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Excitation functions have been measured at gl» —-170' for the reactions Ce( 6O, l~N)~4~Pr

(Ei,b ——56.0 to 63.0 MeV) Sr( 6O N) BY (42.5 to 50.0 MeV), and Ce( 0 ~O) Ce (56.0
to 61.0 MeV) proceeding to low excited states. Analysis has been made using the sub-
Coulomb distorted-wave Born-approximation theory of Buttle and Goldfarb with inclusion of
Coulomb correction terms in the form factor and the Buttle-Goldfarb approximation for
recoil corrections. Good fits are obtained to the excitation functions at the lower energies.
Normalization at these energies determines an essentially invariant quantity, namely the
joint probability for the transferred nucleon being at radius R~ with respect to the first core
nucleus and radius R2 with respect to the second, where R&—= +[A& /(Al~ +A2 )] and

R2=—n[A2 /(A& +A2 )), 0,' being the distance of closest approach in a head-on collision
averaged between incident and final channels. If specific assumptions are made for the
geometrical parameters of the bound states, values can be extracted for the product of
spectroscopic factors, S&~~ S~ ~; reasonable geometries lead to values of S( & very close to
those previously obtained from light-ion reactions. Above the barrier, the fits to calcula-
tions which use nuclear distorted waves are less satisfactory; for optical potentials which
give nearly equivalent elastic scattering, the calculations show moderate ambiguity. %'e
believe the leading uncertainty in our analysis is due to the approximate treatment of recoil.

I. INTRODUCTION

Even before heavy-ion accelerators became
available, it was recognized by Breit and his col-
laborators' that nucleon-transfer reactions in-
duced by heavy ions with energies well below the
Coulomb barrier should be susceptible to rela-
tively unambiguous theoretical interpretation.
The dominance of the Coulomb interaction implies
that uncertainties due to specifically nuclear in-
teractions between the projectile and target should
be minimized. Further, one should be concerned

primarily with the "tail'" of the wave function of
the transferred nucleon, whose radial form, for
a given binding energy and angular momentum, is
unaffected by the nuclear potential but whose nor-
malization depends on the spectroscopic factor of
the transition and the spatial extent of the shell-
model potential.

Previous observations of nucleon transfer to
light' or intermediate' mass nuclei have been an-
alyzed to verify, for such nuclei, the applicability
of the distorted-wave Born-approximation (DWBA)
theory in the sub-Coulomb regime. But although
there have been many studies of transfer involv-
ing nuclei heavier than Ca with heavy-ion energies
above the Coulomb barrier, only the experiments
of Barnett et al.4 with a ' 'Pb target have explored
sub-Coulomb transfer for a nucleus of substantial
size.

In the present work, we have measured, near
the Coulomb barrier, the backward-angle excita-
tion functions of the ("0,"N) reaction on Sr and

'4'Ce a.s well as that of the ("0,"0) reaction on' 'Ce. In so doing we have attempted to answer
the following questions: To what extent is the sub-
Coulomb DWBA theory an accurate tool for the
analysis of heavy-ion transfer reactions on nuclei
of appreciable size and charge, and over what
range of energies does it appear valid? How does
the spectroscopic information derived from these
analyses compare with that determined from reac-
tions induced by light projectiles? As the Cou-
lomb barrier is surmounted, can we account for
the observed excitation functions by incorporating
nuclear distortion into the DWBA calculations in
a standard fashion?

The stipulations that the low-lying levels of the
final nuclei be relatively well separated and that
there exist independent determinations of spectro-
scopic factors led us to the present choice of tar-
gets. The low-lying levels of '"Pr have been pre-
viously studied through the "'Ce('He, d)'4'Pr reac-
tion and the '42Nd(d, 'He)'4'Pr reaction by Wilden-
thal, Newman, and Auble' and through the '4'Ce-
('He, d)'"Pr reaction by Jones et al. ' Simile. rly,
the population of levels in ' Y has been investi-
gated through the ~Zr(d, 'He)"Y rea.ction' ~ ' and

through the "Sr('He, d)"Y reaction. '" In both of
these residual nuclei there are levels which show
appreciable single-particle strengths with little
fractionation. Since "'Ce comprises a closed
neutron shell plus one neutron, it is expected to
show appreciable single-particle strength in its
ground state.

Of the several theories for heavy-ion-induced
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transfer reactions, ""-" we have restricted our
attention to the DWBA formulation of Buttle and
Goldfarb. " Three versions have been used: (1)
Through a series of simplifying assumptions, the
sub-Coulomb cross section may be given in ana-
lytic form. (2) A more accurate evaluation of the
sub-Coulomb cross section follows from numeri-
cal integration of the radial integrals containing
Coulomb distorted waves. (3) For projectile en-
ergies above the barrier, it is necessary to in-
clude nuclear as well as Coulomb distortion. The
leading assumptions entering these versions are
outlined in Sec. III of this paper and some discus-
sion of the reliability of the approximations is
given in Sec. IV. Section II is concerned with ex-
perimental matters, Sec. V with the energy de-
pendence below and near the barrier, while Sec.
VI is devoted to the extraction of spectroscopic
factors. Section VII deals with the analysis of
data above the barrier.

II. EXPERIMENTAL METHOD AND RESULTS

The variable energy "0 and "0beams used in
the present experiments were provided by inject-
ing a mixture of hydrogen and water vapor or "0-
enriched water vapor into a direct extraction type
ion source. The extracted OH ions were accel-
erated by the University of Washington FN tandem
Van de Graaff which could yield analyzed oxygen
ions of up to 81.0 MeV. A typical beam current on

target for 60-MeV oxygen ions of charge state 6'
wa, s about 300 nA. Thin targets (15-20 pg/cm')
of isotopically pure '"Ce enriched to 98.'7% and
"Sr enriched to 99.8/o were used in the present
experiment. The reaction products were detected
in surface-barrier detectors placed symmetri-
cally with respect to the beam direction at 8.„

A. Ce( 0, N) Pr Reaction

A typical energy spectrum taken at E„„=62.0
MeV and 8l,b =170 is shown in Fig. 1. By a care-
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=170'. In the angular distribution measurement,
six detectors placed at intervals of 10 were used
simultaneously. Typical horizontal angular ac-
ceptance 48 and solid angl. e dQ were 2.9 and 2.13
msr, respectively, at 0„„=170. This compara-
tively large horizontal angular acceptance did not
affect the energy resolution appreciably because
of the small kinematic broadening at these ex-
treme backward angles (typica. lly less than 15 keV/
deg).

