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The internal excitation and ionization probabilities during K-electron capture have been
treated relativistically by the use of hydrogenic wave functions. Relativistic and nonrela-
tivistic calculations for the double K-hole production probability, the total internal ioniza-
tion probability, and the energy spectrum of the ejected electrons are presented. The pres-
ent calculations show that the relativistic effects cause a substantial reduction in the prob-
abilities. The calculated probabilities of the double K-hole production and the total internal
ionization have been compared with the experimental values, and there has been fairly good
agreement between the calculated and the recently measured values. The spectral shape of
the ejected electrons calculated from the present relativistic theory is similar to that ob-
tained from the previous nonrelativistic and relativistic theories. The theoretical curves
are in good agreement with the experimental results in the high-energy region. The dis-
crepancies between the theory and the various experiments are discussed and further work
is suggested.

1. INTRODUCTION

In the usual theory of nuclear decay a radioac-
tive nucleus is treated as bare and contributions
from the atomic electrons are neglected. How-
ever, there are some nuclear-decay processes
in which the atomic variables should be included
in the description of a radioactive system. When
a nucleus undergoes nuclear disintegration by
emission or absorption of an electron, the remain-
ing electrons in the atom experience a sudden
change in nuclear charge. This may cause elec-
tronic excitation to an unoccupied bound state (in-
ternal excitation) or ionization to the continuum
(internal ionization). For the case of negatron
emission, theoretical estimates of the internal
ionization probability were first made by Fein-
berg' and Migdal' in 1941. Since this early work,
many experimental and theoretical studies have
been performed for P decay.

On the other hand, the role of the electron
cortege in electron capture was first studied by
Benoist-Gueutal' in 1950. She found that the prob-
ability for L-electron capture of 'Be is double that
given by the ordinary theory. The first theoretical
study of the process where the atom is excited or
ionized internally during electron capture was
made by Primakoff and Porter' in 1953. Using
nonrelativistic variational wave functions for the
two. K electrons in the parent atom, they obtained
expressions for the double K-hole production prob-
ability and for the total K-shell internal ionization
probability per K capture, as well as for the mo-
mentum distribution of the ejected K electrons.

Intemann and Pollock' also calculated nonrela-

tivistically the momentum distribution of the eject-
ed K electrons. They treated the electron-electron
interaction as a perturbation of the nuclear Cou-
lomb interaction of the system. The predicted
spectrum is identical with that obtained by the
Primakoff-Porter (PP) theory. As an extension
of his earlier work, ' Intemann" treated the phe-
nomenon relativistically. He obtained the results
that relativistic effects have only slight influence
on the shape of the energy spectrum of the ejected
K electrons, but reduce the total K-ejection prob-
ability approximately by a factor of 2.

In analogy with the case of P decay, Stephas'
obtained analytical expressions for the K-ioniza-
tion probability and the spectral distribution of the
ejected K electrons during K capture, using the
atomic matrix element of Stephas and Crase-
mann" "with relativistic hydrogenlc wave func-
tions. However, the probability calculated from
their corrected matrix element diverges in the
small-momentum limit of the ejected K electrons,
because of an approximation made in the evalua-
tion of the contour integral. '

In the present work, we provide a more accurate
relativistic treatment of the internal excitation and
ionization of K-shell electrons accompanying K
capture, using an exact matrix element obtained
from relativistic hydrogenic wave functions with-
out any approximation.

II. GENERAL FORMALISM

In a complete description of electron capture,
the probability that a K electron, initially in the
state g;(Z, IC), makes a transition to a final state
$&(Z', W) during the capture of another K electron
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P'(Z, K) is"
2v dw =2»l(g&(z', w)p„gl(N) lH2 l p, (N}g'(z, K)g, (z, K)) l' p(v, e),

where p, (N) and pl(N) are the initial and final nu-
clear wave functions, g„ is the neutrino wave func-
tion, Ha is the weak-interaction Hamiltonian, and

p(v, e) is the density of final states. The units are
such that 5 =m = c = 1.

This equation can be rewritten in the form of a
product of atomic and nuclear parts as follows:

~ dw =»l(q.ql(N) lII2 l q (N)q'(z, K))l'

x l($&(Z', W) l p, (Z, K))l'p(v, e) . (2)

In this expression, the first factor, which is the
nuclear part, represents the matrix element of
ordinary g capture, and the second factor, the
atomic matrix element, is the overlap of electron
wave functions between initial and final states,
usually neglected in the theory of electron capture.

