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The deuteron specific distortion effect in the d + a problem is considered with a microscopic
procedure. This procedure consists in the addition of square-integrable or distortion functions into the
usual no-distortion resonating-group wave function. The result shows that with the consideration of this

effect, a nucleon-nucleon potential which fits the low-energy two-nucleon scattering data and which

yields a satisfactory agreement with the empirical a + a phase shifts can be used to describe quite well

the d + a experimental data. Also, it is shown that the specific distortion effect has an odd-even

character; it has significant eAects in even-l states, but not in odd-l states. Resonance structures are
found in the partial-wave scattering amplitudes. These structures arise as a consequence of the coupling
of the compound-nucleus states with the elastic scattering channel.

I. INTRODUCTION

In a series of investigations, ' we have examined
the scattering of two light nuclei A and B with the
resonating-group method in the one-channel no-
distortion approximation. In this approximation,
the wave function describing the system is as-
sumed as

4,=8[/„P E(r„—r )$(s, t)],

where 8 is an antisymmetrization operator,
and Qa describe the internal spatial behavior of
the two nuclei A and B, respectively, and ( is an

appropriate spin-isospin function. The function
E(r), which describes the relative motion between
the two nuclei, is determined from the variational
equation

(5%, i
H E'i 4, ) = 0-,

with II being the many-nucleon Hamiltonian opera-
tor, given by

a= --- v, '+ U...
and E' being the total energy, composed of the
internal energies of the two nuclei and the relative
energy E in the c.m. system. The quantity V;;,
which represents the nucleon-nucleon potential,
is chosen to yield correct values for the effective-
range parameters and is of the form

t+
2 s

(4)

where V& and V, are the s-wave triplet and singlet
potentials, respectively. The quantity u, which
will be called the exchange-mixture parameter,
cannot be precisely determined from the nucleon-

nucleon scattering data, since the potential of Eq.
(4) does not contain a noncentral component. How-
ever, the experimental observation that the neu-
tron-proton differential scattering cross section
is about symmetrical with respect to 90' does in-
dicate that the exchange mixture should be of a
near-Serber type, i.e., the value of u should be
close to 1.

Using Eqs. (1)-(4), it can be easily shown that
the resultant equation satisfied by Ii(r) is of the
form

Kr, r'I' r'dr, 5

where p, is the reduced mass, VD is the direct
nuclear potential, V~ is the direct Coulomb poten-
tial, and K(r, r') is the kernel function for the
nonlocal interaction between A. and B, arising
from the exchange character in the nucleon-nu-
cleon potential and the antisymmetrization pro-
cedure. If we further introduce into Eq. (5) a
phenomenological imaginary potential to take ap-
proximate account of reaction effects and adopt
an adjustment procedure to be discussed in the
next paragraph, then our calculations' showed
that the one-channel no-distortion resonating-
group method can yield an adequate description of
the scattering processes in all cases we have so
far examined.

Especially in systems involving two light nuclei,
one might expect that effects due to mutual dis-
tortion of the two scattering nuclei in the strong-
interaction region may not be unimportant. In
our previous calculations where a trial wave func-
tion of the type given by Eq. (1) was adopted, these
effects were partially taken into account by the
presence of the antisymmetrization operator
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(Pauli- or exchange-distortion effects). However,
there may be additional distortion effects (specific
distortion effects) which still need to be con-
sidered in a proper description of the scattering
problem. Therefore, in all our previous studies, ''
we have made a rather crude compensation of
these specific distortion effects by choosing for
each scattering system a value of u in Eq. (4)
which yielded a best agreement with the experi-
mental data in that particular system. The ra-
tionale for adopting such a procedure was as fol-
lows. One expects that specific distortion effects
will create an additional attractive interaction'
between the two nuclei and, therefore, a phenom-
enological variation of the potential VD in Eq. (5),
which becomes more attractive as the value of u

increases, may simulate the contribution due to
these effects. In addition, it should 'oe noted that
an adjustment in u does have the advantage that
it leaves the values of the nucleon-nucleon effec-
tive- range parameters unchanged.

The above-mentioned procedure has led to
u values of 0.92 for a+a scattering, ' l.l for
d+'H scattering, ' and 1.2 for d+d scattering. '
In the case of G+o.' scattering, a brief examina-
tion by Niem, Heiss, and Hackenbroich' has shomn
that specific distortion effects have relatively
minor influence on the scattering phase shifts.
Thus the finding of rather large values of u in the
d + d and d+ 'H cases is an indication that when a
deuteron, or even a triton, is involved in a scat-
tering problem, specific distortion effects do have
signif icant consequences.

Even though the procedure of adjusting the ex-
change-mixture parameter u has yielded rather
successful comparisons between calculations and
experiments, '' it is certainly rather undesirable,
since it introduces a phenomenological aspect into
an otherwise microscopic calculation. A much
more desirable way to take specific distortion
effects into account would be to improve the no-
distortion approximation by introducing more
freedom into the trial wave function of Eq. (1) in
the region of strong interaction. Such a procedure
has, in fact, been proposed and briefly tested by
Jacobs et al. ' and mill be considered in detail in
this investigation.

In this study, we shall consider the problem of
d+ o. scattering as an example. The reason for
choosing this particular problem for a detailed
examination is as follows. Because of the rigidity
of the n particle, it is allowable, as a good ap-
proximation, to neglect the distortion of the n
particle in the interaction region of the two clus-
ters. The major effect in this system should be
that due to the specific distortion of the deuteron
cluster. For this latter cluster, it has been

shown' that the use of a, three-Gaussian wave func-
tion, with the parameters determined variationally
by minimizing the expectation value of the deuteron
Hamiltonian, can yield a good agreement with the
experimental results in both the binding energy,
the rms radius, and the charge form factor. As
a consequence, it can be expected that the com-
pressibility of the deuteron cluster will be given
accurately and the results of this study should
reflect the nature of the deuteron distortion ef-
fects in a fairly reliable way.