Energy spectra of all the heavy ions stopped in
the detectors were analyzed to determine peak
positions and identities. Peak identities were
mainly determined from kinematic considerations
which were sufficiently unambiguous in most
cases. However, for the '4'Ce("0, "N)'4'Pr reac-
tion, a standard particle identification technique
(with a, telescope consisting of an 11-pm-thick
4 E detector, an 87-p, m-thick E detector, and a
2-mm-thick antidetector) was employed for added
confirmation of the results.
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FIG. 1. Backward-angle energy spectrum of outgoing
heavy ions for the ease Ce+ 0 at EI»=62.0 MeV.
Elastic and inelastic scattering and proton transfer to
~4~Pr are indicated by appropriate designations above
the peaks.
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FIG. 2. Elastic excitation functions at gl, b =170' for
Ce+ ~Q and excitation function for proton transfer to

the ground state of ~4~pr. The numbers 1, 4, and 5 cor-
respond to the "standard" and two other nearly equivalent
optical potentials described in text and listed in Table III.
The curve labeled "pure Coulomb" corresponds to the
sub-Coulomb theory of Buttle and Goldfarb with pure
Coulomb waves in the entrance and exit channels.
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ful energy calibration employing elastic scattering
of "0 ions at different incident energies, the
kinematic positions of all the transfer peaks were
determined. The ground state of '"Pr (-,' ) was
excited most prominently while there was no in-
dication of the first excited state at 0.145 MeV.
The levels at 1.13 MeV (~2 ) and 1.30 MeV (—,

'
)

were not resolved at all energies and the levels at
1.80 MeV (—,

'
) and 1.65 MeV (—,

'
) could not be re-

solved at any energy. The only contaminant peak
was due to elastic scattering from '"Ta of which
there was a very small trace in the target. None
of the observed transfer peaks kinematically cor-
responded to any elastic or transfer peaks in
"'Ta. A typical value for the energy resolution
was 180 keV [full width at half maximum (FWHM)j
as indicated for the peak corresponding to ' 'Pr~,

Absolute cross sections were obtained by com-
paring measurements of the ratio of elastic to
Rutherford cross section with the ratio of the area
under the peak in question to the area under the
elastic peak at that energy; at the lowest incident
energies, the elastic cross section was assumed
to equal the Rutherford value. In Fig. 2, the ex-
citation functions fox elastic scattering and trans-
fer to the ground state of "'Pr in the enexgy range
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FIG. 4. Angular distribution at E»b ——60,0 MeV for the
proton transfer to the ground state of ~4'Pr. The num-
bers 1, 4, and 5 have the same significance as in Fig. 2
and Table III.

E»b = 56.0-63.0 MeV are shown. In Fig. 3 are
shown the transfer cross sections to the two sets
of unresolved or incompletely resolved levels in
14lpr

The yields for the other single-nucleon-transfer
reactions ("0,"0), ("0,"0), and ("0,"F)were
too low to show above the background in our
studies. This seems to be consistent with the ex-
pectation based on Q-value arguments" that pro-
ton transfer involving the lighter donor nucleus
and heavier acceptor nucleus is here more favored.

In addition, an angular distribution was mea-
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FIG. 3. Excitation functions at 9»b =170' for proton
transfer to the partially resolved levels at 1.13 and 1.30
MeV and to the unresolved levels at 1.60- and 1.65-MeV
states in 4~pr. The curves correspond to the sub-Cou-
lomb theory of Buttle and Goldfarb with no nuclear dis-
tortion in the entrance and exit channels. Spectroscopic
factors quoted in Table II (obtained from the resolved
peaks at E»b=-59.0 MeV) vrere used to calculate the
curve labeled 1.13+1.30. For the curve labeled 1.60
+1.65, the calculation assumed the same relative
strength as that quoted by Wildenthal, Newman, and
Auble (Ref. 5), S& 6()/S& &&

—-1.23/0. 54, and theory was
normalized to experiment at E»b =59.0 MeV. The cor-
responding spectroscopic factors are then S& 60=1.50 and

S, „=0.66.
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FIG. 5. Backvrard-angle energy spectrum of outgoing
heavy ions for the case Sr+~~Q at E),b =50.0 MeV.
Elastic, inelastic, and proton-transfer peaks to SY are
indicated by appropriate designations above the peaks.
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sured at E„„=60.0 MeV for the ground-state pro-
ton transfer. The result is shown in Fig. 4.

B. Sr( 0, N) Y Reaction

I I I:e&y Unresolved levels

Coulomb-

An energy spectrum taken at E„b = 50.0 MeV and

6„& =170 is depicted in Fig. 5. The transfer peaks
correspond to the ("0,"N) reaction leading to the
ground state (—,

'
), as well as the 0.91- (~2 ), 1.51-

(f ), and 1.74-MeV (—,
'

) states of BgY. At lower
incident energies, the 1.51- and 1.74-MeV states
could not be resolved. A typical value for the en-
ergy resolution wa. s about 150 keV (FWHM) a.nd

was mainly attributable to energy loss in the tar-
get. The elastic and transfer excitation functions
in the energy range EI,~ = 42.5-50.0 MeV in the
present case are plotted in Figs. 6 and V.

C. Ce( 0, 0) Ce Reaction

The elastic excitation function and the excitation
function for the neutron transfer to the ground
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FIG. 7. Excitation function at 6) && =170' for the unre-
solved levels at 1.51 and 1.74 MeV in ~Y. The curves
labeled "pure Coulomb, " 1 and 6 have the same signifi-
cance as in Fig. 6. The calculation assumed the same
relative strength as that wuoted by Picard and Bassani
(Ref. 9), S& 5&/S& 74 =0.11/0.091, and theory was normal-
ized to experiment at E~,q =44.5 MeV, The correspond-
ing spectroscopic factors are then S& &&

=0.18 and Sf 74
=0.15.

O.l—
state of "'Ce (—,

' ) in the energy range E~h = 56.0
to 61.0 MeV are shown in Fig. 8. The peak areas
for this reaction, which were not entirely re-
solved from inelastic scattering to the first excited
states of both z8Q a.nd x4oCe were obtained by a
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FIG. 6. Elastic excitation function at Ohb —-170' for
Sr+ 60 and excitation functions for proton transfer to

the ground state and 0.91-MeV state in ~Y. The num-
bers 1, 5, and 6 correspond to the "standard" and two
other nearly equivalent optical potentials described in
text and listed in Table III. The curves labeled "pure
Coulomb" correspond to the sub-Coulomb theory of But-
tle and Goldfarb with pure Coulomb waves in the incident
and exit channels,
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FIG. 8. Elastic excitation function at & &,& =170 for
Ce+ O and excitation function for neutron transfer

to the ground state of Ce. The curve labeled "pure
Coulomb" has the same significance as in other figures
and the curve denoted by No. 1 corresponds to the cal-
culations with the "standard" optical-potential parame-
ters for this system listed in Table III.
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careful Gaussian peaks least-squares-fitting anal-
ysis.

The errors on the experimental points in Figs.
2-4 amd 6-8 are due to the purely statistical un-
certainties of our analyses and the curves in these
figures represent theoretical calculations which
will be discussed in Sec. IV.

