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The structure of the low-lying states in"'pb "'pb, "'po 8Bi, ~ Bi, 2 T]., 2 6T],, and
Hg has been calculated using a conventional shell-model approach with a central Gaussian-

shaped interaction plus P2 and P3 multipole interactions where the P2 and P3 strengths were
varied for each nucleus. The results are compared with the experimental data and other
calculations. The agreements between the experimental energies and spectroscopic factors
and the calculations are in general good. The agreements between the experimental and
calculated E2 and M1 rates in 6Pb and Po are also fairly good.

I. INTRODUCTION

The lead region, especially those nuclei close to
the doubly magic "'Pb nucleus, continues to be
one of the better regions in the Periodic Table in
which to use the conventional shell model. It is
also a region where one can expect to be able to
test new models as well as testing modifications
and/or extensions of the shell model. Consequent-

ly many nuclear-structure calculations have been
done in this region in the past few years. Most,
but not all, of the calculations done in the lead
regions in recent years can be found in Refs. 1-23
and in references contained in these papers. The
papers cited above deal with calculations on or re-
lated to the structure of the nuclei Pb, ' Pb,
210po 208Bj 2108j 208T] 206T1 and 206Hg

nuclei will be discussed in this paper.
The experimental effort in the lead region has

also intensified in the past few years. This in-
creased research in the lead region has become
feasible by better accelerators with increased in-
tensity and improved resolution along with solid-
state detectors which also have improved resolu-
tion so that the closely lying excited levels in the
lead region can be resolved and studied. Most of
the experimental investigations on the above men-
tioned nuclei can be found in Refs. 24-66 and in
references contained in these papers.

In this paper, calculations will be described
which use a conventional shell model for the
eight nuclei 206Pb 2 10Pb 2 10po 208Bi 210gi 208T1

"'Tl, and "'Hg. Calculations on the structure of
"'Pb have been reported by True, Ma, and

Pinkston, ' hereafter referred to as TMP, and

will not be discussed in detail in this paper.
In Sec. II, the residual force used will be dis-

cussed in some detail, while remarks on the single-
particle orbits will be made. In Sec. III, the re-
sults of the calculations for each of the eight nu-

clei will be presented, compared with the known

experimental data on these nuclei, and also com-
pared with other theoretical calculations.

In this paper, it is to be stressed that conven-
tional shell-model calculations were done. These
calculations do not include any additional refine-
ments such as the random-phase approximation"
or any explicit renormalization of the matrix
elements due to core excitation and/or model-
space truncation"'" even though they may have
been implicitly included in the effective residual
interaction used.

II. RESIDUAL FORCE

The residual force is expected to depend on the
model space" "used since a truncation of the
basis states is always necessary in any numerical
calculation. As was done in TMP, the proton
single-particle (hole) orbitals will be restricted to
those orbitals in the major shell just above (below)
the magic number of Z=82. Likewise, the neutron
single-particle (hole) orbitals will be restricted to
those orbitals in the major shell just above (below)
the magic number of N= 126. In particular, the
A= 210 nuclei were restricted to two-particle con-
figurations, the A=208 nuclei were restricted to
one-hole-one-particle configurations, and the
A=206 nuclei were restricted to two-hole configu-
rations. These single- particle orbitals and their
relative spacings, spins, parities, etc. ,

"are
shown in Fig. 1.

Furthermore, the radial part of the single-par-
ticle orbitals will be assumed to have an harmonic-
oscillator shape with p=0. 1842 fm since it is be-
lieved that this choice of the radial wave functions
gives a fairly good estimate of the radial part of
the matrix elements of the residual interaction.
See TMP, Sec. IIIA for further details.

In TMP, Sec. IIIB, a residual interaction con-
sisting of a singlet-even central interaction, V«,
a triplet-even central interaction, V~E, and a weak-
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FIG. 1. The experimental single-particle spacings in
MeU in the lead region from Ref. 55.

coupling interaction, V~c, was found which gave a
fairly complete description of the low-lying nega-
tive-parity states in "'Pb.

The weak-coupling interaction, V~~, can be
considered from several somewhat different points
of view. In True and Ford' and in True, ' this weak-
coupling interaction was assumed to arise from the
weak coupling of the lower-lying orbitals to a
rather high-lying 1.=2 collective phonon-type state.
V~c is like a P, multipole interaction which does
not have an explicit radial dependence since the
radial part of the matrix elements is replaced by
a constant, k'/C, which is some suitably averaged
radial matrix element depending in general on the
detailed properties of the collective state.

Kuo and Brown" have indicated that when model-
space truncation effects are considered, then the
residual force should be modified from the free
nucleon-nucleon interaction by the addition of a
P, multipole interaction and even possibly by the
addition of a P4 multipole interaction. A P~ multi-
pole interaction means an interaction of the form

~ =n~ r, r, P~( cos»a).

The low-lying levels of "'Pb were calculated by
the authors with the interaction Vs~+ VTE+ V~c from
TMP and with the interaction VSE+ VT~+Ql -, where

the VSE and VTE potentials were the same in both
cases and n, was varied to obtain the best fit to
the energy levels. Both calculations gave essen-
tially the same description of the low-lying states
of" Pb. One thus can conclude that the results
are somewhat insensitive to whether a weak-
coupling interaction, V~c, or a P, multipole inter-
action is used.

It was also shown in TMP that the very collective
3 level at 2.6 MeV in "'Pb can be very well de-
scribed in terms of neutron and proton particle-
hole states constructed from the single-particle
orbitals shown in Fig. 1. This level has often been
referred to as a collective L =3 type phonon state.
From the "phonon" point of view, orbitals could be
vector-coupled weakly to this L= 3 collective pho-
non state. ' If this were the case, one might ex-
pect effects from this coupling to show up in the
properties of low-lying levels in the lead region.
Note that one cannot take this point of view if the
configurations which give rise to this collective
3 level are explicitly included in the model space
considered. For example, in the calculation of"Pb described in TMP, any coupling to this 3
state would be explicitly included in the calcula-
tion providing this state can be described by one
hole-one particle configurations of 1k& excitation.

The calculations in this paper for eight nuclei
in the lead region do not explicitly include in the
model space the particle-hole states which are be-
lieved to give rise to this collective 3 level. It
seems reasonable in these cases that any coupling
to this collective 3 level could be described for
the most part by the addition of a L = 3 weak-
coupling interaction. Or one could argue that these
model-space truncation effects could be accounted
for by a P, multipole interaction. Since either of
the above L =2 type interactions worked equally
well in ' Pb, it also seems quite reasonable that
either type of the above I = 3 interactions would

also work equally well in the lead region. Cur-
rently the multipole interaction is favored by many
physicists since its strength can be estimated by
the Kuo-Brown microscope approach, whereas a
microscopic description of the collective-type
phonon states is on less firm grounds.

ln this paper, the choice of the residual force(s)
will be based on several aspects. It should be
emphasized that providing one is not too concerned
about a few levels, one to three levels per nucleus
on the average, differing from the experimental
values by about 200 keV, a Gaussian-shaped cen-
tral force of the form

8 2 (PsE P TF) (2)

where P and P ' are the singlet-even and triplet-
even projection operators, respectively, gives a
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fairly good description of the low-lying energy
levels of all the nuclei in the lead region which are
considered in this paper.

