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An improved method of calculating the form factor for the distorted-wave Born-approxima-
tion treatment of (p, n) reactions is described that incorporates explicitly the nuclear struc-
ture information. The improvement over earlier treatment of the (P, a) reaction is achieved
by carrying out a transformation to center-of-mass and internal coordinates of the trans-
ferred nucleons, whose individual wave functions are calculated in a Woods-Saxon potential.
The formalism is applied to an analysis of the 42Ca(p, n)3~K reaction performed at a proton
bombarding energy of 40.2 MeV. Relative proton spectroscopic factors are deduced for the
relatively pure single-hole states at 0.0 (2+) and 2.52 (2+) MeV in SK. Good agreement with
the proton spectroscopic factors from the Ca(d, SHe) K reaction is achieved. The 2+ states
in 39K whose structure is largely unknown contain components important to the (p, 0, } reac-
tion, but not to the (d, He) reaction, as evidenced by their relatively stronger excitation in
the (p, n) reaction.

I. INTRODUCTION

Unlike single-nucleon and two-nucleon transfer
reactions, more complex direct reactions involv-
ing the transfer of three or more nucleons have
not, as yet, achieved the status of spectroscopical-
ly useful nuclear reactions. However, more and
more attention is being paid to such increasingly
complicated reactions, as witnessed by numerous
recent publications in n-transfer reactions. ' The
hope is that certain simplifying features of these
reactions w'ill dominate the observed energy spec-
tra and simple models of the reaction will suffice
to yield nuclear structure information. In this
paper the direct reaction treatment of the (P, n)
reaction is extended through the use of an improved
form factor describing the transferred nucleons.
Nuclear structure information is incorporated ex-
plicitly in this form factor, although due to practi-
cal limitations it may frequently be cumbersome
to treat this aspect adequately. The analysis pre-
sented is applied to the "Ca(P, c.')"K reaction and
a comparison made to the spectroscopic informa-
tion obtained from the "Ca(d, 'He)"K proton pickup
reaction.

Many of the special features of the (P, o.) reac-
tion have been noted by a number of authors and
will be summarized briefly only. These include
(i) the coherence' in the single-particle states of
the three transferred nucleons, (ii} J-depen-
dence, "' and (iii) the ability to reach final nuclei
which cannot be investigated by any other pickup
reaction.

Some of the early quantitative experimental and
theoretical work on the (P, n) reaction was carried
out at Princeton by Sherr' and Bayman, Brady,
and Sherr' on f,~,-shell nuclei. The main conclu-

sion from their work was that a triton-cluster-
pickup description of the reaction adequately ac-
counted for the relative strength of the ground-
state cross sections for nuclei of different Z and

iV. Details of the analysis and results for (P, n)
reaction studies on isotopes of copper and zinc
have been presented by Nolen. '

Fulmer and Ball, ' treating the (p, o.') reaction
as the pickup of a proton and a neutron pair, were
able to predict the relative intensities of the
ground and first-excited-state transitions for the
"Zr(P, o.)"Y reaction. Good evidence was ob-
tained that pickup is the dominant mechanism to
the low-lying states. In this and the preceding
distorted-wave Born-approximation (DWBA) anal-
yses a simple radial form factor for the trans-
ferred three-nucleon cluster was assumed.

A more detailed analysis of the (P, n} reaction
to include finite range effects has been presented
by Hird and Li' and has been applied to this reac-
tion on targets of "F, "C, and "Al (Hefs. 9-11,
respectively). Although the deduced spectroscopic
factors were within a factor of about 2 of the the-
oretical values, only the ground-state transition
was treated in each case. The radial dependence
of the center-of-mass motion of the transferred
three-nucleon cluster was obtained by binding a
triton in a central potential at the experimental
separation energy.

In an attempt to improve the radial form factor
used in describing (P, n} reactions Suck and
Coker" have employed a product of a single-
particle proton state with a form factor for the
neutrons appropriate to two-nucleon transfer.
However, the same radial dependence is used in
each of these factors.

Thus among the numerous difficulties and limi-
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tations of the DWBA treatment of cluster transfer
reactions one of the frequent shortcomings in most
treatments is the use of an inadequate form factor.
This is the central point to which the present pa-
per addresses itself.

In the following section an expression is de-
rived for the radial form factor of the transferred
three-nucleon cluster. Since the over-all objec-
tive is the prediction of relative (P, n} cross sec-
tions to different excited states, certain factors
in the calculation common to all states are fre-

quently not calculated explicitly, but shown only
as a normalizing factor.

