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208Pb-daughter cluster radioactivity and the deformations and orientations of nuclei
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The role of deformations and orientations of nuclei is studied for the first time in cluster decays of various
radioactive nuclei, particularly those decaying to doubly closed shell, spherical 208Pb daughter nucleus. Also, the
significance of using the correct Q-value of the decay process is pointed out. The model used is the preformed
cluster model (PCM) of Gupta and collaborators [R. K. Gupta et al., Proc. Int. Conf. on Nuclear Reactions
Mechanisms, Varenna, 1988, p. 416; Phys. Rev. C 39, 1992 (1989); 55, 218 (1997); Heavy Elements and Related
New Phenomena, edited by W. Greiner and R. K. Gupta, World Sc. 1999, Vol. II, p. 731]. In this model,
cluster emission is treated as a tunneling of the confining interaction barrier by a cluster considered already
preformed with a relative probability P0. Since both the scattering potential and potential energy surface due
to the fragmentation process in the ground state of the parent nucleus change significantly with the inclusion
of deformation and orientation effects, both the penetrability P and preformation probability P0 of clusters
change accordingly. The calculated decay half-lives for all the cluster decays investigated here are generally in
good agreement with measured values for the calculation performed with quadrupole deformations β2 alone and
“optimum” orientations of cold elongated configurations. In some cases, particularly for 14C decay of Ra nuclei,
the inclusion of multipole deformations up to hexadecapole β4 is found to be essential for a comparison with
data. However, the available β4-values, particularly for nuclei in the mass region 16 � A � 26, need be used with
caution.
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I. INTRODUCTION

Cluster radioactivity is the spontaneous emission of nuclei,
heavier than α-particle, from heavy radioactive nuclei and is
an established phenomenon since its theoretical prediction in
early 1980 [1] and experimental confirmation in 1984 [2]. The
ground-state cluster decays of different parent nuclei in the
trans-lead region have been observed by many experimental
groups around the world, specifically, the clusters 14C, 18,20O,
23F, 22,24,26Ne, 28,30Mg, 32Si, and 34Si, respectively, from
221−224,226Ra, 226,228Th, 231Pa, 230,232,234U, 236,238Pu, 238Pu,
and 242Cm parents [3,4]. Also, 14C decay from 221Fr and
225Ac, and, more recently 14C from 223Ac and 34Si from
238U are observed [5]. It is now well understood that these
decays find their origin in the closed shell effects of daughter
nuclei (208Pb or its neighboring nuclei), studied on various
theoretical models, classified mainly as the “fission models”
and the “preformed cluster models” (see, e.g., [4]). The shell
structure of the daughter nucleus or the Q-value [B.E.parent −
(B.E.daughter + B.E.cluster)] of the reaction is the key factor in
the cluster decay process.

In the present work, we investigate the role of deformation
and orientation of the decaying parent nucleus and of emitted
fragment(s) in the ground-state decay of the daughter nucleus
(nuclei), using the preformed cluster model (PCM) of Gupta
and collaborators [6–9]. The study is confined to only those
clusters in which the daughter formed is always a 208Pb (doubly
closed-shell spherical nucleus with Z = 82, N = 126) and, in
some cases, its heavier isotopes. It is relevant to mention here
that all the parents 221−224,226Ra, 226,228Th, 231Pa, 230,232,234U,

236,238Pu, and 242Cm and their respective emitted clusters 14C,
18,20O, 23F, 22,24,26Ne, 28,30Mg, and 34Si considered here are
deformed, except for 26Ne and 34Si which are spherical. Also
all parent nuclei are prolate deformed whereas clusters 14C,
23F, 24Ne, and 30Mg are oblate deformed and 18,20O, 22Ne, and
28Mg are prolate deformed. Another point of interest to note
may be that all the parent nuclei, with 208Pb as the daughter
product, have almost the same N/Z ratio. The experimental
data on cluster decay half-lives for all the chosen cases here
are given in Refs. [3,4].