The procedure we use is to augment the wave
function of Eq. (1) by a sum of square-integrable
functions mith linear variational amplitudes. Each
of these square-integrable or distortion functions
has also a d+n cluster structure, but with the
deuteron cluster chosen to have a rms radius
either larger or smaller than that of a free deu-
teron. By using a variational method, we then
determine the linear amplitudes of these distor-
tion functions, together with the scattering func-
tion E(r). In this way, we shall show that specific
distortion effects can be properly taken into ac-
count and a value of u close to that determined
from a+ & scattering can be used to explain the
experimental d+ a scattering and bound-state
results.

We should mention that .Jacobs, Wildermuth,
and Wurster' have used the same method to ex-
amine the d+ n problem. They have, however,
considered the distortion effects only in the l =0
partial wave and have employed, for simplicity,
a single distortion function. In the present cal-
culation, me shall extend their calculation to in-
clude many partial waves and to examine the con-
vergence problems in this method by the use of
a large number of distortion functions.

In Sec. II, a formulation of the problem is de-
scribed. Section III is devoted to a detailed dis-
cussion of the choice of nonlinear parameters in
the distortion functions. Results for the scatter-
ing phase shifts and 'I i compound-nucleus reso-
nances are given in Sec. IV. Finally, in See. V,
discussions and concluding remarks are made.

II. FORMULATION

In this section, we discuss the formulation of
the d+ a problem, with deuteron specific distor-
tion effects taken into account. As was mentioned
in the Introduction, this will be achieved by the
addition of square-integrable or distortion func-
tions into the no-distortion approximation. That
is, we assume the trial function to have the form
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where N is the number of distortion functions and
r = r„-r&, with r and r& being the position vec-
tors of the center of mass of the + and the deu-
teron clusters, respectively. The function Q
describes the spatial structure of the ~ particle
and is assumed as

with H being the Hamiltonian operator, given by

@2 6 6

H= — QV, '+ Q V,,
f=7 t&i=7

(16)

In the above equation, the quantity V&& is the two-
nucleon potential of Eq. (4); it has

P „=exp — o. Q (r; —r „)'

a=0.514 fm ', (8)

The width parameter n is chosen to yield the ex-
perimentally determined value of the rms radius
of the nucleon distribution in 'He; it is given by

V, = -V„exp(-Kgr'),

V, = -V„exp(-x, r'),
with

Vpg 66 92 MeV Kg 0 415 fm

Vpg 29 05 MeV y Kg 0 292 fm (18}

which corresponds to a rms radius of 1.48 fm.
The deuteron internal function Q& is chosen to be

3

y, = Pa;exp !n, P-(r, —r„)',
t-7

with the parameters determined by minimizing the
expectation value of the deuteron Hamiltonian.
These parameters are'

As for the choice of the set of nonlinear param-
eters a; and P; (i = 1 to N) in Eqs. (11) and (13),
we shall adopt a rather elaborate procedure,
which will be discussed in great length in Sec. III.

U we now substitute Eq. (6) into Eq. (15) and
carry out the variation of the function F(r) and
the amplitudes A„, then we obtain the following
set of coupled equations:

A. , = 1.0,

A, =3.631,

A3 = 5.746,

+7=0.07284 fm ',
n2=0. 3657 fm ',
n3 = 1.4696 fm '.

(10)

(4.A5 I
If- &'I~.&;

+ P g&, (P.k.tllf-&'IX„&;=0,
t=p

(19a)
The functions Q; and G; in the distortion-function

term of 4& are assumed to have the forms (x„l8- &'I ~.&+ g &&;(x„lIf- &'I x„&= o,

g, =exp ,'n; Q(r, —r—~—)'

J= 5

6,. = PA „.
'' P, (cos8), (12)

(19b)

where the subscripts l and j in Eq. (19b) take on
integral values from 0 to ~ and from 1 to N, re-
spectively. Also, in the above equations, 4'p is
given by the first term in Eq. (6), and }t„and g«
are defined as

with

g„(r)=r""exp( —v2P;r') . (13) and

X, =&[& 0;—g„( )P ( o t})5(, t}
1

(20)

The values of n in Eq. (13) are chosen in the fol-
lowing way:

n=2, for E=O,

n=3, for E=1,

n=E for Eo 2

(5@»IIf—&'I +~ &=o, (15)

The rationale for choosing these particular val-
ues of n has been given previously' and will not
be repeated here.

The relative-motion function F(r) and the linear
variational amplitudes A.„will be determined by
solving the equation

Xg& =afar~. (21)

Further';. ',;:4o simplify writing, we have used the
notaticii::{ ); to indicate integration over internal
spjhal coordinates of the clusters, summation
over spin and isospin coordinates, but no integra-
tion over the relative coordinates r.

To demonstrate in a particularly transparent
manner how the inclusion of the specific distortion
effect influences the result, we shall first con-
sider Eq. (19) in the case where the number of
distortion functions is equal to 1. Afterwards,
we shall then discuss the way to generalize to the
case where many distortion functions are included.

With N= 1, we can solve Eq. (19b} to express
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A» explicitly in terms of 4„ i.e., it was shown that

&Au

&@(Iffy

- E'I @0&r

=q ——V' —E+ VD(r)+ V (r) E(r)
2JL1.

c

(23) + K r, r')E r' d r'

with

(24)

with E being the c.m. relative energy of the deu-
teron and the a clusters, Jlj, being the reduced
mass of the system, and q0 defined by the equation

Substitution of Eq. (22) into Eq. (19a) yields (for
N= 1)

(0 (a&i ff- E'I @o&,

r)0=(4 baal 0 bah&,

If we now make the expansion

E(t) = Q —f, (r) P, (cos8)
1

(27}

(28)

(25) K(r, r') = —,P (21+1)k,(r, r')P, (v), (29)

The left-hand side of Eq. (25) has been evaluated
in our previous study' of d+ n scattering, where with v=r r'/rh', then Eq. (26) can be rewritten

& Q„Qa$ I H E'I ko&F = '-1)og —P, (cos8)
1

x ———,——, —E+ V~ (r) + Vc (r) f, (r) + k, (r, r') f, (r')dr' . (30)
d ' l(l + 1)

0

The expressions for the direct nuclear potential
VD(r), the direct Coulomb potential Vc (r), and
the partial-wave kernel function k, (r, r') have been
given in our previous publication, ' but they mere
in a form which is not convenient for our present
calculation; hence, for the sake of clarity, they
are further given in a more suitable form in
Appendix A.