On the other hand, one does not expect the re-
sidual force to be the same for all nuclei because
different model spaces are being considered for
each nucleus. The results of Kuo" and the weak-
coupling phonon model' ' indicate that some of the
multipole components of the residual force are
more sensitive to model-space truncation than are
other components. The calculations described in
this paper show that by simply adding P, and P3
multipole forces to the Gaussian-shaped central
force above, practically all the low-lying calcu-
lated and experimentally observed energy levels
can be made to agree with each other to less than
100 keV. In addition, adjustment of these two
multipole components also improves the ground-
state wave functions of "'Pb and '"Pb as will be
discussed later.

Being motivated by the discussion above, we
will use in this paper a residual interaction of
the form

y= (y, e-s"'+V, , +V, ,) (PsF-+~"), (3)

where U~ is defined in Eq. (l). The parameters"
V, =-22.75 MeV, P=0.2922 fm ', and q =1.8 are
considered to be fixed by the 'Pb calculation de-
scribed in TMP. The parameters n, and n, in the
'P~, and &~, terms of the residual interaction
will be the only two adjustable parameters which
will be permitted to vary depending on the nucleus
being considered.

The values of n, and n, which gave the best fits
to the low-lying levels in the eight nuclei con-
sidered in this paper are given in Table I. In most
cases, the parameters n, and n, were adjusted to
give the best fits to the observed energy levels.
However, in some cases as will be discussed be-

TABLE I. The strengths o.'2 and n3 of the I'2 and P3
multipole forces which give the best fit in the lead region.
p(n) refers to proton (neutron) particles outside the Pb
core, while p(n) refers to proton (neutron) holes in the

low, the parameters n, and n, were adjusted so
that the best fit to both the observed energy levels
and the spectroscopic factors was obtained. "'Hg
is a special case and the choice of a, and n, for' 'Hg is discussed in more detail in Sec. IIIH.
Table I also includes the values of n, and n3 which
will give essentially the same results for "'Pb as
the central-plus-weak-coupling force used in TMP.

Table I indicates that the residual force consists
of a fixed central Gaussian-type interaction plus
P, and P, multipole interactions whose strengths
are varied in order to account for model-space
truncation effects which may vary from nucleus to
nucleus.

III. RESULTS

In this section, the detailed results of the calcu-
lations on the eight nuclei "'Pb, '"Pb, '"Po, "'Bi,
'"Bi "'Tl "'Tl, and '"Hg will be given. These
calcutations utitl be referred to as MT beloso.

The vector coupling scheme used in this paper is
to couple 1 to s to give j, and in the wave function

~j,j ~ JM), j, is coupled to j, to give J, where j,
and j, can represent either a particle or a hole
depending on the nucleus being considered.

In all cases, the calculated results have been
normalized so that the ground state lies at zero
energy. The calculated and experimental ground-
state energies with respect to the "'Pb core are
compared in Table II. It should be noted that the
differences between the calculated and the experi-
mental ground-state energies in several cases are
less than 100 keV and in no cases larger than
300 keV. In general, only the low-lying levels will
be compared with experimental data, although in
many nuclei, levels with much higher energy have
also been observed. The reason for omitting the
high-lying levels is in part due to the fact that the

TABLE O. Comparison of the experimental and cal-
culated binding energies in MeV with respect to the Pb
core. T'he experimental binding energies were taken
from J. H. E. Mattauch, W. Thiele, and A. H. Wapstra,
Nucl. Phys. 67, 1 (1965). The binding energies of Po
a,nd Hg have been calculated using an average Coulomb206

energy matrix element of 0.30 MeV.

Nucleus
A2

(10 4 MeV/fm4) (10-4 Mevyfm6)
Nucleus

Binding Energy
Exp. C a,lc. Difference

206pb (nM)
210pb (n2)
210po (p 2)

208Bi (pn)
210Bi (pn)
208Tl (pn)
206Tl (pn)
206IIg (p 2)

0 Pb (pp) and (nn)

-5.0
0.0

-2 5
0.0

+ 5.5
—2.5
+1.0
-2.50
-5.0

-0.50
-0.65
-1.20
—1.95
-0.55
-1.50
-0.05
-0.80

0.0

206pb
210pb
210po
208Bi
21,0Bi
208T

206Tl

206Hg

14.11
-9.12
—8.78

3.65
—8.40

4.21
14.85
15.38

13.90
-9.20
-8.92

3.73
-8.58

4.29
14.59
15.27

-0.21
-0.08
-0.14

0.08
—0.18

0.07
-0.26
—0.11
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first excited 3 state in '"Pb is located at 2.6 MeV
and is known to be of a collective character. ' Since
core excitations have not been explicitly taken into
account in these calculations, detailed comparison
of levels above 2.5 MeV may not be meaningful.
That is, levels which mix strongly with collective-
type core excitations are expected to be poorly
described because of the limited model spaces and
residual interactions used in these calculations.
However, it is quite possible that some of the core-
excitation effects have been accounted for by ad-
justment of various multipole components in the
residual force.

A. Other Calculations

Some of the other calculations in the lead region
with which the calculations reported in this paper
will be compared will now be briefly described.

Herling and Kuo have calculated the level struc-
ture of several nuclei in the lead region using a
Hamada- Johnston potential for the nucleon-nucleon
interaction. They calculated the energy levels
with: (I) the bare reaction matrix element, (II)
the bare reaction matrix element renormalized by
one-particle-one-hole core excitations, and (III)
the bare reaction matrix element normalized by
one-particle-one-hole and two-particle-two-hole
core excitations. Since approximation (II) in the
Herling and Kuo calculations gave the best agree-
ment with the experimental data, we shall only
compare these results with our calculations and
label them as HKII below.

Hughes, Snow, and Pinkston" have done con-
ventional shell- model calculations in the lead
region. They used a central-pIus-tensor inter-
action with a Gaussian shape and found that in
order to obtain the best fit to the experimental
energies, the force parameters used for like-par-
ticle spectra (i.e., "'Pb, '"Pb, and '"Po) should
be different from those force parameters used for
unlike-particle spectra (i.e., "'Bi, '"Bi, '"Tl,
and "'Tl). They concluded that no single force
could be found which gave a good fit to all the nu-
clear energy levels in the lead region. The re-
sults of their calculati. ons will be labeled as HSP
below.

Kim and Rasmussen' "used a central-plus-
tensor interaction with a Gaussian shape and were
able to obtain very good fits to the unlike-particle
spectra of "'Bi, '"Bi, and "'Tl. These results
will be labeled as KR below.

Vary and Ginocchio" used a central interaction
in the random-phase approximation for the nuclei
"'Pb and '"Pb. Their results will be labeled as
VG below.

Freed and Rhodes" have done a calculation of

g 206
pb

Using the residual force described in Sec. II, the
low-lying levels of "'Pb which are described by
two neutron holes in the "'Pb core have been cal-
culated.

