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We have modified an earlier semiclassical model of pion production by protons on nuclei by including
various nuclear physics corrections. In addition to allowing for p n charge exchange and realistic
nuclear densities, we have corrected the two-body input cross sections for the effects of the Pauli

principle, Fermi motion, and nuclear optical potentials. The agreement with experiment is similar to
that obtained earlier. Ambiguities arising from the nuclear corrections are found to be larger than the
effects of moderate variations of the nuclear surface parameters.

I. INTRODUCTION

In a recent paper' we used a semiclassical mod-
el to analyze the data of Cochran et al. on the
production of yions from nuclei by 740-MeV pro-
tons. ' Considering the simplicity of the model,
the success in reproducing the general features
of the data was rather striking. In this paper
we consider the effects on the model of making
various nuclear physics corrections.

The motivation for this work was already stated
in Ref. 1 (hereafter referred to as I): With an
improved calculation of this sort one might hope
to extract new information concerning the nuclear
surface from pion-production experiments. ' Un-
fortunately, on considering the ambiguities pres-
ent in making nuclear corrections, we do not now
feel that this is possible. The ambiguities which
lead to this negative conclusion will become ap-
parent below.

On the other hand, a positive result of our in-
vestigations is that pion production from nuclei
provides a useful testing ground for studying how
the nuclear medium —through the Fermi motion,
the Pauli exclusion principle, and the various
nuclear potentials —can affect processes which
take place within it. These effects, of course,
are of importance throughout pion-nucleus phys. -
ics. One of the byproducts of the present calcu-
lation is a more meaningful fit of the pion-ab-
sorption cross section, o „,b, (T), now quite a
bit changed from the fit in I. That is to say, tak-
ing, gccount of the corrections due to the nuclear
medium is quite important in extracting nuclear-
averaged quantities.

The outline of the paper is as follows. Section II
reviews the semiclassical model of I and extends
it to include charge exchange for the incident
nucleon and a nonuniform nuclear density. Section
III discusses the five cross sections needed for
the calculation. Four of these are known but must

be corrected for the nuclear effects mentioned
above. The fifth, c, ,b, (T), is obtained by a fitting
procedure. Numerical results for pion-production
cross sections are presented in Sec. IV. The com-
parison with data is not better here than in I;
indeed, the predicted w'/w ratio is not as good.
Section IV also shows the relative importance
of each of the corrections treated here. Finally,
Sec. V gives a concluding summary.

H. SEMICLASSICAL MODEL

A.~ &=(Z+~ N)pc,

A., „=(N+ ,' Z)pc... - (2)

We assume that the incident nucleon travels in
a straight line within the nucleus to some point r.
There it makes a pion of kinetic energy T at an
angle 9 to the incident direction via the one-step
reaction NN- NNr. The pion then moves out of
the nucleus in a straight line. Both the incident-
nucleon and outgoing-pion fluxes are attenuated
by interactions with the nuclear medium. ' ' Also,
the relative populations of the nucleon and pion
charge states are altered by charge-exchange
processes. '

The numbers of protons and neutrons, N~ and

N„, reaching the production point are determined
by the differential equations

Np' = -(A., + A.„„+Agp) Nq + A.,"q N. „,
N„'=-(A., +A., ~+X& „)N„+A„„N„.

Here A.,"=A.po„,b, is the inverse mean free path
for absorption of nucleons, assumed to be the
same for protons and neutrons. It corresponds
to those interactions with target nucleons which
leave the incident nucleons without sufficient en-
ergy to make pions. The quantities X, „=Npx„,„,„
and ~„~=Zpv~,„,h are the inverse mean free paths
for the charge-exchange reactions pn- np and np- pn, respectively. Finally, the quantities
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are the 1Qvex'se IQ8RD fx'88 pRths for ploD produc-
tion aeeox'ding to the isobar model. s- Fo1 the nu-
clear density, p, @re use a Saxon-%Gods form with

parameters obtRined from electx'on scattering:

p(r) = p,[1+exp(r r,-)/a] ',

N,' = X,N,-(X„„-+g,) f,it+a„„Z, +g,@,

Here X. =Apo „,h, (T), X„ „=Ape, ,„,h(T), and p„

exch(T) correspond to pion absorptionq pion
charge exchange on neutrons, and pion charge
exchange Gn protons» x'espectlvely.