III. BWBA THEORY

(c,+t)+c, -(c,+t)+c, , (3 l)

where c, and c, are cores between which a nucleon
t is transferred. Let E„j„B,and E„j„B,be the
orbital angular momenta, total angular momenta,
and separation energies of t in the system (c, + t)
=-a, and (c,+t)=-a„respectively. r is the relative
coordinate between the two cores, r, and r are the
coordinates of t with respect to cores c, and c„
respectively, while r, is the relative coordinate
between c, and a, and r& is that between a, and c,

In the post representation, the DWBA matrix
element can be written as

We briefly discuss the theory of nucleon transfer,
following the procedures of Buttle and Goldfarb, "'"
in order to make explicit both the approximations
which are invoked and the various factors which
comprise the cross section. Consider a nuclear
reaction of the form

spherical Hankel function of the first kind, and

)(, = (&~&&,/I ')"'. When t is a proton, Eq. (3.3)
may still be a good approximation to the asymp-
totic wave function, albeit within a more re-
stricted range of va. lues for t'„ if g2 and N, are
treated as adjustable parameters, g2'" and N2".

An additional approximation concerns the rela-
tive coordinates of the two nuclei in the incident
and final channels,

Mg
13 =r — rgM

C2 JINNI
M

02 C 2

In the commonly adopted no-recoil approximation,
one merely drops the term proportional to r, in
these expressions. Buttle and Goldfarb have
shown, however, that the no-recoil approximation
can result in large discrepancies between DWBA
calculations in the post and prior representations,
a manifestly undesirable state of affairs. For-
tunately, an easily applied approximate correction
for recoil often removes much of this post-prior
discrepancy. " In the post representation, this
involves the substitution

DWBA ( (3.2)

ug (r, ) =X,ttI,"(i)f,r, ),
where N, is the normalization constant, h, ' is a'2

(3.3)

Here 4'&& l and O'P represent products of the dis-
torted waves and the internal wave functions in the
final and incident channels and 4V& is the differ-
ence between the true interaction between the final
separated nuclei (c, and a, ) and the distorting po-
tential in this final channel. A sta.ndard approxi-
mation for b, Vz is that it equals V, ,(r, ), the shell-
model potentia, l of t in c„ to obtain this form, it
is assumed that the difference between the nuclear
optical potential, UP'(rz), and the true interac-
tion between the cores, V, , (r), is negligible for
those values of core separation, r, which contrib-
ute crucially to the integral, and further, that cer-
tain Coulomb correction terms may be neglected. "

Let us now specialize to situations of sub-Cou-
lomb transfer. By assumption, the distorted
waves are represented as pure Coulomb waves
and also our neglect above of the difference (UP'
—V, , ) is now justified. Further, only the as-

C yC2
ymptotic form for the radial wave function of t
bound to c„u,,(r, ), is expected to contribute ap-
preciably to the integral; thus when t is a neu-
tron, we use the approximation

This can be translated into a modification of the
wave numbers k, and kz since the Coulomb wave
functions depend on the products k, r,. and k&r&

..

ky= 2+ —'
k~ .

(3.4b)

Here R,' is the radius of a, and n is the average
of the classical distances of closest approach in
the entrance and exit channels in a head-on colli-
sion. In all of our calculations where we make
comparison to experiment, we shall adopt the
above approximate correction for recoil.

The merit of Eq. (3.3) is that it permits use of
a powerful addition theorem by which the wave
function in r2 is to be expressed as a sum of prod-
ucts ln r and ry . Combining this with either the
no-recoil approximation or the approximate recoil
correction, Eqs. (3.4), enables one to reduce the
original six-dimensional DWBA integral to prod-
ucts of two three-dimensional integrals, one of
which has the familiar form of the conventional
zero-range approximation. The differential cross
section for the sub-Coulomb transfer reaction,
incorporating the approximate correction for re-
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coil can then be written as

do'
4 ] y ~ 2 ff~~ k 2~. +1 S~'~S~'~

ea (2vh2)2h, 2J, +1 (2j, +1)

(3 5)

where

T,~(8) = Jtdr )f & *(k&, r)h, ' *(ig,"r)F f~(r) y,
'

(k,', r),

(3.6)

difference (Ug~' —V, , ) in the form factor may be
neglected, or that the approximate recoil correc-
tion is valid. In this paper, though, we shall
adopt an optimistic attitude: The only modification
we make as the barrier is surmounted is to use
wave functions distorted by a complex nuclear po-
tential as well as by the Coulomb interaction. As
is typical in such applications, these distorted
wave functions will be chosen to give a good ac-
count of the elastic excitation functions.

IV. RELIABILITY OF APPROXIMATIONS

0

M, , Mf are the reduced masses in entrance and
exit channels, k„k& are the momenta in entrance
and exit channels, k,', k& are the recoil corrected
momenta as defined in Eq. (3.4b), J, , J, are the
total angular momenta of a, and c„Sa,4' are
the spectroscopic factors of t in a, and a„and
l is the transferred orbital angular momentum.

The most accurate evaluation of the integral
T&z(8) is accomplished through numerical integra-
tion using a large computer; in our calculations
we have used a version of the computer code
DWUCK" which allows a maximum of 100 partial
waves to compute T,~(8).

Use of a large computer may be circumvented,
however, since a simple analytic expression for
the cross section can be derived" on making three
further assumptions: (1) For values of r near the
classical turning points of the heavy-ion trajec-
tories, the function hI'l(i g2r) is reasonably well
approximated by

We first exa.mine the va.lidity of Eq. (3.3) ac-
cording to which the wa, ve function u, (r, ) is ap-
proximated by a Hankel function in the region of
interest; since we are primarily concerned with
proton transfer reactions, it is by no means ob-
vious that such a replacement is wel1. justified
there.

Codes have been constructed" for full finite-
range calculations with neglect of recoil in which
one attempts to evaluate the six-dimensional
DWBA integral for all values of x2. There are

)00- l

"Sr ()6O,)5e)"V,
E= 44.0 MeV

)
o-I

IO

h, ' (i}{,r)= fhP (iver), (3.8)

where f and g are adjustable parameters. (2) The
angular-dependent term in the form factor, Y*,~(r)
can be repla, ced by Y'P„(R), where R denotes the
recoil direction along which the contribution to the
integral Eq. (3.6) is a maximum. (3) The Coulomb
parameters in the incident and final channels, g,.
and gz, are much larger than unity. With these
assumptions, the sum in Eq. (3.5) can be shown to
reduce to a simple analytical expression [Eqs.
(2.11), (2.13), (2.15), and (2.16) of Ref. 15 with,
however, the small modification that k; in these
equations should be replaced by h,'], which can be
easily calculated. The accuracy of this analytic
expression will be considered in the next section.

If the heavy ions surmount the Coulomb barriers
in either the incident or final channel, a number of
approximations made in deriving Eq. (3.5) become
suspect. Certainly, pure Coulomb waves are no
longer correct for the distorted waves. Also, it
is no longer clear that the asymptotic form is ap-
propriate for the wave function u, (r,), that the'2

)o '= )oo

9
r, (fm)

)o-'
I5

FIG. 9. The Hankel function approximation to the 2p&&2
ground-state proton radial wave function in ~Y. The
match center radius R2 equals 7.7 fm at E„b——44 MeV.
The significance of yt, y2

' and N2 is described in text.
V(r2) is the nuclear potential appropriate to this bound
state with xo&=1.2 fm and a2=0.65 fm. It is clear that
R2 is well outside the nuclear potential. In fact, at Rz
=7.7 fm, -V(R&) = 0.4 MeV compared to the central depth
of 59.7 MeV.
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indications, "however, that the cross sections so
computed do not differ appreciably from those
which make use of the above Hanke1. function ap-
proximation. Our belief is that there are other ap-
proximations in our procedure which have more
doubtful validity.