Because of the similarity in the mathematical
structure of X, , and 4„ the right-hand side of
Eq. (2 5) can also be evaluated in a, straightforward
manner. Thus, it can be easily shown that

k' d' l(l+1)
2p dY

+E —VD(r) —V (r) f (r)C

with

[k,(r, r') +k„(r, r'}]f, (r')dk',
0

(33)

k„(r, r') = — — —, u„(r)u,',(r') .4g 1 1

~+ 1 gOgl 1 8 Eal 1

obtain the following equation which f, satisfies:

&4n Ca& I
ff - E'I Xgi&r =—u„(h)P, (cosS),

1
(31)

where only one l value contributes. The expres-
sion for u»(r) is quite lengthy and will be given
in Appendix B. Similarly, the quantity
(y»l H- E'I 4',& can be calculated easily; it is

f, (r')u,*,(r')dh'. (32)

Finally, by combining Eqs. (25), (30)-(32), we

As is seen, Eq. (33) is the usual no-distortion
resonating-group equation augmented by an addi-
tional nonlocal interaction, characterized by a
separable kernel function k»(r, r'} This kernel.
function k» therefore represents the effect of the
coupling of the distortion function y» with the func-
tion 0'„ i.e., the deuteron specific distortion ef-
fect.

It is a rather simple procedure to generalize
to the case where & distortion functions are
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added to 0,. The only complication arises be-
cause the functions X„are not orthogonal to each
other. This means that Eq. (19b) describes a
coupled system which must be solved for 4„..
This complication can be overcome by transform-
ing to a basis set of functions P, » which are linear
combinations of X, i, but have the following proper-
ties:

and

(6 IIfIA &=Eii5» 5 (35b)

where g, , denotes the unantisymmetrized part of

g, ~, [see Eq. (21)]. With this new set of functions,
the trial function 4N then has the form

N

+~= @a+ Q Q

&(ikey~

i=i l=o
(36)

Equation (37) is quite similar to Eq. (25), except
for the fact that there are now N separable kernel
functions, corresponding to the adoption of N dis-
tortion functions g„. Also, we should point out
here that, since separable kernel functions. are
involved, one can obtain a formal solution of Eq.
(37) for 4'o by using the Green-function technique.
From this solution, one can then compute the
scattering amplitude which exhibits the familiar
Breit-signer N-level resonance structure. "'"

One can also see from the structure of Eq. (37)
how the inclusion of the distortion functions g„.
modifies the form of the equation [Eq. (2)] in the
no-distortion approximation. As is easily seen,
Eq. (37) can be written in the form

and we can proceed in a similar way as in the one-
distortion-function case. The result is

(y„y,~l a z'I e,&-, -
(0 Pu41If-E'l 0;&, (0 ~IH-E'I +o&

i=& l=O

tion of Eq. (2) with that of Eq. (38) in order to de-
termine the importance of V in the d+ n problem.
Before this comparison can be made, however,
we must first discuss a way to determine the non-
linear parameters n; and P; contained in the dis-
tortion functions. This discussion is given in the
next section.

III. CHOICE OF NONLINEAR PARAMETERS IN THE

DISTORTION FUNCTIONS

Our first task is to determine the values of the
parameters n; and P; in the distortion functions.
In principle, this can be achieved by searching for
a minimum value of the expectation value of the
Hamiltonian H in the bound-state case, or a
stationary behavior of the phase shift in the scat-
tering case. However, because of the nonlinear
nature of these parameters, this procedure will
be feasible only when the number of distortion
functions is rather small, i.e., E= 1 or at most
2 in Eq. (6). Hence, we have adopted a more prac-
tical method in this calculation. This method con-
sists in the selection of a suitable set of (n;, P;)
values to be used at all values of relative energy
E and orbital angular momentum l under con-
sideration. The relative lack of freedom in such
a choice of no energy and l dependence for these
parameters is then compensated for by the adop-
tion of a large number of distortion functions. In
this way, there are only linear variational param-
eters A„and the linear variational function F(r)
involved, and these can be easily determined by
the usual numerical techniques.

To obtain a guide about how to select an ap-
propriate set of (6;, P, ) values in the many dis-
tortion-function case, we consider in great detail
the l=0, bound-state problem with a single dis-
tortion function and u = 0.95." In this particular
case, our procedure is to find, for every choice

I I I [ I I I I I I I I I I I l0.75— 0.8 MeV

0.70— 0.9 MeV

&y„y, gllf+v z'I e,&-, =0, - (38)

(39)

0.65—

0.60—

0.55—

0.50—

0.45—
'E

0.40—
O.Z5—

Thus, the consideration of the deuteron specific
distortion effect, through the use of distortion
functions, introduces into the formulation an addi-
tional nonlocal energy-dependent interaction,
which describes the coupling of the compound-
nucleus states g„ to the elastic scattering state
4p In what follows we shal 1 compare the solu

0.50—
0.25—

0.20—

OI5 I I I I I I I I I I I I I I I I

0 0.04 0.08 O.I2 O.I6 0.20 0.6 0.8 I.O I.2 I.4 I.6 I.8

aI {frn )

FIG, 1. Contour plot of the d+a separation energy E~
in the (cV&, P&) parameter space.
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TABLE I. Values of parameters 6; and P;, in fm 2,

in various distortion-function configurations.
TABLE II. Variation of E~ with various distortion-

function configurations.