Both sets of transport equations are of the form

+«ii eh.c+ XON ~ exch 4 ise) &

~=-.'[(~...)"-.'(~-~)";.(;.-~. ..:)]"',
r=l(& ~)(a~..,.h x-c )

The cross section fox' pions of charge i, pro-
duced at r vrith chargej» is a sum of products of
the density, the yroduetion cx'oss section for NN

- NÃm, Rnd the various transport quantities. Ex-
plicitly,

d (z(ii') d o;
drd~ =drd'n Z. '"""'

x[~,(r)p, +~„(r)N,].
Here the %eight fRctors pg. Rnd Qy Rx'8 Obtained,

from the Clebsch-Gordan coefficients of the iso-
bRx' p1oductloD model;

where B is R constant square matrix Rnd N is a
column matrix. The solution to Eq. (5) is'

X(r) =exp[adt(r)]X(0), (6)

(R(r) = Jt p[r'(s)] ds

is RQ integx'al along the appropl'iate path length. It
goes from (0, 0, -~) to the production point r
= (x, y, z) for the nucleons and from r to ~ along
the direction 0 fox' the plons. By stRQdRx'd meth-
ods, me can find a constant matrix 8 such that
B=8 'BS is diagonal. Then

fc'(r) =Sexp[86t(r)]~ 'N(0)

Ni(r) =Q M;~(r)N~(0),

M;i(r) = Z ~ih exp[&heiR(r)](~ ')hg

The pion M;, 's were given in Eqs. (7) of I for
the constant nuclear density case. They Rre the
same here but with the replacement

s -61(r)/p, .
For the nucleons, with N~(0) =1 and ~„(0)=0, we

find

~,=( -"'/2fi)[( -»""(I.».-"],
~.=(~...., "'/2')["" .-8'], --

IH. INPUT CROSS SECTIONS

Equation {14)involves five cross se«&one on

the right-hand side: &N.,h„&ic„„,h, d &; /d~dfle

a„,„d„and 0'„,q, . The last of these is not known

Rnd %8 wiQ x'esox't to R flttlng procedux'8 to obtRln

it. Values for the first four cross sections can
be extracted from experimental data on reactions
on free nucleons. These shouM be eorreeted fox'

the effects of Fex'mi motion, the Pauli exclusion

p1 1Qclple» Rnd nuclear potentlRls. These eox'x"ec

tions, however, are subtle (and difficult) in ways

that we did. not at first appreciate. One question,
for example, is the meaning of a potential that is
of the same order as the rest mass of the particle
involved. Anothex' is the ylaying off of a, spaee-
time description against a momentum-energy de-

scription without due respect for the uncertainty

principle. ' Pxesumably, in some future relativ-
istic quantum-mechanical treatment these and

related problems would be vrell under control.
For now, however, me will try to do the best me

can vsithout going into unrevrardingly complex de-
tours.

The total pp ex'oss section at a laboratory kinetic

energy of 740 MeV is about 46 mb. 9 Of this, 13.59

k 0.73 mb 1s F px'oductlon. According to the 1so-

bar model, ' the cx'oss section for @production is
(-', )oh, =(-,')o(PP-nPv')=2. 7 mb. " The remaining

30 mb is elastic scattering.
If the incident pxoton scatters elastically through



R. R. SILBAR AND M. M. STERNHEIM

tm&x= 2mbE = 0 338 (GeV/c}2, (17)

Thus

a small angle, suffering only a small energy loss,
it is still able to produce pions and its path is
more or less correctly treated in our semiclassi-
cal model. If its energy loss, however, is 180
MeV or greater, corresponding to a laboratory
scattering angle of 26' or greater, then we are
one 6 half-width below the threshold for pp-N4,
and the pion production becomes small. (Experi-
mentally, ' at 560 MeV r' and r' production have
dropped by 62 and 74%, respectively, from their
values at 740 MeV. )

The cross section for such large-angle scatter-
ings is fairly small. To a sufficient accuracy the
elastic pp differential cross section is'

do/dt = 25.9 e '~ '~mb/(GeV/c)'

where c =4.1 and 4.98 (GeV/c) ' at 705 and 788
MeV, respectively. The cross section for np
elastic scattering is similar. ' If the energy lost
by the nucleon is 4E =180 MeV, then the corre-
sponding squared four-momentum transfer is

about 26' in the lab if the neutron is to have suffi-
cient energy to make a pion.

The Pauli principle reduces do/dQ at small
scattering angles by the factor R(8}. Following
an argument given by Bethe" in another context,
let us treat the nucleus as a Fermi gas with a
Fermi momentum k~. The struck neutron there-
fore has an initial laboratory momentum k which
lies within a sphere of radius kz. The final (slow)
proton has momentum k' =k+q, where ~ is the
three-momentum transfer in the laboratory. Thus
k' also lies within a sphere of radius k~ but with
its center displaced by ~. The region of overlap
between these two spheres is excluded by the
Pauli principle. This volume then gives the reduc-
tion factor R(8) appearing in Eq. (20),

(21)

Note that, again, the relatively weak energy de-
pendence of do/dQ allows us to neglect the effects
of Fermi motion and nuclear potentials.

Using k~ =250 MeV/c and 649-MeV nP-Pn
data" in Eq. (20) gives o„exch =3.4 mb. The 816-
MeV data" gives 2.8 mb. We will use the average
value

'6.5 mb at 705 MeV

4.8 mb at 788 MeV.

We will use the average value,

0'g, abs
= 5.6 mb .

(18)

(19)

QN epoch 3 1 mb (22)

Without the Pauli-principle reduction this cross
section would be about 40% larger.

Since this cross section is only moderately ener-
gy-dependent and relatively large energies are
involved, we have not made any corrections for
Fermi motion, the Pauli principle, or nuclear
potentials.