A least-squares-fitting routine optimizes the fit
around a "match center" radius in the second po-
tential, R„defined as IA, ' '/(A, "'+A,' ')] n,
where a is the distance of closest approach for a
head-on Coulomb collision averaged between the
incident and exit channels referred to in Eg. (3.4).
In Fig. 9 is shown a fit to the ground-state proton
orbital of Y for which the radius parameter of
the potential is chosen to be 1.20 fm. It is seen
that a good fit is achieved over a rather broad
range of r„with a match center radius R„at V. V

fm (corresponding to an incident laboratory energy
of 44 MeV) the deviation exceeds 4% only for r,
less than 6 fm or greater than 12 fm. As long as
a comfortably exceeds the sum of the radii of the
potential wells, it is not expected that u, (r, ) will

I 2
contribute much to the matrix element for values
of x, &R'„where R', =1.2A, ' ', here approxi-
mately equal to 5.5 fm.

If the DWBA amplitude is computed in the prior
rather than the post representation, the roles of
projectile and target are exchanged. Consequent-
ly, for our proton-transfer reactions, the coordi-

nate r2 is then that of the proton relative to the "N
core. In Fig. 10 is displayed the 1pzg2 proton
wave function in "0 and the corresponding Hankel
function approximation. The match center radius
4.3 fm corresponds to the same reaction as in Fig.
9, i.e., "Sr("0,"N)' Y. . . at an incident labora-
tory energy of 44 MeV. Again, it is seen that the
Hankel function approximation is rather accurate.

The extent to which contributions to the transfer
amplitude are localized near the classical distance
of closest approach is illustrated in Fig. 11 which
shows the factors comprising a radial matrix ele-
ment for the reaction "Sr("0,"N)"Y, , We see
that the region of transfer is localized within 3
fm in this instance, a result which implies that
the wave function I, (r, ) need be matched only over
a limited region. Also we have found in further
numerical studies that shifting the match center
radius R, by as much as 1 fm alters the calcu-
lated cross section by less than 1%.

In the calculations discussed so far, a reason-
able but arbitrary value was adopted for the radius
parameter of the shell-model potential. One may
then worry as to what extent this choice affects
the cross sections through altering the values de-
termined for g2'". Fortunately, this dependence
appears to be rather small; keeping the magni-
tudes Si2l

l u, (r, = R,)i' constant at the match cen-
ter radius, we find that for values of xp2 ranging

l I
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FIG. 11. Localization of transfer for the E =0 proton
transfer to the ground state of Y at Ehb =44 MeV. The
Coulomb wave functions in the entrance and exit channels
for l; =L& =2, corresponding to the classical grazing an-
gular momentum at Ofsb —170, the natural logarithm of
the Hankel function form factor and the product +g&
&& Ao~'~(i gr)E;, which is proportional to the integrand of the
radial DWBA integral are ahown, as a function of dis-
tance between the colliding nuclei. The latter curve
clearly indicates that the main contribution to the cross
section is centered around the classical distance of clos-
est approach with a spread of about 3 fm.
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IO-'
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0 IO6 8
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FIG. 10 The Hankel function approximation to the 1P&&2

ground-state proton radial wave function in O. R&, y &,

y &", and N& correspond now to the appropriate prior
calculations.
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from 1.14 to 1.26 fm, the calculated cross sec-
tion at I IO for the reaction Sr( Op N) yg s at
a.n incident energy of 44 Mev is constant to within
0.5@. Similarly for values of r» ranging from
1.18 to 1.30 fm the cross section at 170' for the
reaction '4'Ce("0, "N)"'Pr, , at an incident ener-
gy of 55 MeV is constant to within 3%. In addition,
a 5% va. riation in the diffuseness parameter a,
about its "standard" value 0.65 fm produced vari-
ations in cross section less than 2%. We shall
return to some implications of these results in
Sec. VI where we discuss spectroscopic factors.

Next, we examine our neglect of the Coulomb
correction terms contained in 4 V&. These have
the form, '~ in the post representation,

d, Vc.„, =Z,Z, e'~, '+Z, Z,e'~ '-Z, (Z, +Z, )e'r~ '

(4 I)

=Z,Z,e'(r, ' —r ')+Z, (Z, +Z, )e'(r ' —rq ')

and for grazing collisions are well approximated

n Vc,„,—-Z~Zt e (r~ —r )

—Z, (Z, + Z, )e2m, m, 'r, r-

(4 3)

As was found by Buttle and Goldfarb" for the
"B("N,"C)"C reaction, inclusion of the Coulomb
correction terms decreases the form factor at all
values of r for proton stripping reactions. A sim-
ilar inclusion of Coulomb correction terms in-
creases it slightly for neutron stripping reactions.
Quantitatively this amounted to approximately 30%
reduction for the ("0,"N) reactions and about 8%
increase for the ("0,"0) reaction over the Cou-
lomb-uncorrected cross sections. The relative
difference between the form factors which enter
Eq. (3.6) with and without the Coulomb correction
terms varies only slowly with distance between
cores, x; for example, in the case of proton

transfer to the ground state of '9Y using post rep-
resentation at E= 44 MeV, the ratio of the differ-
ence of form factors to the form factor without
the Coulomb terms is 0.146 at r=10.5 fm and
0.175 at r=12.5 fm.

Numerical evaluation of the transfer cross
sections with inclusion of Coulomb correction
terms has been made with the aid of the computer
code DWUcK for all levels under the present study
for the lowest bombarding energies. In addition,
for the ground state and 0.91-MeV state in Y, the
energy variation of the Coulomb corrections was
also investigated and the latter results are shown
in TaMe I; in these calculations nuclear distor-
tions are not included. The relative angular dis-
tributions are rather insensitive to inclusion of
these terms and inspection of Table I shows that
the decrease in cross section is only slightly de-
pendent on energy and l transfer. Similarly, the
relative reduction was found to be essentially the
same when, at higher energies, nuclear distorted
waves were used. In view of this and the non-
negligible expense of carrying out computations at
all energies of interest, the detailed excitation
functions shown in this paper do not include the
Coulomb correction terms. However, when we
later relate the geometry of the bound states and
their spectroscopic factors to the magnitude of
our measured cross section, we will take account
of the corrections due to Coulomb terms.

We next discuss the validity of the no-recoil ap-
proximation, and the approximate recoil correction
of Buttle and Goldfarb. At this time of writing,
DWBA computations which treat recoil exactly"
are not yet available for collisions of heavy ions
with nuclei as heavy as those we are considering
and consequently a direct check of our recoil ap-
proximations has not been made. However, a
necessary condition which must be placed on the
exact DWBA amplitude —that it be the same for
either the post or prior representation —may be
used as a measure of the consistency of the re-
coil approximations. Here we find, as did Barnett
et al.' for the case of transfer reactions on "'Pb,

TABLE I. Effect of Coulomb terms in the form factor.