The energy balance of electron-capture decay
corresponding to Eq. (2) is given by

Ml +2(1 —B») =Ml + q, +W, (3)

Wo =M ] -Mf —B~ + 1 . (5)

In normal approximation, the shape factor for the
nuclear transition I, -If is expressed a,s'

S(W ) —(W+)2(6 l-l)/[(2+I 1)1 1 ] 2 (6)

where R denotes the nuclear radius, r I =
l
I, Ill-

for I, cIf, and b,I =1 for I& If.
Because of conservation of orbital angular mo-

mentum, the remaining K-shell (1s) electron can
make a transition only to an unoccupied bound
state represented by ns. Then the energy avail-

where M, and Ml are the nuclear masses (in units
of energy) in the initial and final states, B» is the
K-shell binding energy of the daughter atom, q, is
the energy carried off by the neutrino, and W is
the total. energy (including the rest mass) of the
uncaptured K electron in the final state.

In ordinary electron capture, all the remaining
electrons are assumed to retain their original
quantum n.umbers in the daughter atom, and the
atomic-wave-function overlap, nearly unity in this
case, is neglected. The probability for g-electron
capture is given by9

2o, = v 'G'g, '(R) lM„l's(w, )w, ',
where G' denotes the coupling constant of the weak
interaction, g»'(R) is the density of the K electron
at the nuclear surface, M„ is the energy-indepen-
dent part of the nuclear matrix element, and S(W,)
is the energy-dependent shape factor. The transi-
tion energy W, is

able to the neutrino is obtained from Eq. (3) as

Wn =Wo —BE +Bn,

where B„is the binding energy of the electron in
the ns state of the daughter atom. The transition
probability of the other g-shell electron to the ns
state during K capture is

~»„=w-'G'g»'(R) lM„l's(w„)w„'lM, „l', (8)

W~ =Wo+1 —Bg. (12)

The internal ionization probability per K capture
is found from Eqs. (4) and (11) as

p(w)dw= lM l' ' ' wdw.2 As(w)W2P
(13}

The total ionization probability per & capture is
given by

wz
I (w)dw.

J j.

The completeness theorem leads to the relation

1=Z I'»a+Ps; ~

n=l

Therefore, the probability per K capture of pro-
ducing double holes in the K shell of the daughter

where M»„=(pl(Z', n) l $&(Z, K)) is the atomic-wave-
function overlap of the 1s state of the parent atom
with the ns state of the daughter. From Eqs. (4)
and (8), the probability per K capture that the re-
maining K electron in the parent atom undergoes
a transition to the ns state of the daughter is

P»n =2V»n/2V»

=(w„/w, )'[s(w„)/s(w, )]lM, „l'. (8)

Let n' be the highest occupied state of the parent
atom; then the internal excitation probability per
g capture is

p..= Z (10)
n=n '+1

On the other hand, when one K electron is cap-
tured, the internal ionization probability for the
other K electron to be ejected with total energy W
is

lv(w) dw =(G'/2ll')g»'(R) IM»I'IM~I'(w» -w}'
xS(W -W)pWdW, (11)

where W~ denotes



1310 MUKOYAMA, ISOZ UMI, KITAHARA, AND SHIMIZ U

atom is

P(2) =P,„+P„
n'

Q Prc ~

n=l

electron of the parent atom with the atomic num-
ber Z, and p&(Z', W) is the wave function for a con-
tinuum electron with total energy W in the Coulomb
field of the daughter nucleus of the charge Z'.

The K-shell Coulomb wave function is given by"

In the theory of Primakoff and Porter' and Levin-
ger, "P(2) is expressed in terms of P«, the prob-
ability that the uncaptured K electron still remains
in the K shell of the daughter, as follows:

P(2) = 5(I —P,),

g .(r r)x"x(r)
if, (r., r) X|(r)

with I/, =+—,'. The radial functions g 1(g, r) and

f,(&, r) are

(19)

where $ accounts for the occupied states of the
daughter atom excluded by the Pauli principle.