II. THEORY

A. Wave Function of the Transferred
Three-Nucleon Cluster

The treatment of Towner and Hardy" for two-
nucleon transfer can be extended to the case of
three-nucleon transfer. The orbital part of the
cluster wave function with orbital angular momen-

turn L and projection M can be written as follows:

y'~'2'~~ (r,s, r, sp r3/) =m g g (13m3Z'P. '~ LM)y""3"(r,s)
g'g' m3

Here particle labels 1 and 2 refer to the two neu-
trons (which are assumed to have their spine
coupled to zero} and particle 3 refers to the pro-
ton. X is a normalization factor arising from the
proper antisymmetrization of the over-all three-
nucleon wave function and depends on whether or
not both neutrons are removed from the same
shell.

The single-particle states defined by

4.""(r)= (~'i~)n. ,(~) l', (t}, 0),
are calculated in a %oods-Saxon potential well
and, to facilitate subsequent mathematical manipu-
lation, the radial parts are expanded in harmonic-
oscillator wave functions. Thus,

u„„(~) = Q a~H~, (vr') . (2)
P

The transformation from the coordinates r»,
r», and r» to center-of-mass and internal coordi-
nates of the three-nucleon cluster is performed in

r -l
/

/

r l2
2 I

(
P, l, m, ~ NI M
p ) P (4)

two steps. Figure 1 illustrates the relevant coor-
dinates. First, the motion of two neutrons is ex-
pressed in terms of the coordinates R' and r„.
Then, the third particle, the proton, is coupled
to the two-neutron cluster yielding an expression
in the internal coordinates r» and r, and the
center of mass of the three-nucleon cluster, R.
The vector r connects the center of mass of the
two-neutron pair with the proton. Since the second
transformation involves particles of unequal
masses, the standard Moshinsky transformation'~ "
is not applicable. Smirnov' ' "has developed meth-
ods to handle the general case of coupling particles
with arbitrary masses and the method described
in his second paper" is the one that is employed
here. This approach involves expressing the
single-particle states in Cartesian coordinates,
performing the transformation to relative and
center-of-mass coordinates, and then returning
to the spherical-coordinate basis. Expressions
for the 7 and A matrices required for this trans-
formation were obtained in closed form and cal-
culated with the computer. The generalized trans-
formation brackets for particles of masses p, , and
p. , are denoted by

(b)

FIG. 1. Representation of the relevant coordinates in
the description of the direct A(P, o,')B reaction. Parti-
cles 1 and 2 refer to the two neutrons and particle 3 to
the proton; collectivley these three nucleons are repre-
sented by the symbol t (triton).

where (P, l,m, ) and (P,l2m, ) refer to the quantum
numbers of the single-particle states, (NLM) the
motion of the center of mass of p. , and p, „and
(nlm) the internal motion of the two particles.

Applying this transformation to the combined
results of Eqs. (l}, (2), and (3), the wave func-



DISTORTED-WAVE BORN-AP:PROXIMATION ANALYSIS. . .

tion for the three-nucleon cluster becomes:

P'&'2'&„(R, r», r) =K g P P g i 'i"a"sa~ a~ a~
m3 m &m2 P P2P

N' I ' M'
x(t, m, Z'V~ LM)(l, m, l, m~x'~') P p, l2m2

' n' l' m'
@le lgl
n')'~'

&' L' M' Ã Z A. H„, (vr»'/2)Yi (8„,y»)
p, l3 m3

' n l rn

H„, (zvr') YP(8„, Q„) Ã„„,(3vg') Y~(8, P)
r R

Energy conservation restricts the above sums as follows:

2P, + l, +2P, + l, = 2Ã'+ I'+2n'+ l',

2N'+I. '+2P, + l, = 2%+2+ 2n+ l,
and angular momentum conservation requires that

T, +T, = L'+ I',
L'+l3= Z+l.

B. Stave Function of the Target Nucleus

In a treatment of the DWBA analysis of the reaction A(P, a)B it is convenient to expand the target wave
function in terms of the wave function of the final nucleus and the transferred nucleons. Again in analogy
to the two-nucleon transfer case [Eq. (2.67) of Ref. 13] we write:

'4Nig(EA) 4ANI/((B rlBii rQBi r38)

t."1~1~1~~ 2~2~2~~ 3~3~3~ I S J
M Egg

"~. [[".Alls24~2] [ssfsis]; »~)(~sms~ggl ~. .)(LMS ~l ~R)

x ys &((s)Q'i~a~3~{R, r», r)xz(1, 2, 3). (6)

(s represents the coordinates of the B nucleons in the final nucleus and y~z(1, 2, 3) is the spin wave function
of the three nucleons.

The nuclear structure information is represented through the expansion coefficients 8» which are the
three-nucleon spectroscopic amplitudes. Since, in general, several of these amplitudes may contribute
to any given transition, and these are added coherently to obtain the DWBA transition matrix element, a
factorization of the nuclear structure information as in single-nucleon transfer is, in general, not possible.