With in the “fission models” of cluster radioactivity,
the ground-state deformation effects of the parent and/or
daughter, keeping the emitted cluster still spherical, were
introduced by Shanmugam and Kamalaharan [10] for the
finite-range Yukawa-plus-exponential potential, and for the
emitted quadrupole deformed cluster, treating the daughter
as spherical, by Gupta et al. [11,12] using the double folded
Michigan-3 Yukawa (M3Y) potential. The deformation effects
of the daughter nucleus, as well as the higher multipole
deformations, were also accounted for later with in the M3Y
potential [13]. However, for the “preformed cluster models,”
both deformation and orientation effects of the parent as well
as of decay products are studied only recently with in the PCM
of Gupta and collaborators, and only brief reports are made at
the conferences [14–16]. The details of this work are published
here for the first time. Note that in PCM, not only the shapes of
parent, daughter and cluster are important, but also the shapes
of all other possible fragmentations of the decaying parent
nucleus are important via the calculation of the fragmentation
potential, and hence the preformation factor P0. We shall
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see that the inclusion of deformation and orientation effects
of the decaying products change the fragmentation potential
energy surface (PES) quite significantly. As a consequence,
the relative preformation probabilities P0 for all the fragments
change in the ground-state decay of parent nucleus. Similarly,
the scattering potential (barrier position as well as its height)
is also modified with deformation and orientation effects of
outgoing fragments included, thereby affecting the tunneling
through barrier, and hence the penetrability P .

Sections II and III give, respectively, the details of pre-
formed cluster model (PCM) and our calculations for ground-
state decays of the chosen parent nuclei. For the ground state
binding energies and deformation parameters of nuclei, we
use the tables of Möller et al. [17]. The nuclei are considered
to have the “optimum” orientations for the cold ground-state
decay process, i.e., the deformed cluster and daughter nuclei
are in an elongated, noncompact configuration of Ref. [18],
denoted θ

opt.
i . Finally, the results are summarized in Sec. IV.

II. THE PREFORMED CLUSTER MODEL (PCM)

The preformed cluster model (PCM) of Gupta and col-
laborators [6–9], with effects of deformation and orientation
degrees of freedom included, is based on the well-known
quantum mechanical fragmentation theory (QMFT) [18–20].
In PCM, the clusters are considered to be preborn in the parent
nucleus before penetrating the interaction barrier. The model
is worked out in term of only one parameter, the neck-length
parameter �R, assimilating the neck formation effects of the
two-centre shell-model shape. The decay constant and hence
the decay half-life time in PCM is defined as

λ = ν0P0P, T1/2 = ln 2

λ
. (1)

Here ν0 is the impinging frequency with which the cluster hits
the barrier, given by

ν0 = v

R0
= (2E2/µ)1/2

R0
, (2)

where R0 is the radius of parent nucleus and E2 = 1
2µv2 is the

kinetic energy of the emitted cluster. The impinging frequency
ν0 is nearly constant ∼1021 s−1 for all the observed cluster
decays. Since both the emitted cluster and daughter nuclei are
produced in ground state, the entire positive Q-value of decay
is the total kinetic energy, (Q = E1 + E2), available for the
decay process, which is shared between the two fragments,
such that for the emitted cluster,

E2 = A1

A
Q (3)

and, E1(=Q − E2) is the recoil energy of daughter nucleus.
P0 is preformation probability of the cluster, and P is the
WKB penetration probability of the cluster through the barrier,
calculated within the QMFT.

The QMFT is worked out in terms of the collective
coordinates of mass and charge asymmetries

η = A1 − A2

A1 + A2
and ηZ = Z1 − Z2

Z1 + Z2
,

FIG. 1. The scattering potentials for the 24Ne cluster decay of
parent nucleus 232U, i.e., 232U →208Pb +24Ne, for 24Ne considered as
a spherical and deformed nucleus with “optimum” cold orientation
angles θ

opt.
i of Table I in Ref. [18].

