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Spin-dependent Fermi liquid parameters and properties of polarized quark matter
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We calculate the spin-dependent Fermi liquid parameters (FLPs), single-particle energies, and energy densities
of various spin states of polarized quark matter. The expressions for the incompressibility K and sound velocity
¢; in terms of the spin-dependent FLPs and polarization parameter £ are derived. Estimated values of K and ¢
reveal that the equation of state of the polarized matter is stiffer than the unpolarized one. Finally, we investigate
the possibility of the spin polarization (ferromagnetism) phase transition.
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I. INTRODUCTION

One of the important research areas of contemporary high-
energy physics has been the study of matter under extreme
conditions. Such matter in the laboratory can be produced by
colliding heavy ions at ultra-relativistic energies. Because of
the asymptotic freedom of quantum chromodynamics (QCD),
it is predicted that hadronic matter at high temperature and/or
density can undergo a series of phase transitions such as
confinement-deconfinement and/or chiral phase transitions
[1,2]. In the high-density regime QCD predicts the existence of
a color superconducting state [3—5]. The possibility of a spin-
polarized quark liquid (i.e., the existence of a ferromagnetic
phase in a dense quark system) has also been suggested
recently [2,6]. The properties of a dense quark system are
particularly relevant for the study of various astrophysical
phenomena.

Part of the motivation for studying the ferromagnetic phase
transition in dense quark matter (DQM), as mentioned in
Ref. [6], is provided by the discovery of “magnetars” [7], where
an extraordinarily high magnetic field (~10"> G) exists [6,8].
In Ref. [6], it is argued that the origin of such a high magnetic
field can be attributed to the existence of spin-polarized quark
matter [9]. To examine the possibility of ferromagnetism
in DQM in Ref. [6] a variational calculation is performed
in which it is observed that there exists a critical density
below which spin-polarized quark matter is more energetically
favorable than the unpolarized state. Subsequently, various
other calculations were also performed to investigate this
issue [2,4,5,7-10]. For example, in Ref. [5] it is shown that
there is no contradiction between color superconductivity
and ferromagnetism and both of these phases can coexist. In
Ref. [10], the same problem was studied in the large-N, and
large-N ; limit while keeping N./ N ; fixed, where it was shown
that the spin-polarized state can exist; however, in the presence
of magnetic screening, color superconductivity or dense chiral
waves disappear. Such screening is now supported by the
lattice calculation [10,11]. In Ref. [5] it is analytically shown
that, if quarks are massless, ferromagnetism does not appear,
which is consistent with the conclusion drawn in Ref. [10].
In Ref. [8] it is shown that ferromagnetism might appear
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in quark matter with a Goldstone boson current, where the
magnetization is shown to be related to triangle anomalies.

In the present work, we apply relativistic Fermi liquid
theory (RFLT) to study the possibility of a para-ferro phase
transition in DQM. The RFLT was developed by Baym
and Chin [12], who have shown how the various physical
quantities (e.g., chemical potential p, incompressibility K,
and sound velocity c;) can be expressed in terms of the
Landau parameters (LPs) calculated relativistically. However,
the formalism developed in Ref. [12] is valid for unpolarized
matter and LPs calculated there are spin averaged.

In this paper we extend the formalism of RFLT and
the required LPs are calculated by retaining their explicit
spin dependencies. As a result, here various combination of
parameters such as foff” , 0+1_ , f071+ ,and fOTl_ , corresponding
to scattering involving up—flp, up-down, down-up, or down-
down spins, appear [12]. Once determined, these parameters
are used to calculate quantities such as chemical potentials for
the spin-up and spin-down quarks or the total energy density of
the system as a function of § = (n; —ng)/ng and ng together
with various other quantities, where n; and n, correspond
to densities of spin-up and spin-down quarks, respectively,
and ny, = n; +n, denotes total quark density [6]. We also
compare some of our results with those presented in Ref. [6],
where a more direct approach was adopted to calculate the
total energy density from the loop. In addition, the present
work is extended further to estimate incompressibility and
sound velocity in a dense quark system for a given fraction of
spin-up or spin-down quarks.

Furthermore, in dealing with the massless gluons, we find
that a naive series expansion fails and one has to use a hard
density loop (HDL) corrected gluon propagator to get the
finite result for the LPs involving scattering of like spins [13].
This however does not cause any problem for the calculation
of various physical quantities such as chemical potential,
exchange energy, and incompressibility. We shall see, even
though fy and f; (suppressing spin indices) individually
remain divergent, what appears in our case is the particular
combination of these parameters where such divergences
cancel.