Note that our value of o„,b, is small compared
to the total elastic NN cross section. By contrast,
other authors" have assumed them equal. With
that assumption, the pion production occurs main-
ly in the nuclear surface. This is, of course, less
pronounced in our calculations. As we shall see,
this implies that our results are not very sensitive
to details of the nuclear surface, in contrast with
the conclusion reached in earlier studies. '

C. Pion-Production Cross Section

Beder and Bendix have stated4 that substantial
corrections to the pion-production differential
cross section, d'o; /dTdQ, arise from Fermi-
motion averaging and the nucleon-nucleus and
pion-nucleus potentials. By contrast, the Pauli
principle implies only z minor reduction factor
even for the fastest pions and hence can be neg-
lected. "

We will use a phase-space model to derive a
correction factor E(T, 8) which will multiply the
experimental pp- npm' differential cross sections
needed in Eq. (14). We write

e~ dc„,„,„= d
—(pn- np)R(8)dQ.

0
(2o)

B, Nucleon-Charge-Exchange Cross Section

The cross section o~,„,h corresponds to a pro-
ton scattering on a neutron with the neutron emer-
ging with most of the momentum. Thus

(23)

where, following Beder and Bendix, 4 we average
over the Fermi momentum distribution according
to

As in the preceding discussion, 0 must not exceed d TdOI five 4'~ zl 0 d TdQ fusee
(24)
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~
~

HP& Pm)'-Pg'Pa']"' I/V~n

(25)

bound by J3 =8 MeV. Thus

V, =/n —(m'+k~')'/2 -B
k~2 -B.
2m (30)

2= 2 — 2 2 2
y, ill +J. ,oug +y Py, out ™

p, ' = (E, —V, } —/n2 e p, ,„, ,
(26)

where V, is taken as the real part of the optical
potential. We will assume the simple form"

V, = -(2v/E, )p Ref», j,b(0), (27)

which, at our energy of 740 MeV, gives'

V, =+26 MeV. (28)

The nucleon will slow down somewhat as it enters
the region of this repulsive potential.

The initial, bound nucleon with three-momentum
k has an energy

E —= k =(m +k )'/ +V (29)

[compare with Eq. (26)]. The potential V, is such
that the "last" nucleon (i.e., one with ~k ~

=k~) is

Here k is the three-momentum of the struck nu-
cleon, p, and p2 are the initial nucleon four-mo-
menta, k» is the three-momentum of one of the
nucleons in the final two-nucleon c.m. frame,
c.m. frame, W»'=(p, '+p2)' is the invariant mass
squared of the final NN system, and P„» is the
pion laboratory momentum.

The phase-space model consists of taking the
matrix element, ~M ~', as constant. This con-
trasts with Beder and Bendix who studied the ef-
fects of its variation using a particular isobar
model. " We, of course, are using the phase-
space model only to derive a correction to the
experimental data for free nucleons. Presumably
the error in neglecting the energy and angle de-
pendences of ~M ~' will largely cancel out in the
ratio in Eq. (23}.

The various kinematic quantities needed to eval-
uate Eq. (25) for use in Eq. (24) [but not in the de-
nominator of Eq. (23)] may be modified by the nu-
clear potentials felt by each of the reacting parti-
cles. Since each of these particles is, by its na-
ture, a bit different from the others, we must
deal with them one at a time.

The inc.ident nucleon as it enters the nucleus
will come into an optical potential. This will
change its three-momentum (i.e., its wave num-
ber) but not its energy (its frequency). Thus,
comparing the incident nucleon four-momenta
inside and outside the nucleus,

P (E 2 +2)l/2 (2+T +T2)1/2 (31}

in evaluating Eq. (25).
We admit that this point is a troublesome one

and that the logic that leads us to Eq. (31) is rough
at best. Let us, however, make the following
additional comments:
(1) Had we used an "inside" P„zb, as in Eq. (26),
we would be overcounting the interactions of the
pion with the nucleons that create it. These ef-
fects are already present and accounted for in
the free-production cross section that is to be
multiplied by the E(T, 8) of Eq. (23).
(2) If we I/eve to evaluate the F(T, 8) using an
"inside" p, hb (but without any factor of —', "), then
the fitting procedure described in Sec. III E below
would lead to a wild behavior for c, ,„,(T). It
would be 47 mb at 105 MeV, zero at 155 MeV,
and negative at energies above that. The reason
for this is that a modified P„» affects the spec-
trum strongly, cutting it off (at 8 =15') well before
the free-reaction cutoff.
(3) Indeed, it is our feeling that most of the strong
variations from the free-phase-space spectrum
shown in Fig. 1 of Ref. 4 arise not from the Fermi
averaging or the nucleon potentials but from using
a P„» modified by the potential. As will be seen

We will neglect the relatively small optical po-
tentials seen by the two final nucleons. This is
because they have, on the average, energies inter-
mediate to that of the bound nucleon (V, & 0) and
the incident one (V, &0), i.e., energies near where
the potential changes sign. To do otherwise, inci-
dentally, would introduce another integration over
the relative momentum of the final NN system.