DlstOl tlOIl-fQDCtlOII COIIflgtll RtlOII

H III IV v

Distortion-function
configuration

0.07 0.45 0.07
1,20 0.45 0,25
0.25 0.45 0.60
0.07 0.27 0.07
1.20 0.27 0.25
0.25 0.27 0.60
0.07 0,63 0.07
1.20 0.63 0.25
0.25 0.63 0.60

0.49 0,10
0.49 1.00
0.49 0.50
0.30 0.20
0.30 0.90
0.30 0.25
0.68 0.55
0.68 0.70
0.68 0.95

045 009 041 100 050
0.53 0.09 0.60 1.00 0.68
0.49 0.09 0.23 1.00 0.30
0.34 0.07 0.41 0.70 0.50
0.38 0.25 0.41 1.20 0.50
0,56
0.36
0.54
0.60

of 6, and P, in the distortion function X „ the
value of E for which Eq. (88) has a solution with

the appropriate asymptotic behavior. This value
is then the negative of the a+ 4 separation or
binding energy E& in the ground state of 'I i. In
Fig. I, we show contours of Es in the (o„p,) pa-
rameter space. It is interesting to note that there
are two local maxima at (n„P,) values of (0.089,
0.42 fm ') and 0.98, 0.49 fm '). The values of

at these maxima yield deuteron rms radii of
2.91 and 0.88 fm, which are, respectively, larger
and smaller than the free deuteron rms radius of
about 1.95 fm.

The values of E~ at the two local maxima are
equal to 1.44 and 1.11 MeV, respectively. These
should be compared with the result from the no-
distortion (N=O) case, in which the deuteron and

the a clusters are not even bound, but form a E=O

resonance state at 0.25 MeV. Thus, already from
a simple one-distortion-function calculation, we

see that the specific distortion of the deuteron has
a significant effect. This was also the conclusion
reached by Jacobs, Wildermuth, and W'ur ster. '

If the function X„alone is used to describe the
ground state of 'Li, then the optimum values of

(6„P,) turn out to be equal to (0.84, 0.24 fm ')
These values are appreciably different from those

. found at the two local maxima shown in Fig. 1.
This means that X,„by itself does not give an ade-
quate description of the ground-state behavior in
'I i, and 4, is also needed.

Next, we proceed to the case where more than
one distortion function is used. As mentioned
above, it is now impractical to vary all the non-
linear parameters, so what we do is to use the
contour plot of Fig. 1 to make a judicious choice
of values for the nonlinear parameters in the many
distortion functions; that is, we choose a set of
(6;, P;) values such that regions near the one-
distortion-function maxima are well represented.
To make certain that the resultant choice is in
fact appropriate, we have examined a large num-

1.78
1.73
1.63
3..55
1.49

ber of (u;, P;) sets or configurations. In Table I
we summarize some of these configurations,
while in Table 0 we list the corresponding values
of 1& in the l =0 ground state. Configuration V is
chosen to favor the one-distortion-function maxi-
mum at (0.98, 0.49 fm '), while configuration IV

is chosen to favor the one-distortion-function
maximum at (0.089, 0.42 fm '). Configurations I,
II, and III involve different nine distortion func-
tions and are chosen to encompass both of these
maxima. One can see from Table II that the val-
ues of E~ obtained with nine distortion functions
are quite similar and are all greatly improved
over the result of the no-distortion calculation.
In fact, even the choice of configurations IV and
V with five distortion functions seems to yield
reasonable results. Thus, it is our opinion that

I I I l l l I

f 0

0.6—

CO

O.e—

0.2

Oyl I I l I l I l l

0 I 2 5 4 5 6 7 8 9

FIG. 2. 4+0 separation energy EB as a function of the
number of distortion functions.
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with configuration I in particular, our calculation
will contain the freedom necessary to describe
adequately the deuteron specific distortion effect,
and any addition to this configuration will only
affect the value of Ea to a rather insignificant
extent.

The above-mentioned convergence is further
illustrated. in Fig. 2, where the value of E& is
shown as a function of the number of distortion
functions in configuration I. To obtain this figure,
the value of the exchange-mixture parameter u is
set as 0.925, so that the value of E& for Ã=9 is
equal to the experimentally determined value of
1.47 MeV. " From this figure, we see that the
E& values for X= 0, 3, 6„and 9 are equal to -0.34,
1.16, 1.36, and 1.47 MeV, respectively, which
does indicate that with the choice of configuration
I, the addition of more distortion functions is un-
likely to make any significant improvement in the
ground-state separation energy of 'I i.

Phase shifts for l =0, 1, 2, and 3 over a wide
range of energies have also been examined using
various distortion configurations, and a similar
convergence feature as that discussed above has
also been observed. This is shown in Fig. 3,
where we depict the l =0 and 2 phase shifts cal-
culated with %=0, 3, and 9 in configuration I
and u=0.925. Phase shifts for l=1 and 3 as a
function of N are not shown, since, as will be
discussed in the next section, specific distortion
effect has only minor influence on these phase
shifts. As is seen, the difference in the results
for %= 3 and 9 is much smaller than that for W=0
and 3, indicating therefore that the choice of con-
figuration I is also appropriate for a study of the
d+n problem in the positive-energy (E&0) region.

Even though in our distortion functions, the
width parameter n of the o. cluster is fixed at
0.514 fm ', it is still necessary to make certain
that the freedom in the distortion functions is not
being used to improve the internal energy of this
cluster. For this purpose, we have also made a
study, similar to that described above, with a
=0.80 fm ', a value which optimizes the expecta-
tion value of the n-particle Hamiltonian with the
wave function Q„of Eq. (7). The result shows
that the convergence properties exhibited by E~
as a function of N are very similar to those dis-
cussed above with a =0.514 fm '." This means
therefore that the addition of the distortion func-
tions of Eg. (6) does indeed correct for the deu-
teron specific distortion effect, rather than causes
a collapse of the n cluster.

