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A new method for calculating finite-range distorted-wave Born-approximation matrix ele-
ments is fully developed. This method is based on plane-wave expansions of the distorted
waves which allows a separability feature not found in the usual approach. A spin-orbit in-
teraction is included for both the bound states and the distorted waves.

I. INTRODUCTION

A great deal of work has recently been done on
finite-range distorted-wave Born approximation
(DWBA)." This is due mainly to the recent in-
creased interest in heavy-ion physics where the
use of the usual zero-range approximation yields
only limited success. Almost all work has been
done with the methods in Ref. 3 which involve
multiple integrals. Alternate methods, which re-
place two of the integrals with sums, have been
proposed. ~ ' The purpose of this paper is to pre-

sent a formalism which makes use of these meth-
ods. The methodology developed here will also
allow for spin-orbit effects which is not included
in the references cited. The distorted waves are
expanded in plane waves which allows a separa-
tion of coordinates and, in effect, replaces inte-
grals with sums over plane-wave states.

Mainly to define notation, the DWBA formalism
is reviewed in Sec. II. The use of plane-wave
sums is discussed in Sec. IG, and in Sec. IV a
finite-range expression is developed. A discus-
sion of the method is given in Sec. V.

II. DWBA FORMALISM

A brief description of the DWBA formalism is given in this section. It is applied to a pickup (or, by
reciprocity, stripping) reaction. In this paper only the direct mode is derived, but the method applies
to any direct process involving a six-dimensional integral of the type considered here.

We write the pickup reaction symbolically as:

T+P-R+D, mD &mP.

The target, T, is composed of the residual nucleus, R, and the transferred particle, H; i.e.,
T =R+H.

The detected particle is

D=P+a.
The differential cross section for such a process may be written as" ' '

where

= IIIPTIIIDR(2" ) IIDIIP gP ~T P II H P H H

8 jjD+T jap
(2 I)

T „— d7X pD kD rDR (Ij DpD ~D '48@ (8 VPH PH SIST ~T ~t) jf ~P Xp kP PT (2.2)

p denotes the distorted wave for the projectile or detected particle, g gives the internal wave function for
the four particles involved (subscripts refer to total angular momentum Iluantum numbers and their z-axis
projections), and the potential V is taken to be that which binds P and H to form D. Writing the wave func-
tions for the detected particle and the target as a sum over cluster states and performing the appropriate
overlap integrals allows (2.2) to be written as

+8 j D+T&P l HR~HR &PH ~PH I H HR JH IIR I HRI H IIR)
~HZ~HSiPH ~PH&H &HB+HR &PH +PH "H

x C(IPHjHJPH O'PHJ HMPH}C(eTH&IR JT MIIRMRMT)C(JPH jPJD™PH!Pl D) (2.3)
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with

~HR ~ (+)
D)pH P ps(gaged~ d rPH d rHR X P~(kD rDR) Q(pg gpHJpH(rPH) YPH(rPII)4$ gggg+H(rgb)X Pp(kP rPT) (2 4)

The A.'s are spectroscopic amplitudes, the Q's denote the appropriate relative wave function, and the
coordinates are related by

and

mp
ra+ = rHR+ rpa

mg
(2.5)

Slg
rpT = rpa+ rHR ~

rnT

Using the usual expansions,

X„" (k, r) =4v Q C(I jJ'Mii)C(L j8;M+ p, —ii, 'p, ')(f)~Yf'(k)Y~u'" " (f')u~&' (kr)/(kr)
g, ZNp'

(2.6)

(2.7)

Pg „,(r) = V„(r)(i)' Y,"(r), (2.8)

in (2.4) allows a form for the T matrix element that may be evaluated numerically. It is necessary, how-
ever, to perform three-dimensional integrals. (See Ref. 1, for instance. ) The method to be developed in
the following sections of this paper replaces two of the integrals with sums. This is accomplished by
expanding the radial part of the distorted waves [Eil. (2.7) ] in Bessel functions and, by the use of projec-
tion operators, rewriting (2.4) as a sum over plane-wave matrix elements.

