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Theoretical study of nuclear charge densities with elastic electron scattering
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The calculated cross sections for elastic Coulomb electron scattering from the phase-shift analysis method
and the eikonal approximation are compared. It is shown that the phase-shift analysis method can reproduce the
experimental data very well for both light and heavy nuclei. Then the phase-shift analysis is used to investigate
elastic electron scattering along the O and S isotopic chains, where the charge densities are obtained from
relativistic mean-field theory. Results show that the minima of the differential cross section shift inward and
upward with the increase of the neutron number.
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I. INTRODUCTION

High-energy elastic electron scattering is a clear and precise
tool for probing nuclear structure, in particular, nuclear charge
densities [1,2]. It has been about half a century since the
pioneering study of electron scattering on atomic nuclei by
Hofstadter et al. [3–5]. Since then, a lot of work in this
area has been done, and many valuable and precise data on
the nuclear electromagnetic properties have been accumulated
[6–8]. However, owing to the limitation of the techniques of
making targets, electron scattering experiments were mainly
carried out for stable nuclei in the past [9–11].

These days, it is important and exciting to explore the prop-
erties of the exotic nuclei in both experiment and theory. With
the development of Radioactive Ion Beam (RIB) facilities, we
are now able to produce some exotic nuclei with short half-lives
and investigate their properties in the laboratory [12–15]. Many
exotic properties, such as proton halos, neutron halos, and
new magic numbers, have been discovered, all of which are
relevant to nuclear density distributions. Up to now, the density
distributions of exotic nuclei have been mainly obtained
from nucleus-nucleus collisions, and the explanations of such
experimental data are model dependent. To get precise nuclear
charge densities, elastic electron scattering off exotic nuclei
must be obtained experimentally. Experimental facilities for
this purpose are now under construction at RIKEN and GSI
[16–19]. In the near future, elastic electron scattering off
exotic nuclei will be realized. Thus, at present, it is interesting
and necessary to study electron scattering off exotic nuclei
theoretically to provide the future experiments with some
useful instructions in advance.

There are several theoretical methods used to study elastic
electron-nucleus scattering, such as the plane-wave Born
approximation (PWBA), the eikonal approximation, and the
phase-shift analysis method [20–22]. The PWBA method can
give qualitative results and has been used widely for its

*chuyanyun@gmail.com

simplicity. To include the Coulomb distortion effect, which
is neglected in PWBA, the other two methods may be used. In
the past few years, some theoretical studies of elastic electron
scattering off exotic nuclei have been performed. Wang et al.
[23–25] studied such scattering along some isotopic and
isotonic chains by combining the eikonal approximation with
relativistic mean-field (RMF) theory. Antonov et al. [26,27]
studied electron scattering from some unstable neutron-rich
nuclei in the shell model and the Skyrme HF+BCS method.
And, very recently, Roca-Maza et al. [28] systematically
investigated elastic electron scattering off both stable and
exotic nuclei with the phase-shift analysis method.

Although much work has been devoted to elastic electron-
nucleus scattering recently [23–30], little has been done
about the comparison among the calculated results from
different scattering methods. It is interesting to note that
Murphy and Überall [31] have compared the difference of the
eikonal approximation, Born approximation, and the phase-
shift analysis. Furthermore, there remain numerous important
isotopes that have not been covered in previous theoretical
investigations. Thus, in this article, we will compare the
numerical results from the eikonal approximation and the
phase-shift analysis method where the charge densities take
the Fermi or three-parameter Fermi (3pF) form. After that,
we will systematically study elastic electron scattering off the
O and S isotopic chains by combining the phase-shift analysis
method with RMF theory.

This article is organized as follows. In Sec. I, two meth-
ods for elastic electron scattering are briefly introduced. In
Sec. III, we compare the results from the two different methods
and calculate the differential cross sections of elastic electron
scattering off some O and S isotopes. Finally, a summary is
given.

II. THEORY

The elastic electron scattering process can be described by
the Dirac equation [20]

[α · p + βm + V (r)]�(r) = E�(r), (1)
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where α and β are the Dirac matrices, E and p are the energy
and momentum of the incident electrons, respectively, m is the
rest mass of the electron, and V (r) is the potential between the
electron and the nucleus, which is assumed to be a Coulomb
potential here.

