PHYSICAL REVIEW C 79, 064606 (2009)

Critical comparison of Kramers’ fission width with the stationary width from the Langevin equation
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It is shown that Kramers’ fission width, originally derived for a system with constant inertia, can be extended
to systems with a deformation-dependent collective inertia, which is the case for nuclear fission. The predictions
of Kramers’ width for systems with variable inertia are found to be in very good agreement with the stationary
fission widths obtained by solving the corresponding Langevin equations.

DOI: 10.1103/PhysRevC.79.064606

I. INTRODUCTION

Fission of compound nuclei formed in heavy ion induced
fusion reactions at energies above the Coulomb barrier has
been investigated quite extensively, both experimentally and
theoretically, during the last two decades. The multiplicities of
pre-scission neutrons, light charged particles, and giant dipole
resonance y s have been measured [ 1-8] and compared with the
predictions of the statistical model of nuclear fission [6-11].
These investigations have revealed that the statistical model
of nuclear fission based on the transition-state method [12]
where effects due to nuclear dissipation are not considered is
inadequate to describe fission of highly excited heavy nuclei,
and consequently, dissipative dynamical models [13—15] are
found to be essential to account for the experimental data.
Similar conclusions are also reached while analyzing the
evaporation residue cross sections of highly fissile compound
nuclei [9,10,16]. Consequently, fission has become a useful
probe to study the dissipative properties of the nuclear bulk.

A dynamical model for fission of a hot compound nucleus
was first proposed by Kramers [17] based on its analogy to
the motion of a Brownian particle in a heat bath. In this
model, the collective fission degrees of freedom represent
the Brownian particle while the rest of the intrinsic degrees
of freedom of the compound nucleus correspond to the
heat bath. The dynamics of such a system is governed by
the appropriate Langevin equations or equivalently by the
corresponding Fokker-Planck equation. Kramers analytically
solved the Fokker-Planck equation with a few simplifying
assumptions and obtained the stationary width of fission.
Specifically, parabolic shapes were considered for the nuclear
potential at the ground state and at the saddle region and the
inertia of the fissioning system was assumed to be shape-
independent and constant. Subsequently, the stationary width
predicted by Kramers was found to be in reasonable agreement
with the asymptotic fission width obtained from numerical
solutions of the Fokker-Planck [18-25] and Langevin [26—-30]
equations in which harmonic oscillator potentials and constant
inertia were used.

In the present work, we examine the applicability of
Kramers’ expression for stationary fission width for more
realistic systems. Specifically, we use the finite range liquid
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drop model (FRLDM) potential [31,32] and shape-dependent
inertia. To this end, we first approximate the FRLDM potential
with suitably defined harmonic oscillator potentials in order to
make use of Kramers’ expression for fission width. Since the
centrifugal barrier changes the potential profile as the nuclear
spin increases, the frequencies of the harmonic oscillator
potentials approximating the FRLDM potential also develop a
spin dependence [33-35]. Though the oscillator potentials are
fitted to closely resemble the FRLDM potential, it is instructive
to compare Kramers’ fission width with that obtained from
the numerical solution of Langevin equations where the full
FRLDM potential is employed. Considering the width from
the Langevin equations to represent the true fission width, this
comparison enables us to confirm the validity of Kramers’
expression for systems described by realistic potentials over
the entire range of compound nuclear spin populated in a
heavy ion induced fusion reaction. We next extend Kramers’
formulation of stationary width in order to include the variation
of the collective inertia with deformation. The Kramers’
formula was generalized earlier [36] for variable inertia where
a factor \/mg,/m; was introduced in the expression for the
fission width. The inertias at the ground state and at the
saddle point are denoted respectively by m, and m, here. In a
Langevin calculation with variable inertia, Karpov et al. [26]
however reported that Kramers’ width (without the above
mentioned factor) predicts the asymptotic fission width very
accurately. We therefore address this issue here in some
detail and show that the difference lies in different matching
conditions. We draw our conclusions by comparing Kramers’
predicted widths with the widths calculated from the Langevin
equations.

