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A method of solving the integral equation of the generator-coordinate method which makes
use of the degenerate form of the overlap kernel is applied to three simple solvable problems.
When a practical prescription to exclude numerical errors is used, good results are obtained
for the lowest and the first excited states. Generator wave functions are presented explicitly
as well as the modified generator wave functions by the broadening kernel defined by Griffin
and Wheeler. The generator wave functions in the biorthogonal representation are also calcu-
lated. The generator wave function modified by using the broadening kernel rather than the
original generator wave function is well behaved and seems to reflect the physical nature of
the wave function. The numerical version of the Rayleigh-Ritz minimization method is dis-
cussed.

I. INTRODUCf ION

The generator-coordinate method (GCM) has
advantages over other methods to describe a
variety of nuclear collective motion; it is not semi-
classical as the cranking model but completely
quantum mechanical, includes no redundant vari-
ables, and gives a visible image of the collective
motion. Furthermore, no assumption of adia-
baticity is necessary. The rotational states have
been studied rather well by the angular momentum
projection method which is a special application
of the QCM. In this case the generator wave func-
tion is readily seen to be the n-function of the
rotation group. The QCM is also applied to heavy-
ion scattering, but has not yet been successfully
applied to the description of collective motion of
nuclei in the transitional region and fission pro-
cesses which are supposed to be the most suitable
cases. We believe the lack of successful applica-
tion of the QCM to physically realistic and inter-
esting problems is mainly due to the difficulty in
solving the integral equation appearing in the QCM,
as a result of which our knowledge of the genera-
tor wave function is very poor.

Some progress has been achieved in the case of
heavy-ion scattering, "but very little research
has been published on the integral equation in the
case of collective motion. In the present paper
we show that the integral equation can be solved
to give accurate results at least in certain speci-
fic cases of the pairing vibration if a better method
is used. The second purpose of the present work

is to investigate numerically the nature of the
solutions by using various representations. %'e

hope this work will give an impetus and a basis
for attacking more complicated problems.

The pairing vibration was treated previously in
the framework of the QCM and the integral equa-
tion was solved by replacing it by an algebraic
equation. This method, however, has some short-
comings. Before discussing this point, let us
present the integral equation appearing in the
QCM.

The trial wave function of the QCM is a linear
combination of the generating wave function p(x, c(),
which is a many-body wave function containing
dynamical variables (x} and depending on one or
more generator coordinates a, weighted by the
generator wave function f(o.):

a(x) = l ((x, a)f(a) da.

The generator wave function is obtained by solving
an integral equation derived through the variation-
al principle

where the kernels 3C and M are called the energy-
overlap and the overlap kernel, respectively, and
given as

XX(, a')= f ( (x, )(x(tl ~x') ( (' '()Xxxdx'
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II. OUTLINE OF THE METHOD

X(n, n') = P*(x, n)p(x, n')dx.

If we find the eigenfunctions of the overlap kernel

(3)

then the generator wave functions can be expressed
in terms of these eigenfunctionsg, (u). In the
procedure used in Refs. 3 and 4, Eq. (3) is solved
by replacing it approximately with a.n algebraic
equation

We start by expanding the generating wave func-
tions p(x, n) in terms of an appropriate ortho-
normal set of wave functions p, (x) such as the
shell-model wave functions,

y(x, u) = QZ, (n)y, (x).

The overlap kernel, then, takes the following
form of a sum of separable functions:

X(u, u') = Q Z,*(n)Z, (n') .

t

Q X(u„, u )g, (u ) =z,.g, (u„), for m=1, . . . , t.

In this procedure we get a. secular equation in
which the matrix elements are specified by the
generator coordinates. Assume that the number
of independent eigenfunctions of Eq. (3) is w. The
problem of numerical accuracy is involved in two
stages. The first is the approximation made from
Eq. (3) to Eq. (4). At this stage better numerical
accuracy is achieved by taking more points for n.
The second stage is the numerical solution of Eq.
(4). If the number of mesh points t is larger than

m, there result (t -m) redundant eigenfunctions,
for which A. should be zero but in numerical cal-
culations is not exactly zero. Besides these re-
dundant eigenfunctions, there result other eigen-
functions which though not redundant may have very
small eigenvalues and, therefore, suffer from
serious numerical errors. ~.en a.'.I oi these
eigenfunctions are used in the expansion of f(n),
the lowest calculated energy often comes far
below the exact lowest energy. ' This situation has
been noticed already in Ref. 4, where a relatively
small number of mesh points are used to avoid the
redundant and inaccurate eigenfunctions and nu-
merical accuracy at the first stage is sacrificed
to some extent. A dilemna is involved in which an
effort to reach better numerical accuracy results
in an increase in the relative number of unsatis-
factory eigenfunctions, among which some are
redundant and others though not redundant suffer
from enormous numerical errors.