Finally, we face the question of whether or not
the created pion feels an optical potential, at least
as far as the evaluation of Eq. (25) is concerned.
Beder and Bendix4 have claimed it does, and eval-
uate P„h,„using a formula like Eq. (26) and a po-
tential V„ taken from Ref. 15." We claim, how-
ever, that P„» should not be corrected for such
a potential. For, the production is assumed here
to take place at a point. " At the moment of its
creation, the pion is interacting with the two nu-
cleons that created it but is far away from all the
other nucleons in the nucleus. " Thus the pion-
nucleon multiple scatterings that give rise to the
optical potential have not yet had time to take place
so as to modify P„» to its "inside" value. Thus
we will use the "outside" (or, free) value
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W»» ——(E,' +E2) —(P,'+P2) (32)

we will use energy and momentum conservation
to express things in terms of the known (labora-
tory) quantities P, =(E„p, ), P, =(E„p, . )—=(k„k),
and P, = (E„,p, ). Energy conservation gives at
once

E,'+E,' =E, +k, -E„, (33)

ignoring the small energies of the heavy nuclear
residua. We cannot ignore the momenta carried
by those residua, however. The initial momenta
are along the z direction and satisfy

Pl, Out =Pl, in +P nucleus'

Pnucleus P residuum=p . +k. (34)

We now invoke the impulse approximation, that
the momentum of the residuum is unchanged by the
production reaction,

below, a comparable figure for our situation shows
smaller changes.
(4) For calculating an absorption process viVN- NN as it occurs within the nuclear medium, "
we should use the P„ i,b as modified by V„, since
the pion will have had sufficient time to adjust to
the medium before the reaction takes place. This
asymmetry is not in contradiction with time-
reversal invariance, inasmuch as this invariance
only makes statements regarding the matrix ele-
ment M, not the flux or phase-space factors. In
our modelM is taken as a constant.

The calculation of the quantities 5'» and k»
=(—,'W»»'-m')'" in Eq. (25) is complicated some-
what by the presence of the nuclear potentials Vy

and V, . To work out the invariant

here is worst for the highest Z nucleus. We have
explicitly carried out the calculation of F(T, 8)
with Coulomb contributions appropriate for Pb
included and have found that the changes are al-
ways less than 15%.

Figure 1 shows the phase-space-model pion
spectrum for the free case (a), when the Fermi
average is taken (b), and when both the Fermi
motion and the nucleon optical potential V, are
included (c). We make the following comments:
(1) The Fermi average alone with k» =250 MeV/c
reduces the cross section d'o/dTdQ quite a bit
in the energy region accessible to a free nucleon.
It also produces a high-energy tail extending above
the cutoff for the reaction involving free nucleons.
Not shown in Fig. 1 is the effect of changing k„by
+50 MeV/c. This would change curve (b) by some
+25/0 at most and extend or contract the tail.
(2) The effect of turning on the repulsive potential
V, is to raise the curve to (c) and extend it to a
higher cutoff. The scale increase is largely due
to the decrease in the invariant flux factor
[(p, p, )' —P,'p, ']"' due to the incident nucleon
slowing down. The higher cutoff is a bit more
surprising. It comes about because, with a small-
er incident three-momentum the heavy particles
in the final state do not need to carry away so
much three-momentum to balance the budget.
This means there is more kinetic energy avail-
able to the produced pion than in the case when

V, is zero.
(3) The correction factor F(T, 8) is, of course,
the ratio of curve (c) to curve (a). Figure 1 shows
only the case for. production at 8=15', but the
curves for other angles are similar. F(T, 8) is

P residuum P residuum ' (35)

With this the momentum-conservation equation,

pg, ~+(k+p„,g„„)=p(+pg+pw+'p„„g„„

becomes

Px+P2 =Py, m+k-Pw ~ (35)

Thus we can now evaluate the right-hand side of
Eq. (32). This gives the same W»»' as would be
obtained by a naive use of four-momentum con-
servation but ignoring the initial and final nuclear
residua:

200 400
W»»' = (P,'+02)' = (» +&2

—&w)' (3V) T (Mev)

evaluating the four-momentum dot products using
the "inside" momenta and bound-state energies
where appropriate.

Throughout the calculation we neglect small
Coulomb potentials, so that E(T, 8) is the same
for al1. nuclei and all pion charges. The error

FIG. 1. Phase-space-model predictions for the pion
spectrum in the reaction NN-NNm at 0 =15' and an in-
cident proton energy of 740 MeV: (a) case of reaction
on free nucleons; (b) effect of averaging over Fermi
motion; (c) effects of Fermi average and potential for
the incident nucleon. Values chosen for kz, B, and V&

are 250 MeV/c, 8 MeV, and 26 MeV, respectively.
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typically between 0.6 and 0.9. [For energies above
the nominal free cutoff we arbitrarily set E(T, 8)
=1, to allow for some energy spreads in the ex-
perimental data. ]

D. Pion-Charge-Exchange Cross Section .

The free ~N charge-exchange cross section,
o„,„,„(T), varies rapidly in the energy region of
interest, so that Fermi averaging may have sub-
stantial effects here also. As with the Pn charge
exchange (Sec. III B), the Pauli principle will tend
to cut down the forward scattering and should
therefore also be included. Finally, we should
include the effects of the pion potential since, in
this case, the pion will have traveled some dis-
tance through the nuclear medium before the
charge-exchange scattering.