C. DVfBA Transition Matrix Element

The transition matrix element in the distorted-wave Born approximation can be written as"

T~
-=T~„(m~m„, Oms)

=(4'4(Ka ran)4 4e sl ~o~ —~n~l Xn",'&4~"„4'f~ F&a ro~))
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where CpA' and 4 ~ represent the distorted optical-
model waves in the incoming and outgoing channel,
4 is the a-particle internal wave function, Xp"'
the incoming proton spin wave function, and pA
and Q~ the wave functions for the target and final
nucleus, as previously defined. The interaction
responsible for the transition —the difference be-
tween the sum of the two-body interactions of the
proton with the target nucleons and the optical
potential U» —can be expanded to yield

VpA —UpA —Vp, + Vp2+ Vp3+ VpB —Up„~

Making the usual assumptions that the V» term
largely cancels the UpA term, the sum of the last
two terms is set equal to zero. With reference
to Figs. 1(a) and 1(b), the above interaction can
then be expressed as a function of the internal
coordinates of the ~ particle:

Yu~ Us~= Y (rs~ r r) ~

In terms of the coordinates displayed in Fig. 1

the transition matrix element can now be written

more explicitly as:

Tp =—Tp ()BEmA 0mB)

c ~JR Kgj H ~ rpt ~ rpt r1pp r Baft $B V
g rpty r12

(X

[n t i ][f1 t i ][ft t i ] ~

&(Z m ZR)J„m )(lMSZ)zK)0 () )x*)12,3))'"","„(R,i„,r) 0,'„' K„„— R)).7'B
A

(3)
The integration over the coordinates (B of the final nucleus is immediate, but the remaining integrations
over the other coordinates can only be performed after further simplification. Here we make the zero-
range approximation, writing

V,„,(r„, r„, r) =D,'„5(r„).
Thus, the incoming proton is assumed to interact with the three-nucleon cluster only through its center
of mass.

Choosing a simple Gaussian form for the n-particle wave function

the integral over the internal coordinates appearing in the foregoing expression,

H„, .(vr„2/2)Y, (8„,Q ) )

~ H„,(vvr')Y, (8„, Q„)
inn' 4'a(rDt 0) rl r) dr12 dr q

12

can be performed. Because of the assumption of relative s-state motion only in the e particle, the above
integral is nonzero only for l= l'=0. The result is

[(2n'+ 1)!] '~' (v/2)'~' „[(2n+1)!]"' (z v)'~' 3v
2"n ~ r'/' 2r (10)

where
y=8g'+ v

1"=6@'+—,v.

The size parameter g of the n particle was taken
to be 0.233 fm ' (Ref. 19). Numerical values cal-
culated from expression (10) above show that this
integral decreases by about a factor of 3 for each

integer increase of the quantity n, +n'.
Because of the many sums that appear in the ex-

pression for the matrix element Tp, further sim-
plifications are required to make the calculation
tractable. These further simplifications are as
follows: (i) J„=0 (target nucleus spin = 0); (ii)
l, + 1, = L' = 0 (orbital angular momentum of the
two neutrons = 0); and (iii) ))'. r(1, 2, 3) = go(1, 2))).","(3)
(spin of the two neutrons is coupled to zero).
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The total angular momentum of the three-nu-
cleon cluster is thus the angular momentum of
the proton; the angular momentum transfer in
the reaction is hence restricted to the value j„
and the orbital angular momentum transfer to l, .
Since the sum over l, has now vanished we can
simplify the three-nucleon spectroscopic ampli-
tude by writing it as a product of a two-nucleon
spectroscopic amplitude and a proton spectro-
scopic factor as follows:

8»/[n, l, j,][n,l,j,][n,l, j,], I,SJ}
=8"'(n, l,j,)8»{[n,l, j,][n,l, j,],000).

The generalized transformation brackets possess

the following convenient features:

Q(&.m. i. -m. 100) '
I

"
u, V

P, 1, m„ 8' 0 0
P l„-~ ' n' OO

( I)lg(2I + 1)1/2 1 II

P' l„O I"' ~ "' 0 0

and

~ OO Nl, m,

N'002 Nl, O

p l 0 2Qq Q

that is, the latter brackets are independent of m, .
Introducing these simplifications into Eq. (8),

the transition matrix element becomes

T/, = T/, „(m—~O, Oms}

~ 8"'(n, l, j,)(Jsm~Js — m~s 0)0(l, m/ m-s,' —m-/I &s -ma)&"

4~& K~, BEB Y» 8, C}'&z K» — R dB,

where E(It) is the form factor, given by

F(ft) = g '"l"l"""""8»([n,f„j,][n,f„j,];000)
plp2P3N n Nn

P, l„o '" n
(12)

The evaluation of the form factor is the major
task that has to be carried out before the DWBA
cross section can be calculated using standard
computer codes.