The main motivation for this work concerns the use of
Kramers’ width in statistical-model calculations for the decay
of compound nuclei. The strength of nuclear dissipation is
often used as an adjustable parameter in these calculations
[7-11], the value of which is obtained by fitting experimental
data. To extract an unambiguous value of the dissipation
parameter, it is thus essential to ensure that Kramers’ width
accurately corresponds to the dissipative dynamics of the
compound nucleus. In particular, this issue becomes impor-
tant when realistic fissioning systems are considered whose
specifications go beyond the simplifying assumptions made
by Kramers. In this context, we presently study a system
described by the FRLDM potential and a shape-dependent
collective inertia.
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In the next section, we present the necessary steps taken to
include the effect of variable inertia in Kramers’ expression
for the stationary fission width. The Langevin equations for
fission are given in Sec. III, while a comparison between the
results from the Langevin calculation and Kramers’ prediction
is made in Sec. IV. A summary of the results is presented in
the last section.

II. KRAMERS’ APPROACH TO THE STATIONARY
FISSION WIDTH

To introduce a shape-dependent collective inertia into the
analytical formulation of stationary fission width, we follow
the work of Kramers [17,37] very closely here. The Liouville
equation describing the fission dynamics in one-dimensional
classical phase space is

) a 29 (1 a
P [ P23 (1]
at  m dc 2 dc \m ap
ap 3%p
=np— +no+mnT —, (1)
ap ap

where p denotes the phase-space density, ¢ is the collective
coordinate with p as its conjugate momentum, and m is the
collective inertia. The conservative and dissipative forces are
given as K = —9dV/dc and —np, respectively, where V is
the collective potential and 7 is the dissipation coefficient. T
represents the temperature of the compound nucleus. In what
follows, we consider fission as a slow diffusion of Brownian
particles across the fission barrier. When quasiequilibrium is
reached and a steady diffusion rate across the fission barrier
has been established, Eq. (1) becomes
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We make the Werner-Wheeler approximation [38,39] for
incompressible and irrotational flow to calculate the collective
inertia. The FRLDM potential is obtained by double folding
a Yukawa-plus-exponential potential with the nuclear density
distribution using the parameters given by Sierk [32]. The
calculated FRLDM potential and the collective inertia of the
nucleus **Th are shown as functions of deformation in Fig. 1.

In nuclear fission, a compound nucleus that is at a
temperature significantly less than the height of the fission
barrier mostly stays close to its ground-state configuration
except for occasional excursions toward the saddle region
when it has picked up sufficient kinetic energy from the thermal
motion and which may eventually result in fission. Evidently,
we do not consider transients that are fast nonequilibrium
processes and happen for nuclei with vanishing fission barriers.
Therefore, in the present picture, the Brownian particles are
initially confined in the potential pocket at the ground-state
configuration with a fission barrier Vg and for Vy > T, they
can be assumed to be in a state of thermal equilibrium described
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FIG. 1. FRLDM potential (solid line in upper panel) and the
collective inertia (lower panel) of ??*Th. The dashed line in the upper
panel is obtained by fitting the FRLDM potential with two harmonic
oscillator potentials (see text). The ground-state (c,) and saddle (cy)
configurations are also marked in the lower panel.

by the Maxwell-Boltzmann distribution

2
Lv)r
;

o= e (5 3)

where A is a normalization constant. We next seek a stationary
solution of the Liouville equation which corresponds to a
steady flow of the Brownian particles across the fission barrier.
The desired solution should be of the form
2
p=AF (c,p)e &t )
such that F (c, p) satisfies the boundary conditions
F(c,p)~1 at
~0 at

¢ =Cg,
¢ > cq, ®)

where ¢, and ¢, define the ground state and the saddle deforma-
tions, respectively. The first boundary condition corresponds to
a continuous change of both the potential and the inertia values
with deformation. In this context, it may be pointed out that
Hofmann et al. [36] considered discrete values of inertia for
the saddle and ground-state configurations which resulted in
the factor \/m,/m; in the stationary fission width expression.
This factor, however, does not appear in the present work, since
we consider a continuous variation of the inertia value.
Substituting Eq. (4) in the stationary Liouville equation, we
obtain
2 2
PRI AW, (),
ap? mdc Ap dc 2 dc \m
(6)