These results, labeled MT, are compared with
the experimental levels" "and with the calcula-
tions of True, ' Vary and Ginocchio, "and Herling
and Kuo" in Fig. 2. In Fig. 2, the results labeled
True were taken from the calculation by True' who
used a singlet-even Gaussian central force plus a
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FIG. 2. Comparison of the experimentally observed
energy levels (Ref. 60) of Pb below 2.5 MeV with the
calculations of MT, True, VG, and HKII.

the energy levels for the same eight nuclei which
are discussed in this paper using a first-order
Tabakin interaction plus a pairing force plus a
I', multipole force with a single set of parameters
for all eight nuclei. It appears that their results
are similar to results obtained by the present
authors using only the Gaussian-shaped central
force given by E(I. (2). As pointed out in Sec. II,
much better agreement between the observed
energy levels and spectroscopic factors can be
obtained by including the I', and P, multipole
forces. Freed and Rhodes's results will be labeled
FR below.

In addition to the calculations mentioned above,
the results of a few other calculations will also be
used for comparison and will be discussed in the
appropriate sections below.
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TABLE III. Comparison between the experimental and calculated squared amplitudes of the
wave functions in 6Pb. The experimental data were taken from Refs. 25, 35, and 36. In
Ref. 25, the ii3/2 amplitude was deduced by requiring the sum of the squared amplitudes to
be unity.

(MeV) Squared amplitudes

0.803

1.17

1.47

1.71

2.19

2.38

2.93

3.11

0+

0+

3+

(3')

Exp. (Ref. 25)
Exp. (Ref. 35)
Exp. (Ref. 36)
Calc.

Exp. (Ref. 35)
Calc.

Exp. (Ref. 35)
Exp. (Ref, 36)
Calc.

Exp. (Ref. 35)
Exp. (Ref. 36)
Calc.

Exp. (Ref. 35)
Exp. (Ref. 36)
Calc.

Exp. (Ref. 35)
Exp. (Ref. 36)
Calc.

Exp. (Ref. 35)
Calc.

Exp. (Ref. 35)
Calc.

Exp. (Ref. 35)
Calc.

Exp. (Ref. 35)
Calc.

0.54pi/2 +0.20f5/2 +0.12p3/2 +0.12' 13/2 +0.03f
0.57p 1„'
0.65p 1/2 +0.25f 5/2 +0.20p3/2
0.64Pi/2 +0.16f,/2 +0.13P3/2 +0.035i 13/2 +0.027f 5/2

0.68P 1/2 f5/2 + 0.22p 1/2 p 3/2

0.50p 1/2 f5/2 + 0.29p 1/2 P 3/2

0.48p 1/2

0,22pi/2 +—0,78f 5/2 +—0 29p3/2
0.30pi/2 +0.56f 5/2 +0.016p3/2

1'12pi/2f 5/2

1 00Pi]2f 5/2

1 00pi/2f 5/2

0.86p1/2 p 3/2

0 61P1/2 p3/2+0 39pi/2f 5/2

3P1/2 P3/2 + 3pi/2f 5/2

1 02P 1/2 P3/2
1'00P 1/2 P3/2
1 o0Pi/2 P3/2

1.24p 1/2 i 13/2

0 94pi/2& 13/

0.72p 1/2 i 13/2

1.00p 1/2 i 13/2

0.80pi/2 f z/2

1.06pi/2 f z/2

1.00pi/2 f z/2

P, weak-coupling force. The residual force used
in this paper differs essentially in that the weak-
coupling force used by True has been replaced by
I', and P, multipole forces with a singlet-even pro-
jection operator. It is seen that the MT calcula-
tion gives the best fit to the observed energy levels
Qf pb.

In Table III, the square of the amplitudes of the
wave functions are compared with those deduced
from nuclear-reaction studies. In general, good
agreement is obtained between the experimental
data and the calculated results.

The ground-state wave function deserves special
attention. Mukherjee and Cohen" reported that
according to a "'Pb(d, p)"'Pb reaction study, the

squared amplitudes of the p, /,
' and i »/,

' neutron
hole components in the ground state are 0.54 and
0.12, respectively. However, it was pointed out
in their paper that the amplitude of i 13/2 was ob-

tained by extrapolation and hence its value is some-
what more questionable. The uncertainty in the
f 13/2 component mill also affect the other com-
ponents, since the sum of the squared amplitudes
is normalized to 1. Subsequent measurements all
showed a somemhat larger value for the p», ' com-
ponent. For example, Tickle and Bardwick" ob-
tained the squared amplitude of the py/ compo-
nent to be 0.57 from a '"Pb(d, t)"'Pb study while
Richard et al ."obtained an even larger value of
0.65 from a "'Pb(p, p')'"Pb study. The calcu-
lated squared amplitude of the pi/2 component is
0.64 which agrees very well with the measurement
of Richard et al." The calculated squared ampli-
tudes of the p, /,

' component in the three calcula-
tions of True, VG, and HKD are 0.68, 0.77, and
0.43, respectively, indicating that VG does not
appear to have enough configuration mixing while
HKII appears to have too much configuration mix-
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TABLE IV. Comparison between the experimental and
calculated E2 and Ml transition rates and branching
ratios in 8Pb below 2.5 MeV. The experimental data
were taken from Ref. 60.

JÃ ~Js'f

Experiment
Branching

F (101 sec ) ratio

This calculation
Branching

ratioT (101 sec 1)

2+ 0+
1 1

3+ 2+
1 1

2+ 0+
2

2+1

3+
1

41 2f
3+

1
2+

2
4+ 2+

2 1

31
2+
4+

1

61 71" 0.24

100 E2
100 Ml

(loo)

69 E2
31 Ml

~ ~ ~

10 E2
70 Ml

(3)
17 Ml

100 Ml

1.0
0.22
3.0

3.2

0.22

100 E2
100 Ml

4E2
96 Ml

0.4 Ml
56 E2
44 Ml

0.
3 E2

84 Ml
0.1 E2
12 Ml

100 Ml

ing.
It should be pointed out that a slightly better

agreement for the energy levels could be obtained
if the present strength of the P, force used in the
2O'Pb calculation were reduced by 40%, i.e.,
n, =-3. Ox 10 ' MeV/fm'. This interaction, how-

ever, gives a squared amplitude of the p, j,' com-
ponent in the ground-state wave function of 0.68

which appears to be slightly too large. Therefore,
a strength of n, =-5.0 x 10 ' MeV/fm' was adopted
which gives the best over-all agreement of the
energy levels and of the ground-state wave func-
tion.

Recently, detailed y-decay properties of the
excited states in ' 'Pb were reported by Manthu-
ruthil et al ." Table IV compares the calculated
transition rate and branching ratio with the avail-
able experimental data. E2 and M. transitions
have been restricted to those levels with energy
below 2.5 MeV where a neutron effective charge
of 0.87e was used. This effective charge fits the
experimental value given by True and Ford' af the
transition rate from the first 2' state to the ground
state. Manthuruthil et aE. tentatively give the
branching ratio from the 2,+ level as being 100% to
the 0~+ level. However, True and Ford' give an
experimental branching ratio of 172(M1)/1(E2) for
the 2; to 2;/22+ to 0; ratio which is essentially in
agreement with the calculated results given in
Table IV. The Schmidt values have been used for
the magnetic I, and g, factors in calculating the
AQ transitions. It is seen from Table IV that there
is generally good agreement between the calculated
and experimental results. The calculated and ex-
perimental M1 transition rate from the first 6

state to the 7 state are 0.22 x 10"/sec and 0.24
x 10" sec, respectively. This excellent agree-
ment is probably accidental, since the effective

g, and g, factors in the present model space will

C
2 iOpb

The structure of '"Pb which is described by two
neutron particles outside the "'Pb core has been
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FIG. 3. Comparison of the experimentally observed
energy levels (Ref. 61) of 2ioPb below 2.5 MeV with the
calculations of MT, R, VG, and HKII.

probably be different from the Schmidt values. "
Therefore, one would expect these calculations to
give only qualitative agreement as far as the M.
transitions are concerned. Manthuruthil ef; al ."
also reported the calculated transition rates and
branching ratios using the different wave function
sets of True, VG, and HKII for levels up to 3.3
MeV. In general, the results on branching ratios
in this paper are similar to those of True, al-
though the transition rates in some cases differ by
20%.

