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Temperature dependence of magnetic susceptibility of nuclear matter: Lowest order
constrained variational calculations
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In this paper we study the magnetic susceptibility and other thermodynamic properties of the polarized
nuclear matter at finite temperature using the lowest order constrained variational (LOCV) method employing
the AVys potential. Our results show a monotonic behavior for the magnetic susceptibility which indicates that
the spontaneous transition to the ferromagnetic phase does not occur for this system.
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I. INTRODUCTION

Magnetic susceptibility is one of the most important
magnetic properties of the dense matter, its behavior specifies
whether the spontaneous phase transition to a ferromagnetic
state occurs. This transition in nuclear matter could have
important consequences for the physical origin of the magnetic
field of the pulsars which are believed to be rapidly rotating
neutron stars with strong surface magnetic fields in the range
of 10'2-10'® Gauss [1-4]. Considering different stages of the
neutron star formation at different temperatures, the study
of the magnetic properties of the polarized nuclear matter
at finite temperature is of special interest in the description
of protoneutron stars. A protoneutron star (newborn neutron
star) is born within a short time after the supernovae collapse.
In this stage the interior temperature of the neutron star matter
is of the order 20-50 MeV [5]. The magnetic susceptibility of
nucleonic matter is also a useful quantity to estimate the mean
free path of the neutrino in the dense nucleonic matter which is
relevant information for the understanding of the mechanism
underlying the supernova explosion and the cooling process of
the neutron stars [6].

There exist several possibilities of the generation of the
magnetic field in a neutron star. From the nuclear physics
point of view, such a possibility has been studied by several
authors using different theoretical approaches [7-30], but the
results are still contradictory. In most calculations, the neutron
star matter is approximated by pure neutron matter at zero
temperature. The properties of the polarized neutron matter
both at finite and zero temperature have been studied by
several authors [30-32]. Some calculations show that the
neutron matter becomes ferromagnetic for some densities
[7,8,14,19,30]. Some others, using the modern two-body and
three-body realistic interactions, show no indication of the
ferromagnetic transition at any density for the neutron matter
and the asymmetrical nuclear matter [22-24,32]. The results
of another calculation show both behaviors; the D1P force
exhibits a ferromagnetic transition whereas no sign of such
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transition is found for D1 at any density and temperature [31].
The influence of the finite temperature on the antiferromag-
netic (AFM) spin ordering in the symmetric nuclear matter
with the effective Gogny interaction within the framework of
a Fermi liquid formalism has been studied by Isayev [33,34].
We note that in the symmetric nuclear matter corresponding to
AFM spin ordering, we have Apy| = (0uy + ppy) — (Ony +
Ppt) #0 and Apyp = py — p, = 0. In this article, we use
the lowest order constrained variational (LOCV) formalism to
investigate the possibility of the transition to a ferromagnetic
phase for the polarized hot symmetrical nuclear matter.

The LOCV method has been developed to study the
bulk properties of the quantal fluids [35-37]. This technique
has been used for studying the ground state properties of
finite nuclei and treatment of isobars [38—40]. Modarres
has extended the LOCV method to the finite temperature
calculations and has applied it to the neutron matter, nuclear
matter and asymmetrical nuclear matter in order to calculate
the different thermodynamic properties of these systems
[41-44]. A few years ago, we calculated the properties of
nuclear matter at zero and finite temperature using the LOCV
method with the new nucleon-nucleon potentials [45—47]. The
LOCYV method has several advantages with respect to the other
many-body formalism. These are as follows. (i) Since the
method is fully self-consistent, it does not introduce any free
parameters into the calculations. (ii) It considers the constraint
in the form of a normalization constraint [48] to keep the
higher-order terms as small as possible [37,39,40,44,45] and it
also assumes a particular form for the long-range behavior of
the correlation function in order to perform an exact functional
minimization of the two-body energy with respect to the
short-range behavior of the correlation function. (iii) The
functional minimization procedure represents an enormous
computational simplification over the unconstrained methods
(i.e., to parametrize the short-range behavior of the correlation
functions) which attempt to go beyond the lowest order.

Recently, we have computed the properties of the
polarized neutron matter [49], polarized symmetrical [50]
and asymmetrical nuclear matters [51], and also polarized
neutron star matter [51] at zero temperature using the
microscopic calculations employing the LOCV method with
the realistic nucleon-nucleon potentials. We have concluded
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that the spontaneous phase transition to a ferromagnetic state
in these matters does not occur. We have also calculated the
thermodynamic properties of the polarized neutron matter
at finite temperature [52] such as the total energy, magnetic
susceptibility, entropy, and pressure using the LOCV method
employing the AV)g potential [53]. Our calculations do not
show any transition to a ferromagnetic phase for a hot neutron
matter.