In this paper, we use an alternative method to
solve Eq. (3), in which numerical accuracy can be
much improved without introducing any redundant
eigenfunctions. A brief outline of the method is
given in the next section. In Sec. III the method is
applied to the pairing vibration problem. The for-
mulation developed in Sec. III is applied to three
simple solvable problems ln Sec. IQ. The fi nal
section is devoted to a discussion and summary.

~a ™g»+ d&y

the eigenfunctions g, (u) are expressed as a linear
combination of Z,*(n) as follows:

g;(u) = —g t;,Z,*(n).1
(8)

Substituting Eq. (8) into Eq. (7), we obtain a, secu-
lar equation for the $„.

(10)

If we normalize the eigenvectors $ as Q, (]„I'=1,
we get orthonormal wave functions

q, (x) = y(x, n)g,.(n)du.

The coefficients („are the amplitudes of y„
contained in the wave function g»,

p~+ x x dx. (12)

The eigenfunctions g, (u) satisfy the following
orthogonality;

g,"(n)g,.(n)dn =x,. '5, ,»» (13)

in accordance with orthonormality of g, . Let the
total number of independent wave functions p, and
nonzero eigenvalues of Eq. (9) be equal to d and
d', respectively. If d=d', the GCM is completely
equivalent to the diagonalization of the Hamiltonian
in the space spanned by y„. The necessary and

Since the expansion (5) is always possible in prin-
ciple, this form is a general property of the over-
lap kernel. Once the kernel is written in this form,
Eq. (3) is easily solved. Defining
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sufficient condition for d = d' is

detU 40. (14)

The above condition is satisifed if, and only if,
all of the d functions Z»(n) are linearly independent
of each other.

Once the eigenfunctions g,. (o.) are obtained, the
GCM integral equation is easily solved by express-
ing f(n) in terms of g, (c()

where

at(A, A')g, (A')dA' = ~, g, (A) (3')

= &0"(» &) I I I
0"(x, &')&,

the suffix v is used to denote the gth excited state,
and v =0 corresponds to the lowest state. First we
find eigenfunctions of the overlap kernel

f(u} = Q C,g,.(o(). (15)

Q ((C), i H i ()),.)C,. = EC, .
y= 1

(16}

The amplitudes C, are solutions of the eigenvalue
problem

by means of the method of Sec. II. The expansion
of (j)"(%,A) is conveniently accomplished by using
shell-model wave functions y»(x), where k is an
abbreviation of (k„.. . , k,), and k,. is the number
of nucleon pairs coupled pairwise present in ith
orbit. Under the conditions that 0 (k,, (0,. and

g, k, =n, this expression gives

III. APPLICATION TO THE PAIRING VIBRATION (t)"(x, a) = g Z»(A) rp»(x),
k

The problem to be treated consists of n pairs of
nucleons moving in s single-particle orbits, each
of which has single-particle energy e, and pair
degeneracy 0, , interacting with each other via a
two-body force. As a two-body force, we use a
simple pairing force with constant matrix ele-
ments

where

with

(22}

(23}

where the (p" (x, a) are the normalized eigenstates
of nucleon number 2n projected from a BCS wave
function

21r

J. e~"'y(x; z, e)de
[2w f' e-'"'((t (x A 0)iy(x A e))de]v'

'
Jp

where

(p(x' b, e) = Q [u, (a)+e' v, (a)ctct] i0) (20)

and the u,- and g, factors are given by Bardeen's
equation. The integral equation takes the follow-
ing form:

X a, a' -E„Xs, s' „s' da'=0, (21)

H = 6]c]c]—4G c) c) cg c.
q (17)

j»j

where c, (c,) is the creation (annihilation) operator,
i is defined as the time-reversed orbit of i, and
G is the matrix element of the pairing force. As
in Ref. 3, we will formulate this problem by using
number-projected BCS wave functions (t)"(x, b, ) as
generating wave functions

»(I)= I 0"(" &)f(&)&&

and (",} is the binomial coefficient. Equation (3')
is solved in a straightforward manner by follow-
ing the method of the preceding section. As seen
from Eqs. (22) and (23), the Z»(A) are real and
the tt matrix of Eq. (10) is a real symmetric
matrix.