Manthuruthil et al. have also observed E1 tran-
sitions between some of the high-lying states. For
example, they observed E1 transitions from the
J=5 state at 2.78 MeV to the J =4' states at 1.68
and 2.00 MeV, from the 2.83-MeV J =4 state to
the 1.68-MeV J =4' state, and from the 3.02-MeV
J =5 state to the 1.68-MeV J =4' state while El
transitions are forbidden in our model space. In
addition, Manthuruthil et al. have observed five
J =5 states while our model space can produce
only four J =5 states. These aspects suggest the
need of enlarging the present model space in order
to account for the properties of the higher-lying
levels.
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calculated using the residual force described in
Sec. II.

Figure 3 compares the experimental energy
levels below 2.5 MeV with the present calculations,
and with the calculated results of Redlich" (labeled
by R), VG, "and HKII." Redlich used a singlet-
even Gaussian-shaped interaction with a strength
about 30% stronger than V, . The MT calculations
give the best fit with the observed levels. For the
lowest five excited states below 1.8 MeV, the dif-
ferences between our calculations and the experi-
mental data are all less than 20 keV which is in-
deed excellent. The level at 1.87 MeV has been
identified in a '"Pb(t, f ')'"Pb reaction by Sardine"
as being a J =3 state which is lower than the
J = 3 collective state in "'Pb by about 700 keV.
Beery, "on the basis of his experimental results,
has tentatively assigned a spin of J = 6' or 8' to
this state. These calculations give a J =3 state
at 2.39 MeV, a J =8' state at 1.93 MeV and a
J =6' state at 2.00 MeV, hence these results sup-
port a J =6' or 8' spin assignment for the 1.87-
MeV level. For levels above 1.9 MeV there is less
detailed experimental information and no detailed
comparison has been made.

Recently, Igo et a/. "have measured the squared
amplitudes of the ground-state wave function of
'"Pb using the '"Pb(p, d)"'Pb reaction. The com-
parison between their observed results and those
predicted by different calculations is given in
Table V. Both MT and HKII give very good agree-
ment. A recent calculation by Freed and Rhodes"
(labeled FR) using a Tabakin interaction plus a
pairing interaction plus a P, multipole interaction
also produced a good fit to the ground-state wave
function. On the other hand, both the calculations
of Redlich and VG do not have enough configuration
mixing and their ground-state wave functions con-
tain too large a g9/,

' component as compared with
the experimental data.

In the present calculations, the strength of the
P, force is set to zero. Actually, there exist
several sets of P, and P, strengths which can give

TABLE V. The comparison between the observed
squared amplitudes (Ref. 46) of the neutron-particle
components in the ground-state wave function of Pb
and those predicted by various calculations.

equally good energy-level fits. However, the ob-
served large squared amplitude of the j»&,

' com-
ponent in the ground-state wave function can only
be obtained in our calculations by introducing a
large P, force while it is very insensitive to the

P, force. Therefore, the present strengths of P,
and P, forces in Table I are used in order to give
good fit both to the energy levels and the ground-
state wave function.
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Recent electron-capture" ""and nuclear-
reaction"'""' studies have provided detailed
information about the structure of the low-lying
levels in '"Po. The '"Po levels which can be de-
scribed by two proton particles outside the "'Pb
core were calculated using the residual force de-
scribed in Sec. II and the results are compared
with the available experimental data below.

Experimentally the energy levels reveal multi-
plet structure in '"Po. It is seen from Fig. 4
that the grouping of levels, the energy spread for
each multiplet, and the gap between different
multiplets are all well reproduced by calculations
of MT and HKII." The calculation of Freed and

Rhodes, "labeled FR, does not give as good a fit
to the energy spectra. MT gives a better agree-

Exp. 0.67 0.16 0.17 0.01
MT 0.70 0.10 0.16 0.01
HKII 0.68 0.17 0.09 0.02
FR 072 019 008 ~ ~ ~

R 0.79 0.10 0.05 0.02
UG 0.86 0.09 0.04 0.01

0.0015
0.0017
0.0031

0.0045
0.0025

0.015
0.024
0.030

0.026
0.024

0.0035
0.0031
0.0067

0.0075
0.0052

A/2 g 11/2 ) 1S/2 d S/2 S1/2 g7/2 d 3/2
2 ~ 2 ~ 2 2 2 2 . 2

0.0— 0+

EXP

Qt

2IO
Po

KHIf

0+

FR

FIG. 4. Comparison of the experimentally observed
energy levels (Ref. 54) of Po below 3.2 MeV with the
calculations of MT, HKII, and FR.
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ment for the lowest hg/,
' multiplet while HKII does

better for the Ag/2 s y3/2 multiplet located at about
3 MeV. Both calculations give similar fits to the
h, ~,f», multiplet located at about 2.3 MeV. Fig-
ure 4 also gives the calculated even-parity states
of the f», ' multiplet whose levels with spins of
0', 2', 4', and 6' spread from 2.22 to 3.28 MeV
in the MT calculation and spread from 2.68 to
3.3 MeV in the calculation of HKII. Unfortunately
there is not enough experimental data at this time
for a more detailed comparison.

Figure 4 indicates that the model space is not
large enough to include all the observed low-lying
negative-parity states. For example, the two
observed J =3 states at 2.39 and 3.11 MeV arise
most probably from the coupling between the J = 3
core state and the hg/2s ys/2 J 3 multiplet com-
ponent. Similarly the two observed J = 5 states
at 2.91 and 3.03 MeV most probably come from the
coupling between the first J = 5 core state and the

hg/, i„/, J = 5 multiplet component. Since the
model space contains only the hg/, i»,, configura-
tion and does not explicitly include the particle-
hole excitations of the core, only one J=3 state
and one J = 5 state appear in this energy region.
The calculated J =3 and J =5 states agree very
well with the observed second J =3 and second

S)j

J =5 states. Thus it seems that the lowest ob-
served J=3 and J =5 are predominantly core
excitations. The calculated J = 11 state of MT
is much too low compared with the observed one
and it is not understood why.

Kim and Rasmussen' have also calculated "Po
using the same force as they used in '"Bi, ' 'Bi,
and 'Tl. In their calculations, the off-diagonal
matrix elements of the tensor force were neglected
and a good fit was obtained. HSP pointed out, how-
ever, that the results of Kim and Rasmussen in"Po will become considerably worse if the off-
diagonal matrix elements of the tensor force are
included.

