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Energy level widths and level shifts of K -mesonic atomic levels corresponding to terminal
atomic transitions preceding nuclear capture are calculated for OB, B, ~2C, P, S, and
5Cl. In this calculation we have considered the effects on the XN system arising from the

presence of the F~o(1405) quasibound state below threshold as well as the momentum distribu-
tion of the nucleons in the nucleus. The mass difference between the E n and K p channels is
also taken into account. The Klein-Gordon equation for the X meson is solved by an iterative
procedure in the presence of the nuclear optical potential and the Coulomb potential. Results
are seen to compare quite favorably with experimental values given by Backenstoss et al.

I. INTRODUCTION

Experiments by %'iegand and Mack' on x-ray
yields in K -mesonic atoms have given rise to
considerable interest in the nuclear capture of
K mesons. Since the capture takes place predom-
inantly in the low-density surface region of the nu-

cleus, calculations of capture rates based on first-
order perturbation theory were made by various
workers' ~ principally with a view to studying the

structure of the surface. However, Krell' has
shown that the nuclear absorption is so strong that
a perturbation theory is inapplicable even in the

surface region. Another difficulty in the theoreti-
cal analysis of Vhegand's work' is that nuclear
capture rates have to be inferred from x-ray in-
tensities in a way which is closely tied to details
of the atomic cascade process, which is rather
complicated. ' Thus comparison of theoretical re-
sults with these experiments may not be the best
way of looking at the problem.

Recently, measurements have been made by

Backenstoss et al."on the energy shifts and line-
widths of kaoni. c x rays from 'OB 'aB "C, "P,
'S, and "Cl. These measurements are quite inde-

pendent of the cascade process and nuclear capture
rates may be obtained directly from the Lorent-
zian linewidths corresponding to the terminal
atomic transition immediately preceding such cap-
ture. For example, in "S,

where F,„ is the Lorentzian linewidth for the tran-
sition 4f- Sd, which is the last atomic transition
observed in this case. At the same time, the level
shift gives a measure of the distortion effects
caused by the strong interaction potential of the
nucleus on the lower kaonic orbits. Both these
aspects of the problem can be treated theoretical-
ly in a unified manner by solving the Klein-Qordon
equation for the K meson in the presence of the

nuclear potential. Such an approach, which is in-
dependent of perturbation theory, has been used
by Ericson and Scheck, ' by Krell, ' by Rook and
%yeech, "and by Bardeen and Torigoe. " The nu-
clear potential experienced by the K meson is
constructed in the Born approximation from the
K -nucleon s-wave scattering amplitude, the latter
being expressed in terms of the KN s-wave scatter
ing lengths in the appropriate isospin channel. Us-
ing this approach, Krell' has made a detailed anal-
ysis of the strong interaction effects on the dynam-
ics of the K meson. He finds that agreement with
the sulphur data can be obtained by using a K -me-
son-nucleon scattering length of which the absorp-
tive part is the same as in the case of the free nu-
cleon, but the real part is attractive rather than
repulsive. His analysis points up the strong ener-
gy dependence of the scattering lengths for the
bound nucleon. Actually, one must remember that
one is working below the KN threshold, so that it
is necessary to give greater weight to experimen-
tal data in this region. By making a phenomeno-
logical analysis of the relative yields of the decay
products, namely the Z hyperons and pions, Bur-
hop' has shown that better agreement with experi-
ment may be secured by using a variant of Kim's
scattering-length solution with a reduced imagi-
nary part for the T=1 channel. Such a choice ap-
pears to correspond more closely to the data in
the energy region below threshold.

One could thus see the necessity of constructing
a K -nucleus potential which is appropriate to the
region below the KN threshold. This is rendered
all the more imperative by the presence of the
Fg(1405) resonance in the K -proton channel at
an energy of about -27 MeV with respect to the
threshold. The 7,* has a width of about 50 MeV,
so that it can strongly influence the absorption
process at the energies actually available to the
K -bound-proton system. Qne would expect a
relative enhancement of the absorption rates on
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protons as compared to neutrons, because the
K -n system belongs to the T= 1 channel which
has no such quasibound state in this region. This
would qualitatively explain the result obtained by
Burhop.

Another element in the energy dependence of the
nuclear interaction of K mesons arises from the
momentum distribution of the nucleons within the
nucleus. Bardeen and Torigoe" treated this prob-
lem by devising an energy-averaged scattering
amplitude f „x whi chis obtained by weighting the
RcV amplitude with the probability P(W) of find-
ing the K -nucleon system with total center-
of-mass energy 8". The important point to note,
however, is that one is actually dealing with a
K -bound-nucleon system below threshold, so
that the free KN amplitude is not quite appropri-
ate to the situation. One must devise here some
way to handle the bound system.

