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Spin-dependent total pd cross sections are considered using the optical theorem. For this aim the full spin
dependence of the forward pd elastic scattering amplitude is considered in a model independent way. The
single-scattering approximation is used to relate this amplitude to the elementary amplitudes of pp and pn
scattering and the deuteron form factor. A formalism allowing to take into account Coulomb-nuclear interference
effects in polarized pd cross sections is developed. Numerical calculations for the polarized total pd cross
sections are performed at beam energies 20-300 MeV using the N N interaction models developed by the Jiilich
group. Double-scattering effects are estimated within the Glauber approach and found to be in the order of
10-20%. Existing experimental data on differential pd cross sections are in good agreement with the performed
Glauber calculations. It is found that for the used NN models the total longitudinal and transversal jpd cross
sections are comparable in absolute value to those for pp scattering.
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I. INTRODUCTION

Recently the PAX Collaboration was formed [1] with the
aim to measure the proton transversity in the interaction of
polarized antiprotons with protons at the future FAIR facility
in Darmstadt. In order to produce an intense beam of polarized
antiprotons, the Collaboration is going to use antiproton elastic
scattering off a polarized hydrogen target ('H) in a storage
ring [2]. The basic idea is connected to the result of the FILTEX
experiment [3], where a sizable effect of polarization buildup
was achieved in a storage ring by scattering of unpolarized
protons off a polarized hydrogen atoms at low beam energies
of 23 MeV.

According to recent theoretical analyses [4—7] the polariza-
tion effect observed in Ref. [3] has to be interpreted in such a
way that solely the spin dependence of the hadronic (proton-
proton) interaction provides the spin-filtering mechanism, i.e.,
is responsible for different rates of removal of protons from
the ring for different initial polarization states. In other words
[4,5], proton scattering on the polarized electrons of hydrogen
atoms cannot provide a sizable effect of polarization buildup,
as it was assumed before [8]. Indeed, the maximal scattering
angle in this process, Omax = m./m, = 0.5 mrad, is less than
the beam acceptance angle 6,.., which is defined so that for
scattering at smaller angle 6 < 6, the projectile remains in the
beam. For this case, the beam-into-beam scattering kinematics
of this process in a storage ring allows the proton polarization
buildup only due to spin-flip transitions between the initial and
final spin states of the beam proton [4]. Furthermore, since
the Coulomb interaction between the protons and electrons is
spin-independent it cannot provide spin-flip transitions and,
consequently, does not contribute to the polarization buildup.
The same argument, obviously, is valid in case of antiproton
scattering off a hydrogen target. Therefore, the authors of
Ref. [4] concluded that only the hadronic interaction can
be used to produce polarized antiprotons on the basis of the
spin-filtering mechanism.

In contrast to the NN case, the spin-dependent part of the
PN interaction is poorly known experimentally at present.
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Therefore, to investigate the polarization buildup mechanism
in p 'H scattering a new experiment is planned at CERN [9].
The stored antiprotons will be scattered off a polarized 'H
target in that experiment [9] and the polarization of the
antiproton beam will be measured at intermediate energies.
Some theoretical estimations [10] of the expected polarization
effects were already performed employing a specific model of
the p p interaction.

In this context, it is interesting and useful to explore
other hadronic reactions as possible source for the antiproton
polarization buildup too. Therefore, in the present work
we study polarization effects in antiproton-deuteron (pd)
scattering for beam energies up to 300 MeV. Besides the
issue of polarization buildup for antiprotons, p scattering on
a polarized deuteron, if it will be studied experimentally,
can be also used as a test for our present knowledge of
the pn and pp interactions. Our investigation is based
on the Glauber-Sitenko theory for pd scattering and it utilizes
the NN interaction models developed by the Jiilich group
[11-13] as input for the elementary amplitudes. Since there are
data on (unpolarized) total and differential pd cross sections in
the considered energy range we can examine the reliability of
the Glauber approach via a direct comparison of our results to
experimental information. In addition we also present results
for polarization effects for the N N system itself. With the N N
potentials developed by the Jiilich group we have conceptually
rather different models at our disposal than the one used in
Ref. [10] and it will be instructive to see and compare the
corresponding predictions. Moreover, we consider here the
pp as well as the pn case.

Let us mention here for completeness that very recently new
QED calculations for polarization transfer in proton-electron
(and antiproton-positron) elastic scattering were performed
[14]. These calculations predict very large polarization transfer
from polarized electrons (positrons) to unpolarized protons
(antiprotons) in elastic proton-electron (antiproton-positron)
scattering at low beam energies, less than 20 keV [14]. On
this basis new sources for polarized antiprotons are under
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discussion [15]. On the other hand, according to a calculation
presented in Ref. [16], the effect of polarization buildup is
negligible in this reaction, even at small relative velocities.
A recent measurement performed at COSY [17] intends to
explore this method. Finally, another method for buildup of
polarized antiprotons at high energies, based on production
of A(1115) and its subsequent decay A — 7w 4 p, has been
proposed in Ref. [18].

The paper is structured in the following way. In the next
section we consider the spin structure of the total pd cross
section using the optical theorem. In Sec. III expressions for
the forward pd elastic scattering amplitude are derived in the
impulse approximation and the formalism for the polarized
total pd cross sections is developed. The formalism for
calculating the Coulomb-nuclear interference cross sections
is presented in Sec. IV. The technical details for evaluating
the Coulomb-hadronic interference cross sections for pd
elastic scattering are summarized in Appendix A. The pN
interaction model of the Jiilich group is briefly reviewed in
Sec. V. The amplitudes of this model are used as input for
our pd calculations. We also provide and discuss results
for spin-dependent cross sections in the pp as well as pn
channels. Numerical results for the pd reaction are presented
and discussed in Sec. VI. A short summary is provided in the
last section.

II. PHENOMENOLOGY OF THE SPIN DEPENDENCE OF
THE TOTAL pd CROSS SECTION

Let us first consider only the purely hadronic part of the
reaction amplitude. The modifications due to the presence of
the Coulomb interaction will be discussed in Sec. IV. We use
the optical theorem to derive the formalism for the total spin
dependent pd cross sections. According to [19] one has

o b F(0)) _ Kpa

is 1
Trp;  4rm 477 M

where F(0) is the transition operator for jd elastic scattering
at the angle 6 = 0, p; is the initial spin-density matrix, o; is
the total cross section depending on the density matrix p;, and
kjq is the momentum in the center-of-mass system (c.m.s.).

