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The total and differential cross sections were calculated for 3C(wr*, #%)°N, considering the effects of
double and triple scatterings as well as pion absorption. An attempt is also made to explain the
extremely small total cross section for “N(a*, 79O compared with other cases '°B, !'B, °C, and 0.

1. INTRODUCTION

Recently, a difficulty was reported in the exper-
iments of single-charge-exchange reaction (7", 7°)
on light nuclei at 180 MeV (lab).! As seen in Ta-
ble I, the total cross sections are in the range of
1~6 mb except for “*N(7*, 7°)**O in which the total
cross section is about 100 times smaller than the
other cases. This fact must be due to nuclear
structure and the reaction mechanism. Two at-
tempts were made to find a solution to this prob-
lem.

Wilkinson? explained it in the following way:
“When the reaction involves mirror states, for
example, ¥C(r*, 1°)®*N, the large cross section
is expected since the nuclear wave functions do not
change. The cases where the analogue state is not
involved have significantly small cross sections,
in particular *N(7*, 7°)*O; this presumably re-
flects the small overlap of the nuclear wave func-
tions that results in the large ft-value for beta-
decay.” This qualitative interpretation may be
reasonable as he claimed. However, it is still
not clear why the magnitude of total cross section
for “N(z*, 7°)*O at 180 MeV (lab) should be ~0.05
mb while it is in the range of 1~6 mb for other
targets.

Sakamoto® also tried to explain in the impulse
approximation the experimental results, in par-
ticular for the case of the N target, on the basis
of the Chew-Low amplitude for pion-nucleon scat-
tering. His opinion is the following: “For the
elastic charge-exchange scattering on mirror
states, the spin-flip as well as spin-nonflip am-
plitudes of pion-nucleon scattering contribute to
the cross section. When the reaction proceeds
dominantly through the spin-flip amplitudes of
pion-nucleon scattering, the small cross section
is expected because of the poor overlap of the nu-
clear wave functions. For example, if the reac-
tion is concerned with the states from J" =1* to 0%,
the cross section calculated is about 0.1 mb at 180
MeV (lab) for light nuclei even if the radial wave
function does not change.” Although this opinion
is also partly reasonable, it is not complete be-

cause according to this logic the small cross sec-
tion will also be expected for the case of **O(7*, 7°)-
18 in which the transition 0*— 1* occurs; however,
the experiment actually showed the large cross
section for this case.

The reaction *C(7*, 7°*N was also analyzed by
Bjgrnenak, Finjord, and Osland* on the basis of
the Glauber theory. However, it seems adventur-
ous to apply the Glauber theory to the reaction
problems in the (33) resonance region. No attempt
was made by them to explain the small cross sec-
tion of “N(7*, n°)**0.

In this situation it is worthwhile to give a clear
interpretation of the present difficulty.

2. THEORY

This section is devoted to the discussions on
(a) an effective interaction in.the processes of
single-charge-exchange reaction (7%, 7°); (b) total
cross section for the reaction *C(7*, 1°)**N when
only single scattering is taken into account and
when effects of multiple scatterings are consid-
ered.

A. Effective Interaction

Although a pion interacts with a nucleon pair in
some cases,’ the single-particle interaction seems
to be favorable in single-charge-exchange process-
es. According to a theory of the p-wave interac-
tions of pions with a static nucleon, the scattering
matrix is given in the one-pion approximation in
terms of the usual pion-nucleon scattering ampli-
tudes.®
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where 7§ and 7k denote the momenta of incoming
and outgoing pions, respectively, and & and T are
spin and isospin operators. Because the (33) reso-
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TABLE I. Cross sections of single-charge-exchange
reaction (7, ") at 180 MeV.,