The plan of the paper is as follows. In Sec. II, as mentioned
before, we extend the formalism of RFLT to include explicit
spin dependence. In Sec. III, we derive spin-dependent LPs
resulting from one-gluon exchange (OGE) for polarized quark
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matter. Subsequently, we calculate the chemical potential
and energy density. We find the density dependence of
incompressibility K and first sound velocity ¢; with arbitrary
spin polarization £. To compare with Ref. [6], we present
ultra-relativistic and nonrelativistic results and study para-
ferro phase transition of quark matter. Section IV is devoted
to a summary and conclusion. In the Appendix, we calculate
various LPs for unlike spin states of the scatterer.

II. FORMALISM

In Fermi liquid theory the total energy density E of an
interacting system is the functional of occupation number 7,
of the quasiparticle states of momentum p. The excitation of
the system is equivalent to the change of occupation number
by an amount én,. The corresponding energy density of the
system is given by [12,14]

E=E° 4P o
= ~I—Z (27{)38]” N pg

1 dp d*p
"2 Z/ @) @ T Onpsdnps (1)

where E° is the ground-state energy density and s is the spin
index, and the quasiparticle energy can be written as

ap'
Eps = 8(1))s + Z/ Tfps,p/s/‘snp’s” @)

0 . . . . .
where ¢, is the noninteracting single-particle energy. The

interaction between quasiparticles is given by f /s, Which
is defined to be the second derivative of the energy functional
with respect to occupation functions,

8%E

Snpsn g

fps,p/s’ = (3)

Since the quasiparticles are well defined only near the Fermi
surface, one assumes

eps = 1’ + 05 (p — ph). 4

In Fermi liquid theory, the interaction parameter, fs, s, 1S
expanded on the basis of Legendre polynomials, P; [12,14].
The coefficients of this expansion are known as Fermi liquid
parameters (FLPs), which are given by

» dQ
=0l + 1)/ EPI(COS 0) fps.p's's )

where 6 is the angle between p and p’, both taken to be on
the Fermi surface, and the integration is over all directions
of p [12]. Note that, unlike Refs. [12,14], here we retain
explicit spin indices without performing spin summation. We
restrict ourselves to / <1 (i.e., f§ and f7’), since any higher /
contribution decreases rapidly as the scattering is dominated by
small angles and the series converges (here, f;’ = % S £
[15].
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The Landau Fermi liquid interaction f ¢ is related to the
two-particle forward scattering amplitude via [12,14]

mg,m
9749
0 Mpx,p’s’ ’ (6)

P’

f[]s,p’s’ - 82 e
where m, is the mass of the quark and the Lorentz invariant
matrix M, . consists of the usual direct and exchange
amplitude, which may, therefore, be evaluated by conventional
Feynman rules. The dimensionless LPs are defined as F}’ =
N*(0) f}’ [12], where N*(0), the density of states at the Fermi
surface, is given by

v = [P s
()_/(27'[)% (Eps_ﬂ)

)

SZ P

_ 8degPy ( ap ) _ SdegPyEy
212 N\oeps ), 272
Here gqe, is the degeneracy factor. In our case ggeg = NNy,
where N, and N are the color and flavor indices for quark
matter. For spin-up (+) and spin-down (—) quarks, the
density of states will change accordingly. In this expression
(8p/88ps)p:ps/ is the inverse Fermi velocity (l/v;), which is

related to the FLP F; by

1 o

oy = OP10pdp=p; = (W /py) (1 +F[3). (8
With Eq. (7) and Eq. (8) one reads the general relation

as [16]

ey =u' (1+5F). 9
The compression modulus or incompressibility K of the
system is defined by the second derivative of total energy

density E with respect to the number density n,, which is
given by [16-20]

9’E

-
8nq

K =9n, (10)