The spin dependence of the amplitude of the pd elastic
scattering is the same as for the pd elastic scattering. For
collinear kinematics it contains four independent terms [20]
and can be written as [21]

Fop(0) = g180p + (82 — g1)mamp + ig36,€0pi
+i(gs — 83)0im;m j€qp;, (2)

where 6; (i = x, y, z) are the Pauli spin matrices, €., is the
fully antisymmetric tensor, m, are the Cartesian components
of a unit vector m pointing along the beam momentum,
and g;(i = 1, ..., 4) are complex numbers determined by the
dynamics of the reaction. Let us put the z axis along the
vectorm, so thatm = (m,, m,, m;) = (0, 0, 1). The pd elastic
scattering amplitude is obtained by sandwiching the operator
Fa,g between antiproton and deuteron spin states,

Fi¥ = (W Flua) = ¢helt) FupeP ey, 3)
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where ¢, (¢,/) is the Pauli spinor for the initial (final)
antiproton with the spin projection u (') and egf)(ej;’)) is the
polarization vector of the initial (final) deuteron with the spin
projection A (1).

When choosing different initial polarization states in
Eq. (1), described by the product of the spin density matrices of
the antiproton p” and the deuteron p?, p = p” p?, one can de-
rive from Egs. (1) and (2) different total spin-dependent cross
sections in terms of the forward amplitudes g;. For example,
for unpolarized antiprotons and unpolarized deuterons one has
p =3 X 3, and one finds from Eq. (1) the unpolarized total
Cross sectlon to be

oo = — Im (g1 + g2). “

2
k—
In general the spin density matrices are
= 5(1+P76) ©)
for the antiproton and
R ©

for the deuteron. Here S; is the spin-1 operator, Pj‘f and
Pj’k (j,k =x,y,z) are the vector and tensor polarizations
of the deuteron, and Sj; = (S; Sk + SiS; —
tensor operator.

Using Egs. (2), (5), and (6) one can find from Eq. (1)

%Sjk) is the spin-

Trip” x p? F(0)} = (g1 + g2> + PPl
+ P/ Pgs+ PP Plgy + § Pl (g1 — &)

+ §P0(g1 — 8) + T PL(g1 — 2. ©)

As seen from this formula, if the initial antiproton is
polarized with the polarization vector P? and the deuteron
has the polarization vector P4, then nonzero terms o; arise in
the right-hand side of Eq. (1) for parallel (or antiparallel) ori-
entation of the vectors P? and P¢. For the tensor polarization of
the deuteron only the diagonal components of the polarization
tensor P2, P}dy, and PZ are connected with nonzero total cross
section. The cross sections associated with P¢. and Pf_‘, are the
same and determined by é(gl — g»), whereas the cross section
connected with the Pz”i component is given by ls—g(gl — 22).
Taking into account the relation PY + Pvdy + P4 =0, one
can find from Eq. (7) that the total tensor cross section can
be connected only with the PzdZ component.

All other combinations of polarizations of the antipro-
ton and/or deuteron, namely, polarized antiproton, vector-
polarized deuteron, and polarized antiproton tensor-polarized
deuteron, give zero contribution to the total cross section due
to parity conservation.

Summarizing the above results, the total polarized pd
section can be written as

o =00 +0P? - P!+ 0rP” - m)P' -m)+ 03P, (8)
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where oy is given by Eq. (4), and the other coefficients are

7
op=-—1Img;, o= Im (g4 — g3),
kpa kpa ©)
4 (&1 — &)
o3 = —= Tm 3182
kpa 6

One can find from Eq. (8) that only the cross sections o
and o, are connected with the spin-filtering mechanism and,
therefore, determine the rate of the polarization buildup in the
scattering of unpolarized antiprotons off polarized deuterons.
[More precisely, the rate of polarization buildup is determined
by the ratio o} /0y for transversal polarization and by (o, —
o01)/0y for longitudinal polarization of target and beam in the
storage ring.] The tensor cross section o3 is not connected with
the polarization of the beam and, therefore, is not relevant for
the spin-filtering. However, this cross section, as well as the
unpolarized cross section oy, determines the lifetime of the
beam. When changing the sign of the tensor polarization Pzdz,
one may change the beam lifetime.

III. pd ELASTIC SCATTERING AT FORWARD ANGLES

A. Glauber theory

Within the Glauber theory the amplitudes for the elastic
(pd — pd) and breakup (pd — pnp) reactions are given by
the following matrix element:

(fIF(q.9)i), (10)

calculated between definite initial |i) and final | f) states of the
two-nucleon system. Here the transition operator is

Fir(q) =

1 1
F(q,s) = exp <§iq : S> Sop(Q@) + exp <—§iq : S) Son(@)

i . 1 1
+27Tk,;d exp (iq' - S) fpn (q/+§q) fop (—q”riq) d’q.
(11)

In Egs. (10) and (11) q is the transferred momentum, s
is the impact parameter, and f5n(qQ) (N = p, n) is the pN
scattering amplitude. The amplitude of elastic pd scattering
can be expressed via the elastic form factor of the deuteron,
S(q), and the elementary amplitudes of pN scattering. The
differential scattering cross section for elastic (pd — pd)
plus inelastic (pd — p pn) scattering is calculated within the
closure approximation [22]. That allows one to express the
scattering cross section via f;n(q), S(q) and the deuteron
wave function. Since the D-wave component of the deuteron
wave function becomes important only in the region of the first
diffraction minimum of the differential pd cross section [23],
we neglect its contribution in the present calculations and take
into account only the S-wave component.

As seen from Eq. (11), in the Glauber theory of multiple
scattering of hadrons off the deuteron only single-scattering
(first two terms on the right-hand side) and double-scattering
(third term on the right-hand side) mechanisms contribute
to the transition amplitude. In forward direction the single-
scattering mechanism dominates. The corrections related to
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double-scattering effects produce the so-called shadowing
effect. As a result, the total unpolarized antiproton-deuteron
cross section o?? is not equal to the sum of the total jp and
pn cross sections, o”? and 0", but is given by

ol =oPP 4 gP" — §5¢, (12)
where 8¢ stands for the corrections due to double-scattering
effects.

