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A summary is presented of the magnitudes and phases of previously measured F. 2/M1 multipole

mixing ratios of y transitions deexciting levels of the P- and y-vibrational bands to the ground-state
band in even-even deformed nuclei. A uniform phase, with few exceptions, is characteristic of
transitions depopulating the y band, while no systematic behavior is apparent for transitions from the P
band; the magnitudes, while uniformly large, show little apparent systematic behavior among the nuclei
in this region. Although none of the previously proposed theoretical interpretations is sufficient to
explain both the magnitudes and relative phases of these mixing ratios, a phenomenological
interpretation in terms of hK = 1 band mixing through the intermediary of a K = 1+ excitation is

successful in predicting the relative magnitudes and phases in a number of cases.

I. INTRODUCTION

In the model of adiabatic vibrations of an ellip-
soidally deformed nucleus, magnetic dipole (M1)
transitions are forbidden to exist in y transitions
connecting rotational levels built on the vibrational
excitations with those of the ground-state band;
such transitions are expected to be pure electric
quadrupole radiation (E2). However, nonvanishing
M1 admixtures are found in such transitions in
even-even nuclei throughout the mass region 150
&A& 190; the 311 intensity generally comprises
0.5-2% of the total transition intensity.

The measurement of y-ray angular distributions
or correlations is sensitive to interference effects
between the M1 and E2 amplitudes, and thus de-
pends on the relative phase of the M1 and. E2 ma-
trix elements. A number of different conventions
have been used in the literature to relate this phase
to the observed angular distribution. This situation
results from the various formalisms which have
been proposed for interpreting angular correlation
data. In the present work, the phase convention
proposed by Krane and Steffen (KS)' is used; in
that convention, emission matrix elements are con-
sistently employed for the multipole operators, and
the mixing ratio 5 is defined as

If the first transition in a cascade is studied using
angular correlation methods, the expression de-
scribing that transition is written with a negative
interference term. With this choice, the phase of
the mixing ratio is independent of its position in
the cascade. This choice is related to the Bieden-
harn-Rose (BR) and Rose-Brink (RB) conven-
tions for ay, -y2 cascade as:

5(Y1)BR 5(Y1)KS 5(Yl)RB 5(Y1)KS

5(Y2) BR 5(Y2)KS 5(Y2) RB 5(YB)KS '

0 525(I, lsd(E2) llI, &

E,(MeV)
'

(I, l5tf(M1) llI, &

' (4)

with the Z2 matrix element in units of electron
barns (e b) and the Ml matrix element in units of
nuclear magnetons (p~); E„is the energy of the
trapsition in MeV.

A comprehensive discussion of the properties of
the electromagnetic transition operators and their
matrix elements is given in the work of Alder and
Steffen. '

Theoretical calculations are generally performed
in terms of matrix elements of the Bohr-Mottelson
multipole operators, ' in terms of which the mixing
ratio 5 may be written

Here the interaction is written between the nuclear
current j„and the electromagnetic vector field
X(vt, ). The convention then specifies that the ex-
pression describing the angular distribution of a
y ray which depopulates an oriented nuclear level
(the orientation achieved by observation of a pre-
ceding radiation, nuclear reaction, Coulomb exci-
tation, cryogenic orientation, etc )is given .by

F,(11IqI() + 25F2(12 I~I, ) + 52F2(22 IyI, )
Ai, —

II. RESULTS AND COMPARISON WiTH THEORY

Table I presents a summary of the results ob-
tained from an analysis of the angular correlation
literature in terms of the present phase convention.
The tabulated value is the "reduced" mixing ratio
5/E& given in Eq. (4). The quoted uncertainties are
those arising from 1 standard deviation of the mea-
sured angular distribution coefficients. Transi-
tions depopulating states of the P and y bands with
I «4 have been analyzed; the identification of the
y band is usually obvious, and the P band has gen-
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TABLE I. Reduced E2/M1 mixing ratios 6/E& (MeV) of transitions from levels in P and y
bands to levels in ground-state bands. The subscripts y, P, and g refer to states of the y, P,
and ground-state bands, respectively. The experimental uncertainty of the last place is given
in parentheses following each entry. The two numbers under each entry give, respectively,
the prediction for the magnitude of 6 as calculated according to the methods of Bes et al.
(Ref. 11) and Greiner (Ref. 13), except for transitions from the P band, where only the predic-
tions of Greiner are given.

