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We utilize nonequilibrium covariant transport theory to determine the region of validity of causal Israel-Stewart
(IS) dissipative hydrodynamics and Navier-Stokes (NS) theory for relativistic heavy ion physics applications.
A massless ideal gas with 2 — 2 interactions is considered in a Bjorken scenario in O + 1 dimension (D)
appropriate for the early longitudinal expansion stage of the collision. In the scale-invariant case of a constant
shear viscosity to entropy density ratio n/s & const, we find that IS theory is accurate within 10% in calculating
dissipative effects if initially the expansion time scale exceeds half the transport mean free path 7o/Ay 0 > 2.
The same accuracy with NS requires three times larger /A0 = 6. For dynamics driven by a constant cross
section, on the other hand, about 50% larger /A0 2> 3 (IS) and 9 (NS) are needed. For typical applications
at energies currently available at the BNL Relativistic Heavy Ion Collider (RHIC), i.e., \/syny ~ 100-200 GeV,
these limits imply that even the IS approach becomes marginal when 7n/s > 0.15. In addition, we find that the
“naive” approximation to IS theory, which neglects products of gradients and dissipative quantities, has an even
smaller range of applicability than Navier-Stokes. We also obtain analytic IS and NS solutions in 0 + 1D, and
present further tests for numerical dissipative hydrodynamics codes in 1 4+ 1, 2 + 1, and 3 + 1D based on

generalized conservation laws.
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I. INTRODUCTION

The realization that shear viscosity is likely nonzero in
general [1-3], and therefore the perfect (Euler) fluid paradigm
[4-7] of nuclear collisions at the BNL Relativistic Heavy Ion
Collider (RHIC) could have significant viscous corrections [8],
has fueled great interest in studying dissipative hydrodynamics
[9-18]. Causality and stability problems [19] exhibited
by standard first-order relativistic Navier-Stokes (NS)
hydrodynamics [20,21] steered most effort toward application
of the second-order Israel-Stewart (IS) approach [22,23].

However, unlike the NS approach, which comes from a
rigorous expansion [24] in small gradients near equilibrium,
the IS formulation is not a controlled expansion in some small
parameter (see Sec. II). Moreover, though causality is restored
in a region of hydrodynamic parameters, the stability of IS
solutions is not necessarily guaranteed [25]. Therefore it is
imperative to test the applicability of the IS approach against
a stable, nonequilibrium theory.

In this work we perform such a test utilizing the fully stable
and causal covariant transport approach [26-29]. We focus on
the special case of 2 — 2 transport and a longitudinally boost-
invariant system [30] with transverse translational symmetry,
ie.,, 0 + 1 dimension (D). Follow-up studies in higher
dimensions, such as our earlier comparison between transport
and ideal hydrodynamics in 2 + 1D [8], will be pursued in the
future.

A similar study by Gyulassy, Pang, and Zhang [27]
compared kinetic theory and Navier-Stokes results. Here we
compare kinetic theory to the causal IS solutions. In addition,
we provide a series of tests and semianalytic approximations
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that demonstrate the general behavior of IS solutions, which
can be utilized to verify the accuracy of numerical IS solutions.

The paper is structured as follows. We start with review-
ing the relationship between hydrodynamics and covariant
transport (Sec. II), then proceed to discuss the Israel-Stewart
equations (Sec. III). The basic observables studied here are
introduced in Sec. IV, while the main results from the
hydro-transport comparison are presented in Sec. V, together
with implications for heavy ion collisions. Many details
are deferred to Appendixes A-D. We highlight here the
generalized conservation laws derived in Appendix B and the
detailed study of IS and NS solutions in Appendix C utilizing
numerical and analytic methods.

II. HYDRODYNAMICS AND COVARIANT TRANSPORT

Hydrodynamics describes a system in terms of a few
local, macroscopic variables [20], such as energy density &(x),
pressure p(x), charge density n(x), and flow velocity u*(x).
The equations of motion are energy-momentum and charge
conservation

0, T""(x) =0, 9,N"(x)=0, ey
and the equation of state p(e, n). Ideal (Euler) hydrodynamics
assumes local equilibrium, in which case,

T{ria = diag(e, p, p, p),
Nigia = (1,0)  [ufy = (1,0)],

in the fluid rest frame LR. Extension of the theory with additive
corrections linear in flow and temperature gradients [20]

8T1\/11Sv = m(V"u” + VV'ut — %A””Baua) + AR %, (3)

(©))
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nT \? "
BN =k (T) v (7)
ETp

(AMY = g —uMu”, A¥ = AM0,),

“

leads via Eq. (1) to the relativistic NS equations. (We use
the Landau frame convention u,67"" =0 throughout this
paper, i.e., the flow velocity is chosen such that momentum
flow vanishes in the LR frame.) Here n,(e, n) and ¢ (e, n)
are the shear and bulk viscosities, while «, (g, n) is the heat
conductivity of the matter. The most notable feature of NS
theory relative to the ideal case is dissipation, i.e., entropy
production. For consistency, the dissipative corrections (3)—(4)
must be small, otherwise nonlinear terms and higher gradients
should also be considered.

It is crucial that the above hydrodynamic equations can
indeed be obtained from a general nonequilibrium theory,
namely, on-shell covariant transport [21,27-29]. For a one-
component system, the covariant transport equation reads

p o, f(x,p) = S(x,p) + CLf, fl(x, p), &)

where the source term § specifies the initial conditions, and C
is the collision term. Throughout this paper, we consider the
Boltzmann limit! with binary 2 — 2 rates

CLf, gl(x, p1)
E///(f384—flgz)W12»3454(P1+P2—P3—P4), (6)
2 J3 s

where f; = f(x,p;) and [, = [d’p;/(2E;). For dilute sys-
tems, f is the phase-space distribution of quasiparticles,
while the transition probability W = (1/7)s(s — 4m*)do/dt
is given by the scattering matrix element [21]. Our interest
here, on the other hand, is the theory near its hydrodynamic
limit, W — oo. In this case, “particles” and “interactions”
do not necessarily have to be physical but could simply be
mathematical constructs adjusted to reproduce the transport
properties of the system near equilibrium [31]. The main
advantage of transport theory is its ability to dynamically
interpolate between the dilute and opaque limits.

The Euler and Navier-Stokes hydrodynamic equations
follow from a rigorous expansion of Eq. (5) in small gradients
near local equilibrium

f(x7 P) = feq(xv P)[l + o(x, P)],
lp| < 1, |p"0.d| < |p" 0y feql/ feqs

and substitution of moments of the solutions

d3
N“(X)E/p—fl?“ fx,p),

@)

'Bose (+) or Fermi (—) statistics can be included in a straight-
forward manner by substituting f,g, — fig2(1 £ f3)(1 £ &4) and
fsg4 = frg4(1 £ fi)(1 & &) in the collision term of Eq. (6) where
F=1/y)2r)’ f and § = (1/y)(2m)3g for particles of degeneracy
y. The various hydrodynamic limits can then be derived analogously
to the Boltzmann case, if one makes the convenient replacement
¢ — (1£ fu)¢ in Eq. (7).
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d3
T (x) = / p—fp“p” £ p), ®)

into Eq. (1). The zeroth order ¢ = 0 reproduces ideal hydro-
dynamics. The first-order result is the solution to the linear
integral equation

p”aufeq(x, P) = Clfeqs feq@nsl(x, P)
+ C[feq¢NSa feq](xv P) (9)

and leads to the NS equations.

Unfortunately, the relativistic Navier-Stokes equations are
parabolic and therefore acausal. A solution proposed by
Mueller [32] and later extended by Israel and Stewart [22,23]
converts the NS equations into relaxation equations for the
shear stress /¥, bulk pressure I, and heat flow g*. The
dissipative corrections

SNH = —— " _gn

eE+p (10)

wo_ wy _ Vi _ n_
(uﬂq =0,u, " =u,m —O,nH—O),

ST = — TIA™,

dynamically relax on microscopic time scales t,(e,n),
(e, n), t4(e, n) toward values dictated by gradients in flow
and temperature. Causality is satisfied in a region of parameter
space; however, stability is not guaranteed [25].

More importantly, unlike the Euler and NS equations, the
Israel-Stewart approach is not a controlled approximation to
the transport theory of Eq. (5). Instead of an expansion in some
small parameter, it corresponds to a quadratic ansatz [23,33]
for the deviation from local equilibrium

¢G(X7 p) = D“(x)% + Cu,u(x)p/tpv

L 1n
where D* and C*" are determined by the local dissipative
corrections 7wV, I, and g* .2In contrast, the Chapman-Enskog
solution (9) contains all orders in momentum. An evident
pathology of the quadratic form (11) is that, in general, ¢
is not bounded from below, and thus the phase-space density
becomes negative at large momenta [cf. Egs. (7) and (62)].
Furthermore, the two approaches give different results not only
for the relaxation times [21,23], e.g.,

3
_L_;[Ts _ 20s ’
2p
but also for the transport coefficients themselves. For an
energy-independent isotropic cross section and ultrarelativistic
particles (T > m), the difference is small [21], e.g.,
T AT
NS ~0.8436—, S =_——

- b
Otr Rlo/™

NS — 0, (12)

13)

but can be large for more complicated interactions. Here oy, =
f dQem sin? 0, . do /d 2 m. 18 the transport cross section (for
isotropic, oy = 2o701/3).

In the following sections, we analyze IS hydrodynamic
solutions analytically and numerically and test the accuracy of
the IS approximation via comparison with solutions from full
2 — 2 transport theory.

>The alternative formulation based on transient thermodynamics
[22,23] also lacks a small expansion parameter.
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III. ISRAEL-STEWART HYDRODYNAMICS AND
BOOST INVARIANCE

A. Israel-Stewart equations

There seems to be some confusion regarding IS theory [22,
23] in the recent literature; therefore, we start with reviewing
the key ingredients. The starting point of IS theory is an entropy
current that includes terms up to quadratic order in dissipative
quantities’

1
St =u" |:Seq - ﬁ(ﬂonz - Bigvg” + ﬁzﬂkvﬂxu)}

q" ( un aqym
(= m) - 14
T <£+p+a0 > T (14)

(we follow the Landau frame convention). Here w is the
chemical potential, and s¢q is the entropy density in local
equilibrium. The coefficients {¢; (e, n)} and {B;(e, n)} encode
additional matter properties that complement the equation
of state the transport coefficients. Most importantly, the
parameters {f;} control the relaxation times for dissipative
quantities:

n = ¢PBo, e = 2n,p2. (15)

The entropy current and relaxation times in NS theory are
recovered when all the coefficients are set to zero Sy = 81 =
B2 = 0 = ap = «; (but as discussed previously, the IS and NS
transport coefficients differ in general).