Now we introduce a polarization parameter £ by the
equations n;) = ny(1 +§)/2andn, = n,(1 — &)/2 under the
condition 0 <& <1 [6]. The Fermi momenta in the spin-
polarized quark matter then are p}” =pr1+£ )1/3 and Py =
pr(1 —&)'3, where p; = (7?n,)!/? is the Fermi momentum
of the unpolarized matter (§ = 0). So, there are two Fermi
surfaces corresponding to spin-up (+) and spin-down (—)
states, such that £ = E(nqﬂ nq’). ‘We have

dE  OE nt  QE on;
an, ang dng  dng Ong
1
= E[(l +EHuT+ A =5l (11)

Using Eq. (11), the incompressibility becomes [20]

]
K = ) [(1+%') 8n;}'+(1 £) on

_ 9ny s (1+Ff 1+ Fy
- [(HS) <N+<0>)+(1 2 <N-<0>>}’

12)
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where [12]
o' 1+ F}
oy N¥(0)

(13)

Similarly, the relativistic first sound velocity is given by the
first derivative of pressure P with respect to energy density E.
Since P = Zsusn; — E [16,20], we have

(14 &)y e + (1= §)ny G

C2 _ g 3P an _ q 3}1 q an
'"TOE T ong 0E | (I +Hut+A—Eu-
q 21+ Fo+)
= 1
A0+ HHut + 1 —6)Hp-] [( o (N+<0>
e (L
e (N—<0)>]' (1

In Eqgs. (12) and (14), N*(0) and F;" correspond to the
density of states at the Fermi surface and the dimensionless LP
for spin-up (+) and spin-down (—) quarks, respectively. For
unpolarized matter, § =0, implying u* =pu~, F = F;,
and NT(0) = N~ (0). From Egs. (12) and (14) we have the

well-known result that K = 9n, 2 [16] and ¢} = "7‘1;’7“ [12].

III. LANDAU PARAMETERS FOR POLARIZED QUARK
MATTER

In this section we calculate LPs for quark matter with
explicit spin dependencies. We choose spin s along the z
axis [i.e., s = (0, 0, =1)] and represent spin-up and spin-down
states by their signs. For a four-dimensional description of
the polarization state, it is convenient to define a four-vector
a", which, in the rest frame of each quark, is the same as
the three-dimensional vector s; since s is an axial vector, a*
is a four-pseudovector. This four-vector is orthogonal to the
four-momentum in the rest frame [in which a* = (0, s), P* =
(mg, 0)]; in any frame we therefore have a* P, = 0[6,21,22].

The components of the four-vector a* in a frame in which
the particle is moving with momentum p are found by a
Lorentz transformation from the rest frame [22],

ps-p) o p-s

a=s+————"—; a
my(g, +my) mg

, 15)
with &, = Vp* + m . We can define a prOJectlon operator
P(a) on each spin polarlzatlon as P(a) = (1 + y5¢) Ac-
cordingly, the polarization density matrix p is given by the
expression
1
p(P,s) = -—(F +my)P(a), (16)
2my

which is normalized by the condition Tr p(P,s) = 1. The
mean value of the spin is then given by the quantity [22]

1 m, Im
Sov = =— Tr(pyX) = ——TT(OVSV)
2¢ 2¢

p €p
_Img pGs - p)
S 2 €p (S * my(ep +mq)> 7 {17

1¢ in the nonrelativistic limit.

which is reduced to s,y = 5
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We consider the color-symmetric forward scattering ampli-
tude of the two quarks around the Fermi surface by the OGE
interaction. The direct term does not contribute as it involves
the trace of single color matrices such as Tr A,, which vanish.
Thus the leading contribution comes from the exchange (Fock)
term [6]:

MeX

ps.p's’ =

1 1 _
=3 2= 3 2 LOp(Pg(t)iv " Ua(P)]
i J

—8uv _ P ) ,
x (ﬁ) [Ua(P)g(t")ijy " Up(P)]

= ig—zT [Yuo(P, s)y*p(P',sH], (18)
TP pyr PRV OE S
where «, B is the flavor level, i, j is the quark color index,
t*(= A4/?2) is the color matrix, and g is the coupling constant.
Since the gluon is flavor blind, the wu-channel diagrams
contribute only when o = § (i.e., the scattering of quarks
with the same flavor [23]). This means that the Fermi sphere
of each flavor makes an independent contribution. Thus the
potential energy receives a factor N ;. However, the quarks with
different colors can take part in the exchange process, giving
rise to a factor N2. Eventually, the potential energy density is
proportional to Ny N?g>. For the kinetic energy density, there
arises an overall factor N.N . Thus, the factor N.N s factors
out of the total energy density and the competition between
the kinetic and potential energies is not influenced by the
number of flavors. The number of flavors neither encourages
nor discourages ferromagnetism [10].