(1 and 2 stand, respectively, for the daughter and cluster) and
the relative separation R, to which are added the multipole
deformations βλi and orientations θi (i = 1, 2) of daughter
and cluster nuclei. In PCM, the two coordinates η and R refer,
respectively, to the nucleon division (or exchange) between
the daughter and cluster, and the transfer of positive Q-value
to the total kinetic energy (E1 + E2) of two nuclei as they are
produced in the ground state, as already pointed out above.

The preformation probability P0(Ai)(≡| ψ(η(Ai)) |2, i =
1 or 2) is the solution of the stationary Schrödinger equation
in η, at fixed R = Ra , the first turning point of the penetration
path used for calculating the penetrability P (see Fig. 1). Thus,
the structure information of the compound nucleus is contained
in P0 via the fragmentation potential,

VR(η) = −
2∑

i=1

[Bi(Ai, Zi)] + Vc(R,Zi, βλi, θi)

+VP (R,Ai, βλi, θi) + V	(R,Ai, βλi, θi), (4)

used in the above said stationary Schrödinger equation. Here,
Bi(Ai, Zi) are the ground state binding energies from Ref. [17],
and Vc, VP , and V	 are, respectively, the Coulomb, nuclear
proximity, and angular-momentum dependent potentials. For
ground-state decays, 	 = 0 is a good approximation [4].
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In Eq. (4), the proximity potential VP for deformed and
oriented nuclei (see Figure 2 of [21]) is given as

VP (s0) = 4πR̄γ b�(s0), (5)

with the specific nuclear surface tension coefficient γ =
0.9517[1 − 1.7826(N−Z

A
)2] MeV fm−2, the surface thickness

b = 0.99 fm, and the universal function, independent of the
geometry of nuclear system, is

�(s0) =
{

− 1
2 (s0 − 2.54)2 − 0.0852(s0 − 2.54)3

−3.437 exp
(− s0

0.75

)
,

(6)

respectively, for s0 � 1.2511 and �1.2511. Here, s0 is in units
of surface thickness b. For determining the shortest distance
s0 between any two colliding nuclei, we use the expression of
Gupta et al. [21], obtained for all possible orientations of two
equal or unequal, axially symmetric, deformed nuclei lying in
one plane (Figure 2 of [21]),

s0 = R − X1 − X2, (7)

where

X1 = R1(α1) cos (θ1 − α1) (8)

and

X2 = R2(α2) cos (180 + θ2 − α2) (9)

are the projections along the collision Z-axis of nuclei. The
mean curvature radius R̄ in Eq. (5) for two co-planer nuclei is

1

R̄2
= 1

R11R12
+ 1

R21R22
+ 1

R11R22
+ 1

R21R12
(10)

with the four principal radii of curvature Ri1 and Ri2 of the
two reaction partners given by Eq. (4) of [21], and the radius
vectors

Ri(αi) = R0i

[
1 +

∑
λ

βλiY
(0)
λ (αi)

]
(11)

with the R0i given by

R0i = 1.28A
1/3
i − 0.76 + 0.8A

−1/3
i . (12)

For Coulomb interaction, the extended Wong’s [22] expression
for two non-overlapping charge distributions, to all higher
multipole deformations (λ = 2, 3, 4, ...), is [18]

Vc = Z1Z2e
2

R
+ 3Z1Z2e

2
∑

λ,i=1,2

Rλ
i (αi)

(2λ + 1)Rλ+1

×Y
(0)
λ (θi)

[
βλi + 4

7
β2

λiY
(0)
λ (θi)

]
. (13)

The mass parameters Bηη(η), entering the P0 calculation via the
kinetic energy term, are the smooth classical hydrodynamical
masses [23], used for reasons of simplicity.