The requirement of entropy nondecrease (9,,S* > 0), which
IS satisfies via a positive semidefinite* quadratic ansatz

Ty = K'qTﬁl,

2
T9,5" = " qug" | mom™
kT 20

leads to the identification of the dissipative currents:

1 Bou'
_ mo__
;[ V,u ZHT3M< - )

>0, (16)

I1

— BoDII + wpd,q" — a{)q“Duu} , 17)

Tn w 1 Biu*
T NG v, (—) —q,Td
T =" |:8—|—p T) 21 *( T

+,31qu ~|—0[0va — Ol]a)‘ﬂ)\v

—aopllDu, +a1n,\UDu’\i| , (18)

A
P N

T

— Bo(D™) — o VY + a;quu”], (19)

e /T
a; = i/ T) —a;. (20)
a(I/T) 1/ T=const
3Unlike us here, Israel and Stewart choose g’ =

diag(—1, 1, 1, 1), A® = gV + utu".
“Positive semidefiniteness follows from the general properties
q"q, <0and n""m,, > 0.
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Here D = u*9,, and the () brackets denote traceless sym-
metrization and projection orthogonal to the flow

AW = LARAYB(A s + Agy) — LA Agg A%, (21)

The new matter coefficients {a;(e, n)} are needed to describe
how contributions from the ¢#IT and ¢, 7*" terms in Eq. (14)
are split between the bulk pressure and heat flow, and the
heat flow and shear stress evolution equations, respectively (in
other words, a whole class of equations of motion generates
the same amount of entropy; see Appendix A).

Notice that the time derivatives of heat flow g* and
shear stress tensor m*' are not expressed explicitly in
Egs. (18)—(19); instead, orthogonal projections to the flow
velocity vector appear [cf. Egs. (8a)—(8c) in Ref. [22]]. Re-
ordering the equations explicitly for the time derivatives gives
rise to the terms —u’q,Du’ and —(m**u’ + n*'u*)Du,.
There is therefore no need for a kinetic theory treatment [34] to
derive these terms. They were missed in Ref. [12], but they are
already present in standard IS theory as a trivial consequence
of the product rule of differentiation and the orthogonality of
the flow velocity and shear stress/heat flow.

As we saw above, the Israel-Stewart procedure only
determines the equations of motion up to nonequilibrium terms
that do not contribute to entropy production. In kinetic theory,
more such terms arise [23] when the vorticity

D %A“"‘Avﬂ(aﬁua — Oqltg) (22)
is nonzero. Including the vorticity terms, the complete set of
evolution equations for the dissipative currents are

1 1
Dl'[:——(l'[—i—;‘Vuu"“)——l'I Vuu“—i—Dln@

1 2 T

%o " a(,) L

£ %0 = S0y, (23)

Bo " Bo .

1 T?n %
Dot = —— | g* Vu(_)_uva

1 Bi Qo
——g* (Vi + DIn = | — 0, — —VHII
21 ( e T) D Bi
+ 8 @™ 4w ou,) + XDyt
B1 Bi

al

— — 7" Du,, (24)
B1
1

Dt = —— (71’“’ - 217V<“u”)) — @"™u’ + 7uMDu,,

Tn
1 v 132 (v

— 57'[# (V)\L{)L + Dln 7) — 27'[;»“60 "

_ a_lquv) + ﬁquMW. (25)
B2 B2

We will refer to these equations as “complete IS.” If we ignore
their tensorial structure, the equations have the general form

. 1
X=—T—(X—XNS)+XY)(+ZX (26)
X

for each dissipative quantity X, where Xyg is the value of X
in NS theory and Yy, Zy are given by the ideal hydrodynamic
fields and dissipative quantities other than X. Therefore,
IS theory describes relaxation toward Navier-Stokes on a
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characteristic time ty, provided |Yyx|tx < 1 and |Zx|tx <
| Xns|. If Yy and/or Zx are not small, the effective relaxation
times in IS theory differ from ty; moreover, the relaxation of
dissipative quantities is no longer toward their NS values. This
has been discussed in Ref. [12], which, however, argued for
dropping all XYy 4+ Zx terms for the very same reason.

In the last step of their derivation, Israel and Stewart
neglect the terms with the factor 1/2 (this gives the equivalent
to [23]), because they expect to study astrophysical systems
with small gradients |0*u” 4+ 0u*|/T K 1, |0*¢e|/(Te) K
1, |0*n|/(Tn) < 1, near a global (possibly rotating) equilib-
rium state. The neglected terms are then products of small
gradients and the dissipative quantities. We will refer to this
approximation as “naive 1S.”

In heavy ion physics applications, on the other hand,
gradients 0*u" /T, |0*¢|/(T¢), and |0#n|/(Tn) at early times
7 ~ 1 fm are large ~O(1), and therefore cannot be ignored.
Nevertheless, hydrodynamics may still be applicable, provided
the viscosities are unusually small, i.e., 5 /seq ~ 0.1, £ /seq ~
0.1, where s¢q is the entropy density in local equilibrium. In
this case, dissipative effects are still moderate, for example,
the pressure corrections from NS theory [Eq. (3)] are

s (2£ AN iv“”a) TP o (% 4_§>

p Seq T Seq T p Seq ' Seq
(27)
Heat flow effects can also be estimated based on Eq. (4):
BNNs o aT 1 VG T) (28)
n Seq Seq T

For RHIC energies and above, at midrapidity, the correction
is rather small even for large «, because the baryon density
and therefore pup/T is very low. For example, in a recent
ideal fluid calculation at RHIC energy [36], these ratios were
ng/s ~ 22 x 1073 and up/T ~ 0.2 in order to reproduce the
observed net baryon spectra. These choices are also supported
by thermal model analyses of particle ratios which lead to
up/T =~ 0.17 [37].

B. Viscous equations of motion for longitudinally
boost-invariant 0 + 1D dynamics

At this point, we specialize the equations of motion to a
viscous, longitudinally boost-invariant® system with transverse
translation invariance and vanishing bulk viscosity:

A+ 20 o )= 2@ (29)
T T
sy otP_ T 30)
T T

>Note that in Ref. [35], the equivalent sets of equations are called
“full IS” and “simplified IS.”

%By a boost-invariant system we mean a system that obeys
the scaling flow, v = (0,0, z/t), where all scalar quantities are
independent of coordinate rapidity n = (1/2) In[(z + z)/(t — z)], and
where all vector and tensor quantities can be obtained from their
values at n = 0 by an appropriate Lorentz boost.
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Ty T 1';1 4n,
tnﬁL+nL|:l+_+n ( >:|:_77’ 31

T 2 \nT 37

T
= _TL‘ (32)

This special case is well known in the literature [9,34,38] as
a useful approximation to the early longitudinal expansion
stage of a heavy ion collision for observables near midrapidity
n ~ 0. Here T = +/1? — 72 is the Bjorken proper time, and the
‘dot’ denotes d/dt. my and my are the viscous corrections
to the longitudinal and transverse pressure, i.e., the ., and
Tyx = Ty, components of the shear stress tensor evaluated in
the local rest frame,’ respectively. All the other components
of the stress tensor are zero due to symmetry. There is no
equation for heat flow, because the symmetries of the system—
longitudinal boost-invariance, axial symmetry in the transverse
plane, and n — —n reflection symmetry—force the heat flow
to be zero everywhere. We have chosen to ignore bulk viscosity,
since shear viscosity is expected to dominate at RHIC. In
the following, we also concentrate on a system of massless
particles, where bulk viscosity is zero in general. It is worth
noticing that these equations are identical in both Eckart and
Landau frames; but in less restricted systems where heat flow
is nonzero, Eckart and Landau frames differ.

To simplify the discussion and facilitate comparison with
transport results, from here on we concentrate on a system
of massless particles with only elastic 2 — 2 interactions.
Particle number is then conserved, and the equation of state is

T=2 (33)
n

e =13p,
Now the density equation decouples entirely, and we end up
with two coupled equations for the equilibrium pressure and
the viscous correction 77;. The shear stress relaxation time of
Eq. (12) and the shear viscosity of Eq. (13) can be recast with
the transport mean free path A, = 1/(noy) as
3C 4

= —MAy, C= =, 34
T. 2t 3 34

and Egs. (30) and (31) can then be written as

Ny = CnT Ay,

P+ =-3E (5)
3t 3t
. 7w (2(T) 4 mp 8p
— -4 — )= ——, 36
L+ < 3 + 3 + 3p) 07 (36)
where
K(t) nTrt T
k(t) = = , K(r)= . (37)
C Ns Au(T)

The ratio of expansion and scattering time scales K controls
how well ideal and/or dissipative hydrodynamics applies. This
is essentially the inverse of the ratio of shear stress relaxation
time to hydrodynamic time scales 7/t = 3/(2«). K is also
a generalization of the inverse Knudsen number L /X, since
the shortest spatial length scale is given by gradients in the
longitudinal direction L ~ 1/(d.u;) ~ t. It is also a measure

"That is, in the often employed curvilinear t-n-x-y coordinates, we
have 7, = t’n;.
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of the shear viscosity to entropy density ratio, because for a
system in chemical equilibrium, s.q = 4n and thus

B Tt
M2t (38)
Seq 4k
(See Sec. VE for the general case.)
Similar treatment to relativistic NS theory leads to
4n; 4p
=——=—— 39
L 3t 3k (39)
and the equation of motion
4p 4 p
)+ — = —. 40
Pt S T %t (“40)

As discussed in the previous section, the viscosities in NS and
IS theories differ; therefore, ¥ in Eq. (40) is not identical to
the one in Eq. (36). We will ignore the difference, because in
our case it is only ~5%.
Finally, we note that in the “naive” Israel-Stewart approxi-
mation, Eq. (36) changes to
2k(T)my, 8p

( —_— = . 41
T+ 37 o7 41)

IV. BASIC OBSERVABLES

Here we introduce the basic observables investigated in
this study and discuss their evolution based on the analytic IS
and NS solutions of Appendix C. It is important to emphasize
that our observations will hold only during the longitudinal
expansion stage of heavy ion collisions. After some time
T ~ R/cy, transverse expansion sets in, and hydrodynamics,
whether IS or NS, eventually breaks down, because for ex-
pansion in three dimensions, Ay ~ 13/0, Le., Kk ~ O'/‘L'2 — 0
in the hadronic world where cross sections are bounded. It
is interesting to note that 7, /seq ~ const would not decouple
even for a three-dimensional expansion (because in that case
T « 1/7, and thus Ay o< n/p o 7, while Teyp, = 1/(0,u")
T,i.e., kK ~ const).

