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Background: Nucleon-nucleon (NN ) bremsstrahlung processes NNγ (nnγ , npγ , and ppγ ) have been
extensively investigated. Neutrino-pair bremsstrahlung processes from nucleon-nucleon scattering NNνν̄ (nnνν̄,
npνν̄, and ppνν̄) have recently attracted attention in studies of neutrino emission in neutron stars. The calculated
NNνν̄ cross sections (or emissivities) are found to be sensitive to the two-nucleon dynamical model used in
the calculations. Purpose and Method: A realistic one-boson-exchange (ROBE) model for NN interactions
is used to construct the electroweak bremsstrahlung amplitudes using the well-known nucleon electromagnetic
and weak interaction vertices. The constructed nnγ and nnνν̄ amplitudes are investigated by applying them
to calculate nnγ and nnνν̄ cross sections, respectively. Results: (i) The 190-MeV ROBE nnγ cross sections
agree well with those calculated using the TuTts amplitude, but they are in disagreement with those calculated
using the Low amplitude. (ii) The calculated nnνν̄ cross sections using the ROBE amplitude at the neutrino-pair
energy ω = 1 MeV are in quantitative agreement with those calculated by Timmermans et al. [Phys. Rev.
C 65, 064007 (2002)], who used the leading-order term of the soft neutrino-pair bremsstrahlung amplitude.
Conclusions: The nnγ amplitude in the ROBE approach, which obeys the soft-photon theorem, has a predictive
power similar to that of the TuTts amplitude. The nnνν̄ amplitude in the ROBE approach, which is consistent
with the soft neutrino-pair bremsstrahlung theorem, has a predictive power similar to that of the soft neutrino-pair
bremsstrahlung amplitude of Timmermans et al. in the low neutrino-pair energy region.
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I. INTRODUCTION AND nnγ RESULTS

Recent studies of neutrino emission processes in neutron
stars have focused on the neutrino-pair bremsstrahlung from
nucleon-nucleon scattering [1–4]. Two processes that have
received particular attention are

n + n → n + n + ν + ν̄, (1)

n + p → n + p + ν + ν̄, (2)

which we will denote as the nnνν̄ and npνν̄ processes,
respectively. One of the main purposes of these new studies
is to understand quantitatively the effect of the nucleon-
nucleon interaction on the neutrino-pair bremsstrahlung cross
section (or the neutrino emissivity) for the nnνν̄ and npνν̄

processes. These studies have clearly demonstrated that the
calculated cross sections or emissivities depend sensitively on
the two-nucleon dynamical model used in the calculations.
A most important finding is that predicted cross sections
or emissivities calculated using realistic two-nucleon models
are roughly a factor of 4–5 below the results based on the
simple one-pion-exchange (OPE) model in higher neutron
incident momentum regions. The emissivities for the nnνν̄ and
npνν̄ processes were first calculated using the OPE model by
Friman and Maxwell [5]. The results of the new calculations
are qualitatively similar, but some discrepancies still exist.
To thoroughly understand the nnνν̄ and npνν̄ processes, the
discrepancies must be resolved. It is especially important to
know whether all these calculations yield quantitatively similar
nnνν̄ and/or npνν̄ cross sections in free space. Moreover, other
approaches should also be used to investigate these processes.

We have developed a realistic one-boson-exchange (ROBE)
approach to investigate the electroweak bremsstrahlung
processes, which include processes involving photon
bremsstrahlung from nucleon-nucleon scattering NNγ (nnγ ,
npγ , and ppγ ) and processes involving neutrino-pair
bremsstrahlung from nucleon-nucleon scattering NNνν̄

(nnνν̄, npνν̄, and ppνν̄). The photon bremsstrahlung (NNγ )
amplitudes in the ROBE approach obey the soft-photon
theorem [6,7], and the neutrino-pair bremsstrahlung (NNνν̄)
amplitudes in the ROBE approach are consistent with the
soft neutrino-pair bremsstrahlung theorem [1]. Both the NNγ

and NNνν̄ amplitudes are generated from Horowitz’s OBE
[8] model for the two-nucleon interaction. As discussed
in previous papers [9,10], the Horowitz OBE model is an
alternative representation of the two-nucleon elastic amplitude.
It involves a set of OBE parameters (masses, complex coupling
constants, and cutoff parameters) that have been determined by
fitting to the Arndt amplitudes directly without iteration of the
meson exchanges. The main difference between the standard
Goldberger-Grisaru-MacDowell-Wong (GGMW) amplitude
[11] and the Horowitz OBE amplitude is that the GGMW
amplitude is expressed in terms of a set of phase shifts whereas
the Horowitz amplitude is expressed in terms of a set of OBE
parameters. The GGMW amplitude has been used as an input
for all nucleon-nucleon bremsstrahlung calculations using
the two-u-two-t special (TuTts) amplitude in the soft-photon
approach [12–17].