{MeV)

89&a'.
0(170)

"

(xIlb/s r)
with Coulomb without Coulomb

terms terms
Fractional
deviation

89
&o.st

0(170) ~

(mb/sr)
with Coulomb without Coulomb

terms terms
Fractional
deviation

46
48
50

0.129
0.308
0.659
1.285

0.188
0.439
0.929
1.809

0.31
0.30
0.29
0.29

0.290
0.827
2.085
4.733

0.412
1.158
2.879
6.439

0.30
0.29
0.28
0.27

~ These calculations assumed "standard" bound-state geometries with S~~~=-2.0 and S =-1.0.
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FIG. 12. The effects of Coulomb corrections in the
form factor and recoil corrections in the entrance and

exit channel wave functions for post and prior represen-
tations, as a function of incident energy. The specific
case is that of proton transfer to 89Yg.&. at eh,b =170'. No

nuclear distortion is introduced and the calculations as-
sume S~~~=2.0 and 8~2~=1.0. The symbols POC and POU
correspond to the calculations with and without recoil
corrections, respectively, in the post representation.
Similarly, PRC and PHU are the recoil corrected and
uncorrected calculations in the prior representation.
The top part of the figure depicts calculations which as-
sume Coulomb correction in the form facto;, while the
bottom part shows those that do not.

that the post and prior cross sections are gener-
ally in closer accord when the approximate recoil
correction is made than when the no-recoil ap-
proximation is used. Accordingly for theoretical
calculations which involve fits with experimental
data, we have used the approximate recoil cor-
rectlon8.

However, it is on1y fair to point out that in some
cases [(e.g, 888r("0, "N)"Y,.~. )] for the physical
Q values and energies of interest, the post-prior
discrepancy for the no-recoil approximation is no
worse than that with the approximate recoil cor-
rection. Figure 12 illustrates this point. Indeed,
one sees in Fig. 12 that the discrepancy when the
no-recoil approximation is used may actually be
less over a considerable range of incident energies.
But this region, in the present case, lies above the
region where sub-Coulomb calculations may be
considered legitimate. In addition, it is evident

from Fig. 12 that when the Coulomb terms are
also included in the form factor, post and prior
results agree better than when they are neglected.

Buttle and Goldfarb" have argued that the post
representation is to be preferred if the Q value
is negative and if the light nucleus is the donor of
the transferred particle. Accordingly, the post
representation shouM be favored for the transfer
reactions we are considering. Nonetheless, the
discrepancies that are apparent in Fig. 12 do give
us pause and lead us to regard our approximate
treatment of recoil as the least satisfactory as-
pect of our calculations. As pointed out by DeVries
and Kubo'9 and by Nagarajan, '0 a less approximate
handling of recoil leads to modified selection rules
for orbita1 angular momentum transfer giving rise,
in some cases, to large changes in the magnitudes
of the calculated cross sections.

The simple analytic approximation" for the
DWBA cross section appears to be rather good,
particularly for low values of the angular momen-
tum transfer. For example, for the l =0 proton
transfer to the ground state of "Yy the two cross
sections at 170' agree to within 3%, and even for
the l = 5 proton transfer to the 0.91-MeV first ex-
cited state of "Y, the agreement was within 4% at
170' for incident energies from 42 to 47 MeV.
The largest deviation, about 15%, occurred for
the l = 6 proton transfer to the lh»&, state at 1.13
MeV in Pr. Thus the simple analytic approxi-
mation seems to be somewhat more accurate for
the cases we have examined than was found by
Barnett et al .' and has been very useful for study-
ing the dependence of the cross sections on various
parameters and approximations.

ParentheticRQy, we mention that the DWBA cross
sections, as computed with the code DNUCK, set-
tled down to R con8tRnt value Rt R relRtlvely low
value for l, the maximum number of partial
waves. This is to be contrasted to the experience
of Barnett et a/. ' For example, at the backward
angle of 170', we find the difference between the
proton-transfer cross sections with l~.„=56 and

= 100 to be always less than 0.5%for the pro-
ton transfer to the ground state of "Y. For all the
cases that we have studied, $ ~ 72 was found to
be sufficiently accurate (i.e. , there is less than 1%
variation in backward-angle cross section for val-
ues of / larger than approximately VO).

V. ENERGY DEPENDENCE BELOW AND NEAR
THE COULOMB BARRIER

In Figs. 2, 6, and 8, the excitation functions to
single levels, measured at 170', are compared to
theoretical sub-Coulomb cross sections (which
neglect the Coulomb correction terms in the form



1138 K. G. NAIR et al.

factor) Eg. (3, 5), evaluated with a modified form
of the computer code DwUcK. The calculated
cross sections have been normalized to experi-
mental results at low values of bombarding energy.

We see that the measured and calculated cross
sections are in accord over a substantial range of
bombarding energies, giving us some evidence
that the sub-Coulomb theory is appropriate at our
lower energies. Somewhat surprisingly, the
agreement persists even to energies where the
elastic scattering lies substantially below the
Rutherford value. As mentioned in the previous
section, the cross sections which include the
Coulomb correction terms have, for all practical
purposes, the same energy dependence as those
that do not.

To deter mine at what ener gies we should expect
to encounter deviations from the sub-Coulomb
theory, the elastic scattering excitation functions
have been fitted to optical-model calculations
which employ a standard four-parameter complex
Woods-Saxon potential and the transfer cross sec-
tions have been recomputed using waves distorted
by this nuclear potential as well as the Coulomb
potential, Obviously, the information content in
the backward-angle elastic excitation functions is
rather low so that a variety of potential parameters
are possible. A full discussion of alterations in
the computed transfer cross sections produced by
nuclear distortion is deferred to Sec. VII. We here
note, however, than any reasonable distorting po-
tential we have examined leads to negligible
changes in cross sections for E&„&58 MeV for pro-
ton transfer to states in "'Pr, for E~,b&45 WieV

for proton transfer to states in "Y, and for E„b& 60
MeV for the neutron transfer to the ground state
of "'Ce. At these energies, the elastic cross sec-
tions are diminished from the appropriate Ruther-
ford value by 5%, 15%, and 30%, respectively.
The classical barrier presented by the real part
of the nuclear potential and the Coulomb potential"
occurs at Ej,b = 62.8 MeV and r, =11.3 fm for "0
+"Ce& Slab 47.1 MeV and r, —-10.5 fm for "O
+ 'Sr, and EL,b =61.S MeV and r~ =11.6 fm for ' 0
+ 140Ce

VI. SPECTROSCOPIC FACTORS

Unambiguous extraction of spectroscopic factors
for the target nucleus is an exceedingly difficult
goal since this requires not only that the sum

g&, j T, &
(8)j' be accurately evaluated, but also that

one know the spectroscopic factor of the projec-
tile and the geometry of both bound states. Ac-
cordingly, we postpone the discussion of our best
estimates for such spectroscopic factors to a later
portion of this section.