Nucleus

'"Sm

154Gd

'"Gd

160D

1620

164D

166Er

,168Er

170Er

"4Hf

178Hf

182W

184W

W

86ps

188p

"'Ps

2
}f 2g

-9.5(2) '
(8.5; 12.5)
-11.6(11)'
(v.s; 12.4)
-17(3) d

(9.5; 14.1)
-12.5(19) '
(8.5; 1S.6)
-(9+7) g

(10.0; 14.9)
-(12+9) g

{12.0; 15.6)
(27+54) h

(9.0; 15.V)

(39+30) I

(10.8; 15.9)
(67+~ }h

(11.2; 1'6.1)
(7+4) f

(28; 16.5)

—(30'19) "
(3.0; 14.3)
+ (19+17)1

(4.2; 1s.4)
-20(1) "

(5.2; 1S.0)
(18+6) m

(5.2; 13.2)
{16+24)o

(5.2; 14.0)
-26(6) o

(;13.5)
-23(3) o

(;1s.v)

3$ 2g

-8.0(9) b

{7,4; 11.7)
-6.6(7)

(6,4; 11.6)

-9.4(25) '
(v.4; 12.v)

+20(s) '
(9.4; 14.8)

(4+2) f

(24; 15.4}

(49+81) 1

(3.6; 12'.5)
-14.7(10) "
(4.5; 12.1)

(]7+12) Q

(4.5; 13.1)
-11(5)o(;12,6)
-16(3)o(;12.8)

sy -4g

-v.o(3) ~

(6.5; 8.5)
7 5(2) c

(5.6; 8.4)

(6.5; 9.3)

-7 7(5) '
(8.3; 10.8)

—9(2) 1

(3.2; 9.1)
13 2(12) n

(4.0; 8.8)

—4

-2.8(3) ~

(5,1;6.5)
4 9(6) c

(4.4; 6.4)

(3+6) h

(6.0; 7.8)

-(5'2) h

(54;8 1)
(8+8) h

(6.5; 8.3)
-(45'26) "
(6.7;8'.5)

(8+4} n

(3.1;6.8)

2g 2

+ {25+7}&

(6.6)
16(4) c

(6.4)
(5 7+ 2O7) cl

(7.3)

4i
(8.2)

0 51(5) m

(6,7)
+2.3(6) "

(6.5}
+ (15+80) m

(6,6)

+4.V(21) '
(3.4)

+9(3) c

{3.4)

-3(1)&

(4.2)
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FIG. 1. Histogram of reduced E2/Ml mixing ratio,
A/E„(Mev), of selected y transitions in even-even de-
formed nuclei. The ordinate above (below) the axis in-
dicates the number of cases in which transitions depopu-
lating the y (P) band have reduced mixing ratios which
fall within the range of values indicated on the absciss~.

erally been assigned as a K =0' excitation showing,
for example, a large F2 excitation probability in
a Coulomb excitation measurement. The experi-
mental results are summarized graphically in
Fig. 1. A number of similar compilations of E2/
M1 mixing ratios have been done previously; the
most recent is that of Hamilton. '

The systematic behavior of the phase of the mix-
ing ratio is apparent from an inspection of the ta-
ble. With minor exceptions, transitions from the

y band have negative phase, while a majority of
the transitions from the P band seem to show the
opposite phase

0.176 0.330 0.048 0.092 0.029 0.001

B= 200

The magnitudes and phases of the mixing ratios
may be predicted from a variety of different models.

a. AK =2 band mixing. This type of analysis
takes into account mutual mixing of the ground
state, P, andy bands, and has been widely used
with reasonable success to interpret deviations of
the relative reduced transition probabilities of
transitions from the y band from the predictions
of the adiabatic rotational model. The interpreta-
tion of transitions from the P band has met with
considerably less success. The present notation
for the band-mixing parameters is that of Marsha-
lek' and of the Oak Ridge-Vanderbilt group 'A.
similar analysis has been done by Rud and Bonde
Nielsen. ' The M1 matrix elements are now given
in terms of the static magnetic moments of the
admixed intrinsic states, and the mixing ratios
are given by

AQa (5)
~ ' E Z, (g, -g, )+Ifg, ZsZ»

6 -AQO' Z (q, /qs&'Z, Z»[g, +4(g, g, )/I(I—+1)]'
(6)

where A and B have the following values:

2„-2 3 -2 3y-4 4 -4 28-2 4g-4

This calculation assumes that the intrinsic quadrupole moment Q, and rotational g factor g„are constant
for the three bands; g~ is the intrinsic g factor evaluated for the y band; Q8 and Q& are the intrinsic E2
excitation moments of the P and y bands. ' The band-mixing parameters are in the notation of Ref. 8. With

= 5x 10 ', this model gives 5 values for y-band transitions too large by at least an order of magnitude;
y

i.e. , the predicted M1 amplitudes are too small. Independent of Z&, the relative magnitudes of 5 for the
y-band deexcitations are not in agreement with experiment [the ratio 5(3 -2 )/5(3„-4 ) is predicted to have
a value of 7, while the experimental values are generally in the range 1-2]. The phases for the y-band
transitions are not easily calculable, depending on the values of (gr —ga) and Zsz, which are not known

for most of the nuclei considered. The ratio of the mixing ratios of the two transitions from the P band is
not in agreement with the predictions based on this model.