The photon bremsstrahlung amplitudes in the ROBE ap-
proach have already been successfully applied to describe both
ppγ and npγ processes [9,10,18,19]. We emphasize that these
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FIG. 1. Coplanar nnγ cross sections at 190 MeV for (θ3,θ4) = (8◦,19◦). The solid curve is the result obtained from the ROBE model. The
dashed and dotted curves correspond to soft-photon results obtained from the TuTts amplitude and the Low amplitude, respectively [12].

photon bremsstrahlung amplitudes and the TuTts amplitudes
predict quantitatively similar ppγ and npγ cross sections, and
the predicted cross sections are in excellent agreement with the
experimentally measured cross sections for most cases. The
quantitative agreement observed between the high-precision
Kernfysisch-Versneller-Instituut (KVI) ppγ cross section data
and the theoretical predictions calculated using both the ppγ

amplitude in the ROBE approach and the TuTts ppγ amplitude
in the soft-photon approach is an excellent example [10]. To
demonstrate that such a quantitative agreement can also be
found in the nnγ process, we have applied the nnγ amplitude
in the ROBE approach to calculate the nnγ cross sections at
190 MeV for (θ3, θ4) = (8◦, 19◦). The results are compared
with those calculated using both the Low nnγ amplitude
and the TuTts nnγ amplitude in the soft-photon approach
[12]. As shown in Fig. 1, the agreement between the results
calculated from the nnγ amplitude in the ROBE approach
(pseudoscalar coupling) and the TuTts nnγ amplitude in the
soft-photon approach is indeed excellent in the kinematic
region investigated. As discussed in Refs. [13,14] (appendix),
the primary difference between the Low amplitude and the
TuTts amplitude lies in the very different on-shell kinematic
points at which the two amplitudes are evaluated. The TuTts
amplitude depends upon four different on-shell points (one
for each bremsstrahlung emission process), whereas the Low

amplitude utilizes a unique common (average) on-shell point
for all four emission processes. For the ppγ and nnγ

processes, an important advantage for the TuTts amplitudes
is that they retain most of the important contributions from
all κ-dependent terms (where κ = the anomalous magnetic
moment κp or κn). (For the npγ process, the Low, TuTts, and
ROBE amplitudes predict very similar npγ cross sections.)
The ROBE NNγ amplitudes have very similar predictive
power to the TuTts NNγ amplitudes, mainly because the
ROBE NNγ amplitudes also depend on four different on-shell
points and include all κ-dependent terms. Further discussion
on this matter is contained in the following section.

We have also successfully applied one of the neutrino-pair
bremsstrahlung amplitudes in the ROBE approach to calculate
the nnνν̄ cross sections. The most interesting result obtained
from our calculations is that the calculated cross sections
at ω = 1 MeV (the neutrino-pair energy) are quantitatively
similar to those obtained by Timmermans et al. using a
soft neutrino-pair bremsstrahlung amplitude [1]. Thus we
have found that our photon bremsstrahlung amplitudes have
very similar predictive power to the TuTts amplitude in the
soft-photon approach, and our neutrino-pair bremsstrahlung
amplitude for the nnνν̄ process has very similar predictive
power to the soft neutrino-pair bremsstrahlung amplitude of
Timmermans et al. The primary purpose of this paper is to
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FIG. 2. Diagrams for the nnνν̄

process.

present the expression for the nnνν̄ amplitude in the ROBE
approach used in our nnνν̄ calculations, to show the calculated
nnγ cross sections and nnνν̄ cross sections, and to compare
our results with other predictions calculated using different
approaches.