One would like to point out here that the Coulomb
force has not been taken into account in the present
calculations. Including the Coulomb force will de-
press the energy levels in general. The changes,
however, can for the most part be compensated
for by readjustment of the strengths of the P, and
P3 forces . For example, a calculation which in-
cludes Coulomb force and which uses a new value
of u, =-1.35 x 10 ' MeV fm' (compared with the
present value of n, = —1.20' 10 ~ MeV/fmo) gives
essentially the same energies and wave functions
as the present calculation. '

The spectroscopic factors in '"Po have been
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FIG. 5. Comparison of the experimentally observed spectroscopic factors (Ref. 53) from the BBi(o,,t) Po reaction
with the calculated values. The spins of some of the more prominent spectroscopic factors are indicated and have posi-
tive parity unless otherwise indicated. Whenever a calculated doublet occurs, the total line represents the sum of the
two spectroscopic factors with a bar part way up the line indicating the division of the individual strengths.
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wI.. ~re J is the spin of the '"Po excited states,
I =+~ is the spin of the '"Bi ground state, and a»
is the amplitude of the (h„, , lj, J') component in
the wave function. However, in the special case
of lj = A,l„ the S,~ is defined as

S» =2(2J+1)a» /(2I+1), (5)

where the additional normalization constant 2 is
introduced to satisfy the sum rule, "i.e., the sum
of the spectroscopic factor S„. over all states
should be equal to the number of proton holes in
the l, j orbital. It is seen from Fig. 5 that the
predicted results agree quite well with the experi-
mental data.

studied by Lanford, Alford, and Fulbright53 using
'~Bi(He', I)'"Po and '~Bi(He', d)"'Po reactions.
They found that the low-lying states in general
have very pure multiplet configurations. This pure
multiplet structure is also present in these calcu-
lations —except for the J =0' ground state whose
wave function contains configuration mixing of the

h„,', f»,', and i»~,' components. Figure 5 com-
pares the calculated stripping spectroscopic fac-
tor S„of the ~h, ~„ lj, J') components with those
observed by Lanford, Alford, and Fulbright. "
The spectroscopic factor S» is defined as

S„=(gJ+l) a„'/(ZI+l),

Jardine, Prussin, and Hollander" and Jardine"
have studied the electron-capture decay of '"At
and observed many y transitions between the ener-
gy levels in ' Po. Their results on the transition
rates, branching ratios„and the E2-M1 mixing
ratios are compared with the calculated results in
Table VI. In these calculations, the proton effec-
tive charge is chosen to be e«, =1.5e and the mag-
netic g, and g, factors are chosen to have the
Schmidt values. It is seen in Table VI that the pre-
dicted E2 transition rates of the h9~,

' multiplet
agree very well with the experimental data. The
agreement on the branching ratios is in general
also good. The observed E1-M1 mixing ratios are
poorer in this case. Nevertheless, they are con-
sistent with these calculations for the most part.
As was pointed out in the discussion of '~Pb above,
in order to have a better fit to the branching
ratios and the E2-M1 mixing ratios, one probably
has to use effective g, and g, values rather than
the Schmidt values. "

E 8

Up to this point, the like-particle spectra of' 'Pb, "Pb, and" Po have been considered. Now
the unlike-particle spectra of ' 'Bi, "Bi, ' 'Tl,
and '~T1 will be considered. '"Bi will be described
by one proton particle outside and one neutron hole
in the '"Pb core and jy J'g will represent a proton

TABLE VI. Comparison between the experimental (Refs. 54 and 58) and calculated transition rates, branching ratios,
and E2-M1 mixing ratios in Po. The E2-M1 mixing ratio is defined as T{E2)/T(M1).
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Branching
ratio
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particle j, coupled to a neutron hole j2.
The experimental information on the structure of

the 'Bi levels has been determined mainly by nu-
clear reactions" "and nuclear decay"' "' studies.
The detailed analysis by Alford, Schiffer, and
Schwartz" indicates that the levels below 3.0 MeV
which are strongly excited by the proton stripping
reactions '07Pb(o. , t)'"Bi and '"Pb(He', d)208Bi or
by the neutron pickup reactions '"Bi(d, f )'O'Bi and
'"Bi(He', n)'O'Bi form doublets and multiplets
arising either from an /j proton particle coupled
to a p», neutron hole or from a h,j, proton par-
ticle coupled to an lj neutron hole. The experi-
mental energies are compared with those calcu-
lated by MT, KR, '0 and Kuo" in Fig. 6. It is seen
in Fig. 6 that except for the Q/, f,/, and h, /2 f $3/2

multiplets, the agreements are very good for the
calculations of MT and KR. Kuo's calculation is
also good except the energy spread of the h, /, f, /,
multiplet is somewhat larger. KR and Kuo ob-
tained good agreement for the h, /, f,/, multiplet,
while the MT results are not as good. For the

h&~, i»q, multiplet, none of the three calculations
yield satisfactory results. It is possible in this
energy region that the coupling to the core excita-
tions could become important, and hence a larger
model space with explicit corrections for core
excitation is needed. It was also mentioned in Ref.

47 that their spin assignments are not uniquely de-
termined from the reaction cross sections and an
uncertainty of perhaps +I should be assigned to the
values of the spin I assigned to the levels in this
ener gy region.

For energies above 3.0 MeV, additional multi-
plets belong'ng to the h, q, h, ~» p, &, p, &» and p, &,p»,
configurations were also observed by the authors
of Ref. 47 but they did not determine the spins of
these multiplets. Recently, Crawley et al."have
tentatively given energies and spins to the A.», h, z,
multiplet. These experimental results are com-
pared with these calculations in Table VII. As can
be seen by Table VII, the lower spin states, 0' to
3+, are less pure and for a given spin, the calcu-
lated state with the second largest h, q, h, q, com-
ponent usually agrees best with the experimental
energies. It is not understood why these other
states with larger h /, h, /, amplitudes were not
seen unless the experiment was restricted to a
certain energy region a n/drothese states have
been mislabeled. On the other hand, the higher
spin states, 4' to 9', are generally more pure
and the calculated state with the largest h, z, h, ~,
component agrees quite well with the experimental
ener gies.

The spectroscopic factors of ' 'Bi have also been
measured. 4' Their results indicated that the ob-
served states below 3.0 MeV are in general de-
scribed by very pure multiplets. This "purity" is
also confirmed in general by these calculations.
Figure 7 shows the spectroscopic factors distri-
bution below 4.0 MeV. Figure 7(a) gives the spec-
troscopic factors S,~ obtained from the '~Pb(He', d)-

2.5—
II

2.0-
5
9

6,
, 4

8
Ih -I 0

7
8
IO

2
3

7

2+
3+
6+
4+
5+
7+

~i3/Z»/Z
7: 7

TABLE VII. The comparison between the experimental
(Ref. 52) and the calculated energies in MeV of the states
of the he/2 h9/2 multiplet in Bi. The number in paren-
theses after the calculated energy represents the ampli-
tude of the h~&2h~&2 component for that level. The 1+, 3+

and 5+, 7+ doublets were not experimentally resolved.
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FIG. 6. Comparison of the experimentally observed
multiplets (Ref. 47) of 2+Bi with the calculations of MT,
KB, and Kuo. Only those calculated levels with a domi-
nant multiplet component are shown with the remaining
multiplet strength being distributed among other levels
which may or may not appear in the figure.
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Experiment

3.896

3.371

3.550

3.371

3.533
3.421
3.281
3.421
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This calculation

1.03 (0.22)
3.88 (0.14)
4.72 (0.83)
3.62 (-0.33)
4.12 (0.55)
3.53 (—0.34)
3.99 (0.80)
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3.64 (0.90)
3.46 (0.76)
3.53 (0.98)
3.51 (0.89)
3.45 (0.99)
3.75 (1.00)
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'"Bi stripping reaction where 8» is defined by
Eq. (4) with I =

2 for the spin of the ground state
of '~Pb. Figures V(b) and V(c) give the spectro-
scopic factors, S», obtained from the '~Bi(d, t)
'"Bi pickup reactions where 8» is defined by Eq.
(4). Comparisons of the experimental and the cal-
culated results in Fig. V indicate that the agree-
ments are generally good. The general features
like the occurrence of doublets and multiplets,
their locations, the separations between different
multiplets, and the strength distribution are all
reasonably mell reproduced. On the other hand,
one notes that the calculated strengths of the
h, ~, i»» and h, ~f», multiplets are slightly more
fragmented then the experimentally observed
strengths, and that above 3.0 MeV the agreement
is less good.