Since our model assumes straight-line pion
paths, one might argue that only the small angle
part of o, ,„,h should be used in Eq. (4). However,
the charge-exchange process "conserves" the
number of pions even though it can scatter them
well out of their initial energy and angle bins.
Thus we use the total charge-exchange cross
section in our calculations. Our model, as a
result, can be expected to work better for pre-
dictions Of total pion-production cross sections
than for angular distributions or pion-energy
spectra.

We therefore carry out an integration over all
scattering angles:

3 D 0 7f .eXCh'
(ca, exch)ave =

3 ' d ~ did a O ~

W p Q 4 free

(38)

For the free cross section we will assume a (3, 3)-
dominated resonance amplitude, so

where the laboratory momentum transfer Ql, can
be obtained from the c.m. four-momentum trans-
fer

Q. "=(q-q')"=(0, Q. ),
Q..m.

' = 2q'(1 —cos8, ),
by a Lorentz transformation with velocity

(42)

P.' 4&pf.N(&.-, E.) =O' =E.' - ~' (44)

for P„.=ReP, ." All quantities here are in the
laboratory frame. Following Ericson and Hufner'3
(and ignoring the ambiguities of what off-shell ex-
trapolation is to be taken'e), we shall simply as-
sume, in the spirit of Chew-Low, "

P='E",k" (43)

The formula for ~k'~ is somewhat complicated so
we decline to give it here.

The last equation already indicates one way in
which the nuclear potentials come in. The Fermi
average in Eq. (38) also implies the existence of
a nuclear potential for the bound nucleon. We will
again use Eqs. (29) and (30) to obtain the four-
vector PN =(k„k). The four-vector for the pion,
P„=(E„O,0,P„. ) could be found using formulas
analogous to Eqs. (26) and (27), together with an
appropriate energy-dependent resonance amplitude
f„„(0). In such a case, however, the potential V,
would be so attractive below resonance that it
would force, at some energies, the square of the
pion's effective mass, p. ~ =E„-P„,~, to be-
come negative, which is mildly perplexing. "'"

As has recently been stressed, "'""it is more
appropriate to solve for the pion three-momentum
inside the nucleus in a self-consistent way. Con-
sequently, we solve the dispersion relation

(
each 2 sm 5(q)

(1 3 3 ) (39)
f.~ 9

CP„'
faN( 'aa 3) (E E '

r/2) (46)

tan6 = M r(q)/(M, 3 —W3),

& -P. +2P~'Par+Par ~

q'=t(P. & )'- P.'P']&'.

(40a)

(40b)

(40c)

The last two equations are written in terms of
four-vector dot products.

The factor 8 in Eq. (38) incorporates the Pauli
principle. It is 1 when the final-nucleon three-
momentum in the laboratory, k', satisfies [k I
&k~ and is zero otherwise. As in Sec. IIIB,

ik'i=(k'+2k Q +Q ')"' (41)

Here 8. is the scattering angle in the ~N c.m.
frame and q is the c.m. momentum, a function of
k as well as T (and P„m). For sin5(q) we use the
"Breit-Wigner shape with two radii, '" for which

4wpC

r/2 ' (46)

Graphs of f (x), P„, and y,
~ =E„3-p„'versus

T are shown in Fig. 2. Note that, with this pre-
scription, p, &0 at all energies, although at times
just barely so. The effect of the pion potential,

Here C and I' will be taken as constants necessary
to fit the total (averaged) NN cross section. We
find

P. , ~' =P'f (x),

f(x) =— 1+ ~ + 1+1 nx n(2x+n)

E~ —4rpC —E„
r/2
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attractive below resonance and repulsive above,
can be seen in the crossover in curve (b). This
crossover is, in this simple model, downshifted
from the free resonance peak by 4mpC = 76 MeV.

We mention in passing that if, as assumed here,
the pion feels a large potential as it moves inside
the nuclear medium, the assumption of straight-
line pion paths becomes suspect. There could
well be large refractive effects at the surface as
the pion comes out into the vacuum. We have ig-
nored these throughout, particularly since, after
its creation and while the pion is adjusting to the
nuclear medium, there will also be (even nastier)
refractive effects.

The results of carrying out the (fourfold) inte-
grations in Eq. (38) are shown in Fig. 3. Curve
(a) shows the free-charge-exchange cross section
obtained from Eq. (39). Including the effects of
the Fermi average and the Pauli principle but not
the pion potential gives curve (b); the area under
this curve is about 67%%d of that under (a). Not

shown is a curve for the Fermi average alone,
rather similar to curve (b) but generally larger
and less scooped out at the low energies, with
area 86% of curve (a). Finally, the full calcula-
tion including the pion potential is shown in curve
(c). The result of these averages is an upshifted

peak, "whose integrated strength is some 83% of
the free peak.