Throughout this section and the rest of the paper,
the subscript O refers to the value of quantities at the initial
time 7y [e.g., Ao = A(7p)]. The most important parameters in
the problem are the initial inverse Knudsen number K, or the
corresponding kg, and the initial shear stress to pressure ratio

& = 110/ Po.

A. Pressure anisotropy

The magnitude of dissipative corrections can be quantified
through the ratio of viscous longitudinal shear and equilibrium
pressure

L
E=—. (42)

4
A suitable equivalent measure is the pressure anisotropy
coefficient

I+

pr _ _‘E (43)
pr  1-§/2
which is the ratio of the transverse and longitudinal pressures
pr =p—ny/2and pp = p + np. Inthe ideal hydrodynamic
limit, the anisotropy is unity, R, — 1.

Ry
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The time evolution of the anisotropy coefficient is given by

the equations of motion (35) and (36):

. 4 4+3

R, = __+—K€. (44)

3t (2-¢§)

Thus, in IS theory the pressure anisotropy is a constant of
motion when the viscous stress is equal to its NS value
[Eq. (39)], or at asymptotically late times T — oo. In contrast,
from NS theory,

NS 3k — 4

P 342
which is only constant for «(7) = const (constant cross
section), or in the ideal hydrodynamic limit ¥ — oo (in which
case, R, — 1). From the above, it also follows that in the
special case of our boost-invariant scenario, if the cross section
is constant and the shear stress starts from its NS value, then
NS and IS theory coincide.

(45)

B. Longitudinal work

Dissipation also affects the evolution of the equilibrium
(or average) pressure. From Eq. (35), for ideal hydrodynamic
evolution, the pressure drops as p(t) ox 743 because of
longitudinal work. In the viscous case, the work done by
the system is smaller, because the viscous correction to the
longitudinal pressure is usually negative w; < 0. Therefore,
pressure decreases slower than in ideal hydrodynamics, and
deviations from the ideal evolution, such as the ratio

P _ T
Pideal (T ) Tideal
can be used to quantify dissipative effects.

Studies in the past [27,28] have analyzed a closely related
quantity, the transverse energy per unit rapidity, d E7/dn.
This is simply a combination of the pressure anisotropy and
deviation from ideal pressure

dEr _ 3nT dN | 5 :
dn ~— 4 dnp 16

3nTo dN (E)*W p(t) 3[7+ Ry(1)]
4 d’l pideal(f) 8[2 + Rp(f)]

provided the quadratic ansatz (11) is applicable (see
Appendix D1).

We can make a few generic observations based on the
analytic IS and NS results of Egs. (C4), (C8), (C21), (C22),
and (C29) from Appendix C. For a constant cross section,
P/ Pideal grows without bound, dissipative corrections keep
accumulating forever. The influence of the initial shear stress,
or equivalently shear stress to pressure ratio &y = £(19), is of
O(&p/xo) and thus vanishes in the large « limit. At late times
T > 19, for Ko 2 2 and not too large initial shear stress to
pressure ratio |&| < 2k,

p T\’ 4 2
~N|—), B~r—|1- — >
Dideal / o — const To 9k 3§

(48)

2 4 &
Nxl——S+—7—7
3k 3Ky 2k

(for conserved particle number), (46)

(47)

T
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ie., for T &~ 10ty and Ky =2 the accumulated pressure
increase iS p/ pigeat ~ 1.3, while p/pigea =~ 1.15 if Ko = 5.
For a scale-invariant system with 7, /seq A const, on the other
hand, dissipative effects are more moderate for the same K
and at late times approach a finite upper bound

2 2/3 2
(,,) %[1__(2) }(H__é_o)
Dideal / j;/s~const 30 \ T 3ko 2k

-1+ — == (49)

This is because scale-invariant systems turn more and more
ideal hydrodynamically as they evolve (as long as their
expansion is only longitudinal). For the same Ky =2 and 5
with & ~ 0, the bounds are modest: p/piges < 1.25and < 1.1,
respectively.

C. Entropy

Another quantitative measure of the importance of dissi-
pative effects is entropy production. Here we consider an
ultrarelativistic system [thus [T =0 and 8, = 3/(4p)], with
2 — 2 interactions, 1D Bjorken boost invariance, and trans-
verse translational, axial, and n — —n reflectional symmetries
(imply g* = 0). Therefore, the entropy current of Eq. (14)
simplifies to

9 2
S =5ul,  § = Sseq— 16”LT, (50)
p
where
Seq=n(—x), x=h——0="1 51)
d neg(T) T
and
_ 873
ne(T) = 55T (52)

is the particle density in chemical equilibrium at temperature
T for massless particles of degeneracy g in the Boltzmann
limit. Dissipative contributions in the entropy density § are
negative, in accordance with the fundamental principle of
maximal entropy in equilibrium.

The equations of motion (35) and (36) imply an entropy
production rate of

1 B 3kn _,
0,8 = —-0.(t5) = —&°>0. (53)
T 47
Equivalently, the entropy per unit rapidity
ds
— =TA7S (54)
dn
never decreases, that is,
ds 3k dN _,
ol —|)=-——"7-E&"20. (55)
dn 4t dn

Here A7 is the transverse area of the system, and in the
last step we substituted the rapidity density d N /dn = tArn.
Equation (54) is a special case of a generalized conservation
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law [Eq. (B7)] applied to the entropy current S*, that is,

T / dx29,S" =9, <r [ dx%SgR) — 9 / dx3S5R. (56)

Analogous relations can be obtained for the energy, momen-
tum, and charge density. In 0 + 1D these are quite trivial;
they, respectively, reproduce Eq. (35), give identically zero,
and yield d N /dn = const. In higher dimensions, however, the
generalized conservation laws present important constraints
that any solution must satisfy at all times; therefore, they are
ideal for testing the accuracy of numerical solutions at each
time step (see Appendix B).

Only the complete set of IS equations gives the correct
rate of entropy production. The naive approximation does not
guarantee a monotonically increasing entropy

A 3kn £E4+4
9, SHynaive S _ g2 21~ 57
( 12 ) 4'[ é 2K ( )

unless « is sufficiently large; and, away from equilibrium,
it underpredicts for a given £ the entropy production rate®
(since & < —1 is unphysical). In contrast, the second law of
thermodynamics does hold for Navier-Stokes:

3kn
(38" = 7835 > 0. (58)

The NS result is the same as Eq. (53) but with the shear stress
restricted to its NS value. We note that in IS theory, the naive
entropy per unit rapidity, defined using the equilibrium entropy
density

= 5 TAT (59)

does not increase monotonically. Rather, it increases (de-
creases) for negative (positive) my.

Based on the analytic IS and NS results in Appendix C,
we can outline general expectations for the entropy evolution.
For a constant cross section by late times T > 7y, the entropy
increase relative to the initial entropy is logarithmic with time,

ie.,
[ (ds/dn) ] L
(dS/dn)O o=const

1 9¢?
~ (31n P —i>
4 — o

Dideal 16
1 3 16 3
A <3ﬂlnl——2+—4—é>, (60)
4 — X0 70 L% 3/(0 2KO

where we considered initial conditions not too far from local
equilibrium. For example, by t ~ 107 with Ky = 2 and chem-
ical equilibrium initial conditions, 2~20% entropy is produced,
while ~10% with Ky = 5. For a scale-invariant system with

8This, however, does not imply that the naive IS equations always
underpredict the fotal integrated entropy change over a finite time
interval. The time evolution of £(7) in the naive approach differs in
general from that in the complete theory.
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1s/Seq = const, on the other hand, entropy production is slower
for the same K| and saturates at late times, i.e.,

[ (dS/dn) ] »
(dS/dn)o 1/s~const
v L2 ()P 3%

o 30—§%=—iﬁ<%é@)(w
4 — X0 Ko 4 To'L'() Seq 4

For the same Ky = 2 and 5 (and &, &~ 0), the entropy increase
by t = 1079 is smaller, ~15% and ~6%, respectively. Based
on this simple analytic formula for entropy production, we also
confirm the results of Ref. [38], which considered IS hydro-
dynamics with a unique initial condition §y ~ —16/(9Ty19) X
Ns/Seq> Where Ty ~ 0.39 GeV x (0.14 fm/r())l/3 and 7y was
varied between 0.5 and 1.5 fm.

V. REGION OF VALIDITY FOR DISSIPATIVE
HYDRODYNAMICS

Here we determine the region of validity of dissipative
hydrodynamics by comparing it with full nonequilibrium
two-body transport theory [26—29]. We consider two scenarios:
scenario I with a constant cross section, which is least
favorable for hydrodynamics; and scenario II with a growing
o o t2/3, which is the most optimistic for applicability of
hydrodynamics and is very close to 1, /s.q = const, as we show
in Appendix C. In the same appendix, we also study a scenario
witho o« 1/ T2, which turns out to be close to scenario II but
with stronger dissipative effects, and we discuss analytic NS
and (approximate) IS solutions.

Because of scalings of the equations of motion, the results
presented here are rather general. Equations (35) and (36) are
invariant under rescaling of time, and/or joint rescaling of the
pressures p and 7y, provided the dimensionless k depends only
on p, 7y, T/7p, and no additional scales (all solutions studied
here satisfy this condition). The same scalings are exhibited
by the transport theory [28]. For a physically reasonable
po > 0, it is therefore convenient to consider dimensionless
pressure variables p(t) = p(tr)/po and 71 (t)/po, for which
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the solutions only depend on 7 = 1/719, k9 = K¢/C, and the
initial condition &y = 7y o/ po.

Unless stated otherwise, we initialize the transport based on
the quadratic form in Eq. (11). In our case of an ultrarelativistic
system (¢ = 3p) in the Boltzmann limit with vanishing bulk
pressure and heat flow
" &2 -p
16 12

(62)

o ==

D" =0,
8p

= ¢G(77 = 0’ p) =

where p, =+ p}+ p; is the transverse momentum. We
ensure non-negativity of the phase-space distribution via the
® function

F(£)dN e ?/T
Agd—n;nﬂ [1+ ¢6(n, p)]

x O + ¢ (1, p)), (63)

where A7 is the transverse area of the system (with the elimi-
nation of negative phase-space contributions, a normalization
factor F(£) <1 is needed to set a given d N/dn). The cutoff
does not affect the general scalings of transport solutions but
does influence the initial pressure anisotropy [for example,
values R, = 0.3 and 1.75 set based on Eq. (62) change to
R, ~ 0.476 and 1.693 when the cutoff is applied]. Therefore,
we initialize hydrodynamics with a shear stress ; that gives
the same initial pressure anisotropy as the transport.