II. nnνν̄ AMPLITUDE

The relevant diagrams for the nnνν̄ process are shown in
Fig. 2. In these diagrams, A0 represents 10 different neutral
mesons (π0, ρ0, δ0, t0

1 , a0
1 , η, σ , ω, t0, and a0) that can

be exchanged between two neutrons, gnA0n represents the
coupling constant mediating the coupling of the meson A0

to the nn current, and λα (α = 1, 2, 3, 4, 5) represents the
5 Fermi covariants. Other factors are suppressed. The Z-boson
propagator, which is attached to both the nucleon vertex and
to the neutrino-pair vertex, can be simplified as follows:

−i
gµν − qµqν/M

2
Z

q2 − M2
Z

≈ i
1

M2
Z

gµν (3)

for the neutrino-pair energy region considered here. In the c.m.
frame, the expression for the cross section dσ

dω
is given by (see,

e.g., Ref. [1])

dσ

dω
= 3 × m4

2
√

s(s − 4m2)(2π )8

16π

3

G2
F

2

|⇀

p3|√
s − ω

× 1

4

∑
neutron spins

∫ ∫
(MµqµM∗

ρqρ − q2MµM∗
µ)

× d�(
⇀

p3)d3⇀

q, (4)

where m is the nucleon mass,
⇀

p3 is the outgoing neutron c.m.
momentum, qµ = (ω,

⇀

q) is the neutrino-pair four-momentum,
s = 4(m2 + ⇀

p
2
),

⇀

p is the incident neutron momentum in the

c.m. frame, and the Fermi weak interaction constant GF =
1.166 × 10−5 GeV−2.1 (The Bjorken-Drell convention for the
metric and the γ matrices is used in our work.) The factor of
3 corresponds to the emission of three neutrino-pair flavors.

The amplitude Mµ has the form

Mµ ≡ Mµ(t13, t24, u14, u23)

=
∑
A0,α

{[
FA0 (t24)

(p3 + q)2 − m2
ū(p3)�µ( �p3 + �q + m)

× gnA0nλ
αu(p1)ū(p4)gnA0nλαu(p2)

+ FA0 (t13)

(p4 + q)2 − m2
ū(p3)gnA0nλ

α

× u(p1)ū(p4)�µ( �p4 + �q + m)gnA0nλαu(p2)

+ FA0 (t24)

(p1 − q)2 − m2
ū(p3)gnA0nλ

α( �p1 − �q + m)�µ

× u(p1)ū(p4)gnA0nλαu(p2)

+ FA0 (t13)

(p2 − q)2 − m2
ū(p3)gnA0nλ

α

× u(p1)ū(p4)gnA0nλα( �p2 − �q + m)�µu(p2)

]

− terms (p3 ⇔ p4, t13 → u14, t24 → u23)

}
. (5)

In Eq. (5), tij = (pi − pj )2 (ij = 13, 24) and uik = (pi −
pk)2 (ik = 14, 23) are Mandelstam variables, FA0 (tij )
[FA0 (uik)] represent the other relevant factors (defined in terms
of tij and uik , the mass of the exchanged meson mA0 and the

1For the approximation indicated in Eq. (3) and a coupling of g

2cosθw

at each vertex, one has g2

4M2
Z

cos2θw
= g2

4M2
w

= 2GF√
2

.
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cutoff parameters �A0 ),

FA0 (tij ) = −4π

tij − m2
A0

1(
1 − tij /�

2
A0

)2 (ij = 13, 24), (6a)

FA0 (uik) = FA0 (tij → uik, ij = 13, 24 → ik = 14, 23),

(6b)

and the weak interaction nucleon vertex function �µ is2

�µ = 1

2

(
FV

1 + 2Fn
1 sin2θw

)
γ µ + 1

2
GAγ µγ 5

− i

2

(
FV

2 + 2Fn
2 sin2θw

)
σµρqρ. (7)

In Eq. (7), we set FV
1 = 1, Fn

1 = 0, GA = −1.257, FV
2 =

κp−κn

2m
, Fn

2 = κn

2m
, the respective nucleon anomalous magnetic

moments κp = 1.793 and κn = −1.913, and sin2θw = 0.234
for the Weinberg angle θw. We note that for the corresponding
ppνν̄ process Fn

1,2 are replaced by −F
p

1,2 in this expression
for �µ, where F

p

1 = 1 and F
p

2 = κp

m
. It is clear that Mµ,

which depends on (t13, t24, u14, u23), is a two-u-two-t type
amplitude. In other words, Mµ(t13, t24, u14, u23) is evaluated
at four different on-shell points whose respective conditions
are

s21 + u23 + t13 = 4m2, (8a)

s22 + u23 + t24 = 4m2, (8b)

s12 + u14 + t24 = 4m2, (8c)

s11 + u14 + t13 = 4m2, (8d)

where

s21 = si − 2p4 · q,

s12 = si − 2p3 · q,

s22 = sf + 2p1 · q,
(9)

s11 = sf + 2p2 · q,

si = (p1 + p2)2,

sf = (p3 + p4)2.