We wish to emphasize that there is quite a bit
of ambiguity in these calculations, particularly
with respect to the choice made for f„„in Eq.
(44).'~ As we shall see, however, in the extrac-
tion of the fitted o, „,(T) discussed below and in
the resulting predictions for pion production, it
makes little difference if V„ is present or not."

E. Pion-Absorption Cross Section

The last input cross section needed is c„,b, (T),
about which there is no useful experimental in-
formation. Consequently, as in I, we adopt an
empirical procedure to determine it.

Presumably the effect of pion absorption is
greatest for heavy nuclei and the error from neg-
lect of multiple scattering is least for small-angle
w' production. Thus, with all the other input
cross sections as described above, we can evalu-
ate the differential cross section using Eq. (14)
and adjust o, ,b, (T) to reproduce the measured
d'c(v')/dTdQ for Pb at 15'. This is exactly the
same procedure used in I except that now O„,b,
is a known quantity, not a fitted one.

Curve (a) of Fig. 4 shows the results obtained
for this fit using all of the input cross sections
and their corrections as discussed in Secs. IIIA
through IIID. The cross section shows, not un-
reasonably, a broad resonance-like peak centered
at 200 MeV.

A similar fit to o, ,b, (T) but with no pion-poten-
tial correction to o, ,„,h gives numbers which dif-
fer by less than 7/g from those shown in curve (a)
of Fig. 4.

The fit to o, ,b, obtained in I is shown, for com-
parison, as curve (b) of Fig. 4. There is quite a
difference with even the qualitative nature of the
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I i I
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I I I
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I I I
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E ao-

b~ 20—
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300
Ol

I 00 200
T (NteV)
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FIG. 2. Effects of the pion potential on pion kinemat-
ics: (a) functionf{x) of Eq. (46); (b) p~, ~„andP~
= (E„-p, ) versus T; (c) effective pion mass squared,
p, *2=E 2-p 2 in units of p,

2

FIG. 3. Pion-charge-exchange cross sections as a
function of pion energy: (a) both pion and nucleon free;
(b) effects of Fermi average and the Pauli exclusion
principle, 4+=250 MeV/c; (c) effects of Fermi average,
Pauli principle, and the pion "potential" (see text).
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old fit without any nuclear-medium corrections.
This fit corresponded to taking o„g)3=30 mb. If
we were to arbitrarily set o„,b, =25 mb instead
of 5.6 mb [Eq. (19)], recalling that some 3.1 mb
of additional absorption is now present because
of o„,„,h, and again fit o, ebs(T) with everything
else as discussed above, then we would get the
fit shown in curve (c). Except for the turnover
due largely to E(T, 8) being less than 1 at the larg-
er pion energies, there is a vague resemblance
to curve (b).

Finally, we also show curve (d), which is Beder's
prediction for o, ,b, (T) based on the inverse of
the NN- NNm process. ' " The disagreement be-
tween this and our extracted 0„,b, shown in curve
(a) is substantial but not so great as in I, where
we obtained curve (b).

IV. NUMERICAL RESULTS

(1) For the present calculation, part (c) of the
table [viz. Table I (c)], the s' cross sections are
low for the light nuclei and about right for Pb. In
contrast, the results from I [in Table I(b)], have
the w' cross section about right for Al and some-
what large for Cu and Pb.
(2) For v production, we predict cross sections
for all three elements which are too small. In
the earlier calculation for Pb we had a cross sec-
tion larger than experiment.
(3) As a result of (1) and (2), the present m'/v

ratios are not as good as before. We now have too
much w' production for the heavy elements, in
spite of the reduction due to nucleon charge ex-
change. This is probably because of the larger
o„.b, here (as compared with I), which tends to
decrease the probability of a pion escaping from
the interior of the nucleus.

Here we will concentrate our attention on the
predictions for the total pion-production cross
sections for r' and m for three nuclei, "Al, "Cu,
and '"Pb. In I we calculated also for the other
nuclei studied in the experiment of Ref. 2, and in
addition gave extensive graphs of results for angu-
lar distributions and energy spectra. " As will
be seen from the total cross sections to be pre-
sented (which. are the quantities most reliably cal-
culated in this model), the qualitative nature of
the fits in I is not changed much by the nuclear
corrections considered here. In general the quali-
ty of the angular distributions and energy spectra
is similar to that found in I and we will not con-
sider these quantities any further.

The results comparing a number of different
calculations for 740-Mev incident protons with
each other and with experiment' are given in Ta-
ble I. We make these comments:

TABLE I. Predictions for total 7r+ and x production

cross sections for Al, Cu, and Pb at an incident proton

energy of 740 MeV. The o(x') are in mb while R, ro,
and a are in fm. The Saxon-Woods parameters are
taken from Ref. 6, those for Cu being obtained from the

parameters for nearby Ni.