B. Impulse approximation

In the impulse approximation (IA) (or single-scattering ap-
proximation) one can present the forward pd elastic scattering
amplitude in the following form:

! S N ’
L LTIl o 707 (Q = 0),
U my\ spa L o’ n |pr|Uﬂ> A Q )
! (13)

where (o’ 1| f5 nlow) is the pN scatering amplitude at zero
degree, defined as in Ref. [24], S7y °¥(Q = 0) is the elastic

form factor of the deuteron at zero transferred momentum
Q, s5n(spq) is the invariant mass of the pN(pd) system, and
my(my) is the mass of the deuteron (nucleon). The sum in
Eq. (13) runs over the z projections of the spin of the nucleon
spectator (o), and of the initial (¢) and recoil (¢”) nucleons
inside the deuteron. The transition operator for the p N forward
scattering amplitude has the form [24]

fon = An + By(o1 - 02) + Dy(o1 - m)(02 - m), (14)

where the matrix o) (0;) acts on the spin state of the
antiproton (nucleon) and Ay, By and Dy (N = p,n) are
complex amplitudes [24].

The deuteron elastic form factor at Q = 0 can be written as

(f()'()' 1 1
SETQ=0= ) (5050N|1Ms>(1Mslm|m

ImMg My

1 1
x (5050N|1Ms)<1Ms1m|m<1M§lmllk’)Pz’ 5)

where P; is the relative weight of the S-wave (I = 0) and
D-wave (I = 2) components of the deuteron wave function
with the normalization Py + P, = 1.

Using Eq. (2) one can find the invariant amplitudes
gls...,84 from the following transition matrix elements
(WA |Flud) of pd forward scattering [20]:

(+1,0|F|+1.,0) = g,
(+ 5, +1F|+ 1 +1) = g1 — g,
(+3.—1F|+5. 1) =g + g,
(+ 3. ~1|F] = 3.0) = —v2s.

On the other hand, using Eqgs. (13), (14), and (15), one can
express the transition matrix elements in terms of the pN
scattering amplitudes as

(+3.0[F[+3.0) =
(+3.+1|F|+5.+1)=(A+ B+ D)w,
(+1.-1|F|+%.-1)=(A-B-Dyw,
(+1,-1|F] - 1,0)=v2Bw,

(16)

a7
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where A=A,+A,,B=B,+B,,D=D,+ D,, and
mg [SpN 1
w=—|—|Ph—zP ). (18)
myY\ Spa 2
From a comparison of Egs. (16) with Eqs. (17) one can find that

in the single-scattering approximation the invariant amplitudes
can be written as

1
gr=&=Aw= 3 [M1(0) + M5(0)] w,

1
& =—Bw= _EMZ(O)w’

—(B+ Dyw =

1
84 > [Mi(0) — M3(0)]w.  (19)
Here we used the standard relations between the amplitudes
Ay, By, and Dy and the helicity amplitudes M[N of pN
scattering [24] together with the notation M; = Mip + M.
Utilizing Eqgs. (4), (9), and (19) the total cross sections are
thus

2
ol = k_” Im [M]'(0) + M} (0) + M (0) + M5 (0)] w
pd

= (07" +oy") .

~

olt = —If—” Im [M}(0) + M3(O)]w = —(o7” + o") W,
pd

(20)
a_ 2m P P P n
o, = P Im [M1 (0) + M5 (0) — M3 (0) + M7 (0)
P
+ M30) — MiO)]w = —(of" + of") b,
0,3],4 — O,
where we used the relations [24]
5 2
ol = = m[MY©0) + MY )],
kpn
5 2
oV = k—” Im [M2 (0)]. 1)

PN
5 2
o/ = - Im [ M} (0) + M3 (0) — MY (0)],
p

and the fact that the c.m.s. momentum in the pN system, Ky,
is related to the pd c.m.s. momentum, k4, by

kpa _ ma [Spy (22)
kpn  myV spa’

for equal (p) beam energies Tj,p, in the reactions pN and pd.
The quantity w in Egs. (20) is defined by w = Py — %Pz.
One can see from Egs. (20) that in the impulse approxima-
tion all total cross sections are additive, i.e., given by the sum
of the corresponding cross sections on the proton and neutron.
While this result is obvious for the total unpolarized pd cross
section oy, it was not expected for the spin-dependent cross
sections, especially, in view of the op_[/)vosite sign of the pd cross
sections o} and o, with regard to " and o N respectively.
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C. Shadowing effects

As already mentioned above, the double-scattering mech-
anism dominates at large scattering angles, while its relative
contribution decreases when approaching the scattering angle
6 = 0. The numerical calculations of the forward amplitude of
pd elastic scattering, which will be presented below, demon-
strate that the inclusion of the double-scattering mechanism
reduces the total unpolarized cross section by around 15%
at energies 50-300 MeV as compared to the result obtained
within the single-scattering approximation If one adopts the
approximation given in Ref. [25] then the effects of double-
scattering for polarized pd cross sections should be likewise
around 15-20% in the energy region in question. Thus, we
expect them to be significantly smaller than the variations in
the predictions due to the uncertainties in the spin-dependence
of the elementary pN interaction. Therefore, we do not
consider the double-scattering effects on the spin-dependent
cross sections in the present investigation, which anyway has
an exploratory character. Note that an accurate evaluation of
the contribution of double-scattering effects to polarized cross
sections requires to consider the D-wave component of the
deuteron as well as the angular dependence of all (ten) pN
helicity amplitudes [26] and is therefore rather tedious.

IV. COULOMB-NUCLEAR INTERFERENCE

The total polarized cross sections including the Coulomb
interaction can be written as the sum of the purely hadronic
contributions oih, the Coulomb-nuclear interference terms o™

i
and the pure Coulomb contribution ol-c:

ho it C
op =0y +0y" +0y.

h int C
01201+O'lm+0'17 23
_ ~h int C ( )
0y =0, +0, +o0,,

h int c
o3 =05 +03" +o05,

where o3 is only present in case of the pd reaction. The
hadronic contributions are those discussed in detail in the two
preceding sections. Note, however, that from now onwards we
label the corresponding quantities with the superscript “h” for
the sake of clarity.

As was found in Refs. [4,8], the interference between
the Coulomb amplitude and the hadronic amplitudes in the
total spin-dependent cross section of pp scattering plays an
important role in the spin-filtering mechanism. When taken
into account together with the purely hadronic total cross
section this interference improves significantly the agreement
between the theory of spin-filtering and the data of the FILTEX
experiment [4,5,8].