P(R„R,) =S "&S&'&
ju& (R,)j'ju, (R,)j' (4.4)

That this should be an invariant for sub-Coulomb
transfer becomes physically plausible on contem-
plating the overlap of the radial wave functions
when the projectile and target are at the distance
of closest approach.

The joint probability P(R„R,) together with the
corresponding values of R, and R, are listed in
Table II for those transitions to levels which could
be resolved. In obtaining these values, we have
used the post form of the sub-Coulomb DWBA
theory including the approximate recoil correc-
tions suggested by Buttle and Goldfarb and also
have taken into account the Coulomb correction
terms in the form factor as discussed in Sec. IV.
The normalization to experiment is that shown in
Figs. 2-4 and 6-8, and the corresponding incident
laboratory energies are also listed in Table II.

In carrying out these calculations, some choice
had to be made for the bound-state parameters.
Such choices seem to be often based largely on
custom rather than any strict theoretical founda-
tion; our own was based on a reasonable sampling
from literature. These "standard" bound- state
parameters used in the present calculations were
&o, =r-, ='.20 fm, a, =0.65 fm for the nucleon
bound to the light-donor nucleus, and r02 =r„
=1.24 fm, a, =0.65 fm for the nucleon bound to the

We do find, however, one invariant quantity, a
function of spectroscopic factors and well geome-
tries, which fixes the over-all magnitude of a
transfer cross section. At first glance, one might
guess that this invariant would be the product oc-
curring in Eq. (3.5), S'"S"'jA, j'[N,"]', but nu-
merical studies with many different well geome-
tries show otherwise. The problem with the above
product is that small changes in the values of
y,'", which occur as the geometrical parameters
or bombarding energy are varied, lead to moder-
ately large changes in both jA, j' and [N2'"]' Bu.t,
as noted earlier in Sec. IV, these are compensated
for by changes in+&, j T», (9)j' which is also a func-
tion of y,'", so that the over-all cross section is
essentially unchanged provided the magnitude
S'2&ju, (r, =R,)j' is held fixed. Similarly, it is
found that S'"jA, j' is essentially unchanged when
there are changes in the geometrical parameters
of the first well provided that S '"

ju&, (r, =R,) j2 is
held fixed. To be specific, the value of S'"jA, j'
for proton transfer from "0to ' Yg.s. at &hb =44 MeV
varied by less than 1.5% as r„ranged from 1.14
to 1.26 fm and a, ranged from 0.56 to 0.64 fm,
provided that S '" ju, (R, =4.33)j' was held fixed.

Thus our suggested invariant is the joint proba-
bility
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TABLE II. Summary of results.

Nucleus

'4'Pr g.s ~

1.13
1.30

56
59
59

2.67 x 1p
4.60 x 10
1.25x 1p

Final E
state (MeV) P (R &, R2)

Rg R2
(fm) (fm)

4.41 9.09
4.22 8.71
4.22 8.73

1.31x10'
8.01 x 10'
2.87 x 105

eff
X f

0.7184
0.7179
0.7179

0.7713
0.7069
0.7387

1.73 0.81 + 0.05
2.22 1.04 + 0.18
1.73 0.81 + 0.30

s('~s~'~ s(X2

89@ g,s ~

0.91
42.5
42.5

7.19x10 7

1.96 x 10 7

4.49 7.95
4.56 8.08

7.26x 104

4.51x 10'
0.7184
0.7183

0.7574
0.6872

2.51 1.17 + 0.16
1.55 0.72 + 0.09

14iCe 1, 3, 5 g.s. 56 1.62x 10 6 4.63 9.21 1.65 x 10~ 0.5399 0.4848 1.80 1.11+ 0.08

The errors assigned to S are due to counting statistics only.

heavy-acceptor nucleus. The value of the spin-
orbit potential Vso was assumed to Qe 7.0 MeV
throughout. But, as emphasized above, the values
extracted for P(R»R, ) only vary slightly as these
range over all reasonable values. Since the joint
probability P(R„R,) is a function of R, and R„ it
may easily be extrapolated locally to other values
of match center radii when use is made of the
Hankel function approximation.

For the case of neutron transfer, where the
values of X, and X, are determined by the respec-
tive binding energies, the specification of P(R„R,)
is uniquely related to the product A,"'pyAf z where
A„. is the reduced normalization of Rapaport and
Kerman, "A» =lV,', S»/y ' (superscripts 1 or 2

should be added to refer to cores 1 and 2, respec-
tively). For the case of proton transfer, however,
the values of A» are not so uniquely determined
for a given proton wave function since the values
of g are functions of the match center radii; con-
sequently, there is modest variation in the values
of N" and thus A» as a function of the bombarding
energy at which one chooses to normalize theory to
experiment. Similarly, the values of A„. are
moderate functions of the geometry assumed for
the potential wells. For example, the observed
proton-transfer cross section to the ground state
of BOY, at E~y=44 MeV and 8hb =170', 0.16 mb/sr,
leads to a value for the product A,",,'-,A',",, with
r„=1.20 fm and r» =1.24 fm which is 18$ higher
than that for the choice roy ~o, = 1.20 fm; in con-
trast, the value of P(R„R,) =P(4.33, 7.67) is
found to be only 2'/o higher for the choice r„=1.20
fm and r = 1.24 fm than it is for r, =r, = 1.20 fm.
Bearing in mind the above comments, we none-
theless also list values extracted for the product
A,",~, A,"'~ and the corresponding values of X,

'" and

y,'" in Ta(le II. These values also pertain to the
"standard" geometry.

When specific assumptions are made regarding
the geometrical parameters of the bound states,
as mentioned earlier, values can be extracted for
the product of spectroscopic factors S'"8'".

Choosing the "standard" bound-state parameters
mentioned earlier, we obtain the values given in
Table II. In addition, a knowledge of S '" is neces-
sary for the further evaluation of S'". For this
purpose, we have assumed the measured value, "8'" = 2.14, for the p», hole state in "0 (the bound-
state geometry used in extracting this is the same
as ours) and the calculated value of Kuo and Brown, "
S'" =1.62 for the d,z, state in "O.

A comparison of our results on spectroscopic fac-
tors with those obtained by other workers using
light-ion-induced reactions is often ambiguous
due to the nonunique sets of bound-state param-
eters, normalization constants, use of lower radial
cut-offs in some cases, uncertainties in optical
parameters in the incident and final channels, and
experimental errors quoted by these authors,
coupled with our own problems as mentioned in
the beginning of this section. Nevertheless, it may
be instructive to undertake such a general compari-
son with the above reservations in mind.