To obtain the differential cross section of the elastic
electron scattering, we should solve this Dirac equation. In
the following we briefly introduce two methods: phase-shift
analysis and the eikonal approximation. These two methods
are both standard methods for elastic electron scattering, so
we will only outline them here.

A. Phase-shift analysis

In the Dirac equation, V (r) is a spherical scalar potential.
Therefore, the wave function can be expanded in terms of a
series of spherical spinors with definite angular momenta [32]

�(r) = 1

r

[
P (r)�κ,mj

(θ, φ)

iQ(r)�−κ,mj
(θ, φ)

]
, (2)

where P (r) is the upper component radial wave function, Q(r)
is the lower component one, and � are the spherical spinors.
The functions P (r) and Q(r) satisfy

dP

dr
= −κ

r
P (r) + [E − V (r) + 2m]Q(r),

(3)
dQ

dr
= −[E − V (r)]P (r) + κ

r
Q(r).

Having determined the asymptotic behavior of rV (r), we
can express the upper and lower radial wave functions at large
distances as

P (r) = F (u)(r) cos δ + G(u)(r) sin δ,
(4)

Q(r) = F (l)(r) cos δ + G(l)(r) sin δ,

where F (u,l) and G(u,l) are the regular and irregular Dirac
spherical Coulomb functions, the signatures u and l stand for
the upper and lower components, and δ is the phase shift.

By solving the coupled radial equations [Eqs. (3)] with the
asymptotic behavior defined in Eqs. (4), we can get the spin-up
(δ+

l ) and spin-down (δ−
l ) phase shifts for the partial wave with

orbital angular momentum l. Then we can determine the direct
scattering amplitude

f (θ ) = 1

2ik

∞∑
l=0

[(l + 1)(e2iδ+
l − 1) + l(e2iδ−

l − 1)]Pl(cos θ )

(5)

and the spin-flip scattering amplitude

g(θ ) = 1

2ik

∞∑
l=0

[e2iδ−
l − e2iδ+

l ]P 1
l (cos θ ), (6)

where Pl and P 1
l are the Legendre polynomials and associated

Legendre functions, respectively. The differential cross section
for elastic electron-nucleus scattering can be obtained as
follows:

dσ

d�
= |f (θ )|2 + |g(θ )|2. (7)

B. Eikonal approximation

The starting point of the eikonal approximation is a
modulated plane-wave spinor [22–25]

�(r) = 
(r)u0(k0)eik0·r, (8)

where u0(k0)eik0·r describes a plane wave with momentum k0

and the modulating function 
(r) is a 4 × 4 matrix operator.
Applying standard scattering theory and choosing the

cylindrical system with z axis along the direction of the
incident electrons, we can obtain the differential cross section

dσ

d�
= cos2 θ

2
|I (q)|2, (9)

where θ is the scattering angle, q is the momentum transfer,
and I (q) is the scattering amplitude, which takes the form

I (q) = −ik

∫ +∞

0
J0(qb)[eiχ(b) − 1]bdb. (10)

In the integral of Eq. (10), J0 is the Bessel function and χ (b)
is the eikonal phase-shift function

χ (b) = −E

k

∫ +∞

−∞
V (r)dz, (11)

where r = √
z2 + b2 and b is the impact parameter.

On the whole, the eikonal approximation is based on the
assumption that the interaction changes slowly enough so
that the local momentum h̄k(r) (h̄k(r) = √

2m[E − V (r)]) is
nearly constant over many wavelengths [33]. For high-energy
electron-nucleus scattering, the wavelength is very tiny, and
the variation of the Coulomb interaction between the electron
and the nucleus over many wavelengths is very small compared
with the scattering energy. Thus the local momentum of the
electron almost remains constant over many wavelengths, and
therefore the eikonal approximation is suitable for high-energy
electron scattering.

III. NUMERICAL RESULTS AND DISCUSSION

In this section, our task is twofold. First, we compare the
results from the eikonal approximation and the phase-shift
analysis method. Second, we calculate the differential cross
sections of electron scattering off some O and S isotopes.