In the present work, we intend to apply the LOCV
calculation for the polarized symmetrical nuclear matter at
finite temperature using the A Vg potential.

II. FINITE TEMPERATURE CALCULATIONS FOR
POLARIZED NUCLEAR MATTER WITH THE
LOCV METHOD

We consider a system of A interacting nucleons with A
spin-up and A spin-down nucleons. For this system, the
total number density (p) and spin asymmetry parameter (§)
are defined as

o= p™ 4 o0,
) _ ) M
_pr =
P

& shows the spin ordering of the matter which can have a value
in the range of § = 0.0 (unpolarized matter) to 6 = 1.0 (fully
polarized matter). To obtain the macroscopic properties of this
system, we should calculate the total free energy per nucleon,
F,

8

F=E—-T8" 78§, (2)
E is total energy per nucleon and S is the entropy per nucleon
corresponding to spin projection i,

i 1 i i
SOp, T) = - ij{[l —n Dk, T,p™)]

xIn[1 —nOk,T,p")]
+nO%k, T, o nk, T, o)},  (3)
where n®(k, T, p®) is the Fermi-Dirac distribution function,

1
eBleP & T pO0) (T p)] 4 17

nOk,T,p") = @)

In the above equation B = #

7 w® being the chemical
potential which is determined at any adopted value of the
temperature 7, number density p, and spin polarization §,

by applying the following constraint:

S nOkT.p0) = AV, 5)
k

and € is the single particle energy of a nucleon. In our
formalism, the single particle energy of a nucleon with
momentum k and spin projection i is approximately written in
terms of the effective mass as follows [30,31,34]:

h2k>

Ok T o) = A
6 ( ) 7p ) Zm*(l)(p”]—)

+UD(T,p"). (©6)
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In fact, we use a quadratic approximation for single particle
potential incorporated in the single particle energy as a
momentum independent effective mass. UP(T, p®) is the
momentum independent single particle potential. We introduce
the effective masses, m*@, as variational parameters [52,54].
We minimize the free energy with respect to the variations in
the effective masses and then we obtain the chemical potentials
and the effective masses of the spin-up and spin-down nucleons
at the minimum point of the free energy. This minimization is
done numerically.

As it is also mentioned in the pervious section, for
calculating the total energy of the polarized symmetrical
nuclear matter, we use the LOCV method. We adopt a trial
many-body wave function of the form

v =7r¢. (7

where ¢ is the uncorrelated ground state wave function (simply
the Slater determinant of plane waves) of A independent nucle-
ons and 7 = F(1...A) is an appropriate A-body correlation
operator which can be replaced by a Jastrow form, i.e.,

F=8[]rap. ®)
i>j
in which S is a symmetrizing operator.

Now, we consider the cluster expansion of the energy
functional up to the two-body term [9],

BUFD = 5o = B+ By ©)
For the hot nuclear matter, the one-body term E| is
E =E" +EO, (10)
where
E(i) _ K (@) @)
= ij 5, & T o). (11
The two-body energy E; is
By = 52 S M) - i), (12)
ij
where 5
v(12) = ——[£(12), [Vh,, FUD]] + f12)V (12 £(12).

(13)

In the above equation, f(12) and V(12) are the two-body
correlation and potential. In our calculations, we use the AV)g
two-body potential which has the following form [53]:

18
V(12) =) VP(rp)01, (14)

p=1
where

0=1-19
=1, 0102, 11 T2, (01-02) (T1- 12), S12, S12(71 - T2),
L-S, L-S(t1 - ©), L?, L(01 - 02), L(11 - 12),
L*(01-02)(m1 - ), (L-S)°, (L-8)’(n1 - ),
T2, (01-02)T12, S12T12, (Ta1 + Ta2)- (15)
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In the above equation, Sy, = [3(oy - 7)(02 - 7) — 071 - 02] is
the tensor operator and Ty = [3(ty - F) (12 - ) — 71 - T2] is
the isotensor operator. The above 18 components of the
AVig two-body potential are denoted by the labels c, o, 7,
ot,t,tt,ls,lst, 12,120,127, 1207,1s2,1s27,T,0T,tT, and
Tz, respectively [53]. In the LOCV formalism, the two-
body correlation f(12) is considered as the following
form [37]:

f12) = i PPy, (16)
k=1
where
P
= (3 -101). (3 +50% +501),
(i + 1501 — §01). an

The operators OS) and OS) are given in Eq. (15). Using the
above two-body correlation and potential, after doing some
algebra we find the following equation for the two-body
energy:

2 h?
Ey=—|—
At

JLTSS.T,

QJ + DHQRT + 1)

2028 + 1)
11 g 2
<§aﬂ§azz | SSZ> /drH:fofl) afj’z(kfr)
2m

+ ﬁ({vc — 3V, +(V, — 3V, )4T —3)

[1 _ (_1)L+S+T]

X

2
+ (Ve =3V, )@T)}a " (kyr) + [Via — 3Viae

+ (Vioe = 3V 4T = 3)]ngl)2(kf”))(fosl))2i|

2 2
+ > [f;“ a®’ 4 h—'f({vc + Vs + (—6k + 14)V,
k=23

+ —(k = D)Vjs + [Ve + Vi + (—6k + 14)V,.
— (k= 1)Vi 14T =3) + [V + Vo + (—6k + 14)V, 7]
x [T (6T? — 4)] + 2Vi.T:}a®’ (k1)
2
+[Via 4 Vizo + (Vize + Vizor)@T — 3@k pr)

+ [(Viz + Visae) AT — 31Dk pr) fé")z}

2m
+ ﬁ[[(vlu - Z(VIZUT + VZZI) - 3‘/132T)(4T - 3)]
+ Vis = 2(Via + Ving) — 3Viga b2 (k1) £2 £

(- ff))zbi(kf’)} : (18)

where o = {J, L, S, S.} and the coefficient aé”z, etc., are as
follows:

a’(x) = X*IL5.(%), (19)
aéz)Z(x) = x*[Bl-1,5,(x) + ¥ Ly115.(0)], (20)
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aé3)2(x) = X2[VIJ—1,SZ(X)+ﬂIJ+1,5z(x)]’ @1

bP(x) = x*[Bosly—1.5.(x) — Bo3ls41.5.(x)],  (22)

M) = X215 (%), (23)
2
Q7 (x) = X[ mlyo1s. () + vl s (0], (24)
2
c§7 () = X [malyo1s. () + valprs. (0], (25)
2
d7(x) = x*[&1_15.(x) + Malyr5. (0], (26)
2
dQ7(x) = x*[&31,-1 5.(x) + Asly41,5. (0] (27)
In the above equations, we have
J+1 J 2J(J +1)
= . = —0, - 28
P=is1m " axr PP @
JAJ+1)
=L(L+1 =
Vi (L+1, v 1
(29)
L 2243742
T 27 +1 ’
_JUPH+20+1) _JUP+T+2) 30)
=Ty 0 BT T
J3P42J7 427 +1 JU*+T+4)

& = , =—"—"—, (31
2J +1 2J +1
JUJP+T+1) J34+2J2 457 +4
A=—F"—"—"", A3= , (32)
2J +1 2J +1

and
_ 2 2 . .
Iys (r,p,T) = Tﬁpz/kldklkzdkznz(klj,pz)
x nj(ka, T, p))J; (ko — ki|r), (33)

where J;(x) is the Bessel function.

Now, we minimize the two-body energy Eq. (18) with
respect to the variations in the correlation functions fofk), but
subject to the normalization constraint [37,46],

1
< DTS, = f2ADij)a = 0- (34)
ij

In the case of polarized symmetrical nuclear matter, the Pauli
function A (r) is as follows:

o\ 2772
[1—%0—(”)} LS. =41,
hs (r) = L (35)
1 ;
where

. 1 . .
yOr) = — / nDk, T, p ") Jo(kr)k>dk. (36)

From the minimization of the two-body cluster energy we get
a set of coupled and uncoupled Euler-Lagrange differential
equations. The Euler-Lagrange equations for uncoupled states
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FIG. 1. The effective mass of spin-up (full curve) and spin-down
(dashed curve) nucleons versus the spin polarization (8) for density
0 =0.5fm™> at 7 = 20 MeV.

are

(l)// a;])” m
- + 77[Vc —3Vo + (Ve = 3Vo)(4T —3)

o aél)

+(Vr = 3V,p)[T (6T — 4)] + 2V, T, + 4]
(1?