III. PLANK-WAVE EXPANSIONS

The convergence properties of the DWBA integrals allow one to match the distorted waves over a limited
region of space, perhaps for values of the radial coordinate up to 20 or 25 fm. Matching the distorted
waves by the use of a Bessel function expansion gives

u~q' (kr) =(kr) Q a„~~ j~(k„r), (3.1)

where jL is a spherical Bessel function, and the expansion is intended to apply only over a limited region
of space (0 to R~). The coefficients a„~~' may be found as overlaps of u and j~ if the k„'s are chosen in
such a way as to allow the functions to form a complete orthonormal set. This could be accomplished,
for instance, by choosing the k„such that j~(k„R~)= 0 or j~(k„R~)' = 0, where the prime denotes derivative
with respect to the argument evaluated at RL. Either of these methods, however, would require a differ-
ent set of 4„'s for each L. Such a procedure would not result in the steat efficient computational method.
This will be shown in the next section. The use of a technique given in Ref. 9 provides a better way of

expressing the distorted waves with

N(L )
&(4) ~ L ~(+)

~nL j M +nn' ~n'L j y

where

(3.2)

Process
N] Ny

"zero-range" system L (L) (L)

TABLE I. The number of plane-wave states needed
to match a sampling of partial waves.

and

L
b„~, =k ' rdru~, (kr) j~(k„r),

L
Onn = r'dr j~(k„r)j~(k„.r) .

(3.3)

(3 4)

(3.5)

"Ca(d, p) Ca,
(E =11 MeV)

'2C( Li, d)i60, u
(E6~. =18 MeV)

4~Ca =n +40Ca

16O ~ + i2C6.06

0 14 11
7 12 9

10 5 4
20 3 3

0 19 13
7 17 11

10 4 3
20 3 2
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(3 5)

With the use of

The correctness of this method is shown in Refs. 5 and 9. The k„'s in Eqs. (3.2)-(3.5) can now be
chosen to minimize the number of states needed [N(L)], and they may be the same for a large range of
L's The technique just discussed allows Eq. (3.1}to be written as

N(L) N(L)

ui, (kr)=(kr) Q P Ni„b„i",)ji(k„r).
f1= ], fl

4 (i) j (k„r))'"(r)= Jd)(„e' "' ')'"(k„)

the expansion may be expressed as
N(L) N (L) ~( )4v(i)iu i)(kr)Y (ir) =(kr) P Q Ni„. b„.i, dk„e'""' ' Yi(k„}.

tl

(3.7)

(3.8)

TABLE II. The optical parameters used to describe
the nuclei involved in the "matching" of Table I. The
potential W describes an imaginary interaction of the
surface type. In the p-4ica system, a spin-orbit term
of strength 8 MeV was also used. The parameters for

Ca(d, p) Ca&.&. are from Ref. 12 and those for C-
( Li, d)iso(., 0() are from Ref. 2.

RLIi", (Ri) = rdruii~')(kr)V„(r),
0

(3 9)

This is the form that will be used in the next section to develop a full finite-range expression.
In choosing the k„'s, there are two mathematical restrictions. First, the values of k„and k„,, (for any

n) must not be too close together, since that would result in two rows (or columns} in the matrix 0 being
approximately identical which makes 0 almost singular. (If any two rows or columns of a matrix are
identical, it is singular. ) This results in calculational problems in the actual use of the method as pre-
sented. The second restriction is that for large L's, no more than one state may be included with a value
gL/Bi). This would cause two rows, or columns, in the matrix 0 to be almost proportional which, of
course, also yields a matrix close to being singular.

Probably the most economical choice of states results by realizing that there are three groups of dis-
torted waves when they are classified by their partial wave quantum number L. Namely, those that "see"
the strong interaction distorting potential, those influenced by only the Coulomb potential and a transition
region between, lying about L= kR„where k is the physical wave number and R„ the radius of the nucleus
involved. The first two groups may be matched by using the orthonormal set of states given by the zeros
ofj,( kR~) (orthonormal only for L=0). For the larger values of L in these two groups, a few of the
states with small values of k„must not be used in order to avoid the mathematical difficulty mentioned
earlier. The largest value of k„needed is roughly the largest momenta that will fit in the real part of the
strong interaction potential well. (k„=(I/k)(2u[E, . + i Re V(r) i ])"'i, „where u is the reduced mass of
the system, E, . the center of mass energy and V(r) the distorting potential. )

The best choice of k„'s for the "Coulomb partial waves" is probably to select values that fit in the Cou-
lomb well between r - and RL where r . is the classical radius of closest approach allowed by the cen-
trifugal barrier. The number of states may then be made larger to obtain convergence.