b. aK=2 band mixing. The first-order Coriolis interaction can mix K» =1' states into the K' =0' (ground
state) and K =2' bands. The Ml matrix element resulting from such mixing is given bym

&igK = o llll&M1& III K = 2& =(-1)"'~"I~y&I,+1)(», + 1)1"'&If1» II,»M„
whereI, =&2&K = 2l [s„,3R'(Ml, v =1)]lK=o)

=- '» """'» "&ool&»&s»&ll»&. -' "'»="" ' ='&g22~~m(M»~~»&I,
@E=1 ~E =2 &z =x —&a=a

where 3R refers to the intrinsic system and h,„is the operator associated with hK =1 Coriolis mixing. The
energies Er in Eq. (8) refer to the excitation energy of the intrinsic states.

A similar calculation for the mixing of K" =1' states into the ground state and P bands yields (setting
I( =I~ =I)

&IK =o ll3g(itfl& IIIK =o'& = [I(I+1)(2I+ 1)]"'&Ioil lI1&iaaf,', (9)
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where

M, =~a &~="""~~='&(ooi&mu»~~»& & ='~""'~='&(»~~ma»oo
&I.EE: = j.—Ez'=0 Ex =~ —Ere=0

The K =0 state indicates the ground-state band, while the K =0' state refers to the P band.
The reduced mixing ratios may then be written as

I, I,: —-=A(M, /M, ),

(10)

IB I~: —-=A(M~/Mi), (12)

where A. has the following values:

2 -2 3„-2 3y-4 4 -4 28-2 4~-4

A = 0.446 0.418 0.305 0.233 0.258 0.135

and where M, and M,' are the intrinsic E2 transition moments:

M, =(K=0iII'(E2, -2) iK=2),

M,' = (K = 0 [5)I'(E2, 0) i K = 0') .
At present there exists insufficient knowledge of K' =1' excitation to predict either the coupling or M1

matrix elements of Eels. (8) and (10). However, conclusions are possible regarding the relative phases and
magnitudes of the mixing ratios. The relative magnitudes are as follows:

—(2 —2 ):—(2 -2 ):—(8 -4 ):—(4 -4 ) =I:0.94:0.68:0.52,5 5 5 5

—(28-2 ):—(48-4,) =1:0.52.5

These relationships are in better agreement with
the observed values than are the relationships de-
duced above the hK = 2 mixing. The relative phases
of the mixing ratios are predicted to be the same,
which is likewise in agreement with experiment.

An estimate of the magnitude of the required cou-
pling strength indicates that the observed magni-
tudes of the mixing ratios require, for
(00

~~ SR(MI) ~~
11)- one single-particle unit, a

coupling matrix element (K+1 h„~K) = 10 keV,
which is not an unreasonably large value.

c. Microscojic theory of the y band. Bhs et al
have considered the microscopic structure of the
y-vibrational state, in which the intrinsic state
is treated as a superposition of quasiparticle pairs.
The M1 amplitudes are obtained through Coriolis
band mixing of the y band and ground-state band.
The predictions of Bbs et al. for the magnitudes of
the E2/M1 mixing ratios are given in Table L The
phase of the mixing ratio is not uniquely deter-
mined in this model, but rather depends on the
competition between the rotational motion and the
orbital motion of the protons. If, as concluded by
Bbs et al. ,"the contribution from the rotational
motion dominates, this model predicts 5& 0, in
disagreement with experiment, although the pre-
dicted magnitudes seem to be in good agreement

with experimental values.
A microscopic calculation was also done by Ta-

mura and Yoshida, who considered the magnitudes
and phase of the M1 matrix element in terms of the
lowest-lying K = 2 two-quasiparticle states which
can mix with both the y and ground-state bands.
They estimated

~
5~ -10, in reasonable agreement

with observed values, and also 5&0. However,
their 5 was defined in terms of absorption matrix
elements, and the transformation to the presently
employed emission matrix elements requires a
knowledge of the spatial and temporal symmetry
properties of the nuclear wave functions and multi-
pole operators used. (A complete discussion of
this problem is given by Alder and Steffen. ') If
we assume the convention of Biedenharn-Rose'
was used, then in terms of the present convention,
5& 0, in agreement with experiment.

d. g factor variation. -In the AK =2 band-mixing
analysis given above, it was assumed that the gR
factors were identical for the p, y, and ground-
state bands. Relaxing this requirement gives rise
to M1 transitions which depend on the variation of

g„, however, this additional contribution to the
M1 matrix element occurs only for 6 I=0 transi-
tions. This contribution may be taken into account
by introducing the following additional terms into
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the appropriate denominator of Eqs. (5) and (6):