III. EXPERIMENTAL

The angular distributions for the "Ca(P, o.)"K
reaction were measured using a 40.2-MeV mo-
mentum-analyzed beam from the University of
Manitoba sector-focused cyclotron. Two 1-mm
surface barrier detectors with an angular separa-
tion of 30', each subtending a solid angle of 1.02
~10 ' sr, were employed. Since only o' paritcles
were of interest in the current experiment no par-
ticle identification was performed; the "Ca(P, 'He)-
' K reaction Q value is -12.65 MeV compared to
0.126 MeV for the 'Ca(P, n)"K reaction.

An 825-l/, g/cm' calcium metal foil enriched to
(94.4 ~ 0.1)90 "Ca was obtained from the Oak Ridge
Isotopes Division. The dominant remaining con-
stituent in the target was "Ca with an abundance
of (5.0 + 0.1)%.

The over-all energy resolution in the recorded
energy spectra was determined primarily by the
energy spread in the incident beam (140 keV) and

the energy loss of the a particles in the target
(-100 keV). The kinematic spread due to the 0.85'
angular acceptance of the detector contributed
negligibly compared to the above items. Typical
beam currents between 10-20 nA were used in the
experiment.

Representative spectra of a particles from the
"Ca(P, o.')"K reaction are shown in Figs. 2 and 2.
Strong excitation is observe/ for the O.O-MeV, T',
2.52-MeV, 7', 2.81-MeV, ~ states, and a group of
states at 5.28, 5.62, and 6.52 MeV.

Further strong excitation between channels 700
and 750 is observed. The density of states in "K
is such that levels beyond the 2.81-MeV state are
no longer resolved. From the apparent selectivity
of the reaction it is possible though that many of
these higher peaks in the spectrum are due pre-
dominantly to single states. An energy calibra-
tion was performed from the known "K states
and the (P, n} reaction on "C and "O. Careful
account was taken of the energy loss in the "Ca
target and the Mylar calibration target. From
this calibration curve each of the labeled particle
groups in the spectra was found to represent a
well-defined excitation energy in the "K nucleus
when calculated from spectra over a range of
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angles. Uncertainty in the assignments of the ex-
citation energies is +25 keV. The analysis of the
spectra to obtain the peak areas was facilitated
with a peak-fitting routine. " Angular distribu-
tions thus deduced are shown in Fig. 4 for the
more prominent peaks. The over-all normaliza-
tion uncertainty in the cross sections is esti-
mated to be +10'. Only the statistical counting
uncertainties are shown in Fig. 4.

IV. STRUCTURE OF K
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The states strongly excited in the "Ca(P, n)" K
reaction are also, for the most part, the states
strongly excited in the "Ca(d, 'He)"K reaction"
and the "Ca(t, n) 39K reaction. " On the basis of
the latter two proton pickup reactions the O.O-MeV,
&' ground state and the 2.52-MeV, &' state in "K
are found to be relatively good hole states in the
doubly closed "Ca core. Lifetime measurements"
for the 2.52-MeV state support this conclusion,
indicating that rather small admixtures of core-
coupled configurations could account for the ob-
served lifetime.

Negative-parity states in "K have been treated
theoretically in a conventional shell-model ap-
proach by Maripuu and Hokken, "in a weak-cou-
pling model by Goode and Zamick, ' and in an
intermediate-coupling model approach by Wiktor. "
The shell-model calculation indicates a predom-
inantly (1d.„,) '(1f„,) configuration for the 2.81-
MeV, ~ level. Analysis of experimental M2 and
E3 radiation widths for this level" indicate that
large collective components in the wave function
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Statistical counting uncertainties only are represented
by the error bars.
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are not required to explain the experimental re-
sults for this state.

What little is known about the higher-lying posi-
tive-parity states in "Khas been learned from
proton pickup reactions. ' ' The states observed
at 5.28-, 5.62-, and 6.52-MeVexcitation energy in
"K in the present (P, n) experiment most likely
correspond to the states reported at 5.32, 5.75,
and 6.67 MeV by Hiebert, Newman, and Bassel, "
and those at 5.28, 5.62, and 6.35 MeV by Hinds
and Middleton. " In these proton pickup reaction
studies, characteristic L = 2 angular distributions
were observed for these states which were in-
terpreted as components of the fragmented Id„,
hole state.

In the analysis presented for the "Ca(P, n)"K
reaction in this paper only the states alluded to
above will be considered, and then within the
framework of the relatively simple description
discussed above.

Cole.
( protons)

Exp. Cole.
(neutrons)
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CQ
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2s l/2
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FIG. 5. Comparison of the calculated and experimental
single-particle energies for protons and neutrons appro-
priate to the treatment of the direct 42Ca(p, a)39K reac-
tion. Details of the calculation are explained in the text.