To assess the importance of the inertia derivative term
in this equation, we estimate the magnitude of the term
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%2 %(%)l with respect to np in the neighborhood of the fission
barrier. Considering the inertia values as given in Fig. 1 for
22%Th and a temperature of 2 MeV, which gives the most

probable momentum values, we find np > |P72 a%(%)l for n >
0.1 MeV/h. Since a conservative estimate of the magnitude of
nuclear dissipation n is about 2 MeV/h [29], we can neglect
the inertia derivative term in Eq. (6). It may be pointed out here
that though we neglect the inertia derivative term in Eq. (6) for

F, the Boltzmann factor exp[—(% + V)/T] of the density
in Eq. (4) fully satisfies Eq. (2). This is the reason for not
neglecting the inertia derivative term earlier in Eq. (2) for the
full density function p(c, p). In fact, we also retain the inertia
derivative term in the Langevin equations, which we discuss
in the next section.

Since we require the solution for F in the vicinity of the
saddle point, we approximate the FRLDM potential in this
region with a harmonic oscillator potential

V =V — ymo’c - ¢, ()

where the frequency w; is obtained by fitting the FRLDM
potential. Introduction of X = ¢ — ¢, further reduces Eq. (6)
to
°F pdF OF
T — = —— + —(m,0’X . 8
manT 3 manJrap(mws +1p) (8)

Following Kramers [17], we next assume for F the form

F(X, p) = F(), ©

where ¢ = p —aX and « is a constant. The value of a is
subsequently fixed as follows. Substituting Eq. (9) for F in
Eq. (8), we obtain

Td2F a mywg? X dF (10)
mnT — =—| — — — ]
UL A T

To have consistency between Egs. (10) and (9), we require

msw,?
T~ (11)
my M

which leads to

/ 2
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= —— + 24—, 12
) n > , (12)

where the positive root of a is chosen to satisfy the following
boundary conditions: F(X, p) — 1 for X — —oo (assuming
the ground state to be far on the left of the saddle point), and
F(X, p) — 0 for X — 4o00. Equation (10) then becomes

d*F dF
msan—gﬁ—(i—n)c—. (13)

The solution of Eq. (13) satisfying the above boundary
conditions is

1 — my S (Vo2 jom

Fo)= - [a=msm [ ~(Gon)emar j gy
M 2nnT

Substituting for F according to this equation in Eq. (4), the

stationary density in the saddle region is finally obtained.

PHYSICAL REVIEW C 79, 064606 (2009)

‘We next obtain the net flux or current across the saddle as

—+00 p
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The total number of particles in the potential pocket at the
ground-state deformation is

oo poo 2w AT
ng=/ / pdcdp = s (16)
—0oQ —0o0

We

where we have approximated the FRLDM potential with the
following harmonic oscillator potential near ground state,

V= %mgwgz(c —c) (17)

in which the frequency w, is again obtained by fitting the
FRLDM potential.

The probability P of a Brownian particle crossing the
fission barrier per unit time is then

2
n n
1 — . (18
+ <2a)s> 2wy (18)

It is immediately noticed that this expression is exactly
the same as the one obtained by Kramers using a shape-
independent collective inertia. Equation (18), however, is
obtained with different inertia values at the ground-state
and saddle configurations, which consequently define the
frequencies (w, and wy) in this equation. The fission width
from Eq. (18) is

P = L = ﬂere/T
ng 2

hiw 17\ n
C=hP=—"Le"/T! 1 — , (19
2 € + 2wy 2wy (19)

which we compare with the stationary width from Langevin
equations in the following sections.

III. LANGEVIN EQUATIONS FOR FISSION

We use the “funny hills” shape parameters [40] to specify
the collective coordinates for a dynamical description of
nuclear fission. In the present study of fission dynamics in
one dimension, the elongation parameter ¢ is the relevant
coordinate and the Langevin equations are [41,42]

dp p2a (1 av
=S () = = el )

dt 2 dc \m dc

dc p

— =L 20
dt m (20

where gI" represents the random force, and its time-correlation
property is assumed to follow the relation

(COT@)) =28t —1"),
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while the strength of the random force is related to the dissi-
pation coefficient through the fluctuation-dissipation theorem
and is

g =+vmTn.