Al CQ Pb

(a) Experiment, taken from Ref. 2.
o.(x+)
o.(n' )
o(7r )/o'(7r )

53.1 + 2.9
13.2 ~0.9
4.02 + 0.35

77.3 +4.3 104.2 + 5.8
25.2 + 2.0 53.7 + 4.9
3.07 + 0.30 1.94 + 0.21

R
o(x+)
ty(n' )
o(n+)/o(x )

3.78
50.9
12,5
4.07

4.97
82.0
25.4
3.23

7.11
128.9

64.3
2.00

(b) Predictions from Ref. 1,, uniform sphere density, no
nuclear charge exchange, no nuclear corrections.

30
(c) Present model, Saxon-Woods density, nuclear

charge exchange, and nuclear corrections of Sec. III.

20-
C7
E

Cl
D

b io-

fo
a
o(n +)
o(m )
o.(m'+)/o'(x )

3.07
0.52

40.4
9.9
4.07

4.14
0.57

65.4
18.8
3.47

6,66
0.50

108,2
45.6
2.37

'0 IOO 200
T (MeV)

300

(d) Same as (c) but with no V„correction.

o(n +) 40.5 65.4
o(m ) 9.6 18.1
o(n+)/o(x ) 4.22 3.61

108.6
43.8
2.48

FIG. 4. Fits to o„,&, (T): (a) full calculations, all con-
sidered nuclear corrections; (b) old fits from Ref. 1,
with no nuclear corrections (here o&,b, =30mb); (c) as
in (a) but with o~,~, =25 mb instead of 5.6 mb; (d) pre-
diction by Beder (Ref. 19).

59.9
17.7
3.38

(e) Same as (c) but with o~,b, =25 mb.

o(n +) 36.9
o(m-) 9.2
o(7I'+)/o(m' ) 3.99

100.1
44.3
2.26
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(4} Table I(d) shows the predictions when the pion
potential correction is not made for o, ,„,h. As
expected, since the fitted o, g, (T) values are
essentially unchanged (see Sec. III E), the o(w')
predictions are hardly different from the case with

V, included [part (c)]. The v production is now

a little smaller since there is less charge ex-
change for the pion transport [compare curves
(b) and (c) of Fig. 3]. Thus the»'/s ratios are
slightly worse than with U, included.
(5) Table I(e) shows the results when o» gbg is
arbitrarily increased to 25 mb (an absorption
like that used in I). The production is now small-
er than before, with the change in the r produc-
tion less than in the w' production. The differ-
ence is related to the smaller o, ,b, used [com-
pare curves (a) and (c) of Fig. 4]. Even so, the
v'/v ratios do not come down to the experimental
values.

To see how and where the changes between Ta-
ble I(b} and I(c) arise, we give in Table II the ef-
fects of turning off each of the corrections made
in the present calculation, one at a time. Each
change is compared with a "standard calculation, "
that for Pb. We comment on each of these changes
in turn:
(1) The changes due to neglecting the corrections

to O„„.h are small and in the expected direction.
For here there is more pion charge exchange
[compare curves (a) and (c) of Fig. 3] and thus
more r production.
(2) The changes due to neglecting the corrections
to d'o/dTdQ are large. (Note that o„,b, has not
been refitted in the numbers presented. ) This is
illustrated in Fig. 1, where the area under curve
(a) is some 18% larger than that under curve (c).
Evidently the differences are correspondingly
larger for angles greater than 15'.
(3) The changes due to neglecting the Pauli-princi-
ple correction to o'„,„,„(i.e., using o» exch 3.8
mb instead of 3.1 mb are negligible in w' produc-
tion (slightly more absorption) and increase the
~ . production slightly. As stated above, it is
easier for neutrons to make n than for protons.
The v'/» ratio is still greater than experiment.
(4) Dropping o„,„,„altogether makes large changes
in v production, with the w'/v ratio now very
much larger than experiment.
(5) Going from the Saxon-Woods nuclear density,
Eg. (3), to a sharp-edged uniform density with
the same r.m. s. radius gives relatively minor
changes, mostly for the w' production. This leads
to the conclusion that any detailed information on
the nuclear density will be masked by the other,

TABLE II. Effects of the various corrections (considered one at a time) on the calculated
Pb total production cross sections. Again, the incident proton energy is 740 MeV. All cross
sections are in mb.

o.(m+ ) % Change % Change a(m' )/o(x ) % Change

104.2 + 5.8

(a) Experiment, taken from Ref. 2.

53.7+4.9 1.94+ 0.21

(b) "Standard calculation, " Saxon-Woods density with ro ——6.66 fm and a =0.50 fm, nucleon
charge exchange, and all nuclear corrections of Sec. III.

108.2 45.6 2.373

(c) Same as (b) but without Fermi averaging, Pauli principle, and pion-potential corrections
or a~,exch.

105.2 -2,8 49.8 +9.2 2.113 —11.0

(d) Same as (b) but without Fermi averaging and nucleon-potential corrections for d o;„/
dTdO.

193.1 +78.5 62.0 +35.9 3.116 +31,3

(e) Same as (b) but without Pauli-principle correction for o.&,„,h, i.e., oz,„,h ——3.8 mb.