V. DWBA ANA:LYSIS

A. Single-Particle States

The single-particle states required for the
generation of the form factor were calculated in
a Woods-Saxon potential well with parameters
chosen to reproduce closely the experimentally
observed single-particle energies. Averaged
geometrical parameters from a comprehensive
optical-model analysis of "Ca+P elastic scatter-

ing data by van Oers' were found to reproduce
these single-particle energies rather well, as
shown in Fig. 5 and the second column of Table I.
A real-well depth of 61.8 MeV was required, and
the spin-orbit potential had to be increased to
5.90 from 4.32 MeV in order to obtain the correct
spin-orbit splitting between states. These and
the remaining optical-model parameters are dis-
played in the first row of Table III. The experi-
mental single-particle energies of Fig. 5, ob-
tained from binding energies and Q, 2p) reactions,
are summarized in papers by Kerman, Svenne,
and Villars' and Parikh and Svenne. '

The expansion of the single-particle states in
harmonic-oscillator functions was limited to
three terms only, except for the 2s and 2p states
which could not be adequately represented with
fewer than four terms. This limitation was im-
posed because of the greatly increased number of
transformation brackets [see Eq. (5)] required as
the number of terms in the expansion was in-
creased. Adequate representation of the single-
particle wave functions was obtained up to a radial
distance of twice the nuclear radius. Figure 6
shows the results for several representative cases
of the neutron and proton single-particle states.
The marked deviations observed at distances
greater than about 8 fm were found to have negli-
gible effects on the DWBA cross section when the
latter was calculated with appropriate modifica-
tions to the tail of the form factor.

The harmonic-oscillator expansion coefficients,
together with the overlap of this expansion with the
single-particle wave functions are given in Table
I for the different states. An oscillator parameter
of p=0.25 fm ' was found to give the best average
overlap for the given number of terms in the ex-
pansion.

An important consideration in particle transfer
reactions is the asymptotic form of the wave func-
tion of the transferred group of particles. Prob-
lems of this nature inherent in two-nucleon trans-
fer reactions have been treated by Jaffe and
Gerace" and Ibarra. " The essence of the diffi-
culty is the following: If single-particle states
are generated in some appropriate shell-model
potential, the sum of the binding energies for the
transferred nucleons is, in general, not the same
as the total separation energy of the transferred
group of particles. Hence, the requirement of
providing a correct asymptotic description of the
transferred group of particles through the use of
the appropriate separation energy, and a shell-
model description of the individual nucleon motion,
would appear to be mutually exclusive.

Fortunately, this disparity is minimal in the
present treatment of the 4'Ca(p, o.)"K reaction for
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TABLE I. Calculated single-particle binding energies and wave-function expansions in har-
monic-oscillator functions. The overlap of this expansion with the Woods-Saxon single-parti-
cle state is given in the last column.

Single-particle
state

neutron 2p3&&

1fvp
1d3p

Binding
energy
{MeV) a

5.75
8.85

16,07

-0.1916 0.9590
0.9608 0.2451
0.9735 0.2093

0.1004 0.1739
0.1279
0.0921

Harmonic-oscillator expansion
n=0 n=1 n=2 n=3 Overlap

0.9968
0.9996
0.9999

proton 1f7&&

1d3/g
2 sg]p
1d5/p

4 32c
8.62
8.09
9.88
13.78

0.9571
0.9360
0.9815

-0.0957
0.9744

0.2540
0.3173
0.1664
0.9760
0.2130

0.1379
0.1490
0.0939
0,1693 0.0946
0.0688

0.9996

0,9999
0.9994
0.9995

Details of the Woods-Saxon well parameters for calculating these binding energies are
given in the text.

The harmonic-oscillator parameter had a value of 0.25 fm
~ Calculated with well depths of 67 and 74 MeV, respectively.

the form factors involving the (2p», )' neutron con-
figuration. Table II compares the experimental
triton separation energy with the sum of the calcu-
lated nucleon separation energies for the various
states For. the (lf», )' neutron configuration form
factor however, a discrepancy of about 6 MeV
exists between the calculated and experimental
separation energies.

B. Three-Nucleon Form Factor

The form factor defined by Eq. (12) can be
readily computed with minimal expenditure of

computing time if the transformation brackets are
calculated before hand and made available in
tabular form. In all, values for several hundred
different transformation brackets were required
for all the form factor calculations.

Form factors representing a single-neutron con-
figuration only coupled to the proton single-particle
state are shown in Figs. 7 and 8. It is observed
that the (1f„,)' neutron configuration always re-
sults in a smaller form factor in the nuclear in-
terior than either a (1d,~,)' or (2p, ~,)' neutron
configuration. The (2p„,)' neutron configuration,

lo'

lo'

Woods - Saxon
——-- H.O. Expansion

I

2
( Id S/2 ~

—
I d5/2

2——(2P3/2 ~
— Id 5/2

5/2

D
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C)
O
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10 0
r(fm}

FIG. 6. Single-particle wave functions calculated in a
Woods-Saxon potential well and their expansion in har-
monic-oscillator (H. Q.) functions. The wave functions are
for a 2ps&& neutron and 1d5&& and 2s&&& protons. The nu-
clear radius of 4 Ca is 4 fm.