With the same geometry for the bound-state
parameters for the "'Ce+p system as ours,
Wildenthal, Newman, and Auble' obtain spectro-
scopic factors of 0.64, 0.84, and 0.65 for the
ground state, 1.13-MeV, and 1.30-MeV states in
"'Pr, respectively, whereas the corresponding
values of Jones et al.' are 0.46, 0.60, and 0.49.
These have to be compared with our results which
are 0.81, 1.04, and 0.81, respectively. These
values show some systematic tendencies. Our
results are roughly 25% higher and those of Jones
et al. are 28% smaller than the corresponding
results of Wildenthal, Newman, and Auble. ' It
should be pointed out that the latter authors stress
the significance of the relative spectroscopic
factors rather than their absolute values, due to
normalization problems. Except for the complete-
ly unresolved levels at 1.60 and 1.65 MeV in "'Pr
(where we have assumed the relative spectro-
scopic factors of Wildenthal, Newman, and Auble),
our derived relative strengths for the resolved
states agree with those of Wildenthal, Newman,
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VII. EXCITATION FUNCTIONS ABOVE

THE BARRIER

It is apparent from Figs. 2, 6, and 7 that above
some critical bombarding energy, the observed
excitation functions dip below those calculated
from sub-Coulomb theory. Qualitatively, this
deviation may be attributed to nuclear distortion
as the Coulomb barrier is surmounted.

W'e have attempted to account quantitatively for
this behavior by using wave functions in the en-
trance and exit channels which are distorted by a
complex nuclear potential as well as by the Cou-
lomb potential. "Standard" optical- model param-

TABLE III. Typical sets of optical-model parameters
used in the present ca.lculations.

System
V

(Me V)
W

(iceV)
~0 ~0c

(fm)
a0

(i'm)
Designation

in Figs.

i6p+ i40pe

18p+ 88S1-

18p+ i40ge

80
80
80

40
40
40

80

15
15
15

10
10
10

1.250 0.50
1.304 0.40
1.201. 0.60

1.310 0.45
1.342 0.40
1.280 0.50

1.250 0,55

18
4
5

la
5
6

cl

These are defined as "standard" parameters in text.

and Auble' and Jones et al. '
For the states in "Y, the comparison becomes

more difficult due to the different bound-state
parameters used by Picard and Bassani' and
Stautberg, Kraushaar, and Ridley" in their studies
of the "Sr('He, d)"Y reaction. For the resolved
states in "Y (ground state snd the first excited
state at 0.91 MeV), the spectroscopic factors ex-
tracted from the present experiment (1.17 and
0.72) have to be compared with the values 0.90
and 0.88 of Picard and Bassani' and 1.62 and 1.62
of Stautber g, Kraushaar, and Ridley. "

A word of caution is in order here. Most of the
('He, d) results that we quoted here have relied
heavily on spectroscopic sum rules to extract
spectroscopic factors for the various states. This
usually involves additional normalization constants
which are quite arbitrary. Therefore, even with
identical bound- state parameters, a comparison
of these absolute spectroscopic factors to ours
may have only dubious relevance.

For the neutron-transfer reaction populating
the ground state of "'Ce, our value of S "' is 1.11.
The (d, p) reaction study of Wiedner et al."yields
a value of 0.89. If we adopt their bound-state
geometry (+02 =1.23 fm, a, = 0.65 fm), our result
becomes 1.15 which makes their result 25% less
than ours.

eters which yield reasonable fits to the elastic
excitation functions are listed in Table III and
calculated transfer cross sections using these
parameters are shown in Figs. 2, 4, 6, 7, and 8.
Inspection of Figs. 2, 6, and 7 indicates, however,
that there are some serious discrepancies between
the magnitude of these calculations and experi-
mental results at higher bombarding energies.
However, the general trend and the location of
the peaks of the excitation functions are repro-
duced by the present calculations.

Since the optical parameters are far from
uniquely determined by the requirement that the
backward-angle elastic excitation functions be fit-
ted, we have also calculated the transfer cross
sections to the ground state, 0.91-MeV, 1.51-MeV,
and 1.74-MeV states in "Y and to the ground state
of "'Pr, using alternate values of the parameters
which gave only slightly inferior fits to the elastic
excitation functions. A sampling of these results
is labeled by the numbers 4 and 5 on the curves
in Fig. 2, and 5 and 6 in Fig. 6. In addition, fits
to an experimental angular distribution taken at
Ehb =60 MeV for "'Pr, , (Fig. 4) with these optical
potentials indicate that the shapes of the calculated
angular distributions are essentially unchanged
from the sub-Coulomb calculation, even though
the magnitudes at backward angles are altered
somewhat.

The general trend of our calculations above the
barrier seems to indicate that transfer cross sec-
tions are better reproduced by higher diffuseness
in the optical potential, even though the correspon-
ding elastic fits got progressively worse. A ten-
dency for the theoretical fits with "standard"
parameters to flatten out with respect to the ex-
perimental results is evident as shown in Fig. 8
for the elastic scattering of "0on '"Ce. How-
ever, the corresponding transfer cross section
to "'Ceg.s. is very well reproduced by the sub-
Coulomb theory with no nuclear distortion. In
fact, inclusion of optical potentials to distort the
incident and final channels has only a minor ef-
fect on the transfer cross section as seen by the
curve labeled 1 in Fig. 8.

An investigation of the dependence of the elastic
and transfer excitation functions on the imaginary
part of the optical potential, 5", produced some
surprising results for low values of the ratio
(W/V). For certain combinations of ihe values of
the radius and diffuseness parameters, a small
change in the value of W produced only minor
changes in the calculated elastic excitation func-
tions, whereas the same change in W sometimes
resulted in calculated transfer excitation functions,
which wildly oscillated at higher incident energies.
For example, for the "O+"Sr system, with the
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set of optical parameters ro = 1.31 fm, a, =0.45 fm,
and V=40 MeV, when W was changed from 4 to
3 MeV, there was practically no change in the
elastic cross section at E~,b =49 MeV and 8&,b =170',
whereas the transfer cross section to "Yg.s. at the
same energy and angle increased by almost two
orders of magnitude. However, as the value of
~ approached 10 MeV, this extra sensitivity of
the transfer cross section to small changes in
W vanished. These results of ours are similar
to the observations of Buttle et al."in their study
of the 4'Ca("0, "0)"Ca reaction with incident
energies near the Coulomb barrier.

A comparison of the results for the two well-
resolved states in "Y is particularly disturbing.
For the same set of optical parameters, the fit
for the 0.91-MeV state seems to be better than
that for the ground state of ' Y. In the latter case,
theory predicts larger cross sections at higher
energies than the experimental results. Excluding
the limitations resulting from the nonuniqueness
of the optical-potential parameters, which is
characteristic of all heavy-ion scattering, a pos-
sible reason for this behavior is as follows. As-
suming the no-recoil approximation, the allowed
angular momentum transfers are l =0 for the
ground state of "Y (-,' ) and I = 5 for the first ex-
cited state at 0.91 MeV (f'). If recoil effects are
fully taken into account, the parity selection rule
(-)'~+'2 = (-)' is no longer valid and the allowed
transfers are l =0,1 for the ground state and )=4, 5

for the 0.91-MeV state, Since the highest angular
momentum transfer allowed typically has the high-
est yield, this means that if the complete six-
dimensional DWBA integral is evaluated, the cor-
responding relative increase in cross section is
expected to be higher for the ground state than for
the 0.91-MeV state, While the over-all cross sec-
tion at all energies is expected to increase with
calculations which fully take into account recoil
effects, this increase should be smaller at sub-
Coulomb energies where the large core-core
separations make contributions to the cross sec-
tions along the line joining the cores dominant over
the off-axis contributions. The longitudinal recoil
corrections are approximately taken into account
below the barrier by the recipe of Buttle and
Goldfarb and the transverse recoil corrections
should be negligible by the above argument. The
same argument cannot be made about situations
above the barrier.