107.2 -1.0 47.9 +5.0 2.238 -5.7
(f) Same as (b) but with no nucleon exchange at all, o&, ,h=0.

114.0 +5.4 34.1 —25.2 3.341 +40.9

(g) Same as (b) but with sharp-edged uniform sphere density of radius R = 7.11 fm.

92.4 -14.6 43.6 -4.4 2.117 -10.8



NUCLEAR EFFECTS IN THE PRODUCTION OF &' AND 501

more significant (and somewhat ambiguous) nu-
clear corrections.

It is probably worth mentioning once again at
this point that our predictions depend seriously
on the assumption of a rather simple isobar mod-
el. ' As already indicated, there are reasons to
suspect its validity. '" lt could well be that our
present results are not in better agreement with
experiment because of this. If a complete set of
pion spectra were available for the other NN- NN&

reactions at the desired energy, then our model
would become independent of these particular as-
sumptions.

Finally, we check the oft-claimed statement
that, at least for the r' case, most of the pion
production occurs in the nuclear surface. '4 We
have segmented the Saxon-Woods nucleus as
shown in Fig. 5. In a "standard calculation" for
Pb we then kept track of the segment, or bin, in
which the pion that eventually emerges as a r'
or ~ is created. The various bin contributions
to o(w') and o(w ) are listed in Table III. As can
be seen, most (V5.7%) of the w' production does
come from the regions where p ~ 0.9p„especially
from the annulus (bin 2). In fact, from calcula-
tions not shown in Table III, 41.6% of the m' pro
duction comes from even thinner regions where

p ~0.5po. For m production, on the other hand,
the production is more evenly distributed over the
six bins. There is still a lot of production in the
annulus but now 34.3%% of the w 's originate in the
core (p - 0.9p, ). This is in accord with the notion
emphasized here that m 's are not made directly
but more through secondary charge-exchange reac-
tions. Thus we see that the picture of surface
production is only approximately correct.

energies could be extended to take into account a
number of nuclear effects. A motivation for this
was the hope of learning something new about the
nuclear density. We have seen, however, that
the differences in predicted production cross sec-
tions due to the drastic change from a Saxon-Woods
to a uniform density were generally much smaller
than those due to including other nuclear correc-
tions. Perhaps the relative insensitivity to the
nuclear density could have been expected from the
data of Cochran et al. ' The existence of simple
scaling laws for total and differential cross sec-
tions would imply that rather gross geometrical
effects predominate.

On the other hand, the corrections due to pro-
cesses taking place within the nuclear medium
are interesting in themselves. A byproduct of
this calculation has been the extraction of o„,b, (T),
now somewhat more believable than the fit ob-
tained for it in the earlier version of the model.
This quantity, of course, is likely to be an im-
portant ingredient in many other pion-nucleus
interactions and their analyses. It deserves to
be better understood. We once again urge our
experimental colleagues to provide us with some
information regarding this important inclusive
process where a pion enters a nucleus and none
emerges.

Finally, we should remind the reader that our
calculation has three kinds of limitations. The
first is the use of a semiclassical model, i.e.,
the neglect of all quantum mechanical effects.

V. SUMMARY

In this paper we have given careful attention to
how a rather successful, almost classical model
of pion production from nuclei at intermediate

TABLE III. Origins of produced pions sorted into six
nuclear bins according to Fig. 5. This is the "standard
calculation" for Pb. All cross sections, partial or total,
are in mb.

Bin

1
2
3
4
5
6

Totals

o; (m+)

272
48.7

6,1
11.1
12.3
2.9

108.3

%of m+

25.1
45.0
5.6

10.3
11.4
2.7

100.1

o;(x )

8.4
17.8
3.7
5.4
7.8
2.5

45.6

%of7t

18.5
39.0
8.1

11.7
17.1
5.5

99.9

FIG. 5. Division of the nucleus into bins. The case of
Pb is illustrated: r(90/p) =xp-2. 2a =5.6 fm and x(0.3%)
=Jp +6a = 9.7 fm, the cutoff radius in the calculation of
the integral of Eq. (7).
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The second is that, within this semiclassical
picture, we treat multiple-scattering effects
crudely. This last could be overcome by a Monte
Carlo calculation which follows each particle
throughout its journey through the nucleus. How-
ever, whether one does a quantum mechanical
calculation or an improved semiclassical calcu-
lation, the third limitation must always be borne
clearly in mind. The fact is that the nuclear me-
dium corrections play a large and somewhat un-
certain role in modifying the basic interactions.
Indeed, until one feels that these corrections are
satisfactorily understood, it is probably not sensi-
ble to proceed with more elaborate calculations.

As this paper was being prepared for the typist
we became aware of the interesting paper by
Oganesyan on m' and r production by 600-MeV

neutrons on various nuclei. " In discussing his
experimental results, Oganesyan makes extensive
qualitative remarks concerning the role of the
absorption, scattering, and charge exchange of
the pious (and also the nucleons) in the nuclear
matter, as well as other nuclear-structure ef-
fects such as Fermi motion.
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