Recently, an investigation by Schwager and
Schmid" has shown that, in the fictitious case of
the elastic scattering of a boson by a bound boson
pair, the phase shift shows a nonconvergent be-

havior when an approximate wave function is used
to describe the boson pair. In our case, such a
nonconvergent behavior does not appear even when
nine distortion functions are used, since the deu-
teron function Q„used here is a very good repre-
sentation of the spatial part of the deuteron eigen-
function. '

In conclusion, then, we find that the deuteron
specific distortion effect can be examined at all
energy and orbital angular momentum values by
simply varying the linear parameters A. « in the
distortion functions of configuration I. This con-
figuration, together with u=0.925, will therefore
be employed in all subsequent calculations to be
discussed in the following sections.

IV. RESULTS AND DISCUSSION

A. Phase Shifts and Differential Cross Sections

As was mentioned in the previous section, the
exchange-mixture parameter u in our nucleon-
nucleon potential of Eq. (4) is adjusted such that
the solution of Eq. (3'7) with the nine distortion
functions of configuration I yields the experimen-
tal d+ e separation energy of I.47 MeV. The re-
sultant value for u is 0.925, which is much small-
er than the value of 1.1'75 required in the no-dis-
tortion approximation. Thus, from this calcula-
tion alone, we can already see that the specific
distortion of the deuteron cluster has a significant
effect and should certainly be properly considered
in the d +a problem.

The finding of u=0.925 is indeed quite gratifying.
In the no-distortion calculation of n+ a scattering, '
where the specific distortion effect is relatively
minor, ' it has been found that a choice of u. =0.92
yielded an over-all good agreement with the em-
pirical e+ o. phase shifts over a wide energy
range. Therefore, with the specific distortion
effect taken into account in the d+ u calculation
through the addition of the functions g„or |t«,
we do obtain a consistent treatment, in the sense
that we can now use the same nucleon-nucleon po-
tential to describe the behavior of both the n+ a
and the d+n systems.

In Figs. 4 and 5, we show the effect of including
the distortion functions on the even-l and odd-l
phase shifts for energies in the range of 0-28
MeV." In these figures, the solid curves repre-
sent the results of the calculation with distortion
functions, while the dashed curves show the no-
distortion results. The data points represent the
real parts of the empirical phase shifts deter-
mined by McIntyre and Haeberli" in the energy
region from 1.3 to 6. 7 MeV and by Darriulat
et al. ~ in the energy region from 6.7 to 18.2 MeV.
The l =4, 5, and 6 phase shifts are rather small
in the energy range considered here and specific
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distortion effects have not been included in their
computation; hence, only dashed curves are
shown for these phase shifts in these two figures.

The salient features contained in Figs. 4 and 5
are as follows:

(i) Specific distortion effects are important in
the even-l cases, but much less so in the odd-l
cases.

(ii) Phase shifts calculated in the no-distortion
approximation are consistently smaller than those
calculated with distortion functions. In particular,
it is noted that in the l=0, no-distortion case, the
phase-shift behavior indicates the nonexistence of
a bound d+ n system, but only the appearance of
a resonance structure at about 0.34 MeV.

(iii) In the I =0 case, the phase shifts calcu-
lated with distortion functions agree quite well
with the empirical phases over the entire energy
range considered. For the other phase shifts, the
lack of a noncentral component in our nucleon-nu-
cleon potential and consequently, the lack of split-
ting of the phases does not really allow a detailed
comparison with the empirical phases to be made;
however, we can still see from Figs. 4 and 5 that,
in general, the agreement is rather satisfactory.

(iv) There are sharp resonance structures at
energies above 12 MeV in the phase shifts calcu-
lated with distortion functions. This will be dis-
cussed in detail in Sec. IVB.

The occurrence of the odd-even behavior as
mentioned in (i) above is really not surprising. In
a calculation where a totally antisymmetrized
wave function is employed, odd-even features do
occur rather frequently. For example, it occurs
even in the phase-shift values at a fixed energy,
as is depicted in Fig. 6. In this figure, we show
57 as a function of l at 15 MeV for both the d+ n
and the 'He+a" systems. Here it can be seen
that the odd-even behavior is not only quite ap-
parent, but is also rather different in these two
systems.

To obtain a quantitative estimate of the specific
distortion effect, we have determined the values
of u in the no-distortion case, to be called u;"(E),
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FIG. 3. Even-E phase shifts &0 and 5& as a function of
E with different number of distortion functions.

FIG. 4. Even-l phase shifts in the energy range 0-28
MeV. The solid curves represent the results of the cal-
culation with the nine distortion functions of configuration
I, while the dashed curves show the no-distortion re-
sults. Experimental data points are those of Refs. 17
and 18.
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l80
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0 ~
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which are necessary to achieve an agreement with
the phase-shift results of the calculation with dis-
tortion functions. In Table III, we list the values
of u', , defined as

u', (E)=u;"(E)—0.925 (40)

in the l =0 case. Here it is seen that the values of
u,' decrease quite rapidly with energy, which is a
confirmation of one's intuitive feeling that specific

I
T' I

0 4 8 12 l6 20 24 28

E (Mev)

FIG. 5. Md-l phase shifts in the energy range 0—28
MeV. The solid curves represent the results of the
calculation with the nine distortion functions of configu-
ration I, while the dashed curves show the no-distortion
results. Experimental data points are those of Refs. 17
and 18.

distortion effects should become less important at
higher energies. Similar determinations have also
been made for u; with l 40. For l=1 and 3, the
values of u', are rather small, being only about
0.02 in the energy region less than about 20 MeV.
In the case of l =2, the values of u; are equal to
about 0.1 in the low-energy region, but again be-
come smaller as the energy increases.