Due to the singularity at & — 0, Coulomb effects in the
total cross section cannot be taken into account by means of the
optical theorem. Therefore, in order to obtain the Coulomb-
nuclear interference cross section for elastic scattering one
has to perform an integration over the scattering angle for
terms like Ref€(0) f"*(0) or Im f€(0)f"*(0), where f€ is
the Coulomb scattering amplitude, and f”" is the amplitude
of the purely hadronic interaction modified by the Coulomb
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interaction [27]. As was shown in [4] and [5], in such an
integration the lower limit for the scattering angle 6 has to
be taken as O, (With 6, < 1), because scattering events at
lower angles, where the projectiles stay in the beam, do not
lead to a beam polarization.

In the Glauber theory Coulomb effects can be taken into
account by the method of Ref. [28] in which the elementary
eikonal pp phase is taken as sum of the purely strong and
purely Coulomb phases. It is rather obvious that Coulomb
effects appear in the total pd cross section only due to the
presence of the pure Coulomb term in the p p elastic scattering
amplitude [see Eq. (24)]. However, there is also an interference
effect between the Coulomb amplitude and the pn scattering
amplitude, as can be seen immediately from the expressions
for the single-scattering approximation given below.

A. pp scattering

When calculating the Coulomb total cross section and the
Coulomb-nuclear interference cross sections for the p p system
we follow Ref. [4], where these effects were considered for
pp scattering. Here we take into account the difference in the
electric charge between antiproton and proton, and we drop
the exchange term f€ (7 — @), specific for pp scattering. The
Coulomb scattering amplitude for pp is

I .o .0 .
fr0) = z;lnsmz +2ixo¢, (24)

o
— X
4vkp, sin 6 /2 P {
where « is the fine structure constant and v (k;,) the velocity
(momentum) of the antiproton in the pp c.m.s. The Coulomb
phase xo is

io
Xo = arg F(l — —) (25)
2v

The cross sections were considered in Ref. [4] under the
assumption that the beam acceptance satisfies the following
condition: .. K a/(vkpsp f1), where f, is the typical mag-
nitude of the hadronic amplitude. Within this assumption the
total Coulomb cross section was estimated in [4] to be

of ~ wa?/(kjpBuce). (26)

In contrast to pp scattering, for the pp interaction the
spin-dependent Coulomb cross sections alc and a2c are zero,
because there is no antisymmetrization term in the elastic
pp scattering amplitude. The interference terms o™ and o™
obtained in [4] in the logarithmic approximation [see Eq. (18)
therein], have a fairly smooth dependence on 6,.., namely of
the form In sin 6,.. /2. Adapting the formalism of [4] for the pp
case we obtain the following expressions for the contribution of
the Coulomb-nuclear interference terms to the spin-dependent
cross sections:

ot = _z_f[{ cos 20| — sin WRe[ M5 (0) + M} (0)]
pp
+ (1 — cos W) Im [ M5 (0) + M{(0)]]
— sin2yo[ sin W Im [ML(0) + M (0)]
+(1 — cos \I’)RE[M;(O) + Mlp(o)]]}’
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. 2
o™= __n{ cos 20| — sin W ReM (0)
kﬁp
+ (1 — cos W) Im M3 (0)]
— sin2xo[ sin W Im M} (0) + (1 — cos W)Re M3 (0)]},

ol = —1377;{ cos 2x0[ — sin W Re[ M1 (0) — M{ (0) — M3 (0)]
+ (1 — cos W) Im [ M5 (0) — M{(0) — M3 (0)]]
+ sin2xo[ sin ¥ Im [ M3 (0) — M{(0) — M3 (0)]
— (1 —cos W)Re[ M (0) — M{(0) — MY (O)]]}, @D

where W = —< Insin6,../2 and M/ (0) are the hadronic jp
helicity amplitudes, modified by the Coulomb interaction. One
can see that in the limit yo — 0 Eqgs. (27) coincide with
Eq. (18) of Ref. [4]. We should note that our definition for the
cross section o, differs from that in Ref. [4]: our o, is equal
to o, — o7 as defined in Eq. (2) of Ref. [4]. It is worth noting
that at sufficiently high beam energies (above ~ 50 MeV)
one has cos2xp ~ 1 and sin2xy ~ 0. As one can see from
Egs. (27), in this case the total pp interference cross sections
oM are determined by Re[M!(0) + M3 (0)], ReM5(0) and
Re[M7(0) + M5 (0) — M{(0)] for i =0, 1, and 2, respec-
tively, whereas the purely hadronic total pp cross sections
ol.h are given by the corresponding imaginary parts of those

amplitude combinations, see Egs. (21).

B. pd elastic scattering

Also for pd the total Coulomb cross section contributes
only for i = 0. In order to calculate the Coulomb-hadronic
interference cross sections for pd one needs the elastic
scattering amplitudes beyond the collinear kinematics, because
it is necessary to perform an integration over the scattering
angle. Therefore, the full spin structure of the pd scattering
amplitude which consists of twelve independent terms, has to
be considered. Details of the formalism for the general case are
summarized in Appendix. The final formulas for the polarized
interference cross sections are Egs. (A11).

In order to obtain ¢/™ within the impulse approxima-
tion one has to insert Eqs. (19) into Eqgs. (A8) and after
that use it in Egs. (All). The Coulomb amplitude for
pd scattering in the impulse approximation at 6 < 1 is

(FOW> %SwléMf%fc(e)@, where fC€(0) is defined in

A
Eq. (24). Thus, the Coulomb-nuclear interference contribution
to the total pd cross sections, oi““, (i =0,...,2)follows from

Egs. (27) with the replacement Mip 0) — Mip 0) + M} (0).
Furthermore, Eqs. (27) should be multiplied by the factor
(kja/kpp)w and o™ and oi" will change their signs. Note
that the cross sections 03” and (73““ are equal to zero in
the single-scattering approximation, because the hadronic

amplitude g; — g, vanishes in this approximation.

V. RESULTS FOR THE NN SYSTEM

In the present investigation we use two NN models
developed by the Jiilich group. Specifically, we use the models
A(BOX) introduced in Ref. [11] and D described in Ref. [13].
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Starting point for both models is the full Bonn NN potential
[29]; it includes not only traditional one-boson-exchange
diagrams but also explicit 27- and mp-exchange processes
as well as virtual A-excitations. The G-parity transform of
this meson-exchange NN model provides the elastic part
of the considered NN interaction models. In case of model
A(BOX) [11] (in the following referred to as model A) a
phenomenological spin-, isospin-, and energy-independent
complex potential of Gaussian form is added to account for
the NN annihilation. It contains only three free parameters
(the range and the strength of the real and imaginary parts
of the annihilation potential), fixed in a fit to the available
total and integrated NN cross sections. In case of model
D [13], the most complete NN model of the Jiilich group,
the NN annihilation into two-meson decay channels is
described microscopically, including all possible combinations
of m, p,w,ay, fo,ai1, f1,a, >, K, KT—see Ref. [13] for
details—and only the decay into multimeson channels is
simulated by a phenomenological optical potential.