Without loss of generality, for the calculation of energy
density and other related quantities, we consider one-flavor
quark matter. With the help of polarization density matrices
given in Eq. (16), we have from Eq. (18) the interaction
amplitude as [6]

Mex —E;ZZ—PP/—(~)(/~/)
ps.p's' _9m2(P_P/)2 m, : PSP s
q
1
—i—mﬁ(s-s’)—i—

(8p + mq)(817’ + mq)

X [mg(ep + mq)(P, -s)(p' s+ mq(ep +mg)

x(p-s)p-sH)+-pHp-s)p ~s’)]}. (19)

From Eq. (6) the quasiparticle interaction parameter is given
by
Do ppex (20)

f;fv(,p’s’ = <9p ‘9p ps,p's

Here the spin may be either parallel (s = s’) or antiparal-
lel (s = —s’). Thus scattering possibilities are denoted by
(+, +), (+, =), (—, =), etc. Motivated by Ref. [15], in analogy
with isospin we deﬁne the spin -dependent interaction param-
+ _ ++ Lop—— —+
eters as f,, = + f ;) and f . =5(f,, + /)
Note that f,}~ = f;
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For (+, +) scattering the interaction parameter is given by

2 1
= g {Zm2 —p}fz(l —cosh)
prlp=p'=p; 9sf P21 —cosb)
1
+2
—p,-cosbicosbh + ——
Py SO T T w2

X [mq(,sj? + mq)p}'z(cos2 6; + cos’ 6))

—i—p}f“ cos 6 cos 6 cos 92]}, 21

where p-§ =cosf, p'-§ = cos6,, and the Fermi energy
is £F = (p}* +m2)"/2. Since spin and momentum have no
preferred direction, we have done an angular average of the
spin-dependent parameter [24]:

. dS21 sz
- pp \p P'=p}

}'21’}'2(1

frt P
pp'lp=p'=p;

cos6)

P
x|2m? — pt2(1 —cos @)+ — 2|,

(22)

With the help of Eq. (5) along with Eq. (22) one can
find the LPs, but it is to be noted that foﬁ' and fo are
individually divergent because of the term (1 — cos#) in the
denominator of the interaction parameter.! This divergence
disappears if one uses a Debye screening mass for gluons
or equivalently an HDL corrected gluon propagator while
evaluating the scattering amplitudes [13,24]. Note that the
combination ( f; D) 3 f1++(__)) is, however, finite as in
this case the divergences cancel and we do not calculate the
LPs separately. It would, however, be interesting to see how
the results are modified if HDL calculations are performed
to evaluate f++( -, f0+1_ and the corresponding physical
quantities. The numericai estimates suggest that, for the results
that we present here, the effect of HDL corrections are expected
to be small.
From Egq. (5),

T
0 371

g2 +1 ) 5

_ +

__W,/ qu—pf (1 —cosb)
e T

2m
+q—pf d(cos )
3(8f +my)

g2

2m p+2
=S - pP L @3
98}—2p}—2 |: q f 3(8; + mq)

This combination will appear in the calculation of the
chemical potential and other relevant quantities. For (4, —)

'Denoted hereafter as f,,; = fy.
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scattering, the angular averaged interaction parameter yields

r ‘P=P}'7P'=P_F
98;8} 3(8}r +my) 3(8; +my)
1
% (m2 —efe; + pypycoso) } e

It is to be noted that individual LPs for scattering of unlike
spin states are finite (i.e., free of divergences), in contrast to
the case involving scattering of like spin states. (For details
see the Appendix.)

A. Chemical potential

Now we proceed to calculate the chemical potential, which,
in principle, will be different for spin-up and spin-down quarks,
denoted by p* with s (or s) = +, — for matter containing
unequal densities of up and down quarks. To determine the
chemical potential with arbitrary polarization &, we take the
distribution function with explicit spin index (s or s’), so that
variation of the distribution function gives [14,20,25]

8nS = —N*(0) [Z f3¥ons — am} , (25)

where N*¥(0) is given by Eq. (7). Equation (25) yields

e an;
. 26
an TN (0) Z anf] (26)

Separately for spin-up and spin-down states we have

8/L+> _ N+(0) + f fo - an;— 27
(5 ( it i) o )@

where the superscripts ++ and +— denote scattering of quasi-
particle with up-up and up-down spin states. For unpolarized
matter the upper and lower components become equal, which
gives rise to the well-known result [12]

e LD 1
udy = [pf+ SaeelP (fo— gfl)}dpf. 28)

272
In general the chemical potential (both for spin-up and
spin-down) is the combination of like and unlike spin states.