The transport solutions were obtained using the MPC
algorithm [39], which employs the particle subdivision tech-
nique to maintain covariance [26,28]. Transverse translational
invariance was maintained in the calculation through periodic
boundary conditions in the two transverse directions. A
longitudinally boost-invariant system was initialized in a
coordinate rapidity interval —5 < 1 < 5, and observables were
calculated by averaging over —2 < n < 2 with proper Lorentz
boosts of local quantities to n = 0.

f(UZO’PaTZTO)Z

A. Pressure anisotropy

Figure 1 shows the pressure anisotropy p;/pr evolution
as a function of the rescaled proper time ¥ = t/7y from the
transport and Israel-Stewart hydrodynamics with the local
equilibrium initial condition. The left panel shows calculations

1.2 T 1.2

. .
o = const

n/s = const

FIG. 1. Time evolution of pressure anisotropy R, =
pr/pr from covariant transport and Israel-Stewart dis-
sipative hydrodynamics as a function of K = 7/A.(7),
from local equilibrium initial conditions 7, (7)) = 0.
Results for Navier-Stokes and free streaming are also
shown. Left: o = const scenario, for which the curves
are labeled by K(t) = const = Ky = 1, 2, 3, 6.67, and
20. For K =1, the Navier-Stokes result is negative
and therefore not visible. Right: o o« %/? scenario, for
which 7, /scq ~ const and the curves are labeled by the
initial Ko = K(19) = 1, 2, 3, and 6.67.

Y S ideal hydro 1 ideal hydro
0.8k ===
g &
< 06 =<
5 e N N T S
()_‘L PSRRI TN VR L L L LT T TT T T T Ny
0.2F—18S hydro ™. 0.2F — IS hydro
—— transport ®-. —=— transport
------ Navier-Stoke E -+ Navier-Stokes
~e- free streaming ‘ L
07 2 3 4 01 2 3 4 5 678910
7/ 7/m
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12

n/s ~ const

T T
o = const

FIG. 2. Same as Fig. 1, but for an initial pressure
anisotropy R, (tp) = 0.476 (§ = —0.423).Inthe o =
const scenario, the NS curve for Ky, = 1 is negative
and therefore not visible.

0. y 0.2 — IS hydro
— %b hy(h‘ot —=— transport
—— transport . Navier-Stokes
...... Na\'iqr—StOk\OS I T R B I I \“ N I 0\ (e\b I
07 2 3 4 5 678910 07 2 3 4 5 678910

T/70 T/T0

for the o = const scenario. For Ky = 1, the anisotropy from IS
hydro starts to fall rapidly below the transport above 7 > 27,
and it is a factor of ~5 smaller by late t ~ 107y. Clearly,
the system cannot stay near equilibrium when the rate of
scatterings equals the expansion rate. With increasing Ky,
the undershoot becomes smaller and gradually vanishes as
Ko — oo. The difference is only ~10% already at Ky = 3
and is rather small by Ky ~ 7.

The right panel shows the same but for the growing cross
section scenario with 1, /seq A~ const. The situation of course
improves because in this case K increases with time. For
Ko = 1, IS hydro undershoots the pressure anisotropy from
the transport only by ~20%, and the differences vanish at late
times (since in this case both theories converge to R, = 1 as
T — 00). About 10% accuracy is achieved already for Ky = 2,
while for Ky = 3, IS hydro is accurate to a few percent.

Moreover, the above findings hold for a wide range of
initial conditions, including large initial pressure anisotropies,
as shown in Figs. 2 and 3. These figures are for the same
calculation but with R,(79) = 0.476 and 1.693, respectively
(which correspond to £y = —0.423 and 0.375). We emphasize
that the results hold only if nonequilibrium corrections are
close to the form (11) suggested by Grad. For such a class
of initial conditions, however, we find that IS hydrodynamics

can well approximate the transport (~10% accuracy) provided
Ky > 3, even for the most pessimistic constant cross section
scenario. If 1, /seq = const, only Ko > 2 is needed. We stress
that in either case, there is no need for the initial conditions to
be near the NS limit.

This is quite remarkable, because from Figs. 1-3 it is
clear that already the early evolution differs between IS
hydrodynamics and transport. For example, for an equilibrium
initial condition (£(tp) = 0), IS hydrodynamics of Eq. (44)
gives

4t — 19)
70

R;S(t) =1- + O((t — )% (64)
for any initial value and evolution scenario for k. From

covariant transport, on the other hand (see Appendix D2),
8(t — 10)

Rtransp )=1-—
p (D) St

+O((r — ). (65)
That is, pressure anisotropy develops, universally, 20% faster
from the transport than from IS hydrodynamics (if the
evolution starts from equilibrium).

This illustrates a limitation of the hydrodynamic description
of transport solutions. Similar discrepancies were observed

in Ref. [8] in the early evolution of differential elliptic flow

1.8 T T — 1.8 T T T
o = const n/s = cons
1.6 E 1.6 E
\ — IS hydro | — IS hydro
14 \ —— transport i 144 —=— transport
SN e Navier-Stokes SN Navier-Stokes
1.2R R 1.2
A deal hydro o1 ‘\ ,,,,,,,,,,,,,,,,,,,,,,,,,, FIG. 3. Same as Fig. 1, but for an initial pressure
\z* ----- \z“ )\ 0 Sl anisotropy R,(t) = 1.693 (& = 0.375). In the o =
0.8kt \ = 0.8 : const scenario, the Navier-Stokes curve for Ky = 1 is
----- negative and therefore not visible.
06 e AN\ 0.6
) ne Ky =
(O <RI oS ny e 0.4
0.2F 0.2F E
07 S5 1 5 678910 0= 2 3 4 5 678010

T/70
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1.6

o = const
— IS hydro

| —=— transport

------ Navier-Stokes

1.6

14

n/s ~ const’
— IS hydro

| —=— transport

------ Navier-Stokes
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FIG. 4. Same as Fig. 1, except for the time

p / Dideal
—
o
T

p / Pideal

ideal hydro

ideal hydro

—9 evolution of the (average) pressure. The pressure
is plotted normalized to the pressure pigea () =
Po(to/7)*? in ideal hydrodynamics.

4 5678910 20 1 2 3
T/To T/7o
v2(pr). Remarkably, in our case, though the transport develops
deviations from equilibrium faster, its rate of departure slows
down quicker, which at intermediate times results in smaller
accumulated dissipative corrections to the pressure anisotropy
than from IS hydrodynamics. Eventually, the hydrodynamic
evolution “catches up” to the transport, except for low K < 3
in the 0 = const scenario.

Figures 1-3 also show the Navier-Stokes approximation
for each of the Israel-Stewart results. By late times, the NS
and IS solutions converge for both cross section scenarios,
independently of the initial pressure anisotropy (for o = const
and Ky =1, the NS anisotropy is negative and therefore
not visible in the plots). However, the applicability of NS
theory at early times depends, besides on the value of K,
strongly on how far the initial shear stress is from its NS
value [Eq. (39)]. Navier-Stokes assumes that shear stress
and, therefore, the pressure anisotropy relax immediately,
but relaxation happens over a finite time. The approach
toward the Navier-Stokes limit is governed by 7, = 3t/(2«),
therefore Navier-Stokes becomes applicable only after some
time At ~ |Ry — Rns|to/k. Note that the initial slope of the
R(7) curves does not always reflect 7, directly, because it is
given by the initial derivative of &

§

. 3, 3
R(t)~ 78 = =5~ —&ns) + 0(1)? (66)

where we combined Eqgs. (26) and (35), incorporated the
observations that Y, ~ O(1)/t and Z, = 0, and assumed &
is small. For local equilibrium initial conditions, the slope of
R(7) is therefore ~O(1)éns/t ~ O(1)/7, independently of
K [cf. Fig. 1 and Eq. (64)]. For initial shear stresses far from
the NS limit, on the other hand, the slope ~O(1)¢/1,  «
steepens with increasing K as seen in Figs. 2 and 3.

The inaccurate description of early shear stress evolution
in Navier-Stokes has a cumulative effect on the evolution
of thermodynamic quantities, such as the pressure and the
entropy, as we show in the next two sections. Of course, the
errors are proportional to the ratio of the time the system spends
away from the NS limit and the hydrodynamic time scale, i.e.,
At/ty ~ 1/k.

B. Pressure evolution

Now we turn to the evolution of the (average) pressure. In
ideal hydrodynamics (Ko — o0), the pressure drops rapidly
with time piq o« T~%3. Therefore it is more convenient to study

45678910 20

dissipative effects relative to ideal hydrodynamics through the
ratio p(t)/ pia(7).

Figure 4 shows the pressure relative to that in ideal
hydrodynamics as a function of the rescaled proper time
T = t/7y from the transport and IS hydrodynamics with the
local equilibrium initial condition. For the o = const scenario,
for all K, values, the evolution starts out the same between
IS hydrodynamics and transport but then the IS starts to
accumulate deviations, because it follows the shear stress
evolution only approximately. For Ky = 1, IS hydrodynamics
maintains 10% accuracy in the magnitude of dissipative
corrections (i.e., p/pia— 1) only up to 7 ~41. As Ky
increases, the situation improves gradually: for Ko = 3, 10%
accuracy holds up to T & 107y, and by Ky ~ 7 the IS stays
within a few percent of the transport even until T = 207.

For the growing cross section scenario with 1, /seq A const,
we see in Fig. 4 that hydrodynamic has a wider range of
applicability. This is because K ~ t%/3 grows with time. For
Ko =1, the error in the dissipative correction (p/pig — 1)
is less than 10% up to t = 519, and already for Ky = 2,
IS hydrodynamics is accurate to within better than 10%
throughout the whole range 7 < 207, studied. The pressure
evolution results therefore reinforce the regions of validity
found in the previous section (Kp > 3 for o = const, and
Ko 2 2 for ny/seq A const).

Clearly, the region of applicability for Navier-Stokes is
more limited (Fig. 4). For low Ky, it overestimates the pressure
corrections not only at late times but also atearly T ~ few X 1.
Ko = 7 is barely sufficient for 10% accuracy in viscous
corrections for 1,/seq A const, but it is not enough in the
case of o = const. Based on the trends with increasing K,
we estimate that Ky > 9—10 is needed for Navier-Stokes with
o = const to deviate less than 10% from the viscous effects
calculated with the transport. Therefore, for local equilibrium
initial conditions, Navier-Stokes theory becomes applicable at
about three times shorter mean free paths, or equivalently three
times larger longitudinal proper time t (i.e., three times slower
longitudinal expansion), than Israel-Stewart theory.