The decrease in u', with energy indicates to us
that at a sufficiently high energy, one should be
able to omit the specific distortion effect entirely.
To see if this is indeed so, we have made a no-
distortion calculation of d + u scattering at 55 MeV
with u=0.925. The fact that at this energy, many
reaction channels are open is taken into account
crudely by introducing into the no-distortion for-
mulation a phenomenological imaginary potential
iw(r), with

4&(r -B)la

~o (r-Z)/a + I (r-8)/o jo1+e pl+ e
(41)

and R=3.3 fm, a=0.5 fm. The quantity Wo is then
adjusted to yield a best agreement with the experi-
mental data at 55 MeV of Tatischeff and Brissand. 2~

The resultant differential cross section obtained
with W0=2 MeV, which results in a total reaction
cross section of 269 mb, is shown in Fig. 7, while
the corresponding complex phase shifts are given
in Table IV. From Fig. 7, it can be seen that the
agreement between calculated and experimental
results is quite satisfactory, thus further support-
ing the assertion that the specific distortion effect
is not important at higher energies.
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B. Compound-Nucleus Resonances

We now turn our attention to the compound-nu-
cleus resonances which are clearly seen in the
phase-shift graphs of Figs. 4 and 5. These reso-
nances are plotted as breaks in the curves for con-
venience, but they. do exhibit the usual resonance
structure.

The existence of compound-nucleus resonances
is expected in our calculation, since it is well
known ' that the cpupling pf an ppen channel tp

TABLE III. uo as a function of E.

(MeV)

20- L,

I I I I I

0 I 2 3 4 5 6

l

I I I I I I

0 I 2 5 4 5 6

FIG. 6. Odd-even behavior of the phase shifts at 15
MeV in the 0+0.'and 3He + n systems.
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l0000,

1000 =

cl+ Q

100 =

b 10 =

O. l =

a bound-state function will give rise to a scatter-
ing amplitude which has the Breit-Wigner reso-
nance form. Ne can in fact make a, one-to-one
correspondence of the characteristic energies
E&; of configuration I to the calculated resonance
energies in the various partial waves. These
characteristic energies, defined as

~W

jV (42)

where E„ is given by Eq. (35b), and E„and E„

TABLE IV. 0+0,' phase shifts at 55 MeV.

(deg

0 20 40 60 SO 100 120 140 160 180

e (deg)

FIG. 7. Comparison of calculated differential cross
section at 55 MeV with the experimental data of Ref. 20.

are the expectation values of the a and deuteron
Hamiltonians computed with the wave functions of
Eqs. ('I) and (9), are listed in Table V. They rep-
resent of course our variational estimate, using
the basis functions P„, of the T =0 level struc-
ture of 'Li in the absence of any open channels.
With the inclusion of the d + n scattering channel,
the compound system will be able to decay and
each of the compound-nucleus 1evels will acquire
a finite width and shift its position in energy. For
example, the level parameters for the l =0 level
at 14.05 MeV and the l=2 level at 19.57 MeV (See
Fig. 4) can be obtained by examining the calculated
results and these parameters are given in Table
VI.

It should be emphasized that the positions and
widths of the compound-nucleus resonance levels
are determined under our model assumption that
there is only one open channel, namely, the d+n
channel, in our calculation. One must be aware of
the fact that if more open channels, such as the
'He+'H and the n+n+P channels, are introduced
into our formulation, these positions and widths
may appreciably change. In fact, it is quite likely
that with the consideration of these additional open
channels, some of the levels may disappear en-
tirely from the calculation. Therefore, we feel
that, until a better calculation involving more
open channels is made, it may be advisable not to
take them seriously at this present moment.

On the other hand, there is some experimental
evidence which suggests that at energies above 12
MeV, compound-nucleus resonances may contrib-
ute significantly to the d + a differential cross
sections. An inspection of Fig. 2 in the paper by
Darriulat et al."shows that the experimental dif-
ferential cross section begins to change its shape
quite drastically at about 12 MeV, in distinct con-
trast with our finding" in the no-distortion approx-
imation that the shapes of the differential cross-
section curves at 5.98 to 16.58 MeV remain about
the same.

TABLE V. Characteristic energies E„ofdistortion-
function configuration I.

0
1
2
3

5
6
7
8
9

10
11

97.10+ ill. 57
79.66 + i13.15
78.08+ i 8.67
51.49+ i10.54
43.71+ i9.77
21.40+ i10.53
14.14+ i 7.07
6.62+ i3.72
3.84+ i1.70
1.87+ i0.70
1.00+ i0.28
0.50+ i0.11

Index
i (Mev)

0,69
14.89
21.20
27.35
47.74
51.03
64.35
76.22

118.94

At

(MeV~

11.51
15,34
30.34
37.76
38.83
56.24
59.29
82.18

101.81

(Mev)

4.93
19.24
24.69
42.28
44 76
62.39
66.52
91.03

106.76

E3]
(MeV)

17,76
24.55
40.41
51.43
52.28
75.37
84.07

104.45
121.45



DISTORTION EFFECTS IN d+n SYSTEM 1659

TABLE VI. Resonance energies and level parameters
for two compound-nucleus levels.

Level 1 Level 2

l
Characteristic energy (MeV)
Resonance energy (MeV)
Level shift (MeV)
Level width (MeV)

0
14.89
14.05
0.84
0.15

2
19.24
19.57
-0.33

0.80

V. CONCLUSION

In this investigation„we have examined the ef-
fect of deuteron specific distortion in the d + e
problem by means of a microscopic procedure.
This procedure consists in the addition of a large
number of square-integrable or distortion func-
tions with linear variational amplitudes into the
usual no-distortion resonating-group wave func-
tion. The result shows that this effect is indeed
quite important and its consideration leads to the
consequence that the same nucleon-nucleon poten-
tial can now be used to yield a consistent and sat-
isfactory treatment in both the e+n and d+o.
systems.

The specific distortion effect in the d +0. case
is shown to be quite important in even-l states,
but not in odd-l states. In the 1=0 state, for in-
stance, its inclusion increases the phase-shift

value by more than 20' in the low-energy region.
As the energy increases, this effect does become
less important, in agreement with one's intuitive
feeling. At 55 MeV, for example, it is found that
even a total omission of this effect does not cause
any serious compromise in fit with the experimen-
tal data.