The penetrability P in Eq. (1) is the WKB integral between
Ra and Rb, the first and second turning points, respectively
(Fig. 1). In other words, the tunneling begins at R = Ra and
terminates at R = Rb, with V (Rb) = Q-value for ground state
decay. Thus, as per Fig. 1, the transmission probability P

consists of the following three contributions [6,7]:

(i) The penetrability Pi from Ra to Ri ,

(ii) the (inner) de-excitation probability Wi at Ri , and
(iii) the penetrability Pb from Ri to Rb

giving the penetration probability as

P = PiWiPb. (14)

The shifting of first turning point from Ra to R0, the compound
nucleus radius, gives the penetrability P similar to that of Shi
and Swiatecki [24] for spherical nuclei, which is known not
to fit the experimental data without the adjustment of assault
frequency ν0. Following the excitation model of Greiner and
Scheid [25], we take the de-excitation probability Wi=1 for a
heavy cluster decays, which reduces Eq. (14) to the following:

P = PiPb, (15)

where Pi and Pb in the WKB approximation are

Pi = exp

[
−2

h̄

∫ Ri

Ra

{2µ[V (R) − V (Ri)]}1/2dR

]
(16)

and

Pb = exp

[
−2

h̄

∫ Rb

Ri

{2µ[V (R) − Q]}1/2dR

]
. (17)

For the first turning point, we use the following postulate:

Ra(η) = R1(α1) + R2(α2) + �R = Rt (α, η) + �R, (18)

where the η-dependence of Ra is contained in Rt , and �R

is a parameter, assimilating the neck formation effects of two
center shell model [8]. This method of introducing the neck-
length parameter �R is also used in our dynamical cluster-
decay model (DCM) [26–38] and in the scission-point [39]
and saddle-point [40,41] (statistical) fission models for decay
of a hot and rotating compound nucleus.

III. CALCULATIONS AND DISCUSSION OF THE RESULTS

The scattering potentials in Fig. 1, plotted for the cases
of both spherical and deformed nuclei, show that the barrier
position as well as height get modified with the inclusion
of deformation and orientation effects of the 24Ne cluster.
As expected, due to deformations, the barrier height gets
reduced and position increased, thereby affecting the tunneling
penetrability P . Note that the calculated decay constant λ

(or half-life T1/2) depends on P , and hence on inclusion/ or
noninclusion of deformations and orientations of nuclei.

Another quantity of interest for the calculations of λ or T1/2

is the preformation factor P0, whose calculation depends on
the fragmentation potential V (A2), illustrated in Fig. 2 for two
parent nuclei 222Ra and 232U. Here we have plotted the cases of
spherical vs quadrupole deformations β2 alone [panel (a)], and
β2 alone vs quadrupole, octupole, hexadecapole deformations
(β2–β4) taken into account [panel (b)], for all the possible
fragmentations of the parent nucleus. The orientation effects
are the “optimum” cold orientation angles θ

opt.
i of Table I

in Ref. [18]. We notice that the inclusion of deformations
and orientations of nuclei in V (A2) change the potential
energy surface (PES) significantly, and hence the relative
preformation probability P0 for all the fragments would change
accordingly.
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FIG. 2. The fragmentation potentials for parent nuclei 222Ra and 232U, for cases of (a) spherical compared with quadrupole deformation β2

alone, and (b) quadrupole deformation β2 alone compared with quadrupole plus octupole plus hexadecapole deformations (β2-β4), taken into
account for all possible fragments. The orientation angles are the “optimum” cold θ

opt.
i of Table I in Ref. [18].