Reaction Total cross section (mb)
v+, 79)10C 1.3+0.2
g+, ahilc 6.4+1.1
Bt n0)13N 41+1.3
14N(.n.+ , 7r0)14o <0.05
Bo(rt, n9)18F 4.4%0.9

nance amplitude is dominant in the energy region
considered here, we neglected other terms. Al-
though the recoil of the nucleon is usually neglect-
ed in the static model, it is considered here even
though it is small in magnitude. When the recoil
momentum of the nucleon is described by § (which
is equal to 7§ - %#k by momentum conservation) we
obtain, considering §=-i%V, the effective inter-
action

t ‘&%(Zw) 8(F, = T))7,
X{2ﬁ2+21ﬁ Vj‘Uj axvl]}fsay (2)

where j denotes the jth nucleon in the nucleus. In
the derivation of Eq. (2) from (1) we used the rela-
tion

G-R)G-B)=A-B+i5- (AxB). 3)

The second term in Eq. (2) is independent of spin.
This term can also cause transitions with AJ =1,
This situation is very different from the discus-
sion given in Ref. 3 in which it was explained that
only the spin-flip term can cause such a transition
as 1*=0*. Actually, the first term in Eq. (2) is
the dominant contribution to the matrix elements,
in which the contributions from second and third
terms are smaller by about two orders of magni-
tude. This will be seen later in the numerical
discussion.

B. Total Cross Section for '>C(r*,7°)"*N

In our present model the target nucleus is con-
structed by a core nucleus and the nucleon by
which a pion is scattered. We choose a simple
harmonic-oscillator wave function for the scat-
terer.

&,([(1),]71/2;[(2345),,(6789),]73/2; [ (10 11),(1213),]51/2)  for the *C nucleus.

When the pion is scattered by the p,,, neutron in the *C nucleus, the ground-state wave function is given as
yjzu 2 (1°C) = NA Z}(szxle>Z)<T0--%|% Doy AD@TN23 -+ 13),

S = (tmu |3
my

4)

Y1 #)X1 20 X1/2-1/271 €XP(= 3pr.%),

where subscripts denote the total spins and their components, the superscripts denote the total isospins,
and X, and X,/;.1/2 are the spin and isospin states, respectively. N is the normalization constant and A
is the antisymmetrization operator. The wave function of the residual nucleus *N is also constructed in

the same manner.

1. Single-Scattering Cross Section

The matrix element describing a single scattering of a pion is obtained by calculating the quantity
(¥;|¢|¥,) with the effective ¢ matrix given in Eq. (2). The general form of matrix element is given as

3[(=N2ﬁ5/

£=4*/2B, b,=sin(6/2),

J_z e~ fet 0 [(5,, +0__){A, +Azb2 +Asb, "} +(0, . - 6_,) sino{A, +Ab,%} ],

®)

where A,’s are the functions of 8 and ¢?, 6 is the scattering angle, and §,, etc. are the symbols of the total
spin quantum number (JM) in the final and initial states of the nuclei, namely, 5,_ denotes (J' =%, M’ =3)
for *N and (J =%, M =-1) for ¥*C. Then, we have the differential and total cross sections

do(n*, 1° 1 2
a0 Farei g Im
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Bo=(A; +34; +3A,) +(A,+34,)7,

B, =(A; +34, +3A3)(4, +4,) +A5(A4, +34;) ,

B, =3A3(A; +34, +1A5) +3(A4,; +A5)* — A (A +A;),
By =3A3(A; +Ag) — A(A, +34,),

B,= A - A

Here, the same harmonic-oscillator parameter
is chosen for *N and ®C. The A,’s are given in
Table II. The meanings of the notations are the
following:

(i) when the antisymmetrization is neglected:

9N, is the contribution from the term ¢* in the
effective ¢ matrix (2); 9M,, is the contribution from
the term § -V in the effective ¢ matrix (2); I, is
the contribution from the term &- [§x V] in the ef-
fective ¢ matrix (2); 9, = Oy, +9M,, = IM,,), the
total contribution;

(ii) when the antisymmetrization is taken into ac-
count: the 9,,’s are replaced by the ;.