-2—

0
I i I

2
R(fm}

I

6

FIG. 7. Three-nucleon form factor for a 1d5&& proton
coupled to different neutron configurations. The two
neutrons are coupled to a total angular momentum of
zero.
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TABLE II. Comparison of the experimental triton sep-
aration energy (MeV) with the sum of the nucleon binding
energies for the three transferred nucleons.

State
Proton Neutron configuration

configuration (1f7/2~ (2P3/2~

Experimental
triton

separation
energy

0.0. -,'
2.52, —

5.28, —

(1&3/2&
'

(2 s ~/2)

25.79 19.59
27.58 21.38
31.48 25.28

19.69
22.21
24.97

partly because of the lower nucleon binding energy
and secondly because of the l= 1 nucleon motion,
results in a greatly increased amplitude of the
form factor at large radius. A large contribution
to the cross section can thus be expected even
from a relatively small admixture of this com-
ponent.

Sums of these "pure" form factors shown in
Figs. 7 and 8 have to be made, weighted according
to the two-nucleon spectroscopic amplitude in Eq.
(12). Unfortunately, little reliable guidance on
these two-nucleon amplitudes can be obtained
from two- neutron transfer reactions. Recent
analysis of the 4'Ca(p, t)"Ca reaction in the neigh-
borhood of 40-MeV proton bombarding energy by
two independent groups"" have led to the same
conclusion. Namely, the relative magnitudes of
the cross sections to the low-lying 0' states are
very poorly predicted using presently available
wave functions for "Ca and ' Ca. Consequently,
these two-nucleon amplitudes were treated as
parameters in the DWBA calculations.

C. Optical-Model Parameters

Two sets of optical-model parameters describing
the elastic scattering of protons from 4'Ca were
used in the DWBA analysis. These are shown in
the second and third rows of Table III and repre-
sent, respectively, results of optical-model
analysis for p+4 Ca elastic scattering at 40.0 MeV"
and p+~2Ca at 49.35 MeV." Sensitivity of the
DWBA cross sections to the proton optical pa-

rameters was not very strong, and both sets gave
satisfactory results. A slight preference for the
second set of parameters, since these were ob-
tained for p+ "Ca, resulted in their adoption for
all the calculations.

Much greater difficulties were encountered in
finding an adequate set of n + "K optical param-
eters. The elastic scattering of a particles on
"K, like that on "Ca, shows anomalous enhance-
ment at backward angles"'" which is not well
described by the conventional optical model.

Optical-model analyses of elastic n-particle
scattering on "K and "Ca covering the energy
range from 20-60 MeV have been performed by
numerous investigators. '~42 Without exception,
it was found that only the family of potentials
with 7=210 MeV gave resonable fits in the DWBA
calculations. Shallower well depths in the region
of V=180 MeV yielded much inferior results.
Within the t/'=210 MeV family of potentials large
variations in the geometrical parameters are
again found'~" in the literature, and from these
the parameter set used by Youngblood et a/. "for
e+ 'Ca was found to yield the best over-all quali-
tative agreement in the DWBA calculations. This
set of parameters, labeled set 1 in Table III, to-
gether with slight modifications to the absorption,
as represented by sets 2 and 3, were used in all
the analyses.

D. DWBA Calculations

The DWBA calculations were performed using
the code of Nelson and Macefield. " In a separate
program, "pure" form factors for different neu-
tron configurations coupled to the various proton
states were calculated. A subroutine within the
DWBA program then combined these "pure" form
factors according to the relative neutron ampli-
tudes, and presented the final form factor to the
main DWBA routine.

The effect of varying the relative neutron ampli-
tudes on the DWBA cross section is shown in Fig.
9 for the —,

"ground-state transition. Here the

TABLE III. Optical-model parameters used in the DWBA calculations for the distorted waves and the single-particle
states.

Ref. a W~ V, & so a so 'c

Single-particle states 61.8 1.152 0.692
28 p + 4~Ca set 1 44.85 1.152 0.692
35 set 2 43..6 1.16 0.78
41 0, +39K set 1 210.0 1.41 0.59

set 2
set 3

4.49
9.80

20.2
30.0
25, 0

1.309 0.549
1,32 0.54
1.66 0,35

0.59

5.90 1.014 0.526 1.32
3.92 4.32 1.014 0.526 1.32
1.9 5,80 1.03 0.59 1.25

1.30

' The radius and diffuseness parameters for the surface term were the same as for the imaginary volume term.
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FIG. S. Three-nucleon form factor for a 2s&&2 proton
coupled to different neutron configurations. The two
neutrons are coupled to a total angular momentum of
zero.