The Langevin equations are numerically integrated in
second order using a small time step of 0.001 A#/MeV
[43]. Calculations are performed for a compound nucleus
at specified values of its spin and temperature. The initial
collective coordinate is that of a spherical nucleus, and its
initial momentum distribution follows that of an equilibrated
thermal system. A Langevin trajectory is considered to have
undergone fission when it crosses the scission point. We choose
the scission configuration to correspond to a neck radius of
0.3R, where R is the radius of the initial shape of the compound
nucleus [43,44]. The fission width is obtained from the time
rate at which the Langevin trajectories cross the scission point
using an ensemble of 10° trajectories for each calculation.

IV. COMPARISON OF FISSION WIDTHS FROM
LANGEVIN DYNAMICS AND KRAMERS’ FORMULA

Before we proceed to compare the fission widths from
Langevin dynamics and Kramers’ formula, we point out that
the net flux leaving the potential pocket is calculated at
different points in the two approaches, though both of them
represent the time rate of fission. In a stochastic process such
as nuclear fission, a fission trajectory can return to a more
compact shape even after it crosses the saddle configuration
due to the presence of the random force in the equations of
motion. This back streaming is typical of Brownian motion and
has been noted earlier by several authors [14,41,45]. The back
streaming is described by the phase-space density for negative
momentum values at the saddle point in Kramers’ solution
(Eq. (15)). If one considers outward trajectories passing a
larger coordinate value, the probability of returning will
approach zero as the potential becomes steeper beyond
the saddle point. In numerical simulations of the Langevin
dynamics, the scission point is usually so chosen such that the
strong Coulomb repulsion beyond the scission point makes the
return of a trajectory highly unlikely after it crosses the scission
point. The calculated outgoing flux of the Langevin trajectories
at the scission point then represents the net flux and hence
corresponds to the net flux as defined in Kramers’ approach.
This feature is illustrated in Fig. 2, where fission trajectories
crossing the saddle and the scission points are considered
separately in order to obtain the time-dependent fission rates
from the Langevin equations. Clearly, the stationary width
calculated at the saddle point is higher than that obtained
at the scission point, since the former does not include the
back-streaming effects. In what follows, we therefore compare
Kramers’ width with the stationary widths from Langevin
equations obtained at the scission configuration.

We first fit the numerically obtained FRLDM potentials [32]
with harmonic oscillator potentials [Eqs. (7) and (17)] such that
the latter match the FRLDM potential values at the ground
state and at the saddle configuration and also at the midpoint
between the ground state and the saddle point (Fig. 1). The
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FIG. 2. Time-dependent fission widths from Langevin equations.
The thick black and thin gray lines represent the fission rates obtained
at the scission point and at the saddle point, respectively.

fitted values of w, and w; are obtained both for a constant
value of the collective inertia and for its different values at c,
and c;. Figure 3 shows the compound nuclear spin dependence
of the frequencies thus obtained.

The Langevin equations [Eq. (20)] are next solved with a
constant value of the inertia at all deformations. A constant
value of n =5 MeV/h is used in all the calculations. The
time-dependent fission widths from the Langevin dynamics are
displayed in Fig. 4 for different values of spin of the compound
nucleus 2**Th. The corresponding Kramers’ widths are also
shown in this figure. A close agreement between the stationary
widths from Langevin dynamics and those from Kramers’
formula is observed for compound nuclear spin (¢) of 0 and
25h; while for £ = 507, Kramers’ limit underestimates the
fission width by about 20%. The last discrepancy possibly
reflects the fact that the condition Vg > T required for validity
of Kramers’ limit is not met in this case, since the fission
barrier is 1.64 MeV for £ = 507, while the temperature of the
compound nucleus is 2 MeV.