Results for the total and integrated elastic (p p) and charge-
exchange (pp — fin) cross sections and also for angular
dependent observables for both models can be found in
Refs. [11,13]. Evidently, with model A as well as with D a
very good overall reproduction of the low- and intermediate
energy NN data was achieved. Moreover, exclusive data on
several pp two-meson and even three-meson decay channels
are described with fair quality [12,13,30]. Recently, it has
been shown that the NN models of the Jiilich group can
also explain successfully the near-threshold enhancement seen
in the pp mass spectrum of the reactions J/W — ypp
[31], J/¥ — wpp [32] and BT — Kt pp [33] and in the
ete™ — pp cross section [34].

As already mentioned in the Introduction, the spin depen-
dence of the N N interaction is not well known. There is a fair
amount of data on analyzing powers, for pp elastic as well
as for pp — nn charge-exchange scattering, cf. Ref. [35]
for a recent review. However, with regard to other spin-
dependent observables there is only scant information on the
depolarization D,,, and also on K,,. Moreover, those data are
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of rather limited accuracy so that they do not really provide
serious constraints on the NN interaction. The predictions
of the Jiilich models A and D are in reasonable agreement
with the experimental polarizations up to beam momenta
of prap ~ 550 MeV/c as can be seen in Ref. [13]. In fact,
model A gives a somewhat better account of the data and
reproduces the measured p p polarizations even quantitatively
up to prap & 800 MeV/c (T =~ 300 MeV). We consider both
models here because it allows us to illustrate the influence of
uncertainties in the spin-dependence of the N N interaction on
the spin-dependent cross sections for the NN as well as the
pd systems. In this context let us mention that a partial-wave
analysis of pp scattering has been performed by the Nijmegen
Group [36] which, in principle, would allow to pin down
the spin-dependence of the NN interaction. However, the
uniqueness of the achieved solution was disputed in Ref. [37].
Moreover, the actual amplitudes of the Nijmegen analysis are
not readily available and, therefore, cannot be utilized for the
present investigation.

For the computation of pd scattering we also need the
pn amplitude. For this system, a purely isospin / = 1 state,
there is no experimental information. But there are data for
the 7np channel [38,39], which is identical to the former
under the assumption of isospin symmetry. A comparison
of our model results with those data is presented in Fig. 1.
Obviously the predictions of the Jiilich models are in nice
agreement with the experimental information on the 7iip
interaction too, despite the fact that those total and anni-
hilation cross sections have not been included in the fitting
procedure.

Let us now come to the spin-dependent pp and pn cross
sections predicted by the Jiilich N N interactions. Correspond-
ing results are presented in Figs. 2 and 3. We display the
cross sections based on the purely hadronic amplitude (oih)
and the Coulomb-nuclear interference term (al.im) separately
so that one can see the magnitude of the latter. The total cross
sections are then the sum of those two contributions. In the
concrete calculations the acceptance angle was chosen to be
Bacc = 8.8 mrad [3].

500 : ‘ , ‘ : : :
(b)

e Armstrong (1987)

400

T

& 300

ann

© 200

T

100~

| I
400 600 800

P (MeV/c)

. I
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FIG. 1. (Color online) Total (a) and integrated annihilation (b) 7i p cross sections versus the beam momentum p,,,. The lines show predictions
by the Jiilich NN models A (dashed line) and D (solid line). Data are taken from Refs. [38] (circles) and [39] (squares).
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FIG. 2. (Color online) Total pp cross sections oy (a), o (b), and o, (c) versus the antiproton laboratory energy Tj,,. Results based on the
purely hadronic amplitude, a,.", (model D: solid line, model A: dashed line) and for the Coulomb-nuclear interference term, a}“‘, (D: dash-dotted

line, A: dotted line) are shown.

At low energies, i.e., around T, =5 ~ 10 MeV, the
interference terms are comparable to the corresponding purely
hadronic cross sections and their magnitude increases further
with decreasing energy due to the 1/kj, factor, cf. Eqs. (27).
With increasing energy the relevance of the Coulomb-nuclear
interference terms diminishes more and more in case of the
cross sections oy and o,. But for o the term is still significant,
as one can see from Fig. 2(b). The large magnitude of ali“‘ as
compared to o} is due to the fact that ReM?Z (0) > Im M} (0)
for 100-300 MeV, for both NN models. As already pointed
out in the context of Egs. (27), olim is determined by the former
quantity but alh by the latter. Note, that the three cross sections
Gii"t(i =0,...,2) themselves are all roughly of comparable
magnitude for energies from around 50 MeV onwards.

While the predictions of the two models for oy are rather
similar (cf. Figs. 2(a) and 3(a)), even for the Coulomb-nuclear
interference cross section, this is not the case for the spin-
dependent cross sections o; and o,. For energies below Tj,, ~
150 MeV there are drastic differences between the results
based on the two models. Indeed, for o, at low energies even
the sign differs in case of the pp channel. Obviously, here the
variations in the hadronic amplitude are also reflected in large
differences in the Coulomb-nuclear interference term.

For the total o} (including the hadronic and the Coulomb-
nuclear interference terms) model A predicts a maximum of
12 mb at the beam energy Tj,, ~ 20 MeV whereas model D
yields a maximum of practically the same magnitude at T, ~
10 MeV. In both cases o becomes large and negative at very
low energies due to the dominance of the Coulomb-nuclear
interference term in this region. For comparison, in Ref. [10],
where a version of the Paris NN model was employed, the
largest value for o; was found to be —15 mb at Tjp, =
45 MeV. In case of pn scattering both models exhibit a
minimum in o7 at T, & 25 MeV and reach values of around
20 mb (A) and 50 mb (D) close to threshold.