In addition to the multiplets which are dominated
by the proton-particle and neutron-hole components
of Ag/2 j„or j&p, /2, the proton stripping reaction on
'~Pb and the neutron pickup reaction on '"Bi can
also weakly excite states which belong to other
multiplets which contain small amounts of the
h, f, j„or j~p, &, configurations. The spectroscopic
factors of the weakly excited states thus provide a
test of the configuration mixing of the small com-
ponents. The experimental spectroscopic factors
of the weakly excited states obtained in Ref. 47 are
compared with the calculated values in Table VIII.
It is seen from Table VIII that the experimental
spectroscopic factors for the stripping reaction
'"Pb('He, d)208Bi are in general larger than the
calculated ones. Hence the observed data indicate
a somewhat larger configuration mixing for the
smaller components under consideration than the
calculations give. In addition to those states listed
in Table VIII, Ref. 4V also mentions other weakly
excited states whose spins have not yet been de-
termined and detailed comparison for these states
will not be given.

TMP discussed in Sec. IV the position and struc-
ture of the isobaric analog of the Pb ground
state which is a high-lying excited J = 0' state in' 'Bi. The present calculation differs in that the
weak-coupling force used in TMP is now replaced
by a I', multipole force with singlet-even and
triplet-even projection operators. With the re-
sidual force discussed in Sec. II, the analog state
was calculated to be at 18.8 MeV which is close to
the observed value of 18 MeV, ' while in TMP the
analog state was calculated to be at 1V.2 MeV. The
squared amplitudes of the particle-hole components
of the calculated 18.8-MeV J =0' state and those
of a pure analog state are given in Table IX where
the results of TMP are also included for compari-
son. For a more detailed discussion of this analog
state, see TMP, Sec. IV.
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FIG. 7. Comparison of the experimentally observed
spectroscopic factors from the 20~Pb(3He, d) ~ Bi and
09Bi(d, t) Bi reactions (Ref. 47) with the calculated

values. The spins of some of the more prominent spec-
troscopic factors are indicated and have positive parity
unless otherwise indicated. Some experimental levels
do not have a spin assigned to them, and D represents
an experimental doublet. %henever a calculated doublet
occurs, the total line represents the sum of the two
spectroscopic factors with a bar part way up the line in-
dicating the division of the individual strengths. Since
the multiplet strength is often distributed among several
calculated levels, lines will appear here for levels which
are not shown in Fig. 6.



2324 C. W. MA AND W. W. TRUE

TABLE VIII. The comparison between the experimental (Ref. 47) and calculated spectro-
scopic factors of the weakly excited states in Bi. The spectroscopic factors for the strongly
excited states are depicted in Fig. 7. The assignments in parentheses are based on our cal-
culations only. The 1.719-MeV level is a doublet and Sc@c is the sum of the spectroscopic
factors for these two levels.

@exp
(Me V} (MeV)

209Bj (d g. )208Bj

~ exp ~ calc

Pb(He3 d)208Bi

2 ~ exp ~ calc

Dominant
component

Pn

0.603 0.606

0.631 0.603

(5+ ) 1.467 1.461

1.630 1,586

1.038 1.026

3
ox' 1

6

0.10
0.70

Strongly
excited
0.11

0.005
0.002
0.1

0.11
0.77

0.006

0.005
0.002
0.04

0.76
0.09
0.83

Strongly
excited

Strongly
excited

0.13
0.03
0.19

h9/2f 5/2

h9/2f 5/2

f7/2 ~1/2

(f7/2f 5/2)

Z 13/2 P i/2

6
7
3+

1.719

2.462

1.684
1.701
2.491

2.506 2.623

Strongly
excited
Strongly
excited
Strongly
excited

2.1

0.17

0.11

0.7

0.06

0.07

h9/2 i

h9/2f 7/2

h9/2f 7/2

Finally, it can be pointed out that a pure Gaussian
force is able to give a very good fit for the levels
below 1.5 MeV —the only exception is the first J =2'
state which is 140 keV too high. A P, force will
push the J =2' state even higher, The P, force,
however, -will depress the J =2' state while leaving
all the other levels essentially unchanged. The
best fit for levels below 1.5 MeV is obtained by
using only the P, force with the strength given in
Table I.

F 2&0

The energy levels of '"Bi described by a proton
particle and a neutron particle outside the 'Pb
core were calculated using the residual force de-
scribed in Sec. II."Bi has a ground-state spin of J =1 which is
an exception to Nordheim's strong rule for odd-odd
nuclei. Shell- model calculations using "reason-
able" residual forces usually produce a J =0 level
below the lowest J = 1 level. If ihe energy levels
of" Bi are calculated using the Gaussian residual

force described in Sec. II without the P, and P,
multipole forces, the calculated energy levels
agree quite well with the observed levels except
that the lowest J = 0 level lies 210 keV below the
lowest J =1 level. P, and P, multipole forces of
varying strengths were next added to this Gauss-
ian force in an attempt to invert the ordering of
the lowest J =0 and J =1 levels without destroy-
ing the reasonably good fit to the higher-energy
levels. A negative P, multipole force will raise
the J=0 level relative to the J =1 level, while
a negative P, multipole force has very little effect
on the relative spacing of these two levels. How-
ever, both the negative P, and P, multipole forces
will cause the other energy levels belonging to the
fag/2 gg/2 multiplet to move upward and de stroy the
previous good energy-level agreement. A positive
P, multipole force, on the other hand, will tend to
depress the energy of the excited states and leave
the J =0 and J =1 spacing essentially unchanged.
The best fit to the energy levels was obtained by
using the positive P, and the negative P, multipole

TABLE IX. Comparison between the squared amplitudes of the calculated 18.8-MeV 0+

state in Bi and those of a pure isobaric-analog state. T is the isospin of the Pb ground
state. The results labeled TMP are from True, Ma, and Pinkston (Ref. 1).

2 i3/2 Z i3/2 h9/2 h9/2 f?/2f 7/2 +3/2 ~3/2 ~ i/2 ~ i/2

This calc.
TMP calc.

2) +1
2T

0.35
0.26

0.32

0.12
0.15

0.14

0.19
0.24

0.23

0.25
0.19

0.18

0.07
0.12

0.09

0.03
0.05

0.05



SHE LL MODE L IN THE LEAD REGION 2325

forces given in Table I. The calculated energy
levels are compared with the experimental levels
and the calculations of KR and HKII' in Fig. 8.