The addition of distortion functions also causes
the appearance of resonance structures in the
various partial-wave scattering amplitudes. These
resonances arise of course from the coupling of
the compound-nucleus states with the elastic
scattering channel. Since at the energies where
they occur, there are several reaction channels
open, it is quite possible that our model assump-
tion of a single open d + o. channel in the calcula-
tion may create an unrealistic determination of
the widths and positions of these resonances. In
view of this, we feel that in order to obtain more
reliable information about these resonance levels,
it may be necessary to perform a better calcula-
tion, which involves all the important reaction
channels, in particular, the three-body-breakup
e+n +P channel.

In conclusion, we feel that our calculation has
demonstrated the importance of the specific dis-
tortion effect, and consequently, a proper con-
sideration of this effect should be included in all
calculations where a deuteron cluster, or even a
'H or 'He cluster, is involved.

APPENDIX A: EXPRESSIONS FOR VD(r), V~(r), AND k,(r,r')

The expressions for the quantities VD(r), Vc(r), and k, (r, r') were given in Ref. 10. These expressions
were, however, explicitly calculated for the case with a two-Gaussian deuteron function and a simpler
nucleon-nucleon potential, and were in a form which is not convenient for our calculation with distortion
functions. Hence, for the sake of clarity, they are also given here for our present case with the deuteron
function of Eqs. (9) and (10) and the nucleon-nucleon potential of Eqs. (4), (17), and (18), and in a form
which is much more suitable for our present purposes.

The direct nuclear potential V~(r) is given by

4n(a~+ a,) p 3 /2

with

4a(ap + a )K~

4a(n~+ n, ) + «„(4n+3n~+ 3n, )
(Al)

(A2)

In the above expressions,

Voy Vop p Vp2 V~ p K~ —Kg ~ K~ —K~ ~

with the numerical values of these quantities given by Eqs. (17) and (18), while A~ and n~ are given by

Eq. (10). Also, we have defined

sg „=8'~ —2m„+ 4b„—4II,~,

(AS)

(A4)
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1%1=51=gQ~ lrli = bi = 6(2 —Q) 1 K2 = —b2 = '66l 1 lrl2 = -132 = 6(2 —Q) . (A5)

The direct Coulomb potential Vc(r) has the form

with z and ~' being the atomic numbers of the a and the deuteron, respectively, and

(AV)

The kernel function k, (r, r') is given hy

(A8)

%"lth

9 3 /2 P~ j/2
E61= —(Y —Q 6('N6+lrl2)V66 + 2z(z —1)8 (A10)

The quantities W6„1i, 2„and b6, in Eq. (AB) are defined as follows:

q'„=2m, —
+ 2 ' ' ' q. r2 q5r" S-, (-v2c, )+Q, rr'T, ( pc, ) exp-[-- (a,23r +b2,r")]

4(X + 2 CRp+ !X

75n+ ' ' —'—"cl'(r2+r'') S,(-vc2) —',~n2rr'T, (-v2c, ) e x[p-p(a 2r2 b+, r")],

02,6, = 2ei 50 3e23Si(-4'c2 )exp[ %(a23r +b23r )]+26 5ei5Sl( 4'c )exP[ r(lli5r +b 5r )]

+362'5e2'5S, (-~c2'6) exp[-~(a2'6r'+ b,', r' ')]+56'16e,'5Sl(-~c', 6) e xp[- v(a,
' r6' +b,', r' ')]

+ill'„e'„S,(-@c'„)exp[-~(a'„r2+b'„r")]+36,'5e2', Sl(-pc,', ) exp[-T2(a,', r'+b,',r")]

+~i"i.Sl(—Tc») exp[- v(&i2 r'+ bi2r")]

2 ~12 12Sl( Y 12) e P[ 7(ulRr + b12 )] 56 56Sl( 3 56) e P[ Y( 56 b56r )]

+26'2, e3', S,(- fc236) exp[-v (a r2'+23b r")2)+lc e S2, ( 2~c2„)exp[-~(a2„r'+b213r'2)]

+~35 e35 Sl( Yc35) exP[ Y( 35r b35 )] 15 15 l( Y 15) e P[ Y( 15r + bl5r )] (A12)

8, = 2e,S,(- 'c, ) exp[- '(a, r'+ b, r")]—e,S,(- 'c,) exp[-ea, r'+ b, r' ')].
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In the preceding three equations, the quantities
S,(sr) and T(&u) are given by

1
15

1 . 8a»=a, + &Kk,

1 8 1 16bls-bi+r k~ is= 1+~ k)

S, (&u) = —J„„,((err'),471

CO
(A15) Qg

- 3/2
~1 1

ne, + 6g,(2n+ np+ n, )
and

T, ((u) =—g„„,((err') —,g„„,(~rr'),
(d ~yegg I l + 1/2

(A16)

nd, + 2a, [12n'+ Vn(n + n, ) + 2a n, ]
ae, + 6z„(2n+ np+ n, )

nf, + 2~,[12a'+ 7n(np+ n, ) + 2npn, ]
ae, + 6z,(2n + np+ n, )

where g(x) is a hyperbolic spherical Bessel func-
tion. Also, in the above equations, the following
definitions have been made:

ng, —2~, [12n'+ 4n(ap+ n, ) —4npn, ]
ne, + 6m, (2n + np+ n, )

1a =—
1

1

with

b= — c=-fi
1 & 1

1 1

3 Q 4Q +3Qp+ 3Q

"=(l)'(—:.)"'(.:.,)"' -'..)"'