A. Comparison of results from the eikonal approximation
and the phase-shift analysis

For high-energy (about several hundred MeV) elastic
electron scattering, the eikonal approximation is assumed to
be a good choice for its simplicity and directness in physical
treatment [22]. Wang et al. [23–25] have generalized the
eikonal approximation to study elastic electron scattering off
proton-rich and neutron-rich nuclei. It has been pointed out that
the nuclear charge form factor from elastic electron scattering
can reflect some exotic properties of proton-rich nuclei.
Recently, Roca-Maza and co-workers [28,34] have modified
their published code ELSEPA to study elastic electron-nucleus
scattering with the phase-shift analysis method. In this section,
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TABLE I. Parameters of the charge distributions for 208Pb, 118Sn,
32S, and 16O.

w c z Reference

208Pb (250 MeV) 0.62 6.25 0.58 [35]
208Pb (502 MeV) 0 6.64 0.53 [36]
118Sn 0 5.412 0.560 [37]
32S −0.213 3.441 0.624 [38]
16O −0.051 2.608 0.513 [39]

we will choose 208Pb, 118Sn, 32S, and 16O as examples to
compare the calculated results from these two methods.

First, we study 208Pb. The differential cross sections of
elastic electron scattering off 208Pb at 250 MeV were measured
and the charge density of 208Pb was fitted with the 3pF
distribution [35]

ρc(r) ∝ 1 + wr2/c2

1 + e(r−c)/z
, (12)

where the three parameters are w, c, and z. The fitted values
of the parameters for 208Pb are listed in Table I. With the
parametrized nuclear charge density, we can determine the
interaction between the electron and the target nucleus. Then
we can obtain the differential cross sections by solving
the Dirac equation with different methods. Figure 1 shows
the differential cross sections calculated with the eikonal
approximation and the phase-shift analysis. It is seen from
Fig. 1 that the phase-shift analysis gives a good description of
elastic electron scattering off 208Pb at 250 MeV. For a large
range of momentum transfer, the results from the phase-shift
analysis agree well with the experiment. The differential cross
section curve calculated from the eikonal approximation has
the same shape as that from the phase-shift analysis, and the
positions of the diffraction minima and maxima from these
two methods are almost the same. But the differential cross
section curve from the eikonal approximation is shifted slightly
downward as a whole, especially at large momentum transfers.

Figure 2 shows the differential cross sections of elastic
electron scattering off 208Pb at 502 MeV. The experimental
data are taken from Ref. [36]. It is clear that the cross sections
can be reproduced very well by both the phase-shift method
and the eikonal approximation, and the difference between

FIG. 1. Elastic electron scattering off 208Pb at 250 MeV.

FIG. 2. Elastic electron scattering off 208Pb at 502 MeV.

the results from these two methods are smaller compared
with the results at 250 MeV. This means that the phase-shift
method is applicable to both low and high energy and that the
eikonal approximation becomes more and more precise with
increasing incident energy.

Calculations for 225-MeV elastic electron scattering off
118Sn are also performed, and the results are shown in Fig. 3.
The experimental data are taken from Ref. [37]. Comparing
with Fig. 1, we find that the difference between the results from
the two methods becomes smaller for this lighter nucleus.

Similar calculations are carried out for 32S at 250 and
500 MeV, respectively. Figure 4 shows the results for 32S
at 250 MeV, and Fig. 5 shows the results at 500 MeV. The
experimental differential cross section data and the parameters
of the 3pF charge distribution are taken from Ref. [38].
From Figs. 4 and 5, we can also identify the downward
shift of the eikonal results between the first and second
diffraction minimum, comparing with the differential cross
section curve from the phase-shift analysis. But the results
from the two methods at small momentum transfers (i.e.,
inside the first diffraction minimum) are almost the same.
The difference between the results from these two methods for
32S is less distinct than those for 208Pb and 118Sn, indicating
that the eikonal approximation is more suitable for the light
nuclei. This is because the eikonal approximation takes into
account the Coulomb distortion effects in a coarse way
compared with the phase-shift analysis method. For the lighter
nucleus, the Coulomb interaction between the electron and
the nucleus is weaker. Thus the variation of this interaction