Whether the method described here is a more
efficient method depends strongly on how many
states [N(L}]are needed in the Bessel function ex-
pansions. Convergence has been tested by evaluat-
ing

where V is the zero-range form factor. The I' s
were found using both the original distorted waves
and their Bessel function expansion. Convergence
was claimed when the two values differed by ~1%.
The number of states needed [N(L)] is shown in
Table I for various distorted waves. The u and V

were generated by use of a Woods-Saxon well with

the parameters given in Table II.
The properties of the functions I(Ri) may also be

used to determine Rz (large enough to allow con-
vergence of the integrals).

System

Distorted waves

+OR +R +
O I +I OC

d-"Ca
p- Cae,4i

eLi 12C

Oe.oe

112 1.00 0.90 18.0 1.55
515 120 065 110 125
80.0 1.30 0.80 5.0 l.50
80.0 1.00 0.72 5.0 1.59

0.47 1,25
0.47 1.25
0.70 2.00
0.63 1.30

System Binding energy +OR

n-4OCa
e-~2C

1.20
1.25

1.20 0.65
1.30 0.70

-8.37
-1.10

Bound states ("zero-range form factor")
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IV. FINITE-RANGE MATRIX ELEMENTS

The results of Secs. II and III are now used to develop a full finite-range expression for Eq. (1.1). Using
Eqs. (2.5), (2.6), (2.V), and (2.8) allows (2.4) to be written as

u u
C(LpjpJP'Mpjjp)C(Lpjpclp&MP+ jap —jj pjjp)C(Lpg HcTH'™Hjj, H)

J.p D~P~D

Hp+ ND A

& C(LHj H eTH & Mp+!jg —jjj'&jj,g) Yl (kp) Yj (kg)

N + g + ~rg~

npnPnDnD

XQ PH HR k kl Pll & PHlHR" HR "P' H (4.1)

where

~PH~HR HR
PgPPg gRPgg "P' "H qtPgPPgjg( Pll) PH( PH)AI RlI I ( HR) (4 2)

%pq=k1
—

nP m Dy
D

(4 2)

mRq=k. ——k2=
D m np'

T
(4 4)

One advantage of the present methodology is that the potential (Vpg) may now be eliminated by using the
Schrbdinger equation and the Fourier transform of QI P"„„I„." This gives for Eq. (4 2)

IID P H

g "' '""4l„"„"„„'„j„(rgR). (4 2)

Expanding the exponentials and performing the angular integrations yields

PH HRPll IIR(kk)FPHHIH(q)GHR(q)YPH(q)Y'HR(~)qPHqHR (4.4)

where

and

PH (mp+m„), ,-- J PH 'PH
I (q ) 4II ~PH

2
k q rPH drpg jl (ql PH) Yl I ( PH) ql

SpmH o
(4.5)

J oo

G,„„j„(q,) = jl r„g drggj, „(q,r„„) l I H(r„g) q, (4 6)

It is necessary to place Eq. (4.4) in a form that allows the integrals in Eq. (4.1) to be done (fdk„and
fdII„) This is a. ccomplished by expanding the functions E and G in terms of I egendre polynomials and

by using'

q' YI (q)=(4j)"' p g!l ' (aq')' "(bq")"C(l XAl;m-vv)-YI ~(q')Y"„(q"),
X=o v

where

q=aq'+bq",

(
=x![y!(g -y)!] '

y

(4.'I)

(4.8)
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A. =42'. +1. (4.10)

Performing the k„and k„ integrals, using standard Racah algebra techniques and choosing 0p along the
z axis gives the final form for Eq. (1.1) as