In order to compare the contributions from the
matrix elements given above, the numerical val-
ues of 1/(2J +1) 33, (OM;,)? for each case are tabu-
lated in Table III. In these calculations we used
the parametrized phase shift”

fos =(4.108 +0.7987k* - 0.8337k* - i%%)~*.

It is easily seen in Table III that the essential con-
tributions to the total cross section come from the
first term of the effective interaction, namely,
the ¢ term. For example, at 180 MeV, the con-
tributions from the term §+ ¥ and §- (§x V) are
smaller by two orders of magnitude than the con-
tribution from the term ¢?. This tendency re-
mains even if multiple scatterings are taken into
account. This fact is very important for under-
standing why the total cross section of the reac-
tion MN(7*, 7°)**O at 180 MeV is 100 times smaller
than the other cases. The detailed discussions
will be given in the last section.

2. Effects of Double and Triple Scatterings

The recent investigations of high-energy hadron
scattering have proved the importance of the ef-
fects of double scattering. In order to estimate
these effects, we use the multiple-scattering for-
mulas given by Watson.?

The ground-state expectation value of the mul-
tiple-scattering matrix for the elastic scattering
can be written as

t =§xt,> +‘!2<t,> 1/(Ey=h, +ie)t), (11)

where E, is the energy of the penetrating pion and
h, is its free Hamiltonian. Here j stands for the

TABLE II, Matrix elements for various cases, The meanings of I’s are given in the text.

Ay A, A Ay A;
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jth nucleon in the nucleus and ¢, is given in Eq. (2)
except for inclusion of the operators, 7, and 7_.
It follows that the pion obeys the Schrédinger
equation

(Eo_hw "Zj)(tj»d)vr =0 (12)

inside the nucleus. When we assume that the re-
coil momentum of the nucleon is small, we have

® 11,8 =2 @urPo® - B Bl1,[B)®,  (13)

where ¢,=37 (t;), (B|t;|D) denotes an average of
the scattering matrix ¢, over the spins and iso-
spins of the nucleons in the nucleus, p(X) is the
nucleon density, and V and A are the nuclear vol-
ume and the mass number. Thus, the Schriédinger
equation which the pion obeys is

(EO _hvr - ch(i))(pﬂ' =0 ’ (14)

where V,=A/V(2w%)®(®|t,|D) which is the potential
felt by the pion inside the nucleus and can be con-
nected to the forward scattering amplitude for
pion-nucleon scattering.

The scattering series given by Watson is actual-
ly not of much practical use unless one can also
make the impulse approximation for each scatter-
ing. Therefore, in our present calculation, we

also make the impulse approximation for each scat-
tering. Since the incident pion energy is high com-
pared with the nuclear excitation energies and the
momentum transfer is small, the nucleon excita-
tion can be neglected and we use the closure ap-
proximation for the multiple scattering. Under
these approximations, Eq. (11) was actually ob-
tained. Namely, the double-scattering term in

Eq. (11) may be written as

3 <.flt 'k’n)<k’n|tm'i>

DY [ei e, W

i*m n
where E, and E, are the pion energies in the initial
and intermediate states. In the present calcula-
tion, we took the on-energy-shell assumption
which was used by Pendleton® in the calculation of
the double-scattering contribution for the pion
elastic scattering by a deuteron at 142 MeV.

The numerical results are shown in Figs. 1 and
2. The total cross sections calculated by our theo-
ry have peaks around 145 MeV, which are shifted
to a lower energy as compared with the case of a
pion-nucleon scattering. This is due to the mo-
mentum of the bound nucleon. Only one experi-
mental point is available.’ Our results are con-
sistent with those given in Refs. 3 and 4. The ten-
dency that the total cross section increases when

TABLE III. The numerical values of 1/2J +1) Y,y | M;; |2 with 8=0.25 fm™. E_ is the incident energy of pion in
the laboratory system,