The excitation functions for the unresolved states
in "'Pr (Fig. 3) do not show any significant dip
characteristic of nuclear distortion even at the
highest energies. Sub-Coulomb calculations nor-
malized at E~,b= 59 MeV seem to reproduce the
general trend adequately as seen in Fig. 3. For

the unresolved levels at 1.51 and 1.74 MeV in "Y,
the data show effects of nuclear distortion (Fig. 7).
With optical-potential sets 1 and 6, fits at higher
energies, no worse than those for the "Yg.s. case,
are obtained for these unresolved levels assuming
spectroscopic factors with the same relative
strengths as those quoted by Picard and Bassani. '
In addition, it is worth mentioning that theoretical
cross sections for transfer to the 1.74-MeV level
is almost an order of magnitude smaller than that
for transfer to the 1.51-MeV level even with the
assumption of a maximum spectroscopic factor of
unity for the latter. However, in spite of our
inability to resolve these levels cleanly at any
energy, as is evident from inspection of Fig. 5,
the approximate relative yield for the 1.74-MeV
level seems more than that predicted from theory.

The main lesson we draw from these compari-
sons between calculations and experiment above
the Coulomb barrier is that in this region the
uncertainties of the analysis multiply. Undoubted-

ly, one could improve the fits we have obtained by
allowing greater flexibility of potentials and param-
eters; but it is clear that we have crossed the
threshold into the realm of optical modeling with
all its attendant mystique.

VIII. CONCLUSIONS

We conclude by examining how well this study
has answered the questions posed in the Introduc-
tion.

Concerning our first question, to what extent is
the sub-Coulomb DWBA theory an accurate tool
and over what range of energies does it appear
valid, we ean say that there is a range of low
bombarding energies where the experimental
excitation functions are well matched by the sub-
Coulomb DWBA calculations and that over this
same range the deviation is negligible between the
sub-Coulomb calculations and those that incorpo-
rate nuclear distortion. %'e believe our largest
source of theoretical uncertainty lies in the Buttle-
Goldfarb approximate treatment of recoil. Com-
parison of the Coulomb-corrected excitation
functions calculated in the post and prior repre-
sentation suggests that this uncertainty is of the
order of only 20%; this matter will not be settled,
however, until calculations are available in which
recoil is treated without approximation.

In order to discuss what spectroscopic informa-
tion may be derived from these analyses, we first
must note that the invariant quantity fixed by nor-
malizing experiment to calculation, namely, the
joint probability P(R„R,), is a function of the
spectroscopic factors and bound-state geometric
parameters of both the donor and acceptor nuclei.



Only when assumptions are made concering values
of these parameters and 8'", the spectroscopic
factor of the donor, may we extract values for
8'", the spectroscopic factor of the acceptor.
Reasonable assumptions for these parameters and
S " do lead to values for $ '~ which are close to
expe "tation and to those extracted from reactions
induced by light ions. It would be desirable,
though, to have available firm, independent in-
formation concerning S'" and the parameters of
the donor so that spectroscopic information about
the acceptor will be less uncertain.

At bombarding energies such that nuclear distor-
tion plays a role, the agreement between calcula-
tion and experiment or between different calcula-
tions with optical parameters which yield nearly
equivalent elastic excitation functions is less satis-
factory. It is likely that a proper treatment of
recoil will here bring experiment and calculation
into closer accord, particularly for the proton
transfer to the ground state of "Y, but the dif-
ferences between calculations which use differing
sets of optical parameters will remain. The les-
son we draw from this is that the most reliable
spectroscopic information will be that obtained
at bombarding energies below the Coulomb barrier.

As a final point we do note that there are prac-
tical limitations which restrict the utility of sub-
Coulomb heavy-ion-transfer reactions. The poor
energy resolution and typically low cross sections
limit the number of nuclei and the number of levels
in the same nucleus which can be studied. Fur-
ther, kinematic considerations lead to inhibited
transfer cross sections except for a rather narrow
band of Q values (often not physically accessible).
These considerations lead us to predict that study
of single nucleon transfer induced by heavy ions
below the Coulomb barrier will be used primarily
as a means for calibrating in select cases the
spectroscopic information obtained from transfer
reactions induced by light ions.

Note added in Proof:
(l) Angular distributions for the reactions 88Sr-

("0,"N)"Y to the ground and first excited states
have been reported by Anantaraman, Katori, and
Kdrner~' for several bombarding energies in the
range 44 through 59 MeV.

f
(2) A computational mistake has been found

which concerns our bound-state parameters. It

was our intent that the radius parameters of
bound-state potentials be related to the potential
radius in a conventional fashion by R=r, (A -1)'~';
in fact, the radii had been computed as 8 =xp
x(A -2)'". Thus, our calculations actually corre-
spond to decreased values of r, when one uses the
conventional relation; for example, our "standard"
parameters for proton transfer to 'Sr become
Spy 1 173 and 1.235 fm instead of 1.20 and 1.24
fm, respectively. Alternatively stated, this
means that cross sections computed with the con-
ventiona1 relation and the radius parameters as
printed will be about 8% larger than those com-
puted with the mistaken convention and, accord-
ingly, the spectroscopic factors with "standard"
parameters of Table II, Fig. 3, and Fig. 7 should
be reduced by about 8%. We should emphasize,
though, that such an alteration causes no signifi-
cant change in the values of P(R„R,), the in-
variant of the analyses.

(8) Comparisons have now been made between
our calculations, which use the Buttle-Goldfarb
approximation for recoil, and finite-range calcu-
lations which treat recoil exactly" for the case of
proton tra, nsfer to the ground state of "Y. (We
thank Dr. R. M. DeVries for carrying out the exact
finite-range calculations. ) With the bound-state
parameters x» =x02=1.20 fm, and the standard
convention for the relation between radius and
radius parameter a, =0.6 fm, a, =0.65 fm, V„
= 0.0 MeV, optical-model set 1, but no Coulomb
terms in the form factor, the ratios of the exact
finite-range to Buttle-Goldfarb cross sections at
170' for the four energies 42.5, 44, 46, and 48
MeV are found to be 1.02, 0.94, 1.02, and 1.03,
respectively. These suggest that our calculations
with the Buttle-Goldfarb procedure are adequately
accurate for energies below the Coulomb barrier.
Also it is found that the exact finite-range calcula-
tions render inoperative our argument in the sixth
paragraph of Sec. VII concerning the possible im-
portance at backward angles of l =1 angular mo-
mentum transfers for energies above the barrier.
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