III. ATOMIC MATRIX ELEMENTS

A. Atomic Matrix Element for E-Shell
Internal Ionization

The atomic matrix element for &-shell internal
ionization is given as wave-function overlap:

g ~(r, r) =N(1+y)'/ r/ 'e ~", (20a)

f,(&, r) =-N(1-y)"'r~ 'e t", (2Ob)

where g = o/Z, y =1 —g, N=((2))2&'~/[21'(2y+1)]}'/2,
n is the fine-structure constant, and X",(r) is the
spin- angular function.

The continuum wave function in the Coulomb field
is"

M„=(y,(z', w)
~ y, (z, K)) .

Here $, (Z, K) is the wave function of a K-shell

(18) g.(t', r)X!(r)
if„(g', r)X",(r)

(21)

The radial functions in this expression are

~e""'Il y'+iyf.(r', r) =i (e ' """(y'+iy)E(y'+1+iy, 2y'+1; 2ipr) —c.c.), (22a)I' 2y'+1

W+1 1/22vI/2 2~)y -1 /2I P
g. (&', r) =

K I'(2y' + 1) (e ' """(y'+iy)E(y'+1+iy, 2y'+1; 2ipr) +c.c.), (22b)

where W'=P'+1, K'= zo', y"=2 —&", y=&'W/p, E(c/, p;x) is the confluent hypergeometric function, and
c.c. denotes complex conjugate. The factor g is given by

e""= -(// —iy/w)/(y'+iy) .
Using the above representations, the overlap integral can be written as follows:

(P/(Z', W)
~ P, (Z, K)) =

I r'dr[ g, (r. ', r)g, (g, r) f,(t', r)f,(t, r)].
0

(23)

A technique similar to that used by Jaeger and Hulme" in the calculation of internal conversion is applied
to the radial integrals in Eq. (23). Writing

2p 2f 1u= . , v=
p 'g 1

p 'g P

p

we find the overlap integral reduces to

M„= (-i) ~ '~ "2''e'""'"Nu~ 't/~ 'u/',
) I'(y'+iy) (

I I'(y+y'+1)
I"(2y' + 1)

x [(y ' +iy)AE(y +y' + 1,y' + 1 +iy; 2y ' + 1;u) + (1 —iy/W)A*E(y +y' + 1,y' +iy; 2y' + 1;u) ],
where E(n, P;y; /t) is the hypergeometric function, and

gr +1 1/2 8" —1(1+ )'" ' (1 — )'"

The nonrelativistic limit of this expression is obtained by letting S' =y =y' =1. Then we can write the
square of the matrix element ~M„, ~3 in the following form:

2V~~5 ~i -ey tail &(P/f)

~M-~ =Z(~ "~) (25)
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This result agrees with the nonrelativistic expression obtained by Stephas and Crasemann, "Rnd that of
Primakoff and Porter. '

In the small-momentum limit, Eq. (24) becomes

2y'+y'-x/2 -&y+2& -us i y-usi. I'{y y )

~By' - y)(1+y)"'&(y+y', »'+1; 2t-. "/t)

[(1+y)"'(y+I —2~'/~). (1 -y)"'~']~(y+y" I, »'+I; -2~'/~)j. (26)

Equation (28) implies that the ionization probability P(W) dW, proportional to IM„I PW'dW, converges to a
finite value as P- O. The nonrelativistic limit of this expression, obtained by letting 8' =y =y = I, reduces
to the same form as Eq. (25):

27 3 /

p~o
(27)

B. Atomic Matrix Element for E-Shell Internal Excitation

The atomic matrix element of the uncaptured K-sheB electron in the parent atom making a transition
to the ns state of the daughter atom is

M, „=Q,(z', n) I y, (z, z)),
where &I/&{g', n) is the wave function of the electron in the ns state of the daughter atom.