E; \ Gj) (11) (12) (13) (14) (21) (22) (23) (24)
(MeV\ (x10%) (x10%) (x10%)
70 7.35x 10 24,2 41,9 7.97% 102 2.12 1.05% 104 23.2 3.09
80 9,03 102 26.9 39.7 9,87x10? 2.61 1.16x104 22.3 3.63
90 1.10x 10° 29.9 37.7 1.21x10° 3.19 1.28% 104 21.4 4,29
100 1.34% 10° 32.5 36.0 1.46x103 3.87 1.38x10? 20.8 5.05
110 1.61x 10° 34.4 34.5 1,74% 10° 4.64 1.43% 10 20,2 5,90
120 1.88x 10° 35.3 32.7 2.02x 103 5.44 1.43x10? 19.5 6.76
130 2.12x10% 34,6 30.2 2.25% 10° 6.12 1.36x 104 18.3 7.44
140 2.22x 103 31.7 26.4 2.35x 103 6.43 1.20%x 104 16.3 7.69
150 2.15x 10 26.9 21.4 2.26%10° 6.21 0.980x 10* 13.5 7.31
160 1,90x 10° 21.0 16.1 1.99%x10° 5,50 0.738x10* 10.3 6.39
170 1,57 10° 15.4 11.4 1.64x 103 4,55 0.521x 104 7.44 5,22
180 1.24x10° 10.9 7.79 1.29%10° 3.60 0.353x 10* 5,17 4,09
190 9,64 % 10° 7.59 5.25 9.96% 10% 2.79 0.237x 104 3.55 3.13
200 7.42% 10 5,28 3.54 7.65% 102 2,14 0.159x 10* 2,43 2.39
210 5,73% 10 3.73 2.41 5.89% 10 1.66 0.108x 104 1.69 1.83
220 4,46x 10 2.64 1.66 4,58%10° 1.29 0.736x 10° 1.18 1,42
230 3.51% 10? 1.90 1,17 3.59% 10% 1.01 0.516x 10° 0.842 1.11
240 2,79% 10° 1.40 0.829 2.85x 10° 0.806 0.364x 10° 0.609 0.877
250 2.24x 10 1,04 0.599 2.29% 10° 0.647 0.265x 10° 0.447 0.701
260 1.82x 10 0.774 0.438 1.85% 10? 0.525 0.191x10° 0.332 0.566
270 1.49x 10 0.589 0.325 1.51% 102 0.430 0.139x 10% 0.250 0.461
280 1.23x 102 0.448 0.244 1.25x10? 0.355 0.105x 10° 0.191 0.379
290 1,02% 10? 0.354 0.185 1,04 % 102 0.295 0.791x 10% 0.147 0.314
300 8.56% 10 0.273 0.142 8.68x 10 0.247 0.571 % 102 0.114 0.263
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the multiple scattering is taken into account is
also in accord with the results obtained by Bjorn-
enak, Finjord, and Osland* who calculated them
using the Glauber theory.

It is worthwhile to notice that there is a sharp
dip around 50° and a large peak at 65° in the dif-
ferential cross sections. The existence of the
deep dip at 50° is also reported by Bjornenak,
Finjord, and Osland.* It can be seen in Fig. 2
that the effects of multiple scattering appear in
the forward scattering.

3. DISCUSSIONS

In this section, some discussions are given for
the cases of °B, !B, N, and 0. Only the total
cross section of the single-charge-exchange reac-
tion “N(#*, 1°)*4O at 180 MeV (lab) is so small com-
pared with other cases, as seen in Table I. It is

6 (mb)

L o Total cross section

L%
—¢

6(1+2)

K "v__o‘ou.z’s)

L 6yl1e2)

" " L L N U S L "
80 120 160 200 240 280 320

FIG. 1. Total cross section for 3¢ (r*, 7%)13N without
pion absorption effects. ¢, and g; correspond to the total
cross sections without and with antisymmetrization of
the wave functions, respectively. o(1): only single scat-
tering, o(1 +2); both the single scattering and the double
scattering are taken into account. o(1 +2 +3): multiple
scatterings up to triple scattering are taken into account.
Experimental data are taken from Ref. 1.