The lowest calculated J =0 level is 81 keV be-
low the lowest J =1 level while experimentally it
is observed to be 4V keV higher. Considering the
approximations made in the calculations described
in this paper, this single discrepancy of 128 keV
does not seem unreasonable since most of the low-
lying levels of the nuclei described in this paper
are fitted to within a range of 50 to 100 keV or less.
However, there are usually a few levels in each
nuclei in which the difference between the calcu-
lated and experimentally observed energies ex-
ceeds 100 keV. The relative position of the J =0
level with respect to the J =1 level could be im-
proved by adjustment of the I', and P, multipole
strengths providing a slightly poor fit to the higher-
lying-energy levels is acceptable.

KR, ' however, were able to explain correctly
the ordering of the J =0 and J =1 levels in'"Bi
by introducing a tensor force. Their calculations

indicate that the position of the J =0 level rela-
tive to the J=1 level depends rather sensitively
on the parameters of the tensor force, and hence
one has to be very careful in choosing the param-
eters. Later, HSP" were also able to explain the
relative spacing of the J=O and J=1 states by
using a carefully chosen tensor force even though
their force parameters were quite different from
those of KR. On the other hand, recent calcula-
tions using realistic forces such as those of HKG
and of FG" still fail to produce the correct posi-
tion of the J=O state even though both calculations
included tensor forces. For example, HKII found
the J=O state to be 70 keV below the J=1 state,
which is similar to our result, while FG found the
J=0 state to be about 200 keV below the J=1
state. The results of these authors may indicate
that either the tensor force was not treated proper-
ly, or that the inversion of the J=O and J=1
spin states is actually due to some other reason(s).
For example, these calculations show that the po-
sition of the J=0 state depends strongly on the P,
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multipole force. Hence a calculation which explic-

itly considers the core excitations responsible for

the lowest collective J=3 state on ' 'Pb may have

a large effect on the relative position of the J=0

level.
The structure of higher excited states in '"Bi

will now be discussed. Recent nuclear reac-
tion ' ' and nuclear decay ' studies demon-

strate that many of the levels in '"Bi may be

grouped into multiplets. The experimental results

of Cline et al."are compared with those calcu-

lated by MT, KR, and HKII in Fig. 8. It is seen

from Fig. 8 that the clusters of levels are we11

reproduced by all calculations. The degree of de-

tailed agreement for individual levels are in gener-

al also good, although the agreement varies for
different multiplets and for different calculations.
For example, most of the calculated levels belong-

ing to the &eiagge &912d5/2 &era s,e, and h, nA
multiplets agree with the experimental data to
within 100 keV, while the agreements of the

A9/Q i »z and h», j»&, multiplets are less satis-
factory. On the other hand, the experimental spin
assignments and multiplet classification in some
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Eight levels in 2'8T1 were observed28, », 's from the
a decay of '"Bi. Figure 11 compares the experi-
mental energy levels below 1.0 MeV with those
calculated by MT, KR, "and HSP." Both KR and
HSP included tensor force in their calculations,
and, in addition, they also used a smaller model
space. That is, HSP considered only the lowest
three proton-hole orbits, sy/2 Q3/, , and h„/, ,
while KR considered only the lowest two proton-
hole orbits, sy/2 and d, /, . Calculations show
that the first J=2' and J=3' levels contain large
admixtures of the g, /, d, /, configuration and the use
of such small model spaces by KR arid HSP is prob-
ably the reason why they failed to reproduce the
observed narrow spacing between the first J=3'
and second J=4' levels. Due to the lack of ex-
perimental information on the structure of the
energy levels in ' 'Tl, a more detailed comparison
between theory and experiment is not feasible at
the present time

20+i

The energy levels in ' 'Tl which are described
by a proton hole and a neutron hole in the '"Pb
core have been calculated with the residual force
described in Sec. II. The calculated energies are
compared with the experimental levels"" and the

G Tl

' 'Tl will be described by one neutron particle
outside and one proton hole in the ' 'Pb core.

S)j
2.0

EXP. (Ref. 65)
l.5

$ r

2.0
CXP (Ref. 6S)

I.5- IO

I.O . 1.0-

0.5- 0.5-

. Ilail ».Iil III iul I II 6+
0.0 I

EXP (Ref. 66)
I.5-

0.0
EXP (Ref.66)

l.5. +
IO +

+
5 e (s)„g

4. 6

h9/2 ~ 7/2

5 +
I.O- I.O

6~ 6 ,4

'& 4il1

+
+as-0.5-

6 +
+0.0

CALC

l.s-

0.0
CALC

+
+"9/2 5/2

O,5—
LLJ

+I.5-
(4 +)

4 +
+

4I.O . I.O- e 6
+

e s
I'

i ~ . i;I,
li' .5&i

2.5 3,0 3.5

'~.~6'II" I
',

2.5 3.0 3.5 2.0
E (MeV)

+

50.0
2.0

FIG, 10. Comparison of the experimentally observed
spectroscopic factors from the 9Bi(d,p) Wi reaction
(Befs. 65 and 66) with the calculated values for the

A 9/2 ~3/2 and h'9/2g7/2 multiplets . The spins of some of the
more prominent spectroscopic factors are indicated-
Bef. 65 did not assign spin values. Whenever a calcu-
lated doublet occurs, the total line represents the sum
of the two spectroscopic factors with a bar part way up
the line indicating the division of the individual strengths.
Since the multiplet strength is often distributed among
several calculated levels, lines will appear here for the
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FIG. 11. Comparison of the experimentally observed
energy levels (Bef. 63) of 2+Tl below 1.0 MeV with the
calculations of MT, KB, and HSP.

cases are not well established, and hence the com-
parison between the experimental and calculated
levels is only tentative. Consequently, it is hard
to tell which calculation gives the best over-all fit
to" Bi. The calculations indicate that, except for
the J=1 ground state, all members of the h, /~g, z
and h», j»/, multiplets contain very pure configu-
rations while the other multiplets involve appre-
ciable configuration mixing. Figures 9 and 10 com-
pare the experimental spectroscopic factors ob-
tained from the 'O9Bi(d, p)"'Bi reaction"" with the
calcu1ated results where S,~ is defined by Eq. (4).
The agreement is in general good. The calculated
spectroscopic strengths are more fragmented than
the experimental data for the A» i »/, and h, /, s, /,
multiplets. Figure 10 displays the results of the
two different experimental measurements by
Kolata and Daehnick" and by Cline et al.~ The
two sets of data are quite different from each other
and the calculated results seem to agree better
with the average of these two experiments than
with any one particular experiment.
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calculations of HSP, "and FG, "and HKII 2 in Fig.
12.

Recent studies via the 'Oapb(d, n)'~T1 reaction
by Lewis and Daehnick'4 and via the '"Tl(d, p)20'Tl

reaction by Erskine" have resolved many of the
low-lying states in '"Tl and these authors have
tentatively assigned spins to their observed levels.
Theoretically one would expect to find a low-lying
doublet with spins of J=O and J=1 arising prin-
cipally from the sy/2 py/2 configuration. Experi-
mentally this does not appear to be the case. The
ground state which is assigned a spin of J=0 is
well separated from the assigned J=2 and J=1
doublet at 263 and 305 keV, respectively. Above

this doublet is another J=2 and J=1 doublet at
635 and 650 keV, respectively, where the spins
and parities have been taken from the work of
Lewis and Daehnick. "

As can be seen from Fig. 12, none of the theo-
retical calculations seem to fit this sequence of
levels. MT, HSP, and HKII all have the lowest
J= 1 level about 200 keV below the first doublet
and only about 100 keV above the ground state. FG
who use a Tabakin potential find the lowest J= 1
level a little higher at 170 keV but fail to fit the
second doublet near 642 keV.