By adjusting the constant of integration [12], the chemical
potential of spin-up quark turns out to be

2 [ pr+ef\ 2
+_ .+ __8 ) ryTey <+
nh =g 6n28}*|:6mqln e +3pfmq
ot + -
P, & _2’”%1 Py +p;
2 727128} pf p}f—p;

4miey | [Py +py Pier +prey
+ T ln T — + 111 ﬁ
Py Py — Py Prér — Préy
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400 T T T .

0 0.1 02 03 04 05
n, (fm'3)

FIG. 1. Density dependence of chemical potential of spin-up and
spin-down quarks denoted by solid and dashed curves, respectively.

py e -
— 14m2In (fm—qf) +2m, p;

+ p—
. (Pr TPy m
f f f

+a— -t - -
pPr&EFt+DPrEL prt+EéE;
x In —i ! f i —|—6mqe}r In| L
Préy — Préy Mq

m _ _
+ —_Z[Zsf (qu — 8}') — pf2]
Py

-t 2 -+

EE, — M, —

x1n< e pfpﬁ)+6p;s;}. (29)
EpEp —my+ Pypy

In this equation the term in the first set of square brackets arises
from the scattering of like spin states (+-+), and the term in
curly braces comes from the scattering of unlike spin states
(+-).

Similarly, for the spin-down quark, one may determine (™~
by replacing p? with pT and ajf with e in Eq. (29).

For the numerical estimation of these quantities, following
Refs. [6,26], we take o, = g%/4mw = 2.2 as the fine structure
constant of QCD and m, = 300 MeV. In Fig. 1 we plot the
chemical potential for spin-up and spin-down quarks as a
function of density with order parameter £ = 0.5. In real astro-
physical calculations, the chemical potentials are determined
by the B-equilibrium conditions, where the condition of charge
neutrality is also imposed. In Fig. 1, however, we use density
ng and polarization parameter & as input parameters and
Eq. (29) is used to determine u for a system with one flavor.

B. Energy density

Once the value of i is determined, one can readily calculate
the exchange energy density by evaluating [12,17,25]

Eo = / dng (1 — &5). (30)

After summing over the color degrees of freedom and
evaluating over the Fermi surfaces, we have the exchange
energy density. The latter, consisting of all types of scattering
amplitudes, can be written as

Ew =E}"+E +E!” (31

ex ?
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0 0.1 0.2 0.3 0.4 0.5
nq(fm_s)

FIG. 2. Incompressibility K in quark matter as a function of
density for different polarization parameters.

which we evaluate numerically. The total kinetic energy
density for spin-up and spin-down quarks is given by

3 S oS (o5 52 4 8.Sf + psf
Eyin = Ten? ; |:pf8f(8f + pf) —my In <—mq ,
(32)

where &% = ( p‘}z + mg)l/ 2. The total energy is given by the
sum of the kinetic energy and the interaction energy E., that
is,

Etot = Ekin + Eex' (33)

Now we calculate the incompressibility and the sound
velocity by using Eqgs. (12) and (14). In Figs. 2 and 3 we
plot the density dependencies of the incompressibility and
the sound velocity. This shows that, for higher values of the
order parameter £, the incompressibility and the sound velocity
become higher for the same value of density. Thus the equation
of state for polarized quark matter is found to be stiffer than
the unpolarized one.

C. Phase transition

Bloch first pointed out the possibility of ferromagnetism
of an electron gas where the Fock exchange interaction
induces spontaneous spin polarization [27]. Consider a spin-
polarized electron gas interacting by the Coulomb interaction
in a background of positively charged ions. Since the direct

0.6f
0.5f
0.4t
S o3k
0.2f
0.1F |

FIG. 3. First sound velocity ¢; in quark matter as a function of
density for different polarization parameters.
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interaction gives no contribution because of charge neutrality,
the Fock exchange interaction gives the leading contribution
as the interaction energy. For spontaneous ferromagnetism, the
interaction energy dominates over the kinetic energy [6,21,28].
Therefore, if the exchange energy from the OGE interaction is
negative and becomes greater than the kinetic energy at some
density, the quark matter becomes polarized, giving rise to
ferromagnetism [6].