C. Entropy

Now we proceed with results on entropy production. In
transport theory, the entropy current is defined as

d? 2m)?
§"(x) = —f P ew) [In(( ™ f(x,p)) - 1]

8
(67)
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14} 0 = const ] 14fn/s % conat
— IS hydro
13k—= transport
Bl [ Navier-Stokes

— IS hydro
13k transport
I IR Navier-Stokes

L2k

1.1

FIG. 5. Same as Fig. 1 except for the time
evolution of the entropy per unit rapidity, normalized
by its initial value (note the linear time axis used this
time). For the transport solutions, entropy was calcu-
lated approximately using the IS entropy expression

(dS/dn) / (dSo/dn)
(dS/dn) / (dSo/dn)

(50). Chemically equilibrated initial conditions (i.e.,
Xo = 0) were assumed.

1 5 10 15 20 i 5 10
7/ 7/

where g is the number of internal degrees of freedom. This
nonlinear function of the phase-space density f is cumbersome
to evaluate with the MPC code, and therefore we here opt for
an approximate result based on the truncated IS expression
(50), evaluated using the pressure and shear stress from the
transport. This includes dissipative corrections to the entropy
up to quadratic order in ¢.

In the most dissipative ¢ = const scenario with Ky = 1,
there is about 30% additional entropy produced by late times
7/79 ~ 10-20, as can be seen in Fig. 5. For 1,/s.q ~ const,
the same Ky = 1 yields only about 20% extra entropy. With
increasing Ky, entropy generation gradually weakens, and by
Ko ~ 7itis only 10% and 5%, respectively.

The Israel-Stewart results are within 15% of the approx-
imate transport results already for Ko = 1, and about 10%
accuracy in the calculated dissipative effect is achieved for
Ky 2 3 (for 0 = const) and Ky = 2 (for n,/seq A~ const). In
contrast, the Navier-Stokes strongly overpredicts the entropy,
unless K exceeds about 6 for o = const or ~ 3 for 7,/seq ~
const. The bounds for 10% accuracy are in agreement with
those found previously in Sec. V B.

D. Limitations of the naive Israel-Stewart approximation

Now we discuss the applicability of the “naive” Israel-
Stewart equations. Figure 6 compares the pressure evolution
in complete Israel-Stewart theory to that in the naive approx-
imation, for local equilibrium initial conditions (§y = 0), as a
function of the rescaled proper time t/ty. Clearly, the naive
result overshoots the pressure both for the constant cross
section scenario and for 5, /seq A~ const, unless K is large.
This confirms expectations based on the analytic solutions in
Appendix C. Though the naive theory converges to the correct
result at large enough K ~ 7-20, comparison with Fig. 4 tells
us that it is even less accurate than Navier-Stokes theory.

Similar behavior has also been observed in a 2 + 1D
calculation [35] that found that the naive approximation leads

to larger dissipative effects on the fransverse momentum
anisotropy than the complete Israel-Stewart theory.

The reason for the large errors is that away from local
equilibrium the naive approach drives the shear stress more
negative [compare Egs. (36) and (41), and note that typically
m; < 0]. For the 0 4+ 1D expansion studied here (¥, <0
and Z, = 0), at early times, complete IS theory drives shear
stress toward a value that is less negative than shear stress
in Navier-Stokes; whereas at late times, the complete theory
can keep the system closer to local equilibrium, because its
effective shear stress relaxation time is shorter [see discussion
in Ref. [12], or cf. Eq. (26)]. This is demonstrated in Fig. 7
where we plot the pressure anisotropy R,, which is a
monotonic function of & = 7, /p. For o = const, we find that
the naive approach saturates the anisotropy at a lower value
than the complete theory, confirming the analytic expectations
in Appendix C1. For 1, /seq ~ const, the system does approach
ideal hydrodynamic behavior eventually; however, that occurs
on a much longer time scale than from complete IS theory.
This is in agreement with the expectation based on the analytic
solutions (C35)—(C38).

The pressure anisotropy results further reinforce our con-
clusion that the naive Israel-Stewart approximation is poorer
than Navier-Stokes (cf. Fig. 1). In heavy ion collisions,
gradients are large, at least initially, and therefore cannot be
ignored even if dissipative corrections (e.g., 77/ p) are small.

E. Implications for heavy ion physics

Having determined the region of validity (defined as 10%
accuracy in dissipative effects) for IS and NS hydrodynamics
in terms of the initial ratio of the expansion and scattering time
scales Ko = 19/Aw0
(0 = const), (68)

(69)

Ky 23,

1S
Ky 22,

K >9

KNS > 6 (ny/seq ~ const),

FIG. 6. Time evolution of the (average) pres-
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— complete IS
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— complete IS
1.4F - naive IS

1.2

p / Pideal
D/ Pidea
S

ideal hydro

T AT

1

" ideal hydro

sure from complete IS theory and the naive IS
1 approximation as a function of K = t/A.(7), for
local equilibrium 1initial conditions m;(79) = 0.
The pressure is plotted normalized to the pres-
sure pia(t) = po(to/7)*? in ideal hydrodynamics.
In the o0 = const scenario, K(t) = const = Ky =
2,3, 6.67,and 20. Inthe o /3 scenario, Ny /Seq A

!
1 2 3 4 5678910 20 1 2 3 45
7'/7'() T/T[)

678910 20

const and the curves are labeled by the initial
Ko = K(r) =1,2,3,and 6.67.
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we now turn to implications for heavy ion collisions. From
Egs. (37), (51), and (52),

T()‘L'() S0
K= ———
4 — X0 15,0
1 T 1/(4
~ 15.9 x ) () /Gm))
1—x0/4 \1GeV/ \1fm Nso /S0
Ky ~ 0.8ky. (70)

Therefore, we can place an upper limit on the (initial) shear
viscosity for which IS or NS reproduces with better than 10%
accuracy the viscous corrections to basic observables such as
pressure and entropy: for o = const,

4mrn, 4
0l < 08Tty 0 < 025Tyr, (1)
Seq.0 s Seq,0 INs
while for 1, /seq ~ const,
4 4
Bl < 12T, Bl < 04Ty, (72)
Seq |1 Seq INs

where we assumed chemical equilibrium initial conditions
(xo = 0). If the shear viscosity of dense quark-gluon matter is
bounded from below by 471, /seq 2 1, as has been conjectured
recently, then the situation for Israel-Stewart theory is close to
marginal. For 1, /seq = 1/(47), typical parton transport initial
conditions (Ty = 0.7 GeV, tp = 0.1 fm) translate into Ky < 1,
for which IS is not applicable for either scenario I or II; whereas
for typical hydrodynamic initial conditions (7 ~ 0.38 GeV,
79 = 0.6 fm), we have K, < 3, sufficient for both scenarios
(barely for o = const).

On the other hand, Navier-Stokes may be marginally
applicable only if 7y/seq < 0.5/(4m) throughout the whole
evolution, at least based on this 0 + 1D study, where acausal
artifacts and instabilities do not arise. We emphasize that
the bound quoted here is for initial conditions close to local
equilibrium. The accuracy of the NS approximation strongly
depends on how far the initial shear stress is from the NS
value. If the evolution starts out near the NS limit, we expect
Navier-Stokes to be accurate up to higher viscosities.

Within the region of applicability of the Israel-Stewart
theory, dissipative corrections to the average pressure and the
entropy are modest and stay below ~20% even up to late
times 7 < 107y. This may serve as a useful “rule of thumb”
applicability condition for hydrodynamics: if dissipative cor-
rections to average pressure and the entropy calculated from
hydrodynamics are significantly larger than 20%, the validity
of hydrodynamics is questionable.

The above findings reinforce a recent calculation [18] in
2 + 1D that found good agreement between IS hydrodynamics
and 2 — 2 transport, for conditions expected in Au + Au at
A/Snn ~ 200 GeV/nucleon at RHIC, in the case of a small
shear viscosity to entropy density ratio 7,/seq ~ 1/(47) (on
average). The same study also found good agreement between
the two theories for a large constant transport cross section
oy ~ 13 mb. That is also in line with our results here, because
it corresponds to 477, /seq(To) ~ 0.25 in the center of the
collision zone, i.e., initially 7,/seq < 1/(4) in most of the
system.

Finally we note that the applicability of the hydrodynamic
approach on very short time and length scales is another
important question. In typical real-life problems, Toto > 1
because the hydrodynamic expansion time scale t is by orders
of magnitude larger than the quantum (energy) time scale
1/T. This also leaves ample room to make hydrodynamics
applicable (ko > 1) even for appreciable viscosities. In the
heavy ion case, however, the two time scales are comparable
Toto ~ O(1), and therefore a macroscopic treatment may be
marginal.

VI. CONCLUSIONS

Based on comparison to covariant transport theory, we ex-
plore the region of validity of Israel-Stewart and Navier-Stokes
hydrodynamics in heavy-ion physics applications. We follow
the evolution of the average pressure, pressure anisotropy, and
entropy for a massless ideal gas in 0 + 1D longitudinally
expanding Bjorken geometry. Binary 2 — 2 interactions are
considered for two main scenarios, a fixed cross section
o = const (scenario I, pessimistic for hydrodynamics) and
a scale-invariant system with 7,/s.q ~ const (scenario II,
optimistic for hydrodynamics).

We find (Sec. V) that dissipative effects calculated from IS
hydrodynamics reproduce those from the transport solutions
to within 10%, provided initially the expansion time scale is
three (for scenario I) or two (for scenario II) times larger than
the transport mean free path, i.e., the initial inverse Knudsen
number Ko = 79/Aw,0 2 3 or 2. When this criterion is fulfilled,
Israel-Stewart is accurate even if initial pressure anisotropies
are large pr/pr ~ 0.4-1.7, there is no need to start near the
Navier-Stokes limit. On the other hand, the same accuracy
from Navier-Stokes requires three times larger K, if the
expansion starts from the local thermal equilibrium (unlike
for Israel-Stewart, the applicability of Navier-Stokes depends
strongly on how far the initial shear stress is from its NS
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value). We emphasize that these findings apply only when
initial viscous corrections are of the quadratic form suggested
by Grad [Eq. (11)].

These results imply that (Sec. VE) for typical heavy
ion initial conditions at RHIC energies, Israel-Stewart hy-
drodynamics is accurate up to 7,/seq < 1.5/(4m), while for
Navier-Stokes, 1, /seq < 0.5/(47) is needed. This is supported
by arecent 2 4+ 1D calculation [18] that finds good agreement
between IS and transport for 7, /seq ~ 1/(47), and also for a
large o &~ 13 mb.