The wave function of the daughter atom is given by"
g'",'9')x', (f)
'f'"'( ) "( )

The radial functions g'~(r) and f&"',(r) are

&„)( )
(2x')"' I {2y'+n)(1+W) "'(2 )~. ,

1(2y'+1) (n1)!g'(g, —'+X),

x [-(n —I)F(-m+2, 2y'+1„'2Xr) +{1+g'/X)Z(-m+1, 2y'+1; 2xr)],

&~
( )

(2X')"' I"(2y'+n)(1- W) '"( )qi,
I (2y' +I) (I - 1)!&'(~' + ~)

x [(s—l)F(-m+ 2, 2y'+1; 2zr) +(1+g'/X)r(-m+1, 2y'+1; 2xr)],

(28)

(29)

(30a)

where g' =nZ', y" =1 —g", W =(n+y' —I)/[(n+y' —1)'+) "]"', and X' =1-W'.
Vhth the aid of the above representations for the initial and final electron wave functions, we can with

some algebra obtain an analytic expression for the matrix element:

P(y ~yI + 1) 2'/+'/'-1/Bg'/+1/Ry'/'+8/2 1 P(2yI +s) &/2

I'(2y'+I) (g+X)/''/"' (s- I)!g'(g'+X) I'{2y+I)

x((s —l)[(l —y)"'(1-W)'/' —(1+y)"'(1+W)"']Z(y+y'+1, -m+2; 2y'+1; 2x/(~+ g))

+ (I + )'/X)[(1+yP" (I+W)"'+ (I -yP"(I -W)"']F(y+y'+ I, n+ I;2y'+-1; 2$/(/+ g))] .
Especially in the case where the K electron remains in the K shell of the daughter atom, Eq. (31) attains

the simpler form

I ( +yi +1) 2y+y'gy+1/2yy'+1/2
M«r =

[1,(2 + I)~(2 ~1)]un (~ ~)~.~'x [{I+y)"*(I+y')'"+(I-y)"'(1-y')"']. (32)

To take account of the effects of Coulomb inter-
action and spacial correlation of the electrons, the
charge Z in the hydrogenic wave functions is re-
placed by an appropriate effective charge Z«,

=Z-o. The choice of the screening constant 0
is of pRltlcular lD1pol"tRnce Rnd slgnlflcRQce.
Primakoff and Porter' and Stephas' have used the
constant value 0.5 for K electrons of all elements,
which is deduced from the Hylleraas nonrelativis-
tic variational wave function. However, cr should
be a function of the atomic number.
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In the definition by Hartree, o. is determined as
a function of Z from the ratio of the mean hydro-
genic radius i„to the mean radius F from a self-
consistent-field (SCF) wave function:

(33)

This choice of screening constant has been applied
to the calculations of K-electron shakeoff prob-
ability accompanying P decay by Campbell, Mc-
Nelles, and I aw." Using the SCF functions of
Froese, they indicated that inclusion of the screen-
ing constant does not affect the shakeoff prubabil-
ity. The extension of Eq. (33) to the relativistic
CRse leRds to seI'ious difficulty ln that the VRlue of
o for the K shell of some elements becomes nega-
tive.

A different approach to evaluate v can be taken
using a relativistic definition":

o = Z(1 —yz/y scF) (34)

where F~ is the mean radius determined by the
relativistic hydrogenic wave function in the Cou-
lomb field of the atomic nucleus of charge Z, and

scF ls the mean radius deteI mined from the I elR
tivistic SCF calculation for the same atom.

The value of the mean radius F~ is defined by

(-m)q(2y + 1 +j)Gm, m' =
jtj=0

x F(-m', 2y+2+ j;2y+1; 1),
and (-m)J means (-m)(-m+1) ~ ~ ~ (-m+j —1). The
values of Fsc„are taken from the calculated results
of Carlson et al.' In Table I the values of the
screening constants for»GR thus estimated are
shown and compared with those estimated by the
Slater recipe. ~'

However, the use of these screening constants
causes trouble in the evaluation of the double E-
hole production probability using Eq. (16). In
some cases, the sum of the overlap integrals of
the bound-state hydrogenic wave functions becomes
larger than unity. The main reasons that Eq. (15)
does not hold are the following two: (1) The
screened hydrogenic wave functions used here are

y*(z, y1)ry(z, n) d'r. (35)
0

Inserting the wave function of Eq. (29) into Eq. (35)
and using an integration formula for the hypergeo-
metric function, "the mean radius is

r(2y+s)
4r (2y+1) (n-1)!g(g+X)

x [{y1—1)'G(y1 —2, y1 —2) + (1+g/X)'G(y1 —1, y1 —1)

—2W(n —1)(1+g/X)G(N - 2, n- I)], (36)

not oIthogonal because the value of 0 depends on
the quantum number n, and (2) it is not taken into
account that following electron capture the daugh-
ter atom has a hole in the K shell. To avoid these
difficulties, the screening constants determined
above were used only for the K shell of the parent
atom, and the probability P(2) was evaluated by
the use of Eq. (17). As to the daughter atom, the
screening constant was estimated by Slater's rec-
ipe. According to this rule, the K-shell screening
constant for the atom lacking a K electron is al-
ways zero. The same choice of screening con-
stants was made in the evaluation of the internal
ionization probability.