FIG. 3. Elastic electron scattering off 118Sn at 225 MeV.
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FIG. 4. Elastic electron scattering off 32S at 250 MeV.

is smoother and the eikonal approximation can treat the
Coulomb distortion effects with better accuracy. Conversely,
for the heavier nucleus, the Coulomb interaction is stronger,
the interaction potential varies more rapidly, and the accuracy
of the eikonal approximation becomes lower. Comparing the
results for 32S at 250 and 500 MeV, we find that the difference
between the results from the two methods at 500 MeV is
even smaller. This also confirms that it is more appropriate
to use the eikonal approximation for higher energy electron
scattering.

Figure 6 shows the differential cross section of 374.5-MeV
elastic electron scattering off 16O. The experimental data and
3pF parameters are taken from Ref. [39]. The 3pF distribution
parameters are specified in Table I. Comparing the results
with those of 208Pb, 118Sn, and 32S, we find that the difference
resulting from the two methods is hard to identify for 16O.
Both of the methods can well reproduce the experimental data
of 16O.

According to these calculations, we can see that the
numerical results from the phase-shift analysis are in good
agreement with the experimental data within the considered
range of momentum transfers. This is not a coincidence. From
the theoretical point of view, the phase-shift analysis is a
method based on exactly solving the Dirac equation with
scattering boundary conditions. Thus it can well reproduce
the experimental data in a wide range of scattering energy

FIG. 5. Elastic electron scattering off 32S at 500 MeV.

FIG. 6. Elastic electron scattering off 16O at 374.5 MeV.

FIG. 7. Nuclear charge densities of O isotopes from RMF theory.

FIG. 8. Elastic electron scattering off O isotopes at 250 MeV.

FIG. 9. Elastic electron scattering off O isotopes at 500 MeV.
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FIG. 10. Nuclear charge densities of S isotopes from RMF theory.

for both light and heavy nuclei. However, with the increase
of scattering energy, more and more partial waves have to be
taken into account in the calculation. As a result, the calculation
becomes more complex, and the physical meaning of the
problem becomes so obscure that we cannot see clearly the
relation between the cross section and the interaction potential.
For high-energy electron scattering, the eikonal approximation
is a good choice owing to its physical simplicity and acceptable
precision. It connects the differential scattering cross section
with the interaction potential in a direct way, as specified in
Eqs. (9)–(11). The eikonal approximation is also a very good
approximation for high-energy electron scattering off light
nuclei, at not very large momentum transfers.

B. Elastic electron scattering off O and S isotopes

In this section, we will study elastic electron scattering off
some even-even O and S isotopes with the phase-shift analysis
method. These isotopes range from the proton-rich region to
the neutron-rich region. In terms of the present experimental
situation, it is more likely to reach the dripline in the lighter
mass region. Unstable O and S isotopes are the preferential
candidates to be produced and investigated in the laboratory.
In the following we study elastic electron scattering off the O
and S isotopic chains.

The even-even O isotopes are usually expected to be
spherical whereas there are different opinions about the shapes
of some even-even S isotopes [40–42]. For example, Sarazin

FIG. 11. Elastic electron scattering off S isotopes at 250 MeV.

TABLE II. Theoretical binding energies and rms matter (Rm) and
charge (Rch) radii of the O and S isotopes. The last column presents
the experimental binding energies from Ref. [43].

Isotope B/A (MeV) Rm (fm) Rch (fm) B/A (MeV) [43]

14O 7.148 2.57 2.74 7.052
16O 8.047 2.61 2.71 7.976
20O 7.690 2.81 2.70 7.569
24O 7.136 3.06 2.74 7.016
28S 7.339 3.05 3.29 7.479
32S 8.234 3.11 3.24 8.493
36S 8.506 3.24 3.27 8.575
40S 8.248 3.35 3.29 8.330
44S 7.956 3.46 3.32 7.994

et al. [42] investigated the properties of S isotopes and
concluded that the ground states of some S isotopes are
deformed. This is important evidence of the deformation of
some S isotopes. In this article, to treat all these nuclei in a
consistent way to see the influences of the charge densities
on elastic electron scattering, we assume all of the considered
isotopes are approximately spherical.