With regard to o, model A and D predict values around
10 mb for pp scattering at higher energies. Close to threshold
large negative values are predicted for o) + oi" due to
the Coulomb-nuclear interference term. One should note,
however, that for beam energies below 5 MeV, say, the total
Coulomb cross section becomes very large. In this case the
beam lifetime turns out to be too short and the spin-filtering
method cannot be used for polarization buildup in storage
ring. The results for o, for pn scattering are comparable for
both models, reaching a maximum of roughly 30 mb around
Tiab = 25 MeV.
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FIG. 3. (Color online) Total pn cross sections oy (a), oy (b), and o, (c) versus the antiproton laboratory energy 7j,,. Results for model D

(solid line) and model A (dashed line) are shown.

Finally, one should note that for both models A and D
the polarized cross sections o} and o, exhibit a very different
energy dependence in the pp and pn channels. Thus, the
expected polarization buildup for pd scattering is likewise
different from that of the p p reaction, as will be shown in the
next section.

VI. RESULTS AND DISCUSSION OF pd SCATTERING

In this section we present numerical results for pd scattering
employing the Jiilich models A and D [11,13] for the
elementary pN interactions. In order to estimate the role of
the double-scattering mechanism, which will be not taken into
account in our calculation of the polarized total cross sections,
we first calculate the (unpolarized) total pd cross section and
also differential cross sections for elastic as well as for elastic
plus inelastic scattering events within the Glauber theory. This
allows us also to compare our results directly with available
pd experiments so that we can check the reliability of the
approach. As was shown in detail in Refs. [23,40-45], in
forward elastic scattering of antiprotons off nuclei the Glauber
theory, though in principle a high-energy approach, works

rather well even at fairly low antiproton beam energies like
50 MeV. This has to be compared with proton-nucleus
scattering where the Glauber theory is known to give reliable
results only for energies in the order of 1 GeV or above. The
Glauber theory is applicable at such low energies, because of
the presence of annihilation channels in the pN interaction.
Due to strong annihilation effects, specifically in the S-waves,
higher partial waves start to play an important role already
fairly close to threshold. As a consequence, the pN elastic
differential cross section is peaked in forward direction already
at rather low energies [13,35] and, therefore, suitable for
application of the eikonal approximation, which is the basis
of the Glauber theory. In other words it can be seen from the
optical theorem that the higher the annihilation cross section
is, the larger is the modulus of the forward elastic scattering
amplitude. Indeed, the elastic spin-averaged pN scattering
amplitude can be very well parametrized by

BN .
PNOwr (i +atpn)

i (28)

k
fan(q) = p(—Bina’/2).

where at{;N is the total unpolarized pN cross section, oy is
the ratio of the real to imaginary part of the forward scattering
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FIG. 4. Differential cross section of pp (left panel) and pn (right panel) elastic scattering predicted by model A versus the c.m.s. scattering
angle O at different beam energies: 50 MeV (dashed-dotted line), 25 MeV (dotted), 10 MeV (solid).

amplitude f5y(0), ,3123  1s the slope of the diffraction cone, g
is the transferred three-momentum, and k; is the pN c.m.s.
momentum.

For the present investigation we utilize Eq. (28) to represent
the scattering amplitudes of the Jiilich models in analytical
form. This allows us then to evaluate the pd scattering
amplitude as given in Eq. (11) in a straight-forward way,
including also the double-scattering correction. The values
for the parameters U&N and oy can be taken directly from
the pN scattering amplitudes MiN (0) that result from the
considered Jiilich models. The parameters :3,25  are determined

inafitof | fj ~(q)|? to the unpolarized differential cross section
do /d26) resulting from the employed N N models. We found
that even at beam energies as low as 10-25 MeV the parameter
,3[23  1s large, i.e., 40-50 (GeV/c)?, reflecting the fact that the
elastic amplitude in Eq. (28) is indeed peaked in forward
direction. For illustration purposes we present pp and pn
differential cross sections at three selected energies in Fig. 4
for model A. The concrete parameters for the pp and pn
amplitudes at the various energies are summarized in Table I.

Results for the total unpolarized pd cross section are
displayed in Fig. 5 together with experimental information
[46-50]. A comparison of theory with data at selected energies
is presented in Table II for model D. One can see that
the single-scattering approximation (shown here only for
model D) overestimates the total unpolarized cross section
by roughly 15%, cf. the dotted line in Fig. 5. But the
shadowing effect generated by the pN double-scattering
mechanism reduces the cross section by about that amount
so that the final result (solid line) is in good agreement with
the experiment. The results for model A are very similar.
Thus, as expected the double-scattering corrections to the
total unpolarized cross section turn out to be not very large.
Actually, even at energies as low as 10-20 MeV they are
at most 20-25 %. Therefore, the Glauber theory seems to
work rather well for the pd reaction, even at these fairly low
energies.

Predictions for differential cross sections are presented in
Fig. 6. In the corresponding calculations of the forward pd
elastic amplitude the single-scattering mechanism as well as
the double-scattering terms were included. The ABB form
factor [51] is used for the deuteron. At T, = 179.3 MeV
data for the elastic differential cross section are available [52].
These data (squares in Fig. 6) are nicely reproduced by our
model calculation for forward angles. Also the differential
cross sections for elastic (pd — pd) plus inelastic (pd —
ppn) scattering events, measured at the neighboring energy
Tiab = 170 MeV [46] (circles), are well described. At lower
energies no data on the elastic differential cross section are
available. But there are further angular distributions published
in Ref. [46]. In Fig. 6 we show results for selected energies,
namely 57.4 MeV, 78 MeV, and 138 MeV. Obviously, our

800 —— , x : x , w
N
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L . 4 Hamilton (1980) 4
R s00l- i* v Bizzarri (1974) |
\Ei 400+ KH 4
2 t 1
° 300 Tl
L % S P i J
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FIG. 5. (Color online) Total pd cross section versus the beam
momentum pj,,. The solid and dashed lines are results based on the
NN models D and A, respectively. The dotted line is the results for
model D obtained within the single-scattering approximation. Data
are taken from Refs. [46-50].
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TABLEI. Parameters of the pp and pn amplitudes according to Eq. (28) representing the results of the N N models
A and D of the Jiilich group [13] at different beam energies. Note that the values for olg[N and o5y follow directly from
the corresponding models, while ,8123  1s determined in a fit to the corresponding amplitudes.