From the amplitude Mµ given by Eq. (5), we can define a
leading amplitude M̃µ by keeping only the leading-order term
(in q) of Mµ:

M̃µ ≡ M̃µ(t13, t24, u14, u23)

=
∑
A0,α

{[
FA0 (t24)

2p3 · q
ū(p3)�̃µ( �p3 + m)

× gnA0nλ
αu(p1)ū(p4)gnA0nλαu(p2)

+ FA0 (t13)

2p4 · q
ū(p3)gnA0nλ

αu(p1)ū(p4)�̃µ

× ( �p4 + m)gnA0nλαu(p2)

− FA0 (t24)

2p1 · q
ū(p3)gnA0nλ

α( �p1 + m)�̃µu(p1)

× ū(p4)gnA0nλαu(p2)

2A pseudoscalar term −i 1
2 Gpqµγ 5 is omitted from the �µ expres-

sion, since it yields an identically zero contribution in Eq. (4).

− FA0 (t13)

2p2 · q
ū(p3)gnA0nλ

αu(p1)

× ū(p4)gnA0nλα( �p2 + m)�̃µu(p2)

]

− terms (p3 ⇔ p4, t13 → u14, t24 → u23)

}
, (10)

where

�̃µ = 1
2

(
FV

1 + 2Fn
1 sin2θw

)
γ µ + 1

2GAγ µγ 5. (11)

If we expand the amplitude M̃µ about the average t̄ [t̄ =
1
2 (t13 + t24)] and the average ū [ū = 1

2 (u14 + u23)], then we
obtain another leading amplitude M̄µ(t̄ ,ū),

M̄µ ≡ M̄µ(t̄ , ū)

= M̃µ(t13 → t̄ , t24 → t̄ , u14 → ū, u23 → ū). (12)

Thus, it is clear that M̄µ(t̄ , ū) is evaluated at a unique on-shell
point satisfying the condition

s̄ + ū + t̄ = 4m2, (13)

where

s̄ = 1
2 (si + sf ). (14)

III. nnνν̄ RESULTS AND DISCUSSION

Equation (4) has been used to calculate the cross section
dσ
dω

for the nnνν̄ process in free space. The cross sections dσ
dω

as a function of the incident neutron momentum p at three
neutrino-pair energies (ω = 0.5, 1, and 2 MeV) are shown in
Fig. 3. In Fig. 3(b), our result at ω = 1 MeV is compared
with that obtained by Timmermans et al. [1]. It is clear that
the two results are in quantitative agreement with each other
throughout the entire momentum region. The fact that two
completely independent calculations based on two different
approaches can yield such excellent agreement is extremely
interesting and important. To understand the reason for the
quantitative agreement observed in Fig. 3(b), the following
investigations have been made:

(i) Timmermans et al. employed a leading-order term
of the soft neutrino-pair bremsstrahlung amplitude
(derived from the soft electroweak bremsstrahlung
theorem [1]) to calculate the nnνν̄ cross sections. We
use a neutrino-pair bremsstrahlung amplitude [Eq. (5)]
developed from the ROBE approach, which includes
not only the leading-order term (equivalent to the ampli-
tude used by Timmermans et al.3) but also higher order
terms. In an attempt to estimate the effect of the higher
order terms on the nnνν̄ cross sections, we have used the
leading amplitude M̃µ [Eq. (10)] to calculate the cross

3This leading-order term includes the vector current amplitude
and the axial-current amplitude. For obtaining the vector cur-
rent amplitude, the relations ū(p)γ µ( �p + m) = ū(p)2pµ and ( �p +
m)γ µū(p) = 2pµū(p) are useful.
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FIG. 3. The cross section dσ

dω
as a function of the incident neutron momentum p, corresponding to neutrino-pair energies ω of (a) 0.5, (b) 1,

and (c) 2 MeV, respectively. All solid curves represent results obtained from the ROBE model. The dotted curve shown in Fig. 3(b) is the soft
neutrino-pair bremsstrahlung result obtained in Ref. [1].

sections at ω = 1 MeV. We have found that the cross sec-
tions calculated using the amplitude M̃µ are extremely
close to those calculated using the complete amplitude
Mµ (with the difference, on the average, being about
0.1%). Thus the quantitative agreement between our
calculations and the calculations of Timmermans et al.
is because the contribution from the higher order terms
is negligible for the case of low neutrino-pair energy
ω. Most importantly, the agreement implies that our
nnνν̄ amplitude is consistent with the soft electroweak
(neutrino-pair) bremsstrahlung theorem and also that
both the amplitude of Timmermans and our amplitude
are valid and can be used to describe the nnνν̄ process
at low-energy ω.