RMF theory is a successful theory that has been widely
used for stable and exotic nuclei [44–48]. Here spherical RMF
theory with NL-SH parameters is applied to describe these
isotopes. The pairing interactions for the open shell nuclei are
included in the calculations by the BCS treatment, and the
pairing gaps are chosen to be n = p = 11.2/

√
A MeV.

The nuclear charge densities are obtained by folding the
point charge densities and neglecting the contribution from
the neutron charge distributions. The proton charge density
takes the form ρp(r) = Q3

8π
e−Qr with Q = 4.27 fm−1. Table II

shows the basic properties of the O and S isotopes, including
the binding energies, the root-mean-square (rms) matter radii,
and the rms charge radii. It is seen from Table II that RMF
theory can well reproduce the binding energies.

The calculated nuclear charge distributions for these O
isotopes are displayed in Fig. 7. With increasing neutron
number, skin densities of around r = 3 fm increase, while the
central and tail densities decrease gradually. The reason for
this behavior is that the nuclear potential that the proton feels
becomes wider and deeper with increasing neutron number.
Thus, on the one hand, the proton density, which is assumed
to generate the charge density, is diluted and, as a result,
the central charge densities decrease while the skin charge
densities around r = 3 fm increase. On the other hand, the
protons become more bound and the corresponding wave
functions at large distances decay more quickly, so the proton
or charge densities at large distances decrease more quickly
with the increase in neutron number. Having obtained the
nuclear charge densities of the O isotopes, we can investigate
elastic electron scattering at two typical energies (i.e., 250 and
500 MeV, respectively) to see whether there are observable
effects with the increase of neutron number.

Figure 8 shows the differential cross sections of elastic
electron scattering off O isotopes at 250 MeV. It is clearly
seen that the positions of the first diffraction minimum and
maximum shift inward and upward with the increase of the
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FIG. 12. Elastic electron scattering off S isotopes at 500 MeV.

neutron number. The shift indicates that with the increase
of the neutron number the skin charge densities increase
and the whole charge density distributions tend to be less
extended.

A similar calculation for O isotopes at 500 MeV is shown
in Fig. 9. We can also identify the shift of the differential cross
section curves with the increase of neutron number.

The charge densities of the S isotopes are shown in Fig. 10.
The differential cross sections from S isotopes at 250 and
500 MeV are shown in Figs. 11 and 12, respectively.

According to Figs. 7–12, we can see the influence of the
nuclear charge densities on the differential cross sections of
elastic electron-nucleus scattering, showing that information
about the nuclear charge densities can be deduced from elastic
electron-nucleus scattering. Thus, on the one hand, if the
cross sections of electron scattering off exotic nuclei can be
measured experimentally, the nuclear charge densities can be
determined. On the other hand, by comparing the experimental
data with the theoretical ones, we can test the validity of RMF
theory for exotic nuclei.

IV. SUMMARY

In summary, we have compared the differential electron-
nucleus scattering cross sections from two methods: the
eikonal approximation and the phase-shift analysis method.
Phase-shift analysis is a sophisticated method to calculate
the elastic scattering cross section. It has been widely used
in elastic electron scattering off both stable and unstable
nuclei [28]. The eikonal approximation takes into account the
Coulomb distortion effect partially and it is a high-energy
approximation for elastic electron scattering [22]. It is simple
and direct when used to derive the differential cross section
of elastic electron scattering. Comparisons show that the
phase-shift analysis can reproduce the experimental scattering
data very well in a broad scattering energy range for both light
and heavy nuclei. The precision of the eikonal approximation
gets better with the increase of the scattering energy, and the
eikonal approximation is more suitable for light nuclei. In
addition, we have calculated the differential cross sections of
elastic electron scattering along the O and S isotopic chains
with the phase-shift analysis method. The charge densities of
these isotopes are generated from relativistic mean-field theory
with NL-SH parameters. The diffraction minima and maxima
of the differential cross section curves shift inward and upward
with the increase of the neutron number. This shift trend may
provide a useful guide for future experimental studies.
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