2, -2, : -l&, [g (g)-ga(r)),

4, -4, : -5&,[g, (g) ga(r-)]

28-2, : 2&8[g, (g) g—,(J3)l,
(14)

45-4, : -'2'a[gs(g) gs—(P)l

The indices g, P, and y refer to the ground state,
P, and y bands, respectively. The 2&-2 and
28-2~ mixing ratios both require that the g„-fac-
tor difference between the ground-state and vibra-
tional bands be

&g=g, (g) ga-(P, r) = -0 5,
which implies an increase in gR by a factor of 2-,'
in the excited bands. Such an increase seems
highly unlikely.

Greiner" has discussed the lowering of g~ fac-
tors from the value Z/A in terms of a model in
which the proton distribution is characterized by
a somewhat smaller deformation than that of the
neutrons. The Mg transition operator then ob-
tains a tensor character dependent on the collec-
tive variables, and thus has nonvanishing matrix
elements between the collective bands. The pre-
dictions of this model for the magnitudes of the
E2/Ml mixing ratios are given in Table I. This
model is characterized by a smooth variation of
5 from nucleus to nucleus, and thus is unable to
account for the apparent sudden changes in 5 in
the Er and Yb nuclei. The phase of the mixing ra-
tio appears in this model to be positive for transi-
tions from both the P and y bands; however„as
discussed above, the absorption matrix elements
experience a change of phase when converted to
emission matrix elements. Consequently, al-
though the predicted phase of the y-band-mixing
ratio agrees with experiment, the identical phase
predicted for the P band does not agree.

e. Pairing-plus-quadruPole model. The appar-
ent increase in 5/E for the osmium nuclei comes
about through a decrease in the energy of the E =2'
level associated with the y vibration, rather than
through an increase in I5. For these nuclei, which
are in a region of transition from deformed to
spherical equilibrium shapes, Kumar and Baran-
ger'~ have employed the pairing-plus-quadrupole
model to predict energy levels and electromagnetic
multipole moments. The E2 and M1 moments were
calculated by Kumar, " and were found to be in
good agreement with experimental E2/Ml mixing
ratios (magnitude as well as phase) for Os nuclei,
although the agreement is somewhat poorer for
the (more deformed) W nuclei (see Refs. 1-o of
Table I).

IlI. CONCLUSlONS

It can be concluded from this investigation that
at present there is no satisfactory interpretation
of both the magnitudes and phases of M1 admix-
tures in collective transitions in even-even de-
formed nuclei, although the AK = 1 coupling through
g = I' excitations seems to hold the most promise
for a successful theory. Further insight into this
problem must await studies of %=1' excitations,
in order that the matrix elements entering into
Eqs. (8) and (10) may be evaluated Ad. ditionally,
the agreement between the various theories and
experiment seems to be poorest for the Er, Yb,
and Hf nuclei, and it would thus be of great inter-
est to reduce the experimental uncertainty for the
Er results and to obtain additional results for Yb
and Hf nuclei. Most of the results quoted in Ta-
ble I result from radioactive-decay studies using
high-resolution Ge(1 i) detectors and otherwise
conventional spectrometer systems. Since the
subset of nuclei amenable to such studies has been
nearly exhausted, other means must be employed
to obtain the needed results. In particular, a num-
ber of nuclei have levels of the y and p bands popu-
lated by short-lived radioactive decays (half-lives
the order of a few minutes) which would require
special techniques of sample handling and data ac-
cumulation. Additional cases could be studied by
angular distributions following multiple Coulomb
excitation or angular correlations of secondary
y rays following neutron capture or other nuclear
reactions.

Finally, we note that, while most reasonable
theories predict a unique phase for all mixing ra-
tios of transitions depopulating the y-vibrational
band, 5(3&-2 ) in ' Er and 5(2&-2 ) in ' 'W are at
variance with the remainder of the cases studied.
While no explanation for the former case is appar-
ent, "'W also shows an anomalous phase and mag-
nitude of 5(28-2,). (While Ref s. 1 and m of Table
I chose the larger root for 5, the directional cor-
relation data of Herzog, Canty, and Killig" are
more consistent with the smaller root. ) Although
the ~=0 excitation of '"W is not a good P vibra-
tion, it is coupled rather strongly to the y vibra-
tion, owing primarily to the small energy spacing. "
In the 6K=2 formalism, the anomalous 2&-2 val-
ue could arise from a contribution from the second
term of the denominator of Eq. (2), and the 28 —2

phase (compared with "'W) is consistent with the
sign change of the Zs& mixing parameter' between
'"W and '"W. A measurement of 5(4 -4,) in "'W
would shed considerable light on this problem.
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