The Langevin equations are subsequently solved using
shape-dependent values of the collective inertia (Fig. 1), and
the calculated time-dependent fission widths are shown in
Fig. 5. Kramers’ widths are calculated using the frequencies
wg and w;, which are obtained using the local values of the
collective inertia at ¢, and cy, respectively. Kramers® widths,
also shown in Fig. 5, are found to be in excellent agreement
with the stationary widths from the Langevin equations. It is
thus demonstrated that Kramers’ formula [Eq. (19)] gives the
correct stationary fission width even when the collective inertia
of the system has a shape dependence.

We now study the stationary fission rate with a different type
of shape dependence of collective inertia. We assume that the
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FIG. 3. Compound nuclear spin (£) dependence of the frequencies
of the harmonic oscillator potentials approximating the rotating
FRLDM potential at the ground state (w,) and at the saddle point
(wy). In the upper panel, the values of inertia at the ground state and
at the saddle are taken to be the same, while the Werner-Wheeler
approximation to the inertia is used in the lower panel.

value of the inertia remains constant at m, for all deformations
around the ground state; and at an intermediate deformation
between the ground state and the saddle point, its value
abruptly increases to m, and remains so for all deformations in
the saddle region. Such a system was considered by Hofmann
et al. [36] and a modified version of Kramers’ fission width

was obtained as
n ? n
1 — . 21
+ (2(1)_?> 2wy @D

ro Ml vyt
mg 2w

We have solved the Langevin equations with the inertia
defined as in the above, and the calculated fission widths are
also plotted in Fig. 5. The modified Kramers’ width from
Eq. (21) is also shown for each case. The modified Kramers’
width is found to predict satisfactorily the stationary fission
width from dynamic calculations. This result shows that
Kramers’ width and the stationary width from the Langevin
dynamical calculation remain in close agreement even under
very distinct prescriptions of shape dependence of inertia. We,
however, consider Kramers’ width as given by Eq. (19) to be
more appropriate for nuclear fission, since it is obtained for
realistic and smooth dependence of inertia on deformation.

Before we conclude, we discuss the following expression
for Kramers’ width:

hiw 17\ 7
=—=Tr 1 - , 22
T BV + (2a)> 2w, 22)
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FIG. 4. Time-dependent fission widths (solid lines) from
Langevin equations with no shape dependence of collective inertia.
Results for different values of compound nuclear spin (¢) at a
temperature (7)) of 2 MeV are shown. The corresponding values
of Kramers’ width are indicated by the dashed lines.

which is often used in the literature [7,27,28,35]. I'gw in this
equation is the transition-state fission width due to Bohr and
Wheeler [12], and it is introduced in Eq. (22) in the following
manner. According to Bohr and Wheeler, the transition-state
fission width is given as

1 E—Vg
Mgy = ———— s(Ei — Vg —€e)de, 23
o 2%(&)/0 po(Ei — Vg — e, (23)

where p, is the level density at the initial state (E;, £;) and
ps 1s the level density at the saddle point. Under the condition
Vp/E; < 1 and assuming the level-density parameter for the
ground state and at the saddle point to be the same and further
assuming a simplified form of the level density as p(E) ~
exp (2@ ), the Bohr-Wheeler width reduces to

L vt (24)
2

Substituting for the exponential factor e~"#/7 from Eq. (24)
in Eq. (19), Eq. (22) is obtained. Thus Eq. (22) represents
Kramers® fission width only when the approximate form
of I'gw is used in this equation. Consequently, it is not
appropriate to obtain Kramers’ width from Eq. (22) where
the transition-state fission width I'gw is calculated from
Eq. (23) using a shape-dependent level-density parameter.
This observation follows from the fact that while the density
of quantum mechanical microscopic states are explicitly taken

Ipw =
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FIG. 6. Bohr-Wheeler fission width at different excitations. The
solid lines are the approximate widths from Eq. (24); the short-dashed
lines are obtained from Eq. (23) with shape-independent parameters
of the level-density formula. The long-dashed line represents the
widths obtained with shape-dependent parameters of the level-density
formula.