CHEON 8

worthwhile to notice that the measurements were
done by the activation method.

First of all, let us construct the ground state of
the nuclei as follows: two valence nucleons are
coupled to the core nucleus. However, in the cas-
es of !B, !'C, ¥C, and ®N, one p-shell nucleon
is coupled to the core nucleus. *C is taken as a
core nucleus for N and 0, and *°O for %0 and
18, because 2C and 'O are the nuclei in which
just 1p;,, and 1p,,, states are occupied. However,
in the cases of °B and °C, both ®Be and ®B can be
candidates for a core nucleus because in these
cases the 1p;,, state is not completely occupied
by nucleons. It is easy to evaluate the possible
states which the valence nucleons can have. For
example, let us look at the case of *N (1*, T =0
g.s.). If the core nucleus C is in the ground
state (0*, 7 =0), the two valence nucleons have
T =0, S=1 and 7=0,2. The state /=1 is dropped
because it has the wrong parity. Then, the total
spins of the valence nucleons are J",,=1%,2%,3*
for I=2. Only J",,=1" can couple to the total spin

Angular distribution

L 1+2+3)/d2
do | d 180 MeV

?m{ (mb/sr)
S

AT

61(1’2)/dﬂ

dd’1(1)/dﬂ

20 40 60 80 100 120 140 160
8 (deg)

FIG. 2. Angular distributions for 13c(r*,7%13N at 180
MeV (lab). The notations are the same as those given
in Fig. 1.
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TABLE IV, Ground states of nuclei for the case that only the ground state of the core
nucleus is taken into account, The third column denotes the possible states which the valence

nucleons can have,

Nucleus Mode States of the valence nucleons

l s T im

B (3*, T =0) 8Be (0%, T =0) + (pn) 2 1 0 3+
8B 2*, T =1) + (nn) 2 0 1 2+

ve (0%, T=1) 8Be (0*, T =0) +(pp) 0 0 1 0*
8B 2+, T =1) +(pn) 2 0 1 2*

2 1 0 2t

UN 1+, T =0) 2¢c (0*, T =0)+(pn) 0 1 0 1*
2 1 0 1*

Yo (0%, T=1) 2¢ (0%, T =0)+(pp) 0 0 1 0*
180 (0*, T =1) 180 (0%, T =0) +(nn) 0 0 1 ot
18F (1*, T =0) 180 (0*, T =0) +(pn) 0 1 0 1*
2 1 0 1*

of the core nucleus *2C (0%, T =0) to produce the
total spin of the nucleus N (1*, T =0). Thus, the
possible states of the valence nucleons (pn) are
(=0, s=1, 7=0, J",,=1%) and (I=2, s=1, T =0;
J",,=1"). Inthe similar manner, we can construct
the ground state of the nucleus **N even when the
excited states of the core nucleus *C are taken in-
to account. In Table IV some examples are given
when the core nuclei are in the ground states. It

is easily seen that the matrix elements

(Fl7;4 0,89 1)
and/or

(F|7,+ 0,5,(§x¥,)|I)

can remain for all cases including **B(n*, 7°)''C
and ¥*C(r*, 1°)*N, where 0, =expli(k-§)-¥,]. The
matrix element (F[7,.0¢?]I) makes large contribu-
tions to the total cross sections for the isobaric
mirror charge-exchange reactions B(r*, 1°)*C
and C(7*, 1°)*N since the nuclear wave func-
tions do not change with the operator (‘r,+5,q3),
namely the wave function obtained after 7,: oper-
ates on the initial state is the same one as the
final state. As we saw already in the previous
section (see Table III), at 180 MeV (lab), the con-
tribution of the matrix element (FIT,+O,q2 |I) to
the total cross section is larger by a factor of 102
than the contributions from tlle others,
(F|7,40,§-¥))|I) and (F|7,+0,5,- @x¥,)|I).
However, in the cases of *B(r*, 7°)'°C, “N(#*, 1°)-
0, and O(r*, 7°)'®F, the wave functions obtained
after the operator 7;+ acts on the initial states are
not the same ones as the final-state wave func-
tions. Therefore, contributions of the matrix ele-
ment (F|71,+0¢%|I) to the total cross section de-
crease because of the poor overlap of the nuclear