Since there exist relations between the M and

v factors as pointed out by Justin, Mihailovic, and
Rosina, '

p,p, [(e, -A)p, —(.e, —Z)p, ][(e, -X)p( —(e» —A)p]»
=p»p([( ( ~)p» —('» —~)p(][(eJ ~)p —('( ~)p(]

(24)

where

p, =v, /u, ,

the condition given in Eq. (14) is not always satis-
fied. There are two examples in which Eq. (24)
does not violate the linear independence between
the Z's. One is a problem involving only two
levels, each of which may have any large pair
degeneracy. In this problem we have only Qy

and u„v„and the relation given in Eq. (24) turns
out to be an identity. The other is a problem con-
sisting of many doubly degenerate levels with no
accidental degeneracy.
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x b, ctcf x b)
i

0 6 )l 2 +g2 1/2

when we see that ~ is confined in the domain

[O, Q,.Q,.] a.s a changes from 0 to ~. It is easily
seen that, if we reformulate the whole of this
section by using the parameter ~, the matrix cor-
responding to U remains finite without losing
generality. In this paper, however, we will not
use this method but follow the use of 4 for
simplicity.

We proceed now to two other representations.
One of them is the biorthogonal representation'
and the other is the one introduced by Griffin and
Wheeler, ' which we will call the GW representa-
tion.

We define a function D as follows:

D(n, n') = Q g,*(a)X,g;(a),

which becomes the Dirac 6 function 6(a —n') if
the set (g,.f is a complete set. For any function
F(n) that can be expanded in terms of g,.(n), the
function D has the same property as the 5 func-
tion, i.e.,

(25)

D e, a' Il e' de'=E e .

The biorthogonal wave function (j)"(x, a) is appro-
priately defined as

(26)

E(luation (26) is satisfied by the wave function

We must notice that the matrix element U».
becomes infinite if the integration of E(I. (10) is
performed from zero to infinity, because none of
the Zn(a)'s tends to zero at infinity. This is
easily understood if we think of the strong coupling
limit (a- ~) where (j)"(» S) contains all the shell-
model wave functions with appreciable amplitude.
Therefore we have to terminate the integration
at some value, ~ . This termination may bring
about more linear dependence between the Z's.
In such a case we would have to change the g,„
value. A more fundamental way to avoid this
possibility would be the use of another parameter
instead of L. For example, we could use the
following parameter as a generator coordinate:

and the broadening kernel as

(32)

These kernels satisfy the following relation:

N (n, g)B(q, P)d g = D(n, P) .

The original generator wave function is trans-
formed by the broadening kernel into

f„(6)= B(r).) 6')f (hn')d 6, '

(33)

This function is seen to be intermediate between
f„(h) and f„(d)(). The associated wave function
with f„"(a)is given by

The three representations are related to each
other through the equations

(34)

( Qn, Gw (» Q) l
Qn (» rdd)& ~((d) + )

through the relation

lv)= f(d),d(, d)dd=)f, ( d) "d(x, d)dx.

(29)

It is easy to see that f„(A) represents just the
amplitude of (j)"(» A) contained in the vth state

(30)

The transformation to the QW representation from
the original one is done by the narrowing and
broadening kernels. The narrowing kernel can be
expressed in terms of the eigenvalues and eigen-
functions as

(31)

d" (" d) = Q Q v(n)()d;(d).
i

(27) IV. NUMERICAL RESULTS

The biorthogonal generator wave function is found
to be

(28)

In this section the method developed in the pre-
ceding sections is applied to three solvable prob-
lems. In the first two d =d', while in the last
problem d' is smaller than d.
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A. Two-Level Problem with Multidegeneracy

This problem is characterized by the parame-
ters s=2, e, =0, c, =1 MeV, and

Qj =02=0=n.
The shell-model states a.re specified by the num-
ber of nucleon pairs 4 present in the lower orbit,
and the z~(a) are given as

z, (A) =
v ) (n)u", -"(a)v",-'(A)u,'(a).0

Calculations were made for 0=2, 3, 4, 10, 20. Pre-
cisely the same results are obtained for Q =2 and
3 as in the shell-model calculation. For Q~ 4,
however, the GCM calculation ceases to be com-
plete. As an example, we describe the situation
in detail for the case of 9=10, for which d=11.
The critical value of the pairing strength, G„at
which the energy gap of the Bardeen's equation
vanishes, is 0.05 MeV. Integration was done from
L = 0 to ~ = 6 MeV by Simpson's method. Various
increments were tried, i.e., the integral domain
was divided 10, 12, 18, 22, 50, 100, and 150
equidistant intervals. Inclusion of all the eigen-
functions coming from the diagonalization [Eq.
(3')] turned out to give very inaccurate results
for any choice of db, . This fact means that it is
still difficult to resolve all the eigenfunctions of
the overlap kernel numerically even with the pres-
ent method, and that some of the eigenfunctions
suffer from serious numerical errors. It is nec-
essary then to identify eigenfunctions which suffer
from enormous numerical errors from others
which do not. For this purpose we adapt a practi-
cal prescription, which is to calculate scalar
products of g, by performing the double integration