m o (1
+ 5 (V2=3Vio + (Vize =3Vio )T = 3) =115 1 g
Ay

=0, (37)

while for the coupled states, these equations are written as
follows:

@ a?"  m
i~ T Vet Vot 2V Vi
Ay

+ (Vf + Var + 2Vrr - V]”)(4T - 3)

+ (Vi 4 Vor +2Vip)[T (6T — 4)] 4+ 2V T. + 1]
@y

m ¢
+ 77[‘712 + Viog + (Vizr + Vizo )AT = 3)1 55
Ay

m )7 b2 @
+ 77[‘%2 + Vigo: (4T — 3)]@ + W 8u

1 m
{7 gV 2% 2V~ 3

b2
+ (vzs,—zvm—2wzm—3vzs2,)(4T—3>]}ﬁgéﬁ
[
=0, (38)

3) a((f)” m
8¢ — a(3) + F?[VL + V(T - 4Vt - 2‘/IA

+ (V‘L' + Var - 4Vtr - 2Vlsr)(4T - 3)
+(Vr + Vo — 4Vip)[T(6T2 — 4)] + 2V, T, + 4]
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FIG. 2. The free energy per nucleon of the polarized hot nuclear
matter as a function of the total number density (p) for different values
of the spin polarization (§) at 7 = 10 (a) and 7 = 20 MeV (b).
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FIG. 3. The free energy per nucleon of the nuclear matter versus
the total number density (p) for unpolarized case at 7 = 0, 10, and
20 MeV.

The primes in the above equations mean differentiation with
respect to r. The Lagrange multiplier A is introduced by the
normalization constraint, Eq. (34). Now we can calculate the
correlation functions by numerically solving these differential
equations and then using these correlation functions, the two-
body energy is obtained. Finally, we can compute the energy
and then the free energy of the system.

III. RESULTS AND DISCUSSION

We have presented the effective masses of the spin-up and
spin-down nucleons as functions of the spin polarization (§)
at p = 0.5 fm™> and 7 = 20 MeV in Fig. 1. It is seen that
the difference between the effective masses of spin-up and
spin-down nucleons increases by increasing the polarization.
We also see that the effective mass of spin-up nucleons
increases by increasing the polarization whereas the effective
mass of spin-down nucleons decreases by increasing the
polarization. These behaviors have also been seen for the
effective mass of the neutron in the case of spin polarized
hot neutron matter [30-32,52]. A similar qualitative behavior
of the nucleon effective mass as a function of the isospin
asymmetric parameter § = f):%ﬁi has already been found in
nonpolarized isospin asymmetric nuclear matter, as it has been
already discussed in Refs. [55,56].

The free energy per nucleon of the polarized hot nuclear
matter versus the total number density (p) for different values
of the spin polarization (§) at 7 = 10 and 20 MeV is shown
in Fig. 2. It can be seen that for each value of the temperature,
the free energy increases by increasing both density and
polarization. From Fig. 2, it is seen that the free energy of
the polarized hot nuclear matter decreases by increasing the
temperature. We have seen that above a certain values of the
temperature and spin polarization, the free energy does not
show any bound states for the polarized hot nuclear matter.
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FIG. 4. The magnetic susceptibility of the hot nuclear matter
versus the temperature at p = 0.16 fm™.

From Fig. 2 we also see that for all given temperatures there is
no crossing of the free energy curves for different polarizations
and the difference between the free energy of the nuclear
matter at different polarizations increases by increasing the
density. This indicates that the spontaneous transition to the
ferromagnetic phase does not occur in the hot nuclear matter.
We have also compared the free energy per nucleon of the
unpolarized case of the nuclear matter at different temperatures
in Fig. 3. It is seen that the free energy of unpolarized nuclear
matter decreases by increasing the temperature. We can see
that above a certain temperature, the free energy does not
show the bound state (the minimum point of the free energy)
for the unpolarized nuclear matter.