It should be pointed out that the position of the
lowest J=1 level is rather insensitive to the P,
and P, multipole strengths. Providing the experi-
mental results are correct, it is difficult to under-
stand why all shell-model calculations do so poorly

The low-lying levels of '"Hg most likely can be

, described by two proton holes in the '"Pb core.
Practically nothing is known about '"Hg except the

binding energy of the ground state which is assign--

ed a spin of J=O+. Consequently, no comparison
between theory and experiment can be made excel
for the binding energy as was done in Table II.
Since no excited levels are known experimentally,
no information could be used to establish the best
values for the P, and P, multipole strengths.
Therefore, the P, and P, strengths were assumed
to be the average of the respective strengths oi'

the three like-particle nuclei '"Pb, '"Pb, and
'"Po and are given in Table I. Using this residual
force, the calculated levels for '"Hg are com-
pared in Fig. 13 with the HKIE' calculated levels.
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IV. DISCUSSIONS AND CONCLUSIONS

Due to the efforts of many experimentalists dur-
ing the past few years, detailed and abundant in-
formation on the level structure of the nuclei
around 'O'Pb is now available. The present calcu-
lations are able to describe and correlate most of
the properties of the lom-lying states in ' Pb, '"Pb,
' Po Bi ' Bi 8T1 and Tl. In order to

give an idea of how good the over-all energy fits
are, the rms deviation in keV of various calcu-
lations from the experimentally observed excitation
energies are given in Table X. Since the experi-
mental information on the higher levels is often
uncertain and/ or lacking, only the first few levels
in each nucleus which can be considered "well
established" were considered in an effort to be
ummbiguous. It is seen in Table X that, in gener-
al, MT gives the best fit for the like-particle
spectra. For the unlike-particle spectra the three
calculations of MT, KR, and HKII are all compa-
rable with each other. The average rms deviation
for the MT calculations for 51 levels is 65 kev,

The depth of the Gaussian potential V0 and the
triplet-even to the singlet-even strength ratio q
used in the present calculations are taken directly
from a previous calculation on 'O'Pb (TMP) with-
out any further adjustment. The fact that the pre-
sent calculations agree, in general, with the ex-
perimental data indicates that the parameters V,
and q in the residual interaction are quite mell
chosen. It is possible that a detailed readjustment
of the parameters V, and g may produce an even
better over-all fit for nuclei in the whole region,
but an exhaustive and time consuming search on
all the parameters to obtain the best fit does not
seem to be desirable at this time. It should be
emphasized that conventional shell-model calcu-
lations have been done mhich use a relatively sim-
ple phenomenological force with two adjustable pa-
rameters per nucleus —the strengths of the P, and

P, multipole forces. However, the results are as
good as and in many cases better then results ob-
tained by studies with more complicated mathe-
matical computations.

There exist several random-phase-approxima-
tion (RPA) calculations in the lead region. For
example, the RPA calculations by Gillet, Green,
and Sanderspn pn Pb and recently the RPA
calculations by Vary and Gjnpcchj, o pn Pb and
"OPb. In general, our present Tamm-Dancoff-
approximation (TDA) calculations on "'Pb and
'"Pb and a similar calculation by TMP on "'Pb
all seem to give as good or better results than
those obtained from the RPA calculations. It is
true that the HPA calculations effectively en-
compass a larger model space than the corre-
sponding TDA calculations and that they also
take into account ground-state correlations. How-
ever, a larger model space alone does not guaran-
tee good results unless an effective interaction
appropriate for that model space is also chosen.
Thus, when a given phenomenological force is
used, one cannot tell a priori whether a RPA cal-
culation is likely to give better results than the
corresponding TDA calculation-except in some
special cases where the ground-state correlations
are important. Most of the properties of the low-
lying states in nuclei around '"Pb appear to be
described by TDA calculations with the present
force even though the ground-state correlations
are neglected.

A tensor force was not included in these calcu-
lations because it does not seem to be needed and
the effects of a tensor force in the lead region can
most likely be accounted for by suitable adjust-
ment of the parameters in the residual central
interaction. ' For example, Kim and Rasmussen"
and Hughes, Snow, and Pinkston" have included
tensor forces in their calculations and their re-
sults are similar. The only exception is the po-
sition of the lowest J=0 state in 2' Bi which was

TAIm', I E X. The rms deviations in keV of the calculated excitation energies from the exper-
imentally observed energies for the various calculations discussed in the text. The number
of levels above the ground states considered for each nucleus is given under the column
labeled N below.

N MT HKD VG KR
Calculation

TRUE R FR KUO HSP FG

206 pb
210pb
210po
208Bi 13
210'.

12
208Tl 5
206Tl

60
15
62
33
68
83
38

122

220
45

105

53
145

200
370

41
37

143
40

110
180

99
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correctly predicted by KR and HSP using care-
fully chosen tensor forces. This 0 level may be
one of the few levels in this region which depends
sensitively on the explicit use of the tensor force
—but the HKII and FG calculations do not support
this conclusion. The inability of the present cal-
culations to obtain the correct ordering of the J=O
and J= I levels is probably due to model-space-
truncation effects which cannot be assimilated by
a simple residual force.

It is seen that most of the low-lying states of
nuclei around '"Pb and including '"Pb (TMP) are
described by conventional shell-model calcula-
tions which use a central Gaussian-shaped inter-
action plus P, and P, multipole forces with singlet-
even and triplet-even projection operators. On
the other hand, the high-lying levels are quite
often less satisfactorily described. The present
approach tries to account for the effects of model-
space truncation by renormalization of the resid-
ual force through adjustment of the force param-
eters which then remain the same for all states
within a given nucleus. This approach is workable
provided the effects of the model-space truncation
are not strongly state-dependent. In the higher-
energy regions where "core excitations" are ener-

getically possible, the effects of model-space
truncation are more likely to be state-dependent.
Hence, within the present model space used, it
probably will be very difficult to describe both the
low-lying levels and high-lying levels of a given
nucleus by merely adjusting the force parameters.
There is also evidence indicating that the present
model space should be enlarged in order to ac-
count for more of the observed data such as the
observed El transitions (which are forbidden in
our mode1 space) between the high-lying states in' 'Pb and the number of the observed J=3 and
J=5 levels in Pb and 2 Po which i.s greater
than can be predicted with the present model
space. Since "core excitations" will become in-
creasingly important for the higher-lying levels,
a much better treatment of these "core excita-
tions" should be done in order to obtain better
description of the higher levels.

Tables have been prepared giving the major
amplitudes of the low-lying states of the eight
nuclei discussed in this paper. A limited number
of these tables are available and may be obtained
by writing to William W. True, Physics Depart-
ment, University of California, Davis, California
956i6.
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Science Foundation and by a grant from the U. S.
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