16 +36

d~ + Kp(20n + 24 n )
e +36K

f, + v~(68n + 24n, )
81+36Kk

gl + Kp(16 a +48n )
e + 36Kk

d, = 6n' + n(5np+ 17a,) + 6ap n„
fi=di wl'th np n

g, = 12n'+4a(np+ n, ) + 12np n„
e, = 12n+ 9(np+ a,),

1656=616
1 1as. = bi.
1 1bs6=ai6

1C s6 C16

win np —0.„
with n~ —a„
with Dp Q

wit
5 8a, = b2= ~n, c2 = -~a, 1 Qel

ne, +6~,(4a + np+ n, )

- 3/2

Q, =,[288n'+96n'(4np+Vn, )
381

+ 8n'(20np'+ 112npn, + 149n, )

+ 16n(6np'n, + 51apn, ') + 360ap'n, '],
Q& = Q, with +p —&, ,

Q, =,[576n'+ 1056n'(np+ a, )
381

adg+ 2Kp(10n + 7nnp+27na + 2npa )

ne, + 6~,(4 n + np + n, )

nfl+ 2K~(10n + Vnnp + San + 2npaq)
ne, +6m, (4n+ np+ n, )

agi + 2Kp(20 a —4nnp+ 12 an + 4npn )

ne, +6m, (4n+ np+ a, )

se,'3 = 3sek+ 3m, is =I'k 4 k+ 2bk

'N26 = 3 zok —2mk + bk —3pgk

1 1 1
se2s = 3u)k+ 3m',

1
M)16 =Kk +mk+ bk+ peak

1 1se» =so2s . se» =uk+mk+ b, +kk,

+ 16n'(8np'+ 49npn, + 8 n, ')

+912a(ap a + npn ) + 720ap n ],
1 1

&2s= &12

1 1a.s
= bi.

1
25 12

1
C2s —C»

with ep —a„
with Op —a„
with &p ~ cR

with op —n„
a+a2 p

N + Qp+4Kk
2 =

2 = 2+'S6=~12~ 2 = 2
+'34 = +'12 ~

2 =C12 —C2 y

'„=4M) +4m —2b„—2h„,

~ls ~ k 6 k+6bk @k ~

2 = 2$03s=2613 ~

b'„= b„ 2 =Cs6=C2,

a+af2 Q

A+ Q +4Kk
2 =a„=a, ,

3/2
1 1 1e»=, a,', =a, , b»= b„c,', =c, ,

k

3/2
2 =634 Q+2Kk

a34=a2~
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2 =534 —b2, C34- C2,

6n(u+ np)
6 n(n + np) + 3K,(3n + np)

3/2 10Q'(n+ np) + QKp(31Q + 21up)
6Q(n+ up} + 3Kp(3Q + np}

10n'(n + np) + QKp(19Q+9up)
6Q(u+ np) +3Kp(3Q+ np)

= E'13 with Qp
2 = 2a35= b13

2 = 2
~35 13 with a& —a„c35 c 13

16n'(n + np) + nK, (40a+ 24np)
6Q(a+ np)+BK„(3n+ np)

with Qp Q

with n&

3(n+ap)(n+n )
3(n + np)(n + a,) + 3K,(2Q + np

—3/2

+u )J
Sn(n + np)(n+ n, ) + K„[12n'+ In(up+ n, ) + 2npn, ]

3(n + np)(a + n, ) + 3K,(2n + np + n, )

Bn(n + ap)(n+ n, ) + K,[12Q'+4n(ap+ n, ) —4npn, ]
3(n + np)(n+ n, ) +3K,(2Q + np+ n, )

It should be noted that, as in our previous d+ n calculation, "we have neglected the exchange contribution
in the Coulomb interaction.

APPENDIX B: COMPUTATION OF THE QUANTITIES IN THE DISTORTION KERNEL

Since the mathematical structure of the functions 4, and X„are similar, we can derive the quantity
M„(r) of Eq. (31) in a straightforward manner. It is of the form

d' l(l+ 1)u„(r) =q, ——,—, —E;+ V&;(r)+ Vc;(r) g„(r)+ k„(r, r'}g„(r')dr'

In Eq. (Bl), we have defined

n =(Inks(14 (B2)

E] = E' —E —Eg (B3)

The quantities VD;(r), Vc;(r), k„(r, r'), and E„reaobtained from the corresponding expressions in Ap-
pendix A with a, replaced by a&, A, replaced by 1, and no summation over. the index q. For example,

Gi ~ 4Q np+ ui 4Q(up+ n;) + Kp(4Q+ 3 up + 3Q()

3/2

with

c
4Q(up+ uq)Kp

4Q(up+ u~) + Kp(4Q +3np+3Q~) (B4)

(a6)

In the computation of u»(p') from Eq. (Bl), the following relations are useful:

g„(x)= t" '(-.'mx)"'J, (tx)

and

f
OO 1 1

e ' ' t" 'J, (bt)dt= '„' —M —,'p, + —,'v, v+1, —4, [Re(g+v) &0, Rea'&0],

(B6)

(B7)

where J, (x) is a Bessel function of the first kind, I'(x) is a y function, and M(a, b, z) is a confluent
hypergeometric function.

The quantity ()t«( H( )t» ) is also needed in the computation and can be calculated in a manner similar to
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u„(r) .It is given by

&X((~ff~}t»)=&(J Zl((&) -2 d
2- 2 -&J+VD. J(~)+VC, (&) ay(~)+ )~, , ;,(~, ~')@,(~')«' «,d' l(t+ I)

2p 0

rt;s= &(t

E . =E'-E -Eg (HI0)

Here also, V~,&(r), Vc,&{r), k, ;,(r, x'), and E~,~ are obtained from the corresponding expressions in
Appendix A rvith n~ replaced by 6&, e, replaced by e&, A.&A, replaced by I, and no summation over the
indices P and q. For example, V~;, is given by

I ~ c' "'
w

"' 4c.(a, +(I. )j
Ggg ~ 4Q cl(+Qg 4Q(o((+txp)+Kg(4o(+SQg+SQ~)

- 3/2

4n(a, + n, )K„& exp—
4 cx(Q ( + c(g ) + K((4c( + SQ ( + 8 6( ) 7

4@3 n +6

In the computation of &X„~H~ }t»), the integration formula

=r(((s 'z(abc, --) (l,sl lai(,

=r(o)(s-() 's'(c-.a, s, c, &" j (Is —al loll,

[He& &0, Res &max{0, Hek)]

with E(a, b, c, z) being a hypergeometric function, has been used.

(HIS)
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