For the polarized hot nuclear matter, the magnetic suscep-
tibility, x, which characterizes the response of the system to
the magnetic field can be calculated by using the following

3.0-
2.5

=

& 20d

S 2
1.54
1'0 T T T T T T T T T T

0.0 0.2 0.4 0.6 0.8 1.0

Density (im3)

FIG. 5. The magnetic susceptibility of the hot nuclear matter
versus the total number density (p) at 7 = 20 MeV.
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FIG. 6. As in Fig. 4 but for the entropy difference of the fully
polarized and the unpolarized cases.

relation:
= w2 p
(%),
37 ) s_,

where p is the magnetic moment of the nucleons. Figure 4
shows the ratio yxr/x as a function of the temperature at
p =0.16 fm™3, where yxr is the magnetic susceptibility for
a noninteracting Fermi gas. As it can be seen from this figure,
this ratio is inversely proportional to absolute temperature
without any anomalous change in its behavior. This indicates
that hot nuclear matter is paramagnetic. The ratio yr/x has
been also shown versus the total number density at temperature
T =20 MeV in Fig. 5. A magnetic instability would require
xr/x <O0. It is seen that the value of xp/x is always
positive and monotonically increasing up to highest density

(41)

0.70

0.65

Entropy

0.60 +

055 T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Spin Polarization

FIG. 7. The entropy per nucleon as a function of the spin
polarization (§) for density p = 0.5 fm=3 at 7 = 20 MeV.
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and does not show any spontaneous phase transition to the
ferromagnetic phase for the hot nuclear matter.

The difference between the entropy per nucleon of the fully
polarized and unpolarized cases of the nuclear matter is plotted
as a function of the total number density at 7 = 20 MeV in
Fig. 6. It is seen that for all given values of the density, this
difference is negative. This shows that the fully polarized case
of hot nuclear matter is more ordered than the unpolarized case.
We also see that the magnitude of this deference decreases
by increasing the density. The entropy per nucleon of the
polarized hot nuclear matter versus the spin polarization for
fixed density p = 0.5 fm~ and temperature 7 = 20 has been
presented in Fig. 7. It is shown that the entropy decreases by
increasing the polarization. It is also shown that the highest
value of the entropy occurs for the unpolarized case of the
hot nuclear matter. For the polarized hot nuclear matter,
the following condition for the effective mass prevents the

(a)

300
250

200+

150

100

Pressure (MeV im-3)

50

T T T T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
Density (im-3)

(o)
300

250

200+

150

100

Pressure (Mev fm-3)

: —
0.0 0.2 0.4 0.6 0.8 1.0
Density (im-3)

FIG. 8. The equation of state of the polarized hot nuclear matter
for different values of the spin polarization (§) at 7 = 10 (a) and
T =20 MeV (b).
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anomalous behavior of the entropy versus the spin polarization
[30]:

m*(p, 5 = 1.0)

— = < 2?7 42)
m*(p, 8 = 0.0)

where m*(p, 8§ = 1.0) and m*(p, 5 = 0.0) are the effective
masses of the fully polarized and unpolarized nuclear matter,
respectively. This condition was first derived in Ref. [30]
for the particular case of the Skyrme interaction where
the effective mass is independent of the momentum and
temperature and therefore the single particle potential is purely
parabolic. In our approach, the effective mass depends on both
density and temperature but is independent of the momentum.
In other words, a similar rigorous condition cannot be obtained
straightforwardly. However, within this approximation, one
can use the condition of Eq. (42). From our result for the
effective mass at 7 = 20 MeV for p = 0.5 fm~3 (Fig. 1), we
have found that this ratio is 1.24. We see that this value is
smaller than the above limiting value which indicates that
the entropy of polarized case of the hot nuclear matter is
always smaller than the entropy of unpolarized case. This
so-considered “natural” behavior was also found in the case of
Gogny [31] and in the BHF analysis of Ref. [32]. In contrast,
for Skyrme forces the entropy per particle of the polarized
phase is seen to be higher than the nonpolarized one above a
certain density [31].

Finally, we have plotted the pressure of the polarized hot
nuclear matter as a function of the total number density (p) for

PHYSICAL REVIEW C 80, 034310 (2009)

different polarizations at 7 = 10 and 20 MeV in Fig. 8. For
all values of temperature and polarization, it is seen that the
pressure increases by increasing the density. For this system,
we see that at each temperature the equation of state becomes
stiffer as the polarization increases. For each polarization, it
is found that the pressure of the polarized hot nuclear matter
increases by increasing the temperature.

IV. SUMMARY AND CONCLUSIONS

The lowest order constrained variational (LOCV) method
has been used for calculating the susceptibility of the polarized
hot nuclear matter and some of the thermodynamic properties
of this system such as the effective mass, free energy,
entropy and the equation of state. In our calculations, we
have employed the AVig potential. Our results show that
the spontaneous transition to the ferromagnetic phase does
not occur for the hot nuclear matter. We have seen that
the spin polarization substantially affects the thermodynamic
properties of the hot nuclear matter.
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