(ii) We should point out that the soft nnνν̄ amplitude
derived by Timmermans et al. is basically a one-on-
shell-point model [because the amplitude is evaluated
at a common (average) on-shell kinematic point]. It is,
therefore, different from our ROBE nnνν̄ amplitude,
which is a four-on-shell-point model (i.e., the amplitude
depends on four different on-shell kinematic points).
This explains why our leading-order amplitude M̃µ is
not exactly the same as the leading-order amplitude
of Timmermans et al. This can also be seen from

the small difference in the cross section between the
solid curve (our amplitude) and the dotted curve (the
amplitude of Timmermans et al.) shown in Fig. 3(b).
We have found that this small difference between the
solid curve and the dotted curve is partially because
the two amplitudes are evaluated at different on-shell
points. More precisely, we have investigated the effect
of the different on-shell-point conditions on the cross
section dσ

dω
to understand the difference between the

solid curve and the dotted curve. To do this, we have
expanded our amplitude M̃µ about the average on-shell
kinematic point (t̄ ,ū) to obtain a new leading-order
nnνν̄ amplitude M̄µ(t̄ ,ū) [Eq. (12)], which is evaluated
at the same on-shell point (t̄ , ū) used by Timmermans
et al. This new amplitude M̄µ has been applied to
calculate the nnνν̄ cross section at ω = 1 MeV. As
an example, we use the point p = 250 MeV/c to
discuss our result. From Fig. 3(b), at p = 250 MeV/c

the difference in the cross sections between the solid
curve (calculated using our full ROBE amplitude
Mµ) and the dotted curve is about 12.9%. The new
amplitude M̄µ reduces the difference from 12.9% to
about 4.8%, which is closer to the result of Timmermans
et al. Thus, the different on-shell-point conditions
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do affect the cross section dσ
dω

even at the very low
neutrino-pair energy ω = 1 MeV. From the fact that the
four-on-shell-point amplitudes are required to describe
the ppγ data [12,13], we expect that the four-on-shell-
point amplitudes would also be needed to describe the
nnνν̄ process in the energy region with higher incident
neutron energies and higher neutrino-pair energies.

(iii) We have studied the appropriate elastic input param-
eters that should be used in our calculation of the
three cross section curves shown in Fig. 3. The original
Horowitz parameters have been used to calculate cross
sections for 135 � p � 350 MeV/c. Both the Horowitz
parameters at 135 MeV and new parameters (obtained
by fitting to the 14.1-MeV np data) have been used
to calculate cross sections for 50 � p � 135 MeV/c.
Our investigations revealed that these calculated cross
sections were insensitive to which set of parameters
were used.

IV. CONCLUSION

In conclusion, we have developed the electroweak
bremsstrahlung amplitudes in the ROBE approach, which
include photon bremsstrahlung amplitudes for NNγ pro-
cesses and the neutrino-pair bremsstrahlung amplitudes for
NNνν̄ processes. The photon bremsstrahlung amplitudes
obey the soft-photon theorem, whereas the neutrino-pair
bremsstrahlung amplitudes are consistent with the soft

neutrino-pair bremsstrahlung theorem. Our investigations
reveal that the NNγ amplitudes in the ROBE approach have
very similar predictive power to the TuTts amplitudes in the
soft-photon approach. Because the ppγ and npγ amplitudes
in both approaches have already been successfully applied to
describe the ppγ and npγ processes, respectively, we expect
that the nnγ amplitudes in both approaches should be able
to describe the nnγ process. We have also observed that
the nnνν̄ amplitude in the ROBE approach has very similar
predictive power to the nnνν̄ amplitude derived from the soft
neutrino-pair bremsstrahlung theorem by Timmermans et al.
There is quantitative agreement between the two calculations
in the neutrino-pair low-energy region, and this comparative
method can be used quite generally. Furthermore, by virtue of
its diagrammatic formalism, the ROBE approach can readily
be extended to other energy regions, as well as to other relevant
emission processes in nucleon-nucleon scattering.
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