1d3~, proton is coupled to different relative ampli-
tudes of the (f»,P and (p, ~,)' neutron configura-
tions, the neutrons in each case being coupled to a
total angular momentum of zero.

lt is observed that the contribution of the (p„,)'
neutron configuration to the cross section is con-
siderably greater than that of the (f», )' configura-
tion, and that the latter results in little structure
in the cross section. The effect of changing the
relative phases between these two amplitudes is
illustrated by the top and bottom curves in this
figure. Strong destructive interference results
when amplitudes of 1.0 and -0.5 for the (f», )'
and Q, ~,)' components, respectively, are used.
Similar results for the 2.52-MeV, 2' state are
shown in Fig. 10. Clearly the relative magnitudes
of the different neutron configurations have a pro-
nounced effect on both the absolute magnitude of
the cross section and also its shape.

Treating as parameters the neutron amplitudes
and their phases, numerous calculations were
performed to observe the effect on the relative
cross sections to the various states and also on
the qualitative shapes of the angular distributions.
It was concluded that for variations of 30% in the

100
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FIG. 9. DWBA cross sections for an L =2 transfer to
the 2+ ground state of K. The neutron configurations
and amplitudes used in constructing the form factor are
shown beside each curve, The same over-all normaliza-
tion applies to all the curves.

0.01 30 50

8 (deg)

70

FIG. 10. DWBA cross sections for an L =0 transfer to
the 2+, 2.52-MeV state in K. The neutron configura-
tions and amplitudes used in constructing the form fac-
tor are shown beside each curve. The same over-all
normalization applies to all the curves.
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A

B
c
D

F

set 2
set 2
set 2

set 2
set 2
set 2

set 1
set 2

set 3
set 1
set 1
set 1

0.2
0.2
0.0
0.0

-0,2

0.0

1.0
1.0
1.0
1.0
1.0
1,0

0.4
0.4
1.0

-0.5
0.4
1.08

(p», )' neutron amplitude relative to the (f7~,P
amplitude, the relative magnitudes of the cross
sections were changed very little indeed, and that
the predicted shapes were equally acceptable.
Furthermore, for reasonable (d», )' neutron ampli-
tudes of the order of 0.2, the phase of this com-
ponent had very little effect on the relative magni-
tudes of the DWBA cross sections, as mill be
shown later. This .act, together with the calcu-
lated two-nucleon-transfer spectroscopic ampli-
tudes'" '4 for the 42Ca(p, t)4oCa reaction resulted
in the choice of 1.0 and 0.4 for the relative ampli-
tudes of the (lf,&,)' and (2p, ~,)' neutron configura-
tions, respectively. Proton spectroscopic infor-

TABLE IV. Summary of the optical-model parameter
sets and the neutron amplitudes used to generate the dif-
ferent DWBA curves shown in Figs. 11 and 12. Details on
the optical-model parameters are given in Table III.

Optical-model parameters Relative neutron amplitudes
Calculation proton G O d2(2) (1f7') PP 2~2)

mation was deduced from the DWBA calculations
using these neutron amplitudes. The (d„,)' ampli-
tude was permitted values of +0.2.

DWBA fits to the angular distributions are shomn
in Figs. 11 and 12 for the 0.0-MeV, ~", 2.52-MeV,
—,'+, 2.81-MeV, ~2, and 5.28-MeV (—,'+) states. The
curves labeled A, 8, C, etc., refer to calcula-
tions involving different optical-model parameters
and different neutron amplitudes as indicated in
Table IV.

The effect of changing the absorption in the
a+ "K optical potential is clearly seen in a com-
parison between curves A and B. A substantial
change in the (1p», )' neutron amplitude results in
only a modest change in the shape of the angular
distribution (curve C, Fig. 11). Changing the rela-
tive phases of the neutron amplitudes (curve D,
Fig. 12) results in a qualitatively better fit to the
5.28-MeV state, although the predicted cross sec-
tion is now much too small.

From the DWBA calculations, normalized to the
experimental data as shown in Figs. 11 and 12,
relative proton spectroscopic factors mere ex-
tracted and compared with those obtained in other
proton pickup reactions. For the curves labeled
A and B in these figures the results are compared

lOOi loo
I I I
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FIG. 11. DWBA fits to the (P, u) angular distributions
for the 0.0- and 2.52-MeV states in K. Parameters
used in the calculations for the different curves labeled
A, 3, and C are given in Table IV. Each curve has been
separately normalized to the data.