In addition, we test the accuracy of the naive IS approx-
imation (Sec. VD) that neglects products of gradients and
dissipative quantities in the equations of motion and find that
it has an even more limited applicability than Navier-Stokes.

We also compare in detail (Appendix C) the IS and NS
solutions in O + 1D for four scenarios, o = const, o
1/T2, o x 123, and Ns/Seq = const, and find that results
for the latter two are almost identical, even at low initial
Knudsen numbers ~1. Moreover, we obtain analytic IS and
NS solutions in 0 4+ 1D, which are useful for quick estimates
(Secs. IVB and IV C) and to test numerical solution tech-
niques. We also derive additional tests (Appendix B) based on
generalized conservation laws for conserved currents, energy-
momentum, and entropy, which can be utilized to verify the
accuracy of numerical IS solversin 1 + 1,2 4+ 1,and 3 + 1
dimensions.

Finally we emphasize that the current study is limited
to a massless ideal gas with particle number conserving
interactions in 0 4+ 1D Bjorken geometry. The influence of
the transverse expansion will be quantified in a future paper
(requires at minimum a 1 4 1D approach). It will also be im-
portant to check how the results depend on the equation of state
and the presence of particle nonconserving processes, such as
radiative 2 <> 3. For a nonconformal equation of state, bulk
viscosity may become important [40,41]. Ideally, one should
also test the accuracy of the hydrodynamic approximation for
nonequilibrium theories other than covariant transport.
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APPENDIX A: ORIGIN OF ay, a, a;, a; IN THE IS
EQUATIONS OF MOTION

The equations of motion (23)—(25) reproduce the entropy
production rate of Eq. (16) only approximately, up to typically
small quartic and higher-order corrections in dissipative
quantities. With ¢; = 0 = a/, a contribution

Ng"TV,(ao/T) — qr"" TV, (a1/T) (A1)
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would be missing from T9,S* in Eq. (16). These terms are
bilinear in the dissipative quantities and, therefore, can be split
arbitrarily between the bulk pressure and heat, and heat and

shear equations of motion. That is, with
TV*;/T)=al' + a* (A2)

Eq. (16) is identically satisfied but contributions to the
equations of motion depend on g;

BoDTL = (-- ) + ayqu, (A3)
BiDg" = (--) + Alag"Tl — a}ml, (A4)
BoDt = (--) —a} g™, (AS)

Only components orthogonal to u* contribute, but apart
from that constraint, a and a; are arbitrary functions of
the hydrodynamic fields and their derivatives and potentially
new scalar functions {al.(k)(s, n)} characterizing an isotropic
matter. However, ignoring the dependence on the dissipative
quantities is consistent with the truncation of the entropy
current [Eq. (14)] at quadratic order in those. Moreover, for
small deviations from equilibrium, one may seek to include
only the leading contributions coming from first derivatives of
the ideal hydrodynamic fields, i.e.,

@ = a"Du’ +a®TV' L 4 @V E (A6)
T ! T
where we chose 1/T and u/T as the two independent
variables instead of ¢ and n. But the three terms are not
independent: energy-momentum conservation [Eq. (1)] and
the Gibbs-Duhem relation s dT = dP — ndu provide one
constraint

1 1 n u

—A"Du, +V'— = \Ar== (A7)
T T e+p T

and VY(u/T) may be ignored, at least parametrically, because

it is proportional to the heat flow [Eq. (4)] in the first-order

(Navier-Stokes) theory. Therefore, to leading accuracy only

one scalar function enters, and we can write

aiM = —a;(g,n)Du*. (A8)
Analogous arguments give
;i /T 1 /T
TV~ T2 DG L 3T Guapy,,
o/Ty T a(l/T)
(A9)

from which Eq. (20) follows.

We plan to revisit the above approximations in a future
study. In any case, they do not influence our 0 + 1D
calculations here, because the a; terms do not play a role
(heat flow vanishes by symmetry).

APPENDIX B: GENERALIZED CONSERVATION LAWS

Here we present general relations of the form
dA(7)
dt

which can be used to test the accuracy of numerical dissipative
hydrodynamics solutions in any dimensions. .4 and 5 only

= B(1), B
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depend on the hydrodynamic fields at the given 7. Evaluating
them at each time step, one can either numerically differentiate
A(7) or integrate B(t) and check how accurately the solutions
satisfy Eq. (B1).

Consider a four-divergence 0, A*(x) (in regular Minkowski
coordinates). Integration over a four-volume V, gives

/d“xaﬂA”(x): / doy(DA*(),  (B2)
Vy o (V)

where o(Vy) is the three-dimensional boundary (“surface’)
of V4. Now take the special case of a Bjorken “box” V, =
AT X An x Ay with an infinite transverse area Ay — 00
but infinitesimal proper time and finite coordinate rapidity
extensions At — 0, Anp = 1y — n1. Assuming A*(x) drops
faster than l/x% at large |xr|, we can neglect surface terms
at |[xy| — oo and keep only contributions on t = const and
n = const hypersurfaces:

/ dt tdndx} 3, A" (x)

- (T) (T)
= |:/ do, —/ do,
o(t+dt) o(1)

+ / do'V — / da;m] A*(x)  (B3)
o(n2) o(n)

where the surface normals are
da(’;) = rdx3 dnu'y, da(’;) = —dtdx; uf,
(B4)
uf = (shn, 0, chp),

and we used d*x = dt T dn dx%. Here, up is the longitudinal
Bjorken flow velocity, while u3 is its orthonormal counterpart
in the -z plane. Note that the actual flow velocity does not
need to be u . Dividing by At and taking the limit, we arrive
at

t/dndx% 9, A" = 0, (r/dndx% u‘gA,L>

- f A2 ul (A (1) — Au(n), (BS)

which is a generalized conservation law for the quantity

with  uly = (chn, 0, shn),

A= r/ dndx3 ubA,,. (B6)

If 9,A* =0, and the surface term uf (A, (n)— A.(12)
vanishes, we have A(t) = const.

In a boost-invariant calculation, the longitudinal extension
of the system is formally infinite, and thus a generalized
conservation law for a quantity per unit rapidity is more
practical. It can be obtained in a similar fashion if one divides
by An and takes the limit An — 0. The result is

dA

rfdx; Ou A =0, —— — 8,,/dx% usA,,  (B7)
n

where

dA
= rfdx% Ul A, (B8)

Again, if 9,A* =0 and the n-derivative term vanishes, we
have d.A/dn = const.
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1. Charge/particle number

We first apply Eq. (BS) to a conserved current in the
Eckart frame: N* = n.qu", where u* = y(ch@, veg, sh0)
is the flow four-velocity and 6 is the flow rapidity. Now
ugu, =y ch(n — 0) and ufu, = y sh(n — ). If the rapidity
interval is so large that N*(n;) = N*(n,) = 0, or the system
is boost invariant, n = 6, the surface terms are zero, and we
get a simple conservation law

N=rt / dndx?} ynch(n — 0) = const. (B9)

In a boost-invariant case, the coordinate rapidity integral is
trivial, and we obtain

dN

= (B10)

r/dx%yn = const.

2. Entropy

Second, we apply Eq. (B5) to the entropy current of
Eq. (14) and its divergence in Eq. (16). If $#(n1) = $*(n2) =
0, we get

I’ "
8TS:r/dndx% (C_T_%—i_
q

where the entropy of the system is
S = I/dn dxz ulyS,,,

and the last inequality follows from the general properties
q"q,<0and 7"*’m,, >0.

For longitudinally boost-invariant dynamics, it is more
natural to follow entropy per unit rapidity:

ds
an = r/dx%u’gSM,

as > q.q"
a. (=) = dx2 | — - 11
() =S (7 T "

3. Energy-momentum

v
b 4

>0, (B11
2n,T ) ( )

(B12)

(B13)

nltvnﬂv > 0.
2n,T

Finally we derive the conservation equation corresponding
to energy-momentum conservation d, 7#" = 0. Contraction of
the energy-momentum tensor with u', gives the conservation of
energy. When the entire system is within the interval [n;, 12],
then

3 E =0, (z / dndxi ulT,, ug) =0. (Bl4)

Contraction with ”113 = (0, eg, 0) gives the change in trans-
verse radial momentum. Substituting

(T ur,)=04+T" 0,ug, (B15)
into Eq. (BS) results in
M, =0, (t/dn dx2 u’éTwu‘,’e>
= r/dndx%T“uaﬂu”R. (B16)
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To be more specific, we also show as an example a boost-
invariant, cylindrically symmetric case. In the Landau frame,
T" = (e + p + u'u’ — (p + Tg"" + (—72 — 3)ujuy
(B17)
where u; is the orthonormal counterpart of the flow velocity

in the time-radial plane, while u, and u; are orthonormal
counterparts of these in the axial and beam (rapidity) direction:

~ M v ~ n_v
+ Tous uy + T3Uz U3,

u} = y(vchn,eg, vshn),
(B18)

u' = y(chn, veg,shn),

ub =(0,e4,0), uf =(shn,0,chn).
Z=ul=—1.

These vectors are normalized to u? = 1, u% =u; =u; =

The viscous pressure tensor components in the fluid rest frame
are r{y = diag(0, —&, — 73, 72, f3). It is important to notice
that the surface terms in Eq. (BS) or the n-derivative term in
Eq. (B7) are now nonzero. Contraction by u’, as above and
substitution into Eq. (B7) gives the evolution of the energy per

unit rapidity:
dE
8-[ (d_n) a-,; (T/dX%TOO(ﬂz()))
= —/dx%(p + I + 3).

Contraction by u’, gives the evolution of transverse radial
momentum per unit rapidity:

M,
ar< i ) =0, (r / dx2T" (=0, ¢:0)>

(B19)

047
- f/dx%u, (B20)
R
where we have used the relations
ul Ty = =T (n=0, ¢=0), du}y = —Euz,uu;.
(B21)

The above results reflect general expectations. Particle
number per unit rapidity d N /dn is strictly conserved in both
the ideal and the dissipative case. Entropy per unit rapidity
dS/dn is conserved for an ideal fluid but increases if there is
dissipation. In both cases, the energy per unit rapidity dE /dn
decreases because of longitudinal work, while the radial
momentum per unit rapidity d M, /dn increases as a result of
the buildup of radial flow, as long as the system stays near equi-
librium (i.e., the total pressure is dominated by the ideal part).