In Fig. 2, we observe that for both the parents, there is
no change in PES for the cluster mass up to A2 = 15. For
A2 > 15, many new minima are observed in going from
spherical to deformed (β2 alone or β2–β4). For example,
in panel (a), new minima at 28Mg and 40S are obtained in
going from spherical to β2 alone, and in the case of including
higher multipole deformations (β2, β3, β4), many new clusters,
like 16,18,20O, 24,26F, and 40S are favored, which are not
experimentally observed, and also get ruled out in calculations
because of their small penetrability P . However, the relative

preformation faction P0 changes considerably, even for lighter
clusters of masses A2 � 15. This is illustrated in Table I, where
both P0 and P are given for the three cases of spherical,
β2 alone, and (β2, β3, β4). Only the experimentally observed
clusters with 208Pb-daughter product are considered. Similar
remarks are applicable to panel (b), e.g., the observed 24Ne
cluster for the parent nucleus 232U is at the minimum only
in the spherical case. This is also illustrated for the case of
(β2, β3, β4) via the charge dispersion potential V (ηZ) [dashed
vertical line in panel (b)], where the minimum is found to lie

TABLE I. The calculated preformation probability P0 and penetrability P using PCM, for various clusters with 208Pb as the
daughter product, for cases of spherical, β2 alone, and (β2, β3, and β4) deformed nuclei, and “optimum” orientations.

Parent Cluster PCM

Preformation probability P0 Penetration probability P

Sph. β2 β2, β3, β4 Sph. β2 β2, β3, β4

222Ra 14C 6.54 × 10−22 1.88 × 10−20 9.16 × 10−16 1.55 × 10−18 1.59 × 10−18 1.59 × 10−18

226Th 18O 2.42 × 10−25 3.59 × 10−23 9.29 × 10−08 9.03 × 10−21 1.13 × 10−20

228Th 20O 4.20 × 10−24 8.44 × 10−23 9.99 × 10−01 1.06 × 10−20 1.12 × 10−20

231Pa 23F 3.27 × 10−27 1.05 × 10−26 4.13 × 10−09 1.39 × 10−24 9.61 × 10−24 3.06 × 10−23

230U 22Ne 2.40 × 10−28 5.61 × 10−23 8.52 × 10−08 6.28 × 10−21 1.48 × 10−19 1.36 × 10−16

232U 24Ne 8.64 × 10−26 1.03 × 10−25 5.51 × 10−15 2.38 × 10−21 2.87 × 10−20 2.63 × 10−19

234U 26Ne 3.56 × 10−28 1.15 × 10−26 2.52 × 10−16 6.70 × 10−23 6.70 × 10−23 6.70 × 10−23

236Pu 28Mg 6.56 × 10−28 6.62 × 10−22 6.32 × 10−17 6.92 × 10−20 2.55 × 10−18

238Pu 30Mg 2.74 × 10−28 3.24 × 10−26 2.55 × 10−36 1.42 × 10−19 9.47 × 10−19 2.42 × 10−19

242Cm 34Si 1.14 × 10−27 1.52 × 10−25 4.94 × 10−38 4.85 × 10−19 4.85 × 10−19 4.85 × 10−19
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FIG. 3. Comparison between the experimentally observed and
calculated decay half-lives for 14C cluster emitted from various Ra
isotopes and 221Fr and 225Ac parent nuclei in the ground state.

at 24F. Note, however, that both 24F and 24O are prohibited
by penetrability P . Also, the 28Mg cluster decay of 232U, for
which only the upper limit of T1/2 is measured experimentally,
becomes more and more favorable as deformation changes
from spherical to β2, and then to (β2, β3, β4) case.

Figure 3 and Table II show the comparison between
the experimentally observed cluster decay half-lives and the
calculations based on the PCM for the three cases of spherical,
quadrupole deformation β2 alone, and quadrupole, octupole,
hexadecapole deformations (β2, β3, and β4), and “optimum”
orientations in each case. Figure 3, for 14C cluster decay
from different Ra isotopes, shows clearly that the comparison

FIG. 4. Comparison between the experimentally observed and
calculated half-life for the 14C cluster emitted from the 222Ra as a
function of the emitted Q-value. The Q-values QM.N., QA.W., and
Qarbitrary refer, respectively to Möller et al. [17], Audi and Wapstra
[42], and an arbitrary value.