wave functions. This is reflected in the compara-
tively small cross sections as seen in Table I,
except the case of *O(r*, 1°)'*F. Next, let us com-
pare the case of *B(r*, 7°)°C with that of “N(z*, 7°)-
140. When the operator Tj+ acts on the ground
states |°B(3*, T =0)) and |*N(1*, T =0)), we ob-
tain

T/+' 10B(3+, T =0)> =’T,+| (BBG +pn) or (BB +nn)>

=|1°C(3*%, T =1))

and

Ty |MN(1Y, T =0)) =74 [(C +pn)) = [ *O(1%, T =1))
The overlaps of the wave functions

(°c(0*, T=1,g.5.)|9, [ °C(3*, T =1))
and

*0(0%, T =1, g.s.)|0,|0(1*, T =1))
are actually much smaller than

(e, T=410,]4CE, T=3)
and

(=c(™, T=9I15,1c@", T =3).
However, as seen in Table IV, a common state
is found among the states of the core nuclei plus
the valence nucleons which construct the ground
states of 1°B and *C. On the other hand, we can-
not find any common state for the cases of *N and
140 even if eight excited states of the core nucleus

12C (up to 13.35 MeV) are considered. Then, the
overlap of the wave functions

(®c(0*, T =1, g.s.)|0,| °C(3*, T =1))
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seems to be better than that of
Mo(0%, T =1, g.s.)|0,|0(1*, T =1)).

This results in the larger cross section for °B-
(#*, 7°)*°C than the case of “N(#*, 71°)O.

According to the explanation given above, we
should also have a considerably small cross sec-
tion for ®O(7*, 1°)!®F, but the measured value is
very large, 4.4+0.9 mb. This is not surprising
because the measurement was done by the activa-
tion method which cannot distinguish the low-lying
levels from the ground state in the residual nuclei
18p, Since the second excited state of *F(0*, T =1,
1.0419 MeV) is indeed included in the measure-
ment, we obtain the large total cross section be-
cause

74+ [120(0%, T =0, g.s.)) = |¥F(0*, T =1))

gives good overlap with the wave function of the
second excited state of *F(0*, 7 =1, 1.0419 MeV).

The trivial differences of the total cross sec-
tions are due to the Clebsh-Gordan coefficients
and nuclear size parameter g (namely, the har-
monic-oscillator constant).

It is also interesting to examine the reaction
(p,n). The experimental data at 155 MeV are tab-
ulated in Table V.'° In this case, the total cross
section of **N(p,n)!*0 is also smaller by & to
& than the others. The similar discussion might
be given for the reactions (p, %) by considering
the form of the interaction

V(7)) + Vg (»L- § ’

where 7 is the distance between the projectile p
and the knock-out neutron. Generally, the dom-

TABLE V., Total cross sections of reaction (p,n) at
155 MeV (Ref. 10).

g
Reaction (mb)
108 (p,n)!°C 0.6520.1
Up (p,n)t'c 3.5+0.2
B¢ (p,n)PN 1.90.2
UN (p,n)!40 0.075 0,01

inant contribution to the total cross section comes
from the central force. The matrix element
(F|V,r)|I) is small for **N(p,n)**O and °B(p,n)-
10C, while it is large for “B(p, n)**C and *C(p,n)-
13N. The cross section for the reaction 20( p, n)-
18F will be expected to be very small because the
measurement of this reaction can generally dis-
tinguish the low-lying levels from the ground state.
The small cross section of the reaction “N(p, n)-
140 is considered to be caused by the same reason
as for the case of “*N(7*, 71°)**0. Therefore, both
cases should be explained at the same time. The
problems of explaining quantitatively these ex-
tremely small cross sections are still open.
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