APPENDIX C: VISCOUS SOLUTIONS FOR VARIOUS
CROSS-SECTION SCENARIOS

Next we analyze viscous Israel-Stewart and Navier-Stokes
solutions for four different types of cross section: constant,
o o« 1/T? o o t%3,and n,/seq = const. For convenience, we
will often use normalized quantities

A7)
A(r)’

We will show that for typical observables of interest (average
pressure, pressure anisotropy, entropy, and shear viscosity to

A(t/m) = (ChH
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entropy ratio), 1, /Seq = const dynamics is well approximated
by o o 72/ already for Ko = 1.

In analytic considerations, it will be often convenient to
drop the nz term in the equations of motion (35) and (36),
which is a good approximation for |7, | < p, i.e., the general
region of validity of viscous hydrodynamics. This should
not be confused with the naive Israel-Stewart approximation,
which also ignores the 4/3 factor in Eq. (36). For the o oc 72/3
and o = const scenarios, we obtain in this way accurate
approximate analytic IS solutions. We also derive analytic NS
solutions for ¢ = const, 0 o 73, and o o< 1/T2.

1. Solutions for ultrarelativistic gas with constant
2 — 2 cross section

For a constant cross section,

70

M(T) xT = K(1) = (o)
tr

= K¢ = const. (2)

If we ignore the nf term, the linear equations of motion (35)
and (36) can be solved in a straightforward manner:

1 8
—5 <K07‘[L,0 + ﬂ) T—(f)i| s (C3)

4 % 1
p(@) =737 [@ I () + E(Kopo —7L,0) T(f)] ,

2
(&)}
where
K 8
KOE?O, DEV§+K§, Ty(x) = xPPB £ x7 P,
(C5)
p(t0) = po, mr(T0) = 7L 0.

For a practical approximate formula for the pressure evolution,
see Eq. (48).

In the ideal hydrodynamic (n; — 0, or equivalently ko —
o0) limit, we recover

T\ 4/3
m@>w=0. pm=p(T) . (€O
At late times, the pressure anisotropy, regardless of its initial
value R, o, approaches a constant determined solely by the
parameter ky, i.e.,

12/{0 —10

A N (e )
9D + 3k + 14

R = Rp(t — 00) =

For a finite ky, the final anisotropy is below unity.
Therefore, with a constant cross section, at late times the
system does not behave like an ideal fluid, but instead the
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Navier-Stokes limit applies [cf. Egs. (44) and (45)]. Indeed,
for large x¢, Eqs. (C3)—(C4) reproduce the NS solution

NS
_4p (r)7 (C8)
3/(0
and the final IS and NS anisotropies of Egs. (C7) and (45)
agree, thatis, Rc = 1 —2/k0 + 4/(3/{3) + O(I/Kg).
Because R, is a monotonically increasing function of «y,
the final pressure anisotropy is a measure of the viscosity.
Inverting Eq. (C7),

70 )4/3—4/(9K0)

P = po (2 @) =

_ 5+ 14Ry — RY,

=—= C9
0 6 — 3R — 3R, ©)
i.e., near equilibrium (ko > 1),
ns(t) Tt 1— Ry 7\’
— == Tovo | — ) »
n(t) K 2 70
(C10)
_ 2 + 477.?(‘[0) 1
V= 3 9 no T()‘L'()’

where in the last step we approximated the temperature
evolution using the leading NS term (C8). It is natural to
measure viscosity relative to the density, which up to a factor
(4 — x) is the same as 7,/ 5eq.

The exact analytic solutions to the naive IS equations are
analogous to Egs. (C4) and (C3) but involve different powers

of ¥

2 _ 4 20

fzii’ (Siaive — _% _ @ + @ (Cc11
3 3 3
The late time behavior is governed by the exponent
. 4 4 8 1

gnave — 4+ 4+ 1+ 0| — s C12
+ 3 9% 9 (KS) (c12)

which does incorporate correctly the ideal hydrodynamic
limit (—4/3) and the NS correction 4/(9«) but is in general
higher, the smaller the kg, than the complete IS result
0+ =—4/3+4/0«0) — 8/(27/(3) + O(l/Kg). Therefore, the
naive approach overestimates the pressure. In addition, it
underestimates the asymptotic pressure anisotropy Rggive =
1 —2/kg—8/ (3;(3) + O /Kg), and therefore, overpredicts
the magnitude of the shear stress to pressure ratio |£].

2. Solutions for ultrarelativistic gas with o,_, < 1/ T?

A constant cross section implies the existence of some
external scale in the problem. For a scale-invariant system,
however, the only scale available (in thermal and chemical
equilibrium) is the temperature, and therefore the cross section
behaves as o o 1/ T?2. Equations (37), (33), and (29) then give

K@) = Koo = Ko C13)
T2 ﬁZfZ

1.€., even without the nf term, the equations of motion become
nonlinear (but are easy to solve numerically).
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For ideal hydrodynamic evolution, p oc 7=%3 and thus,
unlike for the case of a constant cross section,

K(7) = Kot (C14)

increases with increasing t. K(t) must grow in general in
the viscous hydrodynamic case as well, because dissipative
corrections, namely, the 77 /T term in Eq. (35), are assumed
to be small (or else hydrodynamics is no longer applicable).
Consequently, the system gets closer and closer to ideal
hydrodynamic behavior as time evolves (as long as the
expansion is only one dimensional). For example, the pressure
anisotropy approaches unity at late times, for any o > 0 and
initial 7T, o/ po,

R,(t — 00) — 1. (C15)
The exact Navier-Stokes solution
T0\4/3 Po
oo =(2) (C16)

JUH (=) 1]

behaves similarly. At late times, p oc 7~%3 as in the ideal case,

therefore, k(1 — 00) = ko/(p*£%) — 00, i.e., Ry = 1. The
rate of approach to unity is controlled by the viscosity

2 /19\2/3
BS@ = 1= = ()7 [14+0(1/6d) + Ot/

2 n, 2/3
%1__1(2) :

C17
Toton \'t ( )

Viscosity also increases the pressure relative to the ideal case

NS
1 2

P st — ~ 14 Uiy

Pid _ 4 3Toto 1

31(()

(C18)

3. Solutions for ultrarelativistic gas with o,_,, « 73

Near the ideal hydrodynamic limit (i.e., for small viscosities
and 7y o0/po), one may directly substitute the approximate
result (C14) in the equations of motion (35) and (36). Provided
we drop the nf term, these can be converted to a second-order
linear differential equation, e.g., for p(7),

11 40p 2K(7) 4 p
p+ —=p+ —=— »+-=1]1=0, (C19
PPt Tt e \Phay (€19
with initial conditions
) 4po+mp o
p(t0) = po, pP(to) = T (C20)

The general solution with K (7) from Eq. (C14) is’

p(@) = 7?74/3[6‘—7?7%%F—(KonB) + C+f%ﬁF+(K0f2/3)],
(C21)
di* p(@)]

=) — _3 ~—1/3 ,
(%) T 77

(C22)

“First substitute p(¥) = p(F)T~*3, then switch to a new variable
x = —kot2/3, finally look for the solution in the form p(x) = x%q(x),

and choose a suitable a.
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where

2
Fi(x) = Fi(%a,1£2a;—x), a= \/; (C23)

are short-hand for confluent hypergeometric functions of the
first kind, while C.. are matched!? to the initial conditions in
Eq. (C20):

Ko

e
Cy = ﬂ:E[PoGﬂKo) — mp,0F%(ko)], (C24)
X
Gi(x) = :|:2a|:1 ey Fi(l£a,2+2a, —x)
— \Fi(+a, 14+ 2a, —x)i|. (C25)

A very practical approximate formula for the pressure evolu-
tion is given by Eq. (49), which comes from the asymptotic
forms [cf. Eq. (13.5.1) in Ref. [42]]

Fi(a, b; = r® ~S(a, 1 b
1 1((1, ,—)C)—mx (d, +a— ,x)
+ % (=x)*SWb —a, 1 —a, —x),
(C26)
where
clc+dd+1)
S(c, d, x)_1+1'_+2'—x2
C(c + 1)(c +2)d(d + 1)(d + 2)
31 x3
(C27)

Note that the e~ term in Eq. (C26) is crucial. For large ¢, C+
are exponentially large; however, the e factors drop out!! in
linear combinations relevant for the pressure and shear stress.

19Note that

d
?lFl(a b x) ]F](d'f‘l b+l X)

and from the Wronskian,
G_(X)F,(x) — G (x)F_(x) =4ae™™

[cf. W{1,2} in Eq. (13.1.20) in Ref. [42]].
"For example,

'l +2a) . T'd—=2a) 4
mF—(KO)KO - mﬂ-(’fo)%
e o 1 1
- [0 ()
and
'+ 2a) 711_1"(1
mG (ke 0) 71.,(1 ) G+( O)KO
wlyy 2L 1
=san 1+ - ga o)
(a =/2/3).
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At late times T > 1) /Kg/ 2, the IS solutions recover ideal
hydrodynamics for any initial condition,

p@ o (2)" mw e (L)

193 T0\2/3 )
:7@)0((?) 0, for > ped (C28)

as can be inferred from Eq. (C26). The NS solutlon

&) o2 2]

exhibits the same features (as the reader can easily verify).
For the late-time evolution, this scenario gives smaller viscous
corrections to the pressure and the pressure anisotropy than
oxl/ T2. However, in the large «¢ limit, we recover the same
results in Egs. (C17) and (C18).

Analogous derivation gives the exact solutions in the naive
IS case:

p(f) — C/_f72(l+ﬂ/)/3Fi(K0f2/3) + C;f72(lfa’)/3Fjr(K0f2/3)’

() =

(C30)

-

a =,/=,

3

~4/3 =~
2,(5) = 313U PO1 (C31)
dt
where

€, = 5 G0 — G FL0)l. (C32)
Fi(x)= 1F1(1 :I:a 1 £2d, —x), (C33)
Gl(r) = 269 pl ) — 21 £ d)YFL(x). (C34)

1 £+ 2a’

With the help of Eq. (C26), it is straightforward (but somewhat
lengthy) to determine the late-time behavior

% = T(H[P (ko) + £ X (o), (C35)
where in the naive case,
. 2 7 1

Thaivezy _ (@) , (C36
© 3023 k2 T <K3f2> (©30)

2 5 1
PnleC(K ) =1 + — 4+ — 4+ O<—3> , (C37)

3k 9/<0 K
XMy = — - O @(L) (C38)

0= 2K 6/(3 ICS '

Comparing to the complete Israel-Stewart result of Eq. (C21)
(obtained in the small & limit),

2 1

1
TSEF)~1-— - ol ——), (€39
® 3koT?3 9k} T3 * <K3f2> (€39)
PBko) ~ 14+ 2 _ ! +o(1) (C40)
0 3k 9/(3 Kg ’
S 1 1 1
XPwo)® ——+—+0(—5 |, (C41)
2K 6K0 K

we see that for the naive approximation, the evolution
approaches ideal hydrodynamic p/piq ~ const behavior later
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(deviation of T from unity is larger), and for near-equilibrium
initial conditions (&, & 0), the pressure saturates at a higher
value (P is larger).