To check whether our results for the total energy density
are consistent with Ref. [6], we consider two limiting cases,
corresponding to the ultra-relativistic (UR) and nonrelativistic
(NR) regimes. In the UR limit, p‘} > m,, then using Eq. (29)
we have

-2
+ur o+ & + pf 34
2 pf+3n[p,+—p;] (34)

—,ur

Similarly one can find ™" by replacing p? with pjff.

One can arrive at the same expression u* " by taking the
UR limit of the scattering amplitude. For (4, +) scattering one
gets the interaction parameter as

2

fohur = % (1 4 cos 8 cos6,). (33)

pp'

After taking the angular average of the interaction parameter
and with the help of Eq. (5), we find that f;"" vanishes. Thus
we have

2

8
erJ/r,ur — ++,ur — ) (36)
P p=p'=p} 0 9]7}r2

Similarly, for (4, —) scattering, the interaction parameter
yields

e
—— (1 — cos B cosBy). 37

+—,ur __
Tor = 5y

The only existing LP is f;7~ and other higher order LPs do
not contribute. Hence we get

2
+—,ur +—,ur 8
,’ = o= —. (38)
Tow p=p;.0'=p; To 917;517;'
It is observed that, in the UR limit, all the LPs are finite. Now
the chemical potential for the spin-up quark is found to be

-2
+ur ¢ + pf 39
2 prto- [pf + —p; } . (39)

—,ur

The chemical potential p
with p? in Eq. (39).

Using Egs. (30) and (31), the exchange energy densities are
given by

can be obtained by replacing pff

++ur o 44
Es™" =gaps

Ej " = g pi?, (40)
E{" = 25pi’py
Thus the final expression for the exchange energy density in
the UR limit is found to be

807‘;3 P +6Y + (1 —&)" +201 - &)1 @41

ur __
Eex -
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This result is the same as in Ref. [6].
Similarly, from Eq. (32), the kinetic energy density in the
UR limit takes the following form [6]:

3p‘; 473 473
EY = —L[(1+&Y + 1 -8 (42)
812

In the NR limit, p (or p’) < m,, the interaction parameter
reduces to a simple form

2 /
o g 1455
fps,p’s’ == ’ . (43)
9pp’ [ (1 —cosB)
For a spin antiparallel interaction s = —s’, then f,¢ ., = 0.

Thus the contribution from the scattering of quarks with unlike
spin states vanishes and the dominant contribution to the
energy density comes from the parallel spin states (s = s').
For (s, s) scattering, the interaction parameter yields

2
= _ZL, 44)
9pjc (1 —cosb)

nr,s
rr'

p=p'=p}

where s = 4 or — according to the scattering process. In the
NR limit one gets

1 282
(5-50)=-3% )
3 9pf
The NR chemical potential u™ is given by
e
nr,s __ S
ut =my — 302 Py 46)

Using Eq. (30), the exchange energy density for (4, +)
scattering is given by

2
ESr = — b+ 7)
Similarly, for (—, —) scattering, we have
e
Eo " = —opi(1 =" (48)

As in the NR limit, E;;‘ = E;X’L = 0 as mentioned before, so
from Eq. (31) the exchange energy density yields

Ef = - 5pa 46+ -9 @)

Thus the energy density, in this limit, becomes negative.
The kinetic energy density turns out to be [6]

5

3
P 4o -9PL 50
my

In the NR limit, ferromagnetism can appear as a consequence
of competition between the kinetic energy and the Coulomb
potential energy [10]. The latter favors spin alignment owing
to quantum effects. When the energy gain from the spin
alignment dominates over the increase in the kinetic energy
at some density, the unpolarized state suddenly turns into the
completely polarized state [29]. In contrast, in the UR limit,
the contribution to the energy density comes not only from
the like spin states but also from the unlike spin states of the
scatterer (see Ref. [6] for a detailed discussion).
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242 : : , —
240 =T
~ 38— T n=02 (fm”) )l
g 236 1
~5 234 F .
E _______________ —
E 232F n=0.14 (im”) .
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FIG. 4. The total energy of a quark liquid as a function of
polarization parameter at n, = 0.1 fm™>, n, = 0.14 fm™, and n, =
0.2 fm~3. The critical density is found to be n, =0.14 fm~3 in this
case.