The object of the present calculation is to treat
the basic features of the problem delineated above
within the framework of a simple nonperturbative
calculation. Our approach broadly agrees with
other recent work"' " in that we solve the Klein-
Gordon equation for the K meson in the presence
of an optical potential of the Woods-Saxon type.
However, our central motivation is to consider
the energy dependence of the KN interaction by in-
cluding the below-threshold effects arising from
the proximity of the y,*(1405) and the effect of the
momentum distribution of nucleons within the nu-
cleus. In fact these two effects are closely con-
nected, because the effect of the F,* hump on the
KN system would depend strongly on the momen-
tum. The existence of a momentum (or energy)
distribution among the nucleons implies a kind of
averaging procedure for the scattering amplitude,
but this average amplitude should also relate to
the energy dependence of the KX interaction below
threshold. In other words, one must think in
terms of the overlap of the below-threshold reso-
nant amplitude and the momentum distribution of
the nucleons in this region. A simple phenomeno-
logical choice of energy corresponding to either
the peak of the F,* resonance or any other mean
energy would miss the point, because even though
a sufficient number of protons might possibly pos-
sess this energy so as to make i.t a favored param-
eter for the interaction, the detailed features of
the overlap would inevitably be lost in such a treat-
ment. Also, we have to go far enough below the
XN threshold so as to adequately cover the inter-
play between these effects.

II. CALCULATION

The optical potential seen by a K meson in the
presence of a nuclear density distribution p(r)

(number of nucleons per unit volume) is given by

V(r)+iW(r) = ——k' 1+ r p(r)A,
2+ 2 PDg

IL mg

where A is the momentum-averaged scattering
length for the basic K -bound-nucleon interaction,

A= pkAkdk.

Here p(k) is the density distribution function of the
nucleons in momentum space (integrated over the
solid angle 0, in this space) and A(k) is the KN
scattering length corresponding to momentum A'

in the region below threshold. We have chosen

the factor 4/a'~'a' being required by normalization,
with e= 168 MeV/c. A(k) is given by

A(k) = ——. I&f",+ 2~ (.fl+f.) j, (5)

A, (1 —ik, A, )

A, (1 —ik, A, )

with

A,
jIA, ' (6c)

Ar = ar + iver (T = 0, 1),
D= 1 - ,'i (A, A, )(k+0, ) —kk, A—,A, ,

(7a)

(7b)

ko and k being the channe l mo menta for the TPn
and K P channels. For the region below thresh-
old, we make the analytic continuation k-i~ k~ in
Eqs. (6) and (7). With this mapping we have
checked that the correct parameters for the
y'f(1405) resonant amplitude are reproduced in
the T =0 channel. Substituting the resulting am-
plitudes in Eq. (5), one gets a reasonable momen-
tum-dependent scattering length for the bound KN
system.

From Eqs. (6) and (7) it is clear that we have
taken into account the mass difference between
the K'n and K P channels. The corresponding
channel momenta ko and k are related in the re-
gion below threshold by

(6)

where f, is the below-threshold ZN scattering am-
plitude for T =-0 and f~„ f", the corresponding am-
plitudes for the proton and the neutron, respective-
ly, in the T =1 channel. For free KN scattering,
these amplitudes are given by
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,@( )
[E &r+- V'(r)]'- p, „'c

@( )VC r= (10)

Here

V'(r) = -Ze'/r+ V(r) +fW(r)

e($) =e(r, e, y) ft(r) Y=(-e, q ) (12)

E and I' are the real and imaginary parts of the
energy which are suitably chosen to start the eal-

where 6 is the mass difference.
Equation (3), which expresses the momentum-

averaged scattering length A. of the K -bound-nu-
cleon system as the overlap integral of the nucleon
momentum distribution p(k) and the below-thresh-
old KN scattering length A.(k), embodies the basic
elements of our treatment. Because A(k) incorpo-
rates the Yg(1405) resonance, our momentum-
averaging automatically takes into account the ef-
fect of this resonance over the entire range of in-
tegration.

We now substitute this A into Eq. (2) to obtain
the K -nucleus optical potential. For the configu-
ration-space density distribution p(r) we use the
%oods-Saxon form

p(0)p(r) = -; —,-~g. -

+e

where p(Q), It, and a are the usual parameters.
p(Q) is normalized to give the correct mass num-
ber and A and a are obtained from electron-scat-
tering experiments. "

%ith this optical potential, we solve the Klein-
Gordon equation

u" (r) = -(2/r)u'(r) + A(r)u(r) + B(r)v(r),
v" (r) = -(2/r) v'(r) + &(r)v(r) —B(r)u(r),

where

(13a)

(13b)

4

A(r) =, , p,„'c4 E'+-I"—,—V'+ W2

2EV(r) — —21 W(r)r ' r
(14a)

B(r) = Z, , —2V(r)W(r) —2Er
1 2Ze'W(r)

2I"Ze'
+ 2EW(r) + 2rV(r) ——— — . (14b)

Equations (13) are integrated with appropriate
boundary conditions. Actually, we start out by
taking v =0 and u equal to the Coulomb function at
a point sufficiently outside the nucleus and inte-
grate inwards by using Adam's method. Close to
the origin our wave function goes to zero faster
than r' "because of the attractive nuclear. poten-
tial.