(y,. l y, ) = d~ d~'g, *. (a')(y" (%; ~')I y" (%, a)) g, (a),

(35)

which should give 5,, if the g,.(h) are accurately
obtained. We find that only 6 eigenfunctions are
orthonormal to each other for 10 and 12 intervals,
and 7 for 18 to 150 intervals. The calculation
with 18 intervals gives essentially the same re-
sult as the one with 150 intervals. The scalar
products of eigenfunctions calculated with the
double integration are tabulated in Table I. This
prescription turns out to give a rather clear-cut
distinction. The calculated energies and wave
functions are tabulated in Table II.

The generator wave functions in the original
representation are illustrated in Figs. I(a) and

l(b), and those in the biorthogonal and the GW
representations are shown in Figs. 2(a) and 2(b).
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FIQ. 1. Generator wave functions in the original representation for the two multidegenerate level problem. The
solid and dashed curves are for the ground and first excited states, respectively.

and

s=8, n=4, 9, =1 for i=1, . . . , 8,

e,.=(-4.5+~) MeV.

TABLE III. Comparison of energies of the exact cal-
culation for many doubly degenerate levels with those
of the present calculation of the GCM for the ground and

the first excited states.

G Ez., (Exact) Eg, (GCM) E& (Exact) E& (GCM)

B. Many Doubly Degenerate Levels

This problem consists of eight particles moving
in eight doubly degenerate levels:

In this problem d='70 and G, =0.2983 MeV. In-
tegration was carried out with Simpson's method,
varying the increments dA, over the interval 0 to

d~=0.05, ~,„=5; d~=0.10, ~,„=10;
dh=0. 12, 6,„=12; da=0. 15, a „=18.

By using the prescription described in Sec. IV A,
we get seven trustworthy eigenfunctions for the
last set of int'egration parameters, while we get
only six for other sets. We used these seven
eigenfunctions to solve the integral equation and
tabulated the results in Table III. The generator
wave functions for the lowest two states in the
biorthogonal and the 6%' representations are shown
in Fig. 3.

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0
1.1

-16.000
-16.428
-16.927
-17.521
-18.242
-19.111
-20.136
-21.309
-22.610
-24.018
-25.513
-27.081

-16.000
-16.426
-16.921
-17.512
-18.231
-19.102
-20.131
-21.305
-22.608
-24.016
-25.513
-27.081

-14.000
-14.424
-14.895
-15.410
-15.956
-16.519
-17.091
-17.674
-18.275
-18.903
-19.565
-20.263

-13.942
-14.360
-14.803
-15.263
-15.726
-16.182
-16.626
-17.065
-17.510
-17.982
-18.504
-19.100

C. Three Levels with Equal Multidegeneracy

One of the problems in which d= d' does not hold
because of Eq. (25) is now treated. The parame-
ters of the problem are as follows';

S =3q n=6, g, =n, =n, =6,

q, = -1.5, q, = -1.2, q, = -1.0 MeV.

In this problem G, =O.O'7145 MeV and d'=21, while
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d = 28, Integration was performed with Simpson's
method to calculate the U matrix. Various values
were tried for the increment cfh and the interval
[0, a,„]:dc=0.025, W„„„=2.5; de=0. 03, z,„
=4.5; de=0. 04, z „.=-4.0; dc=0.05, z „=2.5,
4.0, 6.0; d~=0410, Z .„=8.0; dZ =0.15, Z,„
=18.0; dg=0. 10, ~,„=12.0, 15.0. Eight trust-
worthy eigenfunctions of the overlap kernel are
obtained for the last sets of the integration param-
eters and seven for other sets. The calculations
were performed with these eight eigenfunctions.
The calculated energies of the GCM for the lowest
states agree with the exact ones up to five figures
and the excitation energies of the first excited
states are 10.7 to 3.5/0 off for G=0.0 to 0.10. The
generator wave functions in the biorthogonal and
the QW representations are illustrated in Fig. 4
for G =0 10

V. BISCUSSION AND SUMMARY

G =O. IO MeV

Bcs =O.87 M

(b)