[4(4 )4] -&Enm @cm k k
-&" -nII(e) (4.11)

where

ieRtPe~PH&H
(-}'"""4f4'lPff'IP JPff&f„sf„s&f „f„

2

x p LpI, &» Pp (cos8)
D

LD nc L pLDI„= p cIpLpC(LpIp Jp' ffff p)C(Lpjp Jpc Off p)C(Jp Jffz Jp'c Ppffp fop V)Kf
LPJ P~D

(4.12)

(4.12)

P Lp LD
Kfpf p

= gP Jpff I'p I'p W(lpfflffz Jpff Jffff,'Pjz) g (-) P L ApApC(ApLLp ', OO)C(ApLLp, ' OO)
~aR JP ~D L &D&p

x W(LpLpApAp; PL)

Lp LD ~p ~D 'pa'H~aR ~ PH-~g] ~ eR- 2&

+npnpc+npnp knpcppfplfnpcl pfpMpf pzfz& (knpkn )knp knp
f I

ff DIID lf pit p

x C(l„„—X,X,Ap; OO)C(l» —Xp,Ap; OO), (4.14)

HR (4.15)

q, = (k„'+mp'mp 'k„' —2ff. mpmp 'k„k„)"',

q, =(k„'+ms'mr 'k„'-2ff mzmr 'k„k„)' '.

It may be seen that

I Lp —LI Ipff + lffs

I Lp —L I 1pff + lff s .

(4.15)

(4.17)

of L for which the ML functions must be found

twice is small [2x(lp„+ l„s}].
Equations (4.11)-(4.15}probably represent the

best form for actual use of the formalism as
developed here.

Thus, for given Lp and LD, many values of L are
required (in general). The advantage of using the
same states (k„'s) for a wide range of partial
waves is now clear. The k„'s which appear in the
ML functions are the same instead of differing
for each Lp-LD pair. This, of course, results
in a considerable calculational advantage. There
are, however, still the two groups of partial
waves which require different 4„'s, but the range

V. DISCUSSION

The methodology as given in this paper has been
fully tested numerically and incorporated into the
computer code MERCURY. Two examples of finite-
range calculations are shown in Figs. 1 and 2.
These results are compared both to zero range
and to previous finite-range work using other
methods. In Fig. 3 is shown the result of chang-
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FIG. 1. A finite-range calculation for the process in-
dicated is compared to zero range as calculated by the
computer code DWUCK {Ref.10). The run time on a CDC
6500 was 26 sec (129 sec) for DWUCK (MERCURY). As
indicated, the finite-range results were identical to those
of Ref. 2 which used the method of Ref. 3. The param-
eters are given in Table II.

IO I I

IO X)' 50' 70' 90 IIO l30 l50
ec.m.

FIG. 3. The effect of using different numbers of plane-
wave states. Those shown are for LP=LD=O. The oth-
er partial waves were represented by fewer plane-wave
states as discussed in the text.

l I

40 4l
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P R 136 {'64) B97l

IQ

E

I

b I

a
G

IQ

10 . I . l I I I I

-I

10 30 50' 70 90 I IO IBQ 150'

C. fTl

FIG. 2. Another finite-range calculation is compared
to zero range as given by DWUCK. The run time on a
CDC 6500 was 47 sec (242 sec) for DWUCK (MERCURY).
The finite-range results are identical to those of Ref. 12
which replaced the 6 function of zero range by a Gaussian.
The parameters are given in Table II.

ing the number of plane-wave states. Note partic-
ularly, the difference in normalization given by
the spectroscopic factor S.

It is felt that the method presented in this paper
provides a more efficient way of calculating finite-
range matrix elements. As may be seen in Table
I, integrals are replaced, for some partial waves,
by two- and three-term sums. The method would
cease to be effective only when the number of
terms in the plane-wave expansions approach the
number of points needed to perform an integral.
This would be the case only at very high energies
or with the use of extremely large strengths for
the distorting potentials.

It is planned to use the methods of this paper
in a multinucleon transfer formalism and also in
a coupled-channels Born-approximation approach.
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