The factor $ in Eq. (17) has been discussed by
Primakoff and Porter, ' and Levinger. " The for-
mer estimated its value to be —,', while the latter
took it to be —,'. Carlson et a/. "have estimated
the value of $ as —,

' for electron capture in "'Cs,
using relativistic Hartree wave functions. How-
ever, $ is not a constant but varies with atomic
number Z.

Comparing Eqs. (16) and (17), this factor can be
defined as

V. NUMERICAL RESULTS AND COMPARISON
W'1TH EXPERIMENTS

%e have calculated the internal excitation and
ionization, probabilities per g-electron capture

TABLE I. Screening constant and effective nuclear
charge for Ga (Z = 31).

Shell Zeff Os

0.586
3.77

10.35
20.48

30.41
27.23
20.65
10.52

0.35
4.15

11.24
26.35

~ Scr eening constant determined fr om Slater's recipe.

(PK n) many-alee
n=l

(Prr)many-elec

where transition probabilities (P«),„„,and

(Pr„),„„„„areexpressed as in Eq. (9), except
that the matrix elements are calculated with SCF
wave functions. Vfe have estimated values of g by
numerical integration using the nonrelativistic
SCF wave functions of Herman and Skillman" for
both parent and daughter atoms. Taking account
of a hole in the K shell of the daughter atom, the
calculations of the overlap integrals were made
between the K-shell electron in the parent atom
and the ns electron under the presence of a hole
in the K shell of the daughter. The results are
shown in Table II.
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for six nuclides, 'Be, 'Ar, "Fe, "Ge, "'Cs, and
"'Er. The nuclear parameters for these nuclides
are taken from the tables of Lederer, Hollander,
and Perlman. " All calculations in the present
work have been performed using the FACGM 230-
60 computer in the Data Processing Center of
Kyoto University.

A. Double E-Hole Production Probability

The double K-hole production probability per g
capture was calculated using Eq. (17) with the nu-
merical value of $ evaluated by the method de-
scribed in the preceding chapter. The probabil-
ities P(2) found in the present numerical calcula-
tions are listed in Table II. For comparison, theo-
retical values from the PP theory are also given.

The experimental studies on double K-hole pro-
duction accompanying K capture have been sum-
marized and discussed by Stephas. ' These experi-
ments may be divided into three categories: (a) K-
x-ray-K-x-ray coincidence, (b) K-x-ray energy
shift, and {c)4v detection of the ejected electrons.
It is noted that some experimental results include
contributions from I.-shell electrons, i.e., inter-
nal excitation or ionization of the K electrons ac-
companying I. capture and that of L, electrons as-
sociated with K capture. The correction for these
effects is particularly important for the case of
(c)-type experiments. According to the calcula-
tions of Wonsberg, "the experimental results of
Miskel and Perlman" for "Ar should be reduced
by 18% due to the I;shell contributions

The experimental values for "Ar and "Fe are
about twice as high as the theoretical predictions.

The same holds for the earlier experiments on
"'Cs and "'Er. However, Nagy, Schupp, and
Hurst" have recently measured double K-hole
production probabilities for these nuclides by de-
tection of the coincident K x rays using one Nai(TO
and one Si(Li) detector. Their experimental val-
ues are smaller than the previous results by a
factor of 2, and are in better agreement with the
present calculated data than the prediction of the
PP theory. Nagy, Schupp, and Hurst" pointed out
that the larger values in the past could have come
from various contaminant peaks included in the
x-ray peak observed with detectors of poorer reso-
lution.

B. Total ionization Probability

Using the relativistic matrix element with rela-
tivistic screening constant, the total K-shell in-
ternal ionization probability per K capture, P„,
was calculated from Eq. (14). The integral in this
equation was evaluated by Simpson's rule with
step size A, . The step size was so chosen that the
value of the integral calculated with step size h
agreed with that with step size —,'h to four signif-
icant figures. The total probability calculated in
the present work is compared with experimental
and previous theoretical results in Table DI. For
comparison, the values of P„calculated from the
relativistic theory of Intemann~' taken from Ref.
35, and by the PP theory, are also given in Ta-
ble III. The present theory yields slightly smaller
values than the Intemann theory.