into account in the work of Bohr and Wheeler [12], Kramers’
work [17] essentially concerns the classical phase space of the
collective motion. Since there is no scope of introducing any
detailed information regarding density of states apart from
the nuclear temperature in dissipative dynamical models of
nuclear fission, Kramers’ fission width cannot be connected to
the Bohr-Wheeler expression where detailed density of states
are employed. In fact, the magnitude of the fission width
obtained from the simplified version of the Bohr-Wheeler
expression [Eq. (24)] differs substantially from that calculated
using Eq. (23) when the following standard form of the
shape-dependent level-density formula [7] is used:

20+ 1 exp(2+/al)
12]3/2\/5 U? ’

where U is the intrinsic excitation of the compound nu-
cleus. I and a are, respectively, the rigid body moment of
inertia and the level-density parameter, the values of which
depend upon the shape of the compound nucleus and hence
are different at the ground-state and saddle configurations.
Figure 6 shows the Bohr-Wheeler fission width calculated
under different conditions. It is immediately noticed in this
figure that the width from Eq. (23) agrees reasonably well
with that calculated from Eq. (24) when the parameters of
the level-density formula are chosen to be shape independent.
However, the widths calculated with shape-dependent param-
eters differ substantially from those obtained from Eq. (24),
particularly at high excitation energies where the dissipative
effects are important. Therefore, the use of the Bohr-Wheeler

o(U, £) = (25)

064606-6



CRITICAL COMPARISON OF KRAMERS’ FISSION WIDTH ...

fission width obtained with a shape-dependent level density
in Eq. (22) does not correspond to dissipative dynamics,
as envisaged in Kramers’ formula. Further, it can introduce
an energy dependence in the dissipation coefficient when
Eq. (22) is employed to fit experimental data. This can be
one of the contributing factors leading to the inference of very
large values of nuclear dissipation [29].

It may be worthwhile to discuss at this point the distinguish-
ing features of the transition-state fission width I'f, which was
obtained by Kramers [17] and is given as

ho

Iy = z—nge*VB/T. (26)
This width differs by a factor of iwg /T from the approximate
form of the Bohr-Wheeler fission width as given by Eq. (24).
This difference arises because the accessible phase spaces are
considered differently in the two approaches as we pointed
out earlier. Strutinsky [46] introduced a phase-space factor
in the Bohr-Wheeler transition-state fission width to account
for the collective vibrations around the ground-state shape
and obtained the same width as given in Eq. (26). It is
important to recognize here that while the Bohr-Wheeler
expressions [Egs. (23) and (24)] represent the low-temperature
limit (T < hw,) of fission width, Kramers width [Eq. (19)]
corresponds to fission at higher temperatures (7 > hw,). At
low temperatures of a compound nucleus, quantal treatment
of the collective motion is required, since the energy available
to the collective motion is also very small [38]. Consequently,
in the low-temperature limit, the collective motion is restricted
to one state, namely, the zero-point vibration. Therefore,
the Bohr-Wheeler width based upon density of quantum

PHYSICAL REVIEW C 79, 064606 (2009)

mechanical intrinsic nuclear states alone represents the low-
temperature limit of nuclear fission width. On the other
hand, the phase space for collective vibrations increases with
increasing temperature, and the Strutinsky-corrected width
thus becomes the high-temperature limit of transition-state
fission width. At higher temperatures, however, the nuclear
collective motion also turns out to be dissipative in nature.
Thus Kramers’ expression [Eq. (19)] should be considered as
the high-temperature limit of the width of nuclear fission.

V. SUMMARY AND CONCLUSIONS

In the preceding sections, we considered the applicability
of Kramers’ formula to the stationary fission width of a
compound nucleus that is described by a realistic collective
potential and a shape-dependent collective inertia. It is shown
that for a system with a deformation-dependent collective
inertia, the stationary fission width retains the form as origi-
nally obtained by Kramers for constant inertia. The accuracy
of the various approximations in deriving the above fission
width is tested by comparing its values with the stationary
fission widths obtained by solving the Langevin equations.
Both approaches are found to be in excellent agreement with
each other. The present work thus extends the applicability of
Kramers’ formula for stationary fission width to more realistic
systems.

We further compare the strength of the statistical-model
fission width obtained under different simplifying assumptions
and point out the constraints in interpreting Kramers’ width
in terms of the statistical-model fission width of Bohr and
Wheeler.
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