To check the consistency we compare our result derived
in the RFLT approach with that of Ref. [6] derived from two
loop ring diagrams. In Fig. 4 we plot E/n, as a function
of polarization parameter &£. The results clearly show that, for
lower density (<0.14 fm~3), total energy favors £ = 1, which
indicates a completely polarized state, whereas, at higher
density, the system becomes unpolarized (§ = 0). Thus the
polarization parameter suddenly changes from& = 1to & =0
as one increases the number density of the system. So the
phase transition is first order and the critical density n; is

around 0.14 fm 3.

In Fig. 5 we show the total energy as a function of the
polarization parameter for different densities. In every plot,
there is a minima, which corresponds to a possible metastable
state. We notice that when density increases metastable state
arises for lower values of polarization parameter £. For
example, at a density of ~0.2 fm™> a minima arises at
£ = 0.1 whereas at a density of ~0.35 fm™> a minima arises

PHYSICAL REVIEW C 79, 015205 (2009)

at & = 0.03. Thus the metastable state shows a tendency to
disappear as the density increases.

IV. SUMMARY AND CONCLUSION

In this work we have applied RFLT to study the properties
of dense quark matter. Accordingly, we calculate the FLPs
by retaining their explicit spin dependencies. We also show
how the physical quantities such as the chemical potential
of spin-up and spin-down states, their energy densities, and
incompressibility and sound velocity for polarized quark
matter can be expressed in terms of these spin-dependent
RFLPs. For scattering involving like spin states, the LPs foﬁr

and fo are found to diverge. However, we show that for
the combination in which they appear in the calculation of
the physical quantities such divergences cancel. For scattering
involving unlike spin states no such divergence appears. The
appearance of such divergences is related to the unscreened
gluonic interaction between the quarks, and invoking a hard
dense loop corrected gluon propagator may eliminate these
divergences. We do not perform such a calculation here and
postpone this for a future investigation. As far as the equation
of state is concerned, in the present model we find that the
equation of state for polarized quark matter is stiffer than
that for unpolarized matter. In addition, we also show that
there exists a metastable state that disappears at higher density,
although it seems that the effect is tiny.

We reconfirm that DQM can exhibit ferromagnetism at low
density, as was originally suggested in Ref. [6]. However, the
density at which the spin-polarized ferromagnetic state in the
present model might appear depends strongly on the quark
mass. The critical density increases with increasing mass.
In Fig. 4, we observe that states with £ appear only below
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or around normal nuclear density where deconfined quark
matter is not likely to exist. We cannot, however, ascertain the
critical density from the present analysis in which we restrict
ourselves only to OGE diagrams and a one-flavor system. In
this regime, multigluon exchange processes [10] might play
an important role. Furthermore, the correlations as given by
the ring diagrams can also change the conclusion. Further
work therefore is necessary to understand the existence of
ferromagnetic quark matter in real multiflavor systems that
might appear in astrophysics.

The authors would like to thank P. Roy for his critical
reading of the manuscript.
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APPENDIX

In the text the interaction parameter f;}? for unlike spin
states was calculated. Here we give a detailed expression of
the Landau parameters. With the help of Eq. (5), the LPs are
given by

2

fl T = + —
188f8f

+

Using Egs. (A1) and (A2) we have

1
fo _§f1

_ g
fo = o
188f8f
w24 mq[?;p}z +mq(p;2 + p.;z) +8}rp;2]
3pipy(mg +ep)mg +e;)
m2 — ptp= — gt
ACKNOWLEDGMENTS xIn | 2 i Rt i (A1)
mgtPrpy — €58y
and
|
& [ 2malerpy” £ mi(p” +p7%) + 7y
p}_p;(mq + 8;)(’”11 + 8;)

2 o \[om 2 +2 -2 + -2 2 o= ot
mg(mg —eje)[eypi” +mg(py” +p77) +e7p)°] N R L Rk 7 (A2)

Pr Dy (mg + ) mg + ) mg = pyp; — ey

|
» [ 2 ey Hmy—efey)
T +2 -2
PrPy (P7"py7)
) - T
mep; L mgPy «In (mg TPy Sf{)“. (A3)
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