Having obtained u and v for different values of r
we now proceed to find a second set of values for
E and I' by a process of integration. From Eqs.

culation. p.~ is the reduced mass of the K -nu-
clear system. Remembering that the radial func-
tion It(r) is complex within the range of the optical
potential, we write R(r) =u(r)+fv(r) F.or large
values of r, v(r)-0. We get from Eq. (10) the
coupled radial equations

(13) we get after a little manipulation

J u(r) 8(r)u(r)r' dr +
0

v(r) 8 (r)v (r)r' dr = X= pr'c' —E'+—I' (15a)

f v(r)8(r)u(r)r'dr- u(r)8(r)v(r)r'dr+ (u'-+v')[B(r) -2EI"]r'dr= Y=2EI, —
0 0 0

(15b)

8(r) = ——,+ ———A(r)+ pz c —E + I" .d 2 2 4 2 2

dr' r dr

In this operator, we use for E and I' the values
used in Eq. (10). We have also used the normal-
1zatlon

l (u'+ v')r'dr = 1.
0

The new values of E and I" are obtained by solving
Eqs. (15).

The entire calculation depends on an iterative
procedure with E and I' as iteration parameters.
The output of each cycle is fed as input into the
next cycle til. l convergence is obtained. To start
the calculation, we choose E = prc'/[I+ (nZ/N)']'",
the Coulomb energy for principal quantum number
N, and a small value for I'. If these values di-
verge from one cycle of the iteration to the next,
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TABLE I. Values of level width I and level shift AE.

Meson
Nucleus state

n l

Nuclear
size

parameters
(present

calculation)
R (fm) a (fm)

Theoretical results (Other
Ericson Rook

and and
Scheck %yeech
(Ref. 9) (Ref. 10)

zz r sz r
(keV) (keV) (keV) (keV)

workers)
Bardeen

and
Torigoe
(Ref. 11)

AE F
(keV) (keV)

Experimental
results
(Ref. 8)

h, E I
(keV) (keV)

Present
calculation
b, E F

(keV) (keV)

iOB

iiB

i2g

3ip

32S

2 1

3 2

3 2

2.00 0.455

2.00 0 455

2.30 0.42

3.34 0.557

3.33 0.591

3.42 0.591

-0.30 0.65

-0.30 0.64

-0.80 1.44

-0.36 2.01 -0.52 1.65

2.87 -0.61 3.06 -0.88 2.73

~ ~ 5.09 -1.00 4.68 -1.44 4.06

—0.208
+0.035
-0.167
+0.035
—0.59
+0.08
-0.33
+0.08
-0.55
+0.06
-0.77
+0.40

0.81
+0.10
0.70

+0.08
1.73

+0.15
1.44

+0.12
2.33

+0.06
3.80

+1.0

-0.210 0.799

-0.168 0.6999

-0.540 1.7115

-0.314 1.399

-0.487 2.1997

-0.801 3.80

we vary F so as to get better convergence. Even-
tually, we find that convergence occurs for only a
rather narrow range of choice of E and I. In
other words, our iterative procedure is quite sen-
sitive to these parameters.

III. RESULTS

TABLE II. Values of ReA and ImA.

Nuclei
ReA
(fm)

ImA
(fm)

ioB
iiB
i2Q

31p
32S

»CI

0.286
0.274
0.281
0.282
0.287
0.282

0.595
0.569
0.594
0.587
0.595
0.587

Our values of level width F and level shift 4E
corresponding to the terminal atomic states in
"B, "B, "C, "P, "S, and "Cl are shown in Ta-
ble I. These values are based on Kim's scatter-
ing lengths. hE represents the strong interaction
shift as compared with the Coulomb binding ener-
gy. In this table we have also exhibited the ex-
perin|ental values given by Backenstoss et al. '
and the theoretical results obtained by other
workers. ' "

It will be seen from this table that our results
are quite close to the experimental values for
most of the atoms considered. This is particular-
ly interesting because as we have noted in Sec. II,
our values of E and I" represent to within a rather
narrow range the only choices for which the itera-

tive cycles would converge. It should be noted
that we have not considered the modification of
the K propagator within the body of the nucleus,
i.e., we have ignored three-body effects. Com-
parison with the results obtained by Rook using
%yeech's potential seems to indicate that these
effects may not be as appreciable as the features
considered in this paper.

It is interesting to compare our result for the
momentum-averaged scattering length A with the
numerical value obtained by data fitting by Koch
and Sternheim. " Evidently, assuming N=Z, A
should have the same value for all nuclei. Using
the actual values of N and Z for the nuclei con-
sidered in this paper, we get the values of ReX
and ImA shown iri Table II. The average value of
A for these nuclei is

A = (0.2& +0.59i) fm.

This is in qualitative agreement with the value
given by Koch and Sternheim:

a(fitted) =[0.44+0.04+(0.83+0.07)i] fm.

Calculations on some other nuclei capable of
being measured in the near future, as well as Zn
which has already been measured, are now in pro-
gress and will be communicated shortly.
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