It is noted that, except for the case of 'Be, the
total ionization probabilities from the present

TABLE H. Comparison of theoretical probabilities per E' capture of the double X-hole production with measured
ones.

Theoretica, l, 105P (2)
Present theory PP ~ Experimental, 10'P (2) Method

Be
37Ar

0,862
0.715

0.697
0.697

2 63x10''
23.0

15.8
8.85

7,68' 10 e

38.6

18.5
12.2

2.70

44+8
37+ 9
38+ 17

13.3 + 1.4
13+8

5.0+ 1.0
2.5+ 0.2
2.0+ 1.3

1.33~ 0„33
1.5+ 0.4

0.67 + 0.39

C
C
A

8
A

A
A
A
A
A

27, 28
29
30
31
32
33
28
34
35
36
35

~ PP refers to the theory of Prxmakoff and Porter. ( = 3 has been used.
b A, B, and C denote X-x-ray-X-x-ray coincidence experiment, K-x-ray energy shift measurement, and 4' detection

of ejected electrons, respectively.
There a.re two branches of electron-capture decay, but these values are equal for each of the branches.
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TABLE III. Compari. son of calculated probabilities per K capture of the E. -electron ejection with measured ones.

Nuclide
Theoretical, 10'I',

&

Present theory PP'
Experimental, 105&,

&

Experiment Stephas Present work Ref.

He
3Ygr

55Fe
"Ge

fc) 5E r

1 69& 10'-'
]4 2

8.81
4.56

0.709

3.23m 10 ' ~

0.304

0 999& 10 '
27.7
11.2
6.68 7.8 + 0„7

4 4l. x10 '~ 8.3&&10 '~ g (8 4~1 5)&:10 '"
0.767 0.432

ll+ 5
4, 8 s: 1.0
2.3 + 0.2
1.8 + 1.3

1.26 + 0.33

4y0 4
0.62+ 0.36

21+10

6.7+ 2.6
2.0 + 0.4

0.99 + 0.08
0.79 + 0.51
0.53 ~ 0.13

0.42 + 0.11
0.19~ 0.11

30
31
32
33
28
34
35
39
36
35

~ Nonrelativi. stic theory of Primakoff and Porter.
~ Intemann's relativistic theory, quoted from Ref. 35.

Estimated from P(2) by Stephas using Schwartz's results (Ref. 9).
"Estimated from I-'(2) using the present work.
e There are two branches of electron-capture decay, but these values are equal for each of the branches.
~ Energy range 80-354 keV.
~ Quoted fr om Ref. 39.

work are lower than the predict1on of the PP the-
ory, in contrast to the previous con.elusion that
relativistic effects would increase the total ioniza-
tion probability. " This conclusion, however, was
drawn from a statement of I evinger, "who sur-
mised that for the K electrons of Pb the total in-
ternal ionization. probability accompanying P de-
cay might increase by taking account of relativis-
tic effects. Intemann' claimed that extrapolation
of. Levinger's results to the electron-capture case
is 1ncorrect since relativisti. c effects were esti-
mated using x elativistic Coulomb wave functions
w1th nonrelat1vlstlc scl"een1ng constants.

To demonstrate the relativistic effects and the ef-
fect of the screening constant on the internal ioniza-
tion process, the values of the square of the atomic
matrix element for "Fe, multiplied by(&/2v')PW,
are plotted in Fig. 1 for three different cases:
(j() relativistic theory with relativistic screening
constant„(2) relativistic theory with o =0.5, and

(3) the PP theory. As has been pointed out by
Stephas, ' the relativistic matrix elements with the
nonrelativistic screening constant have larger val-
ues than the nonrelativistic ones for all energies.
However, a curve obtained from the relativistic
matrix elements with relativistic screening con-
stant is below the PP curve in. the low-energy re-
gion and above it in the high-energy region.