4. Solutions for ultrarelativistic gas with 2 — 2 cross section and
15/ Seq = const

The last scenario we consider is when the cross section is
dynamically adjusted to maintain a constant shear viscosity
to equilibrium entropy density ratio 7/seq, such as the
conjectured lower bound of 1/(4r). From Egs. (29), (33),
(51), and (52),

1 In[#4p3(%
=7 (1475 ), (C42)
T 4 — xo
and thus
S 22
s s 4—
Ns _ M50 p(~r)~t x?4 ()
Seq  Seq.0 K(T) 4 — xo+In[T%p3(7)]
where
s T;
B0 _ 0% (C44)
Seq.0 Ko(4 — Xxo)
Therefore, 1,/s.q = const requires
4 —
K () = Kop(D)?> 0 (C45)

4 — o+ In[T4p3(D)]

Within the generic region of validity for viscous hydro-
dynamics, |7.| < p, this scenario also implies a growing
K (t) ~ t™2/3 and therefore convergence to the ideal limit at
late times. Note that the double ratio (7y/Seq)/(15,0/5¢q,0) as
a function of t/79 depends only on 7y o/ po, ko, the type of
cross section (encoded in K), and .

We now analyze the time evolution of 7;/seq in the three
earlier scenarios. Compared to the entropy density, 7,/seq
contains an additional multiplicative term that comes from
the time evolution of the shear viscosity. Assume first, for
simplicity, that we are very close to the ideal hydrodynamic
limit, in which case, 7,/seq X t?3/K (7). For a constant
cross section, this results in a growing n;/seq o 72/3; while
for the other two cases, o & t2/3 or o < 1/T?, we obtain
Ns/Seq A const.

In reality, there are of course viscous effects. Because
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the relevant quantity that determines the evolution of 7 /seq
is pt*3. The last term in Eq. (C43) is only a logarithm.
Therefore, the first term, Eq. (C46), dominates the behavior.
Typically, 7 < 0 and thus dissipation generates an increasing
pt*3. The increase in Ns/Seq 1s then fastest for the constant
cross section case. The other two cases, o o 1/ T? and 0

72/3, are not equivalent when there is dissipation, because for
the latter the prefactor in Eq. (C46) is only linear in p(7)#%/3
and, therefore, 1, /seq grows much slower.

5. Comparison of the various cross section scenarios

After exploring the general behavior, we compare numeri-
cal solutions for the four scenarios. Unless stated otherwise, for
the 71,/seq = const case, we start the evolution from chemical
equilibrium, i.e., take xo = 0. For the other three scenarios,
the pressure and shear stress evolution does not depend on
Xo- For simplicity, we start the evolution from 7y (7o) =0
and consider two extremes Ky = 1, i.e., equal expansion and
scattering time scales, and Ky = 6.67, i.e., 6.67 times slower
expansion than the time scale for scattering. On all figures, the
dotted curves correspond to the approximation when the nf
term in Eq. (36) is ignored.

Figure 8 shows the evolution of the pressure relative to the
ideal hydrodynamic p ~ =% result (for a comparison of the
same observable between hydrodynamics and transport, see
Fig. 4). Dissipation increases the pressure because it reduces
the pdV work. The effect is largest for the ¢ = const scenario,
while it is smallest for 7 /seq = constand o o« T%/3, which two
scenarios give basically the same result. For Ky = 1, the fourth
scenario o oc 1/T? is in between these limits; but by Ky =
6.67,itbecomes equivalentto o o< t%/3. Dropping the 77} terms
in Eq. (36) (thin dotted lines) is a fair 10—15% approximation
for o = const and o l/T2 at Ky = 1, which improves to
an essentially exact one by Ky = 6.67. For the other two
scenarios, 7 /Seq = constand o o« 7%/, the nonlinear term can
be safely ignored already for Ky = 1. Note that for Ky = 6.67,
dissipative corrections to the pressure are still very modest
10-15% at late 7 /79 ~ 10-20 in all four cases studied.

Now we turn to the evolution of the viscous stress 77;, shown
in Fig. 9. All four scenarios give very similar results for the
early 7/79 < 1.5-2 growth in magnitude, but they differ in
late-time relaxation. As inferred from the pressure evolution
already, 7,/seq = constand o o« 7%/ are largely identical and
relax quickly toward the ideal limit. ¢ = const is the one that

5(7)7 P x #2/3 for o = const, stays farthest from equilibrium. Forlow Ky = 1,the o o< 1/T?
= {[p()FY 3]3 for o o 1/T?, (C46)  case lies in between; but by Ko = 6.67, it becomes identical
K(7) pE)F3 for o o t%/3, {0 15 /Seq = const and o o« 2/3. The 7} term in the equation
2

o g ~ (1‘7,[“} FIG. 8. Pressure evolution from viscous hydro-
1.8 L8F e o 23 Ko =6.67 A dynamics relative to the ideal hydrodynamic p =
< 16l s 16l — n/s = const | Po(to/7)~*3 result in 0 + 1D Bjorken geometry for
E ;E an ultrarelativistic gas with 2 — 2 interactions. Four
X 14f = 14f . scenarios are compared for Ko = 1 and 6.67: 0 =
Lok Lol | const, 0 « 1/T? o o t?3, and n,/seq = const. Ap-
’ - T proximate results with dropping 72 terms in the
1% 5 15 B 20 15 _.75 5 z 50 equation of motion are also shown (thin dotted lines).

/7o /7o
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K(] - ()(JT

< o1 £ | FIG. 9. Same as Fig. 8, but for the longitudinal
& | —m o = const & —m o = const viscous shear 7r; normalized by the initial pressure.
I . 2 . 2
015 17 oo T 1 51 oocl/T ]
g T oxTt g X T
4 — /s = const — /s = const
V2T o 15 20 VT 5 0 15 20
/7o /7o

of motion affects the pressure and the viscous stress similarly scaled out in the plots). Relative to this zeroth-order behavior,
and can be ignored for Ky = 6.67 in all cases and for o oc 7%/3 for all three scenarios, 1, /seq grows with time, reinforcing the
and 7, /s.q = const even at Ko = 1. general results in Sec. C4. The relative growth decreases with

The same observations carry over to the pressure anisotropy increasing K. The K dependence is strongest for the constant
R, = pr/pr shown in Fig. 10. We plot this quantity because cross section scenario: the factor of 3 gain by 7 = 2071y for
it is the same one shown in Fig. 1 for the hydrodynamics vs. Ky = 1 is tamed to about a 25% increase for Ky ~ 7. For the
transport theory comparison in Sec. V (but note the logarithmic other two scenarios, o o« 1/T? and o o t%/3, the ratio stays
time axis there). These results further confirm that o o< 7%/3 nearly constant much more robustly. As expected (cf. end of

is a very good approximation to 7,/seq = const already for Appendix C4), of all cases studied, o o< 7%/3 approximates

Ky = 1. 1s/Seq = const the best, with only ~10% deviation accumu-
Figure 11 shows entropy production d.S/dn as a functionof  lated by late T = 207y even for a small Ky = 1.

proper time for the four scenarios, with local thermal (§) = 0) Finally, in Fig. 13, we show that the results for 7,/seq =

and chemical ()¢ = 0) equilibrium initial conditions. Due to const depend only weakly on the initial density, i.e., xo.

scalings, only entropy relative to the initial one plays arole, i.e., Density dependence in shear stress and pressure evolution

) arises in this case because the cross section is a function of the
[ln(f4 ﬁ3) . 9% (7)] . (C47) initial density [see Eq. (C45)]. The dependence is weaker the

16 closer the system is to ideal hydrodynamics, because in that
~4/3

dS/dn) |
=T5s=1+

(dSo/dn) 4 — xo
For Ky = 1, aconstant cross section generates about 35% extra
entropy by late T ~ (15-20)7y. With o o 1/T?2, the increase
is only ~30%; whereas o o t2/3 and Ns/Seq = const give the
smallest increase of about 25%. For alarger Ky ~ 7, the system
is much closer to ideal hydrodynamics and therefore entropy
generation is slower, about 10% for o = const, while only 5%
for the other three cases. Note that these results also depend on
Xo but almost entirely through the explicit 1/(4 — xo) factor
in Eq. (C47). Therefore, results for arbitrary xo % 0 can be
obtained via straightforward rescaling. In the 7,/s.q = const
case, the shear stress and pressure evolution also depend on
Xo but only very weakly, as we show later below (cf. Fig. 13).
Figure 12 shows the evolution of the shear viscosity to

Lan

case p X T and y drops out from K (7). But even for a pes-
simistic Ko = 1, the pressure anisotropy R, = pr/pr, varies
less than 10% as we change the density by a factor of 4 around
chemical equilibrium density (o = & In4). In fact, a decrease
in the density has a much weaker effect than an increase. The
right plot shows the effect of the same initial density variation
on entropy d S /dn production normalized to the initial entropy.
Most of the density dependence in the entropy change comes
from the trivial 1/(4 — xo) prefactor in Eq. (C47), which is
there in any cross section scenario even if the shear stress
and pressure evolution are independent of the density. To
highlight dynamical density effects, we therefore plot, again
for a pessimistic Ky = 1, the normalized change in entropy

equilibrium entropy density ratio 17, /seq, normalized by the 4 — xo AdS/dn) 4 —xo [ (dS/dn)

initial value of the ratio. The entropy is calculated for a system = —1). (C48)
. . ok 4 (dSo/dn) 4 (dSo/dn)

starting from chemical equilibrium ()9 = 0). The rough

expectations that 7, /seq ~ 72/3 for a constant cross section, (The scaling factor is chosen such that it has no effect

while 7, /seq ~ const for both o o< 1/ T? and o o %3, hold for chemical equilibrium initial conditions xo = 0.) The
within a factor of 3 already for Ky = 1 and up to v = 2079 results show practically no density dependence, apart from
(note that the 72/° growth in the o = const case has been  few-percent changes, even for such a low K.

1.2 T 7 T 1.2 T
-0 = const - " e
1 ——'O'O(l/T2 Ky=1 | 1 Ky = 6.67 |
..... 2/3 &/—-—
o xX T
g 088 —n/s =const __ceeeees § 0.8P= g
g T 1 = 0.6k , FIG. 10. Same as Fig