(11),(22)5]
configuration are also given for comparison. It can be seen that
the negative-γ configurations are competitive in energy for all
spin values and that some of these are favored at low spin.
If band 1 in 160Er is assigned to the [6(11),(22)5] negative-γ
configuration, which is favored at high spin, then the predicted
spin range is similar or possibly slightly higher than predicted
for positive-γ deformation.

The bump observed at 0.55 MeV in the J (2) moment of
inertia for the experimental data (Fig. 2) can be compared
with the calculated bumps at ∼0.4–0.5 MeV [see Fig. 8(b)].
These correspond to a crossing involving the Nosc = 5 h11/2

and h9/2f7/2 proton orbitals, marked in Fig. 7(a). However,
the calculated bump is much more sharply peaked than that
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FIG. 8. (Color online) (a) Calculated excitation energies relative
to that of a rotating liquid drop as a function of spin for the five
lowest-energy, negative-γ configurations (ε2 = 0.37, γ ∼ −20◦).
Two low-energy, positive-γ configurations (shown in red) from
Fig. 6(a) are included for comparison. (b) J (2) moments of interia as a
function of rotational frequency for low-lying, negative-γ collective
configurations in 160Er.

observed in 160Er. This would suggest it unlikely that the
experimental bump is caused by a crossing within the Nosc = 5
proton orbitals. Indeed, the calculated bump is rather similar
to that observed in the TSD candidate band 1’s of 158Er and
157Er [Fig. 2(b)]. However, the bands in 160Er (and 159Er)
are not observed to sufficiently low frequency to test if
such a sharply peaked bump also occurs in these bands. In
addition, the calculated bump for the different bands is spread
over a rather large frequency range. This spread is caused
by the different deformations associated with the different
configurations, which illustrates how sensitive these crossings

are to deformation changes. It it also interesting to note
that the sharpness of the bump in the J (2) is related to the
interaction strength and to the degree of mixing between the
configurations. This will be sensitive to the pairing strength,
which is not included in these calculations.

For 159Er, the negative-γ minimum proton configurations
are the same as for 160Er and, therefore, the general conclusions
about the interpretation of the bands in 160Er can also be applied
to the band observed in 159Er.

V. CONCLUSIONS

Three high-spin rotational bands with high dynamic mo-
ments of inertia have been observed in the present work, two
in 160Er and one in 159Er. The striking similarity with recently
discovered rotational sequences in other Er isotopes suggests
the same underlying structure. Cranked Nilsson-Strutinsky
calculations without pairing suggest that the sequences cor-
respond to triaxial structures with ε2 ∼ 0.37 and γ ∼ ±20◦
and extend up to spin of ∼60h̄. Configurations with both
positive- and negative-γ triaxial deformation offer possible
interpretations of the experimentally observed dynamic mo-
ment of inertia characteristics. Although there is better overall
agreement for the positive-γ configurations, the current data
cannot distinguish between these two interpretations and a
fully consistent picture has yet to emerge. This points to the
importance of performing lifetime measurements for these
bands. In addition, it would be interesting to identify both
positive and negative triaxial deformed bands in the same
nucleus in this region.
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P. Bringel et al., Phys. Rev. Lett. 89, 142503 (2002).
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