FIG. 12. DWSA fits to the (P, o.) angular distributions
for the 2.81- and 8.28-MeV states in K. Parameters
used in the calculations for the different curves labeled
A, 8, and D are given in Table IV. Each curve has been
separately normalized to the data.
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with the 4'Ca(d, 'He)"K reaction analysis as shown
in Table V. The (d, 'He) results were cheeked by
recalculating the D%'BA angular distributi, ons and

renormalizing to the experimental data. 2' For
reasons unexplained, rather different values for
the spectxoscopic factors were obtained than those
reported in the earlier analysis. 2' Results fx'om

these two analyses of the (d, 'He) reaction are
shown in the right-hand columns of Table V. The
over-all normalization factor for the (p, n) DWBA

cross sections was adjusted to give a value of C'8
of 3.63 for the —,

'+
g ound-state trans1t1on.

With this normalization the value of C28 for the
—,", 2.52-MeV state determined from the (p, u}
analysis agrees surprisingly well with that from
the (d, 'He) analysis —1.97 to 2.25 compared with

1.70 to 1.93. This would seem to justify use of
the same major neutron configurations for this
transition as for the ground state. Comparing
columns A and E of Table V reveals that the (d, ~,)'
neutx'on configuration plays a minor x'ole since
changing the phase of this coIQponent has Degllglble
effects on the spectroscopic information.

For the —,'+, 5.28-MeV state however, a very
large value of C'8 always resulted r 4 to 5 times
greater than for the (d, 'He) case] using the same
neutron configurations as for the ground state and
2.52-MeV state. Clearly other components are
also important in this transition that have not been
included in the calculation. A further calculation
for this state was carried out by increasing the

(2p„,)' neutron component as shown by calculation
F in Tables IV and V. This results in a reduction
of C'8 to a value of 1.93, comparable to that ob-
tained from (d, 'He). Unfortunately, the structure
of these states is not well known and the above
consideration may be lar gely speculative.

The calculations for the +, 2.81-MeV state are
comp11cated due to the loosely bound f7' pl'otoll.
Calculations with proton binding energies between

4.32 and 8.62 MeV showed surprisingly small ef-
fects on the calculated cross sections of only 10/g.
The higher binding enex'gy was used to obtain the
result of 1.23 for C'8 for this state as shown in
Table V. Again, this value is greater than for the
(d, 'He) case, indicating once more that important
components in the wave function may have been
omitted.

The procedure described in this paper for
generating the form factor for the treatment of

(p, 0.) reactions has been found to lead to reason-
able predictions for the shapes for D%BA angular
distributions and to yleM px'oton spectl oscoplc
iriformation that agrees well with (d, 'He) pre-
dictions for cases where the (p, n) analysis should
be applicable. Ratios of these proton spectro-
scopic factors for the gx'ound state and first ex-
cited state in "K, which are reasonably good
single-hole states, are the same from the (p, n)
Rnd (d, 'He) RllRlysls, wlthln the usuR1 ullceltR111-
ties expected in such analyses.

It is also clear from the (P, 0.) analysis that this
reaction is also sensitive to components in the
wave functions of the nuclei involved that are not
probed by the (d, 'He) reaction. No other explana-
tion is sufficient to account for the very strong
excitation of the —,

" states in the (P, 0.) reaction.
A number of effects that are likely of importance

in the (P, a) reaction as well as in other direct
reactions have been ignored in this study. These
are the assumption of a zero-range interaction
and neglect of the nonlocal nature of the interac-
tions of the proton and N particle with the scatter-
ing nuclei. Although the former effect was not
subjected to examination, several calculations
wex'e done to study the effect of uslDg equivalent
local potentials rather than nonlocal ones. Cal-
culations of D%BA cross sections with nonlocality

TABLE V. Comparison of proton spectroscopic information (C28) from the (p, o, ) and

(d, He) reactions leading to states in the same final nucleus, K. Results are presented for
different calculations labeled, A, B, E, and F as described in Table IV.

State

0.0, f
2y52y

2.81, 2

5.28, t

Proton
conf lg.

(1dsg2)

{2&(gg)

{1d5~2) ~

"Ca(p, a, )"K
B E

3 63 3 63 3 63

1.97 2.35 2.01

1.2S

6.42 6.59 6.79 1.93

"Ca(d, 'He)»K
Recalculated ~ Gak Ridge"

0.50

~ Recalculated DWBA fits, renormalized to the Oak Ridge data (Ref. 21).
b Results from Ref. 21.
~ The over-all normalization factor for the D%BA cross sections eras arbitrarily selected

to give a value of 3.63 for the ground-state transition.
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parameters of 0.85 and 0.22 fm for nucleons and
n particles, respectively, did not show any dra-
matic changes in the shapes of the angular distribu-
tions. Furthermore, the relative spectroscopic
factors were very similar to those obtained with-
out corrections for nonlocal effects.

Another aspect which complicated further in-

terpretation of the (P, n) results was the notable
lack of structure in the angular distributions.
Part of the reason for this is likely the poor angu-
lar momentum matching that results in (P, n} re-
actions because of their generally small Q value.
This requires contributions to the DWBA ampli-
tude from the nuclear interior.
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