It is clear from the figure that relativistic ef-
fects increase the internal ionization probability
when the nonrelativistic screening constant is used
in the relativistic theory. This is the case of the

IO

I
0-4

IO '"

IO

50 I 00
ENERG Y (keV)

ISO

FIG. 1. Square of atomic matrix element, multiplied
by (1/27(~)PW, for A -electron ejection accompanying K-
capture decay of 55Fe. The solid curve has been calcu-
lated from relativistic wave functions with relativistic
screening constants; the dot-dashed curve from rela-
tivistic wave functions with nonrelativistic screening
constants; the dashed curve is from a nonrelativistic
calculation.
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internal ionization accompanying P decay where
the screening constant is supposed to be zero since
its inclusion has little influence on the probability.

On the other hand, the choice of the screening
constant is of critical importance in the internal
ionization process during electron capture. It is
evident from Fig. 1 and Table III that the relativis-
tic calculations with the relativistic screening con-
stant do reduce the total probability. This conclu-
sion is in agreement with that of Intemann. '

Langevin" has measured the total ionization
probability for "Qe by subtracting the main &
Auger and the Auger sum peaks from the observed
electron spectrum, and claimed good agreement
with the prediction of the PP theory. His result,
however, would include the contributions from I.-
shell electrons as described in the preceding
section.

Since there has been only one experimental value
of P„. reported by Langevin, "Stephas' compared
his theoretical values of Pej with the numerical val-
ues estimated from the experimental values of P(2)
where he used the theoretical results of Schwartz~
giving the matrix element M~„ in the form of an
inverse-Z' expansion using nonrelativistic hydro-

genic wave functions. The values thus obtained
indicate that the contribution from the internal ex-
citation process is expected to. be small. On the
contrary, comparison of the present values of P„
with those of P(2) in Table II indicates that the in-
ternal excitation process has a large contribution
to P(2). This conclusion agrees well with the
Langevin experiment and also with the PP theory.
Taking account of this fact, the experimental val-
ues of P„ to be compared with other theoretical
calculations were estimated from the experimen-
tal values of P(2) by multiplying the theoretical
ratio P„/P(2) from the present work. In Table III,
the experimental values of P„estimated by Ste-
phas and those obtained by us are listed. The val-
ues estimated by Stephas are considerably higher
than the values predicted by all three theories.
However, because of large experimental errors,
some experimental data seem to be in agreement
with the PP and Intemann theories within experi-
mental errors. On the other hand, the experimen-
tal values estimated by us are in better agreement
with the theoretical predictions than Stephas values.
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FIG. 2. Energy spectrum of electrons ejected from
the K shell accompanying X-capture decay of 5~Fe. The
solid curve represents the relativistic prediction of the
present theory, while the dashed curve represents the
Primakoff-Porter theory.

FIG. 8. Spectral distribution of the ejected electrons
during X-capture decay of ~Be. The experimental data
are denoted by x and those corrected for resolution are
given by 0 (Hef. 41). The thoeretical spectra have been
calculated using the present theory (solid curve) and us-
ing the Intemann theory (dashed curve, from Ref. 41).
The experimental values have been normalized at 2.5
keV to the present theory and the Intemann's curve has
been multiplied by a factor of 1.50.
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FIG. 4. Spectral distribution of the ejected electrons
during K-capture decay of 55Fe (Ref. 43). The theoreti-
cal spectra have been calculated using the present the-
ory (solid carve) and using the Intemann theory (dashed
curve, from Ref. 43). The experimental data have been
normalized at 140 keV to the present theory and the
Intemann's curve has been multiplied by a factor of 0.764.

Sujkowski et al."have recently reported a mea. —

surement on the electron-capture decay of "'Cs.
Using a Si(Li) detector placed at the focusing point
of a homogeneous-magnetic-field spectrometer to
eliminate the interference of electromagnetic ra-
diation, they observed the electron spectrum and
obtained the internal ionization probability for the
ejected electrons with kinetic energy greater than
80 keV. Their result agrees well with the theo-
retical value calculated according to the Intemann
theory, but is higher by a factor of 2 than that ob-
tained from the present theory.