between the data and calculations is the best for all considered
decays when higher multipole deformations (β2, β3, and β4)
are included. On the other hand, Table II shows that, except for
14C decay of 222Ra (already shown in Fig. 3), the respective
cluster decays of all other parent nuclei, i.e., 226,228Th, 231Pa,
230,232,234U, 236,238Pu, and 242Cm, are best explained for the
case of quadrupole deformation β2 alone. In the case of
higher multipole deformations (β2–β4) included, the log10 T1/2

is underestimated, possibly due to the inadequate β4 values
calculated in Ref. [17], in particular for the mass region
16 � A2 � 26 (the experimental β4 values are not available).
The only parameter of model is the length parameter �R

TABLE II. Half-life times and other characteristic quantities for cluster decay of various parent nuclei. The
calculations are made for use of the preformed cluster-decay model (PCM) of Gupta and collaborators, for cases
of spherical, β2 alone and (β2, β3, and β4) deformed nuclei, and “optimum” orientations. The impinging frequency
ν0 ∼ 1021 s−1 for each case. QM.N. refers to the Q-value calculated by using the binding energies of Möller
et al. [17].

Parent Cluster Ra QM.N. PCM Expt.

Half-lives log10 T1/2 Half-lives

Sph. β2 β2, β3, β4 log10 T1/2

222Ra 14C Rt + 1.26 32.47 17.36 15.89 11.20 11.01
226Th 18O Rt 47.55 23.00 20.73 >15.3
228Th 20O Rt + 0.50 45.91 21.72 20.40 20.87
231Pa 23F Rt + 0.25 50.81 28.73 27.38 09.28 >24.61
230U 22Ne Rt 61.69 26.15 19.41 01.27 >18.2
232U 24Ne Rt 62.03 24.04 22.88 11.19 21.05
234U 26Ne Rt + 0.50 58.65 28.00 26.49 16.15 25.06
236Pu 28Mg Rt 78.75 24.68 17.11 21.67
238Pu 30Mg Rt + 0.50 76.82 24.77 21.87 32.57 25.70
242Cm 34Si Rt 95.78 23.59 21.47 33.96 23.24
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whose value is, in general, obtained to be zero or small. In
other words, the decay process, in general, occurs near/ or at
the touching configuration.

Finally, a few words on the importance of Q-value used
in the PCM calculations. Figure 4 shows the variation of
calculated decay half-life for 14C decay of 222Ra on the
Q-value for the case of quadrupole deformation β2 alone.
Apparently, the log10 T1/2 value is different for the Q-value
calculated from Audi and Wapstra [42] or Möller et al. [17],
and shows a steep decrease as the Q-value increases. Hence,
a measurement of the Q-value together with the T1/2 value in
an experiment is very important.

IV. SUMMARY

The role of multipole deformations and orientations of
nuclei are included in cluster radioactivity for the first time, and
found that both deformations and orientations have significant
effects on calculated decay half-lives. The measured data on
cluster decay half-lives show, in general, improved fits with
calculations on the preformed cluster model (PCM) where
the effects of deformations are included up to quadrupole
deformation only. However, in some cases (particularly, Ra
isotopes) the inclusion of higher multipole deformations (up

to hexadecapole deformation) are found essential for a proper
comparison between the experiments and calculations. The
interesting point is that both the preformation factor P0 and
penetrability P are shown to get modified with the inclusion of
deformation and orientation effects. Moreover, unlike P , the
P0 is affected not only due to the shapes of parent, daughter and
cluster nuclei, but also due to the shapes of all other possible
fragmentations of the decaying parent nucleus.

The present study clearly points out the importance of
deformation and orientation effects in cluster decays of
radioactive nuclei. The role of multipole deformations higher
than β2, however, needs a closer look before reaching at
any discrete conclusion since the (calculated) data used
so far for β3 and β4 may not be adequate. Also, the
Q-values, calculated from available binding energies, are
shown to be very important for predicting the cluster-decay
half-lives.
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