Thab PN model U‘gtp /3,25,7 A5p O_[Z‘n ﬂ%n A 5
MeV mb (GCV/C)72 mb (GGV/C)72
10 A 409 46.24 —0.351 372 41.1 —0.372
D 441 59.1 —0.20 354. 51.4 —0.164
25.5 A 305 46.24 —0.176 267.2 36.0 —0.146
D 312 52.4 —0.130 260 48.8 —0.076
50 A 233.5 33 —0.095 209.6 26 —0.034
D 240 33.47 —0.121 219 33.47 —0.058
78 A 209.5 29.9 —0.03 192.6 26 0.0417
D 203 29.9 —0.03 192 29.2 0.0145
109 A 186 25.2 0.033 171.3 24 0.108
D 175.8 25.9 —0.029 165 25 0.0245
124 A 174.4 24.45 0.057 163. 24.3 0.133
D 168.4 24 .45 —0.030 159.5 24.3 0.0245
138 A 174.0 23.24 —0.030 159.5 22.9 —0.03
D 162.5 23.24 —0.030 155 22.9 —0.03
149 A 164 22.58 0.009 156.2 22.58 0.166
D 159.26 22.58 0.002 149 22.58 0.056
179 A 156.3 23.4 0.110 148 20.7 0.187
D 150. 23.4 —0.0256 143 20.7 —0.0816

model results are in line with those data down to the lowest
energy.

Results for spin-dependent cross sections are presented in
Fig. 7. Note that here the corresponding calculations are all
done in the single-scattering approximation only. In principle,
the double-scattering corrections to the spin-dependent cross
sections could be worked out by adopting the formalism
described in Refs. [25,26,53]. But we expect that the double-
scattering effects on those quantities are roughly of the same

TABLE II. Total unpolarized pd cross sections calculated

within the Glauber theory in the impulse approximation (o4

tot

and with pN double scattering included (oi,). The NN model D
of the Jiilich group [13] is used. Experimental values (o, ) at the
various beam energies T, are taken from Refs. [47] (a), [48] (b),

and [46] (c).

Tia» (MeV) Ol (mb) o (mb) /4 (mb) R=
Ut{,{‘/atm

57.0 415 £ 16* 401 471 1.17

58.0 390 + 15° 401 471 1.17

57.4+13.2 366.2+11.5¢

79.8+£10.0 346.4+8.4° 339 395 1.16

109.3 322 +16* 296 341 1.15

109.3+8.8 310.7+7.3¢

124.14+8.1 287.5+6.1¢ 286 328 1.15

126.8 295+7°

137.7 £7.5 283.4+5.4¢ 277 317 1.15

147 271+6° 270 308 1.14

146.61+7.1 282.6+5.4°

179.3 269+7° 258 293 1.14

170.54+8.8 271.84+4.2°¢ 264 301 1.14

magnitude (i.e., less than 20% for energies above 20 MeV)
as for the spin-independent cross sections. At least this is
what we find numerically within the approximation outlined
in Ref. [25]. Therefore, we believe that the single-scattering
approximation provides a reasonable estimation for the mag-
nitude of the polarization buildup effect in pd scattering
and we refrain from a thorough evaluation of the involved
double-scattering effects in the present analysis. After all one
has to keep in mind that the differences between the NN
models A and D introduce significantly larger variations in the
cross sections oy and o, cf. Figs. 7(b) and 7(c).

The NN model D predicts large spin-dependent cross
section o7 with a maximum around 40 MeV. The cross section
o, is large as well and practically constant from around
75 MeV onwards. In case of model A the maximum for o
occurs at considerably higher energies. Large negative values
of o) are predicted for energies below 50 MeV with a maximum
at 150 MeV. The predictions for o, are comparable to those of
model D for energies above 25 MeV, say. As one can see
from Fig. 7, the largest values for the polarized pd cross
sections are expected at very low energies, i.e., for Tj,, less than
10 MeV, since the pN cross sections increase with decreasing
beam energy. However, as was already noted above, at these
energies the pure Coulomb cross section becomes too large,
so that the method of spin-filtering for the polarization buildup
cannot be applied due to the decrease of the beam lifetime. In
any case, while our results at higher energies are expected to be
correct within 10% to 20%, there are larger uncertainties below
20 MeV and here our results should be considered only as a
qualitative estimate. Finally, one can see from Fig. 7, that the
Coulomb-nuclear interference effects become only important
for energies below 50 MeV. In contrast to the pp case, for
pd ali“t is much smaller than O’lh at Tiap > 100 MeV. This
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FIG. 6. Elastic (lower lines) and elastic plus inelastic (upper lines) pd differential cross sections versus the transferred momentum for
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(circles).

different behavior for pp and pd is due to the additional terms
M?(0) entering the expression for aiim of the latter reaction, as
explained in Sec. IV B.

The polarization buildup is determined mainly by the
ratio of the polarized total cross section o;(i =1,2) to
the unpolarized one (oy). Those ratios o; /0y are shown in
Fig. 8 for beam energies 10-300 MeV for the pp and pd
reactions. The Coulomb-nuclear interference effects are taken
into account. Once again those results exhibit a significant
model dependence. However, for all considered cases large
values for the ratio o, /0y of around 10% are predicted at the
higher energies, which would be sufficient for the requirements
of the PAX experiment [17]. Also, when comparing the pp

and pd results we see that (the moduli of) the predicted values
for the ratio 0, /0y are larger for pd than for p p, for energies
of Ti,p =~ 100 MeV or higher, in case of model A as well as for
model D. Thus, our results suggest that there could be indeed
a slightly higher efficiency for the polarization buildup when
using pd instead of pp.

VII. SUMMARY

In the present paper we employed two NN potential
models developed by the Jiilich group for a calculation of
unpolarized pd scattering within the Glauber-Sitenko theory
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FIG. 7. (Color online) Total pd cross sections oy (a), o1 (b), and o, (c) versus the antiproton laboratory energy 7Tj,,. Results based on the
purely hadronic amplitude, crl.h, (model D: solid line, model A: dashed line) and for the Coulomb-nuclear interference term, Jl.i"‘, (D: dash-dotted

line, A: dotted line) are shown.

and found that this approach allows one to describe the
experimental information on differential and total pd cross
sections, available at T},, = 50-180 MeV, quantitatively. For
those spin-independent observables the difference in the
predictions based on those two models turned out to be rather
small. The double-scattering corrections to the unpolarized
cross section were found to be in the order of 15% in the
energy range where the data are available. But we found
that even at such low energies as 10-25 MeV they are not
larger than 20-25%. This means that, most likely, the Glauber
approximation does work reasonably well for pd scattering
down to fairly small energies.