C. Spectral Shape of Ejected Electrons

The spectral distribution of the ejected elec-
trons can be calculated using Eq. (13). The eject-
ed-electron spectrum during K capture of "Fe is
shown in Fig. 2. For comparison, the nonrela-
tivistic spectrum predicted by the PP theory is
also plotted. It can be seen from the figure that

FIG. 5. Spectral distribution of the ejected electrons
during E-capture decay of 3~Cs (Ref. 39). The solid
curve represents the present theory, while the dashed
curve represents the Intemann theory (Ref. 39).

the prediction of the present calculations is slight-
ly smaller than that of the PP theory in the low-
energy region but larger in the high-energy region;
the crossover point is near 40 keV. This result
is in good agreement with the Intemann theory. '
The theoretical spectra calculated from the pres-
ent theory are compared with the experiments in

Figs. 3-5.
Mutterer" has observed the ejected-electron

spectrum in the decay of 'Be using a proportional
counter. He also measured a spectrum in coinci-
dence with y rays to see the difference between
the ejected-electron spectra for the two electron-
capture branches of this nuclide. Nevertheless,
both spectra have approximately the same shape
and it is impossible to compare them quantitative-
ly because of the y-ray effect. In Fig. 3, the ex-
perimental spectrum is compared with the theo-
retical spectra calculated by the present theory
and the theory of Intemann. Since the ejected-
electron spectra calculated for the two branches
differ too slightly to be distinguished in the fig-

uree,

the spectrum for the branch to the ground
state of 'I.i is plotted in the figure. The experi-
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mental spectrum is normalized at 2.5 keV to the
value of the present theory and the Intemann curve
is multiplied by a factor of 1.50 to fit the experi-
mental data.

Measurements of the ejected-electron spectrum
for "Fe have been performed by Pengra and
Cr asem ann. " They employed a proportional
counter as an electron detector in the energy
range from 25 to 80 keV, while for higher ener-
gies an n-p junction detector was used. The elec-
tron spectrum was observed in coincidence with
Mn K x rays detected with the NaI(Ti) detector.
However, Stephas' suggested from his linearized
plot of the experimental data the possibility of un-
detected systematic errors in the proportional-
counter measurements.

Recently, Nagy" has reported the continuous
electron spectrum ejected in the decay of "Fe.
Using a coincidence-summing spectrometer con-
sisting of two plastic scintillators, he observed
the ejected electrons in the energy range from 40
to 170 keV in 4z geometry. The energy distribu-
tion of ejected electrons thus obtained is shown in
Fig. 4. The solid curve is the prediction of the
present theory and the dashed curve represents
that of the Intemann theory. The experimental
data have been normalized to the present theoret-
ical value at 140 keV and the Intemann curve has
been multiplied by a factor of 0.764 to compare
with the experiment. The shape of both theoret-
ical spectra is similar in the whole energy region,
but the present theory is in better agreement with
the experiment than the Intemann theory, especial-
ly in the low-energy region. It is noted that in the
whole energy region the present theory yields low-
er probability than the Intemann theory.

The energy spectrum of ejected electrons in the
energy range between 80 keV and the end point dur-
ing the decay of "'Cs has been observed by Sujkow-

ski et aL" using a Si(Li) detector placed at the fo-
cus of a homogeneous-magnetic-field spectrom-
eter. Figure 5 shows the experimental shape of
the energy distribution estimated from the trans-
mission of the magnetic spectrometer, the re-
sponse function of the semiconductor detector,
and the absolute activity of the source. The solid
curve represents the relativistic theory of the
present work and the dashed curve shows the Inte-
mann theory.

VI. CONCLUSIONS

Theoretical calculations have been performed
of the double K-hole production probability and the
internal ionization probability accompanying K-
electron capture, using relativistic hydrogenic
wave functions and relativistic screening constants.

Comparison of experimental values with the theo-
retical predictions is not conclusive because of the
limited amount of experimental data and lack of
mutual agreement. Moreover, the large experi-
mental errors make it difficult to discuss the rela-
tive merits of the present theory and the previous
theories. It is, however, concluded that relativis-
tic effects do reduce the total internal ionization
probability, and that the theoretical values calcu-
lated according to the present theory are in agree-
ment with the more recent experimental data.

The shape of the energy spectrum of the ejected
electrons estimated from the present calculations
is similar to that obtained from previous theories,
and agrees well with the experimental results.

More elaborate experimental work is needed
with high-energy-resolution x-ray detectors.
Theoretical and experimental studies on the con-
tributions of L-shell electrons would also be of
great importance. In this respect, it should be
useful to perform a triple-coincidence experiment
between two K x rays and the ejected electron.
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