Ne have used in this paper a method to solve
the integral equation which makes use of the de-
generate form of the overlap kernel. The method
has an advantage in that the integration over the
generator coordinates is carried out very accu-
rately. The accuracy is limited only by the accu-
racy of the computer and the numerical method
of integration. In spite of these advantages, nu-
merical calculations using this method show that
some of the eigenfunctions of the overlap kernel
suffer from serious numerical errors. This fact

0 I 4 4

I I

6(MeV)

I

I

I

I
lj~.
I
I

6= 0.40 MeV

~BCS=O 65 Mev

'L ~ s

D(MeV)

FIG, 2. Generator wave functions in the GW and bi-
orthogonal representations for the same problem as in
Fig. 1. The solid and dashed curves represent

footband

f&, and the dash-dotted and dotted curves fo and f&.

FIG. 3. The same as Figs. 2 for the eight doubly
degenerate level problem.
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0,54 MeV

~ ~ ~ ~ ~ ~ ~ ~ eaeae ~ ~ ~ ~ ~
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~ 0 ~ ~ 0 ~ ~

0;— r
I

~ I: I
I
I

Pl

)I
II
)I

~gag

I I

6(MeV)

FIG. 4. The same as Fig. 2 for the three multidegen-
erate level problem.

means that the original generating wave function
is too complicated for all the eigenfunctions to be
resolved numerically. We have seen, however,
that those eigenfunctions of the overlap kernel
which are obtained without appreciable numerical
errors span a subspace in which the lowest and
the first excited states are described well from
the normal to the superconducting phase for both
the d =d' and d &d' cases. The problem is how to
distinguish the accurate eigenfunctions from the
inaccurate. We proposed a practical prescription
in Sec. IVA which gave a rather clear criterion
for the distinction. It should be noted that the
prescription can be used in the conventional method
mentioned in Sec. I.

We want to point out a dangerous aspect of the
numerical version of the Bayleigh-Ritz minimiza-
tion method. This method is described in detail
in Bef. 8, and used safely to solve the Schrodinger
equation of the Bohr Hamiltonian. Although this
method may be conveniently used, for example,
for a large dimensional shell-model calculation
in which we do not need all the states solved but
only a few low-lying states, it may be dangerous
if used for the GCM calculation. As we have seen,
there are many eigenfunctions of the overlap ker-
nel which belong to very small eigenvalues and
have large numerical errors. Those eigenfunc-
tions should have been excluded in the calculation.
If we do not exclude them as in the Bayleigh-
Ritz minimization method, the resultant wave func-

tions have many unsatisfactory components and
therefore cannot be trusted. One of the reasons
why Siegal and Sorensen' got good results by us-
ing this method may be that they utilized relative-
ly few points for the generator coordinate to carry
out the summation, so that the determinant of the
overlap kernel is not vanishingly small. If we use
more mesh points than the number of the indepen-
dent eigenfunctions of the overlap kernel in this
procedure, the resultant wave functions contain
redundant components. If the number of mesh
points is reduced, inaccurate calculation is in-
evitable for the energy-overlap kernel because it
is calculated by using those rough mesh points.
This is a shortcoming of this numerical method.

The problem treated in Sec. IVB has been solved
by Siegal and Sorensen. They used the 2-~ meth-
od, in which A. is treated as another generator
coordinate. This method results in improvement
of Z~'s behavior, though the meaning of 6be-
comes vague. The 2-~ method can be used to
make the GCM theory mathematically equivalent
to the exact shell-model theory for some of the
problems to which the present one-para. metric
GCM theory gives d' smaller than d. An example
of this kind of problem is the one treated in Sec.
IV C.

The expressions have been given for the genera-
tor wave functions in the three different repre-
sentations in terms of the eigenvalues and eigen-
vectors of the overlap kernel. All the present
calculations show that the generator wave functions
in the original representation oscillate rapidly.
One of the reasons for this oscillation may be
found in the fact that the generating wave function
p"(x, h) changes its nature slowly with the genera-
tor coordinate, which is reflected in the wide width
of the overlap kernel. Oscillation of the biorthog-
anal generator wave functions f„(r ) is seen to be
most slow. This is because the biorthogonal wave
function p" (X, A) changes its nature very rapidly with

For G& G, the functions f,(n) and f,(D) have a
peak around the optimum value of the generator
coordinate ~~cs which is the solution of Bardeen's
equation with pairing strength G. The GW repre-
sentation is intermediate between these two. The
functions f, (n) also have a peak around ~sos and
no node, and damp at distances far from 4~. The
functions for the first excited states, fp~(r) have
a node and damp similarly as f, (6).
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