We also presented results for polarized pd cross sections
obtained within the single-scattering approximation. In com-
parison to pp scattering, for pd scattering there are four
total polarized cross sections instead of the three in the pp
case. The additional cross section, connected with the tensor
polarization P2 of the deuteron, has no direct influence on

2
the polarization buildup, but, in principle, can be used to

increase the beam lifetime by a proper choice of the sign
of Pzdz.

In the single-scattering approximation the spin dependent
pd cross sections are given by the sum of the corresponding
pp and pn cross sections. As a consequence, at some energies
there is an increase of the polarized cross sections as compared
to the pp and/or pn case. The Coulomb-nuclear interference
effects in the polarized cross sections, which play an important
role for the pp and p p systems, are modified in pd scattering
due to the additional interference with the purely hadronic pn
amplitude.

The predictions for the spin-dependent cross sections for
pd scattering, presented in this work, exhibit a fairly strong
model dependence, which is due to uncertainties in the spin
dependence of the elementary pp and pn interactions. Still,
our results suggest that pd elastic scattering can be used for
the polarization buildup of antiprotons at beam energies of
10-300 MeV with similar and possibly even higher efficiency
than pp scattering.
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APPENDIX: COULOMB-NUCLEAR INTERFERENCE
CROSS SECTIONS FOR pd ELASTIC SCATTERING

In the coordinate system with the axes OX]||l, OY||n,
OZ||m, where
1=k+K)/k+K|, m=(k—-K)/k—-K|,

n = [k x k'l/|[k x kKT, (A)

one can find for the operators I:"a,g defined by Eq. (3) the
following structure [54]:

>

= F]+F26)', ﬁxyz
= Fy+ Fio6y,

A

= —F;6,+ Fg(’iy, Fyy =+ F46y,

F76, + Fy6y,

> >
= =
~ =

<
=

(A2)

> [

= F116¢ + Fia6;,

« = —Fy — F96y, F,, = —F16, + F26,

>
<
]

ISl

A

Fzz=F5‘|’F66y7

where the F;’s are complex numbers and 6, (j = x,y, 2)
are the Pauli matrices. Using Eqs. (A2) the spin correlation

PHYSICAL REVIEW C 79, 024617 (2009)

parameters can be written in the following form:
Crx = %{Im(FgFgk + Fi1 Fy + Fii FY)
+ Re(F; Fjyy — FyF}5 + FiaF))),
Cy, = %{Im(Fl Fjo+ FaFg + FoFg + FsFy,)
— Re(Fy Ff + Fiu F))),
C..= %{Im(Fﬂ:{k + F7F5 + FoF) (A3)
+ Re(FyFf — FyF} 4 FioFy)),
C,.= %{Im(Fng* + FyF5 + FoF})
+ Re(FF + FFf — FioF}y)},
C.,= %{Im(F7F9* + F3F)5 + FioFY)
+ Re(FsFiy — FuFy} — Fui Fg)},

where B is given by

6 12
B=Y |F*+2) |F[
i=1 i=7

The tensor analyzing powers A;; can be expressed in the
following form (see, for example, [54]):

1
Am=E{|F3|2+|F4|2+|Fs|2+|F6|2—(|F7|2+|Fg|2
+|Fol> + | Fio>) — 2 Fi|* + | Fo* — |[Fui|* — | Fro D)},
Ao — 1{|F 2 2 2 2 2 2
= 2+ 1B + | Fs)? + | Fs|? — (|F7)* + | Fg|
+1F1i > + | Fial?) — 2(| F3)?

yy E
+ | F4l* = |Fol* = |Fiol*},
AZZ = _Axx - Ayyv

(A4)

3
A, = —ERe[F7Fl*2 + FoFs
+ FioF¢ — FaFjy — FiFy — FyF}].

The polarized elastic differential pd cross section is

do do 3 5 1
- | — 1 Zp? dCl — dA, o]
<d9>pol (d9>o[ TPttty T
(AS)

Here (Z—g)o is the unpolarized differential cross section, which
is given as

do 1 TS ) 12 )
(E)OZE[E'E" +2;|F,-|] (A6)

In Eq. (AS) we spell out explicitly only those terms which
give a nonzero contribution to the total elastic polarized cross
section, while other occurring terms are denoted by dots. The
total elastic polarized cross section can be found by integration
of Eq. (A5) over the scattering angle:

T rdo
el .
Opol = 21 /@aec (—)p()l sin0do.

The Coulomb amplitudes are contained only in the follow-
ing terms: F| = Flh + FC, F; = F3" + FC, and F5 = F;’ +
FSC , where Fih is the purely hadronic part of the amplitudes in

(A7)
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question. Due to the singularity ~ sin~2(6/2) of the Coulomb
amplitudes F{ = F{ = F& = F¢ the main contribution to
the Coulomb-nuclear interference terms in the cross section
Eq. (AS) comes from forward angles and, therefore, is
nonvanishing only for those hadronic amplitudes F; which
are nonzero in forward direction. In the limit of collinear
kinematics when OZ|k|[k'(6 = 0°), one can find from
Egs. (2) and (A2) [21]

F' = F} =g, Fl = g, F} = igs, Fly)y = —F}; = —igs,
F2=F4=F6=F8=F9=F12=0.

Based on these relations one obtains via Egs. (A3), (A4)

(A8)

2
C..(0)= E{ImF7(F1* + Fg*) + ReFlOFl*l },
2
Cix(0) = Cy ,(0) = EIm(Fl + F5)Fiy,
1
A (0) = Ay (0) = _EAZZ(O)

1
= A-IRP HIEE +1Fal — 7P,

C:x(0) = 1 2(0) = A (0) = 0. (A9)

PHYSICAL REVIEW C 79, 024617 (2009)

Taking into account axial symmetry, which follows from
Egs. (A9), the polarized Coulomb-nuclear interference cross
section can be written as

: T rdo 3 _
int __ d
OPOI =2 v/@MC (E)pol {1 + ECX’XPPP
3c C..)P’p¢ 1A A, )P% Y sin0do
+§( 2z = Cex)PLP; +§( xx — Az) PS¢ sin0do.

(A10)

Using Eqgs. (A8) and (A9) and performing the integration
over the scattering angle in Eq. (A10), one can find finally
4

M2
o =3 fe Re{[F{"(0) + F"(0) + F{ ()] F{'} sinfde,

acc

o= m [ [l OFE + )} sinoao,
Oacc
b
ol = _271/ Im {[F770) + Fiy O](Ff + F')} sin6de,
Oace

w4 [T " *
o = 7”[@ Re{[F}"(0) — F&"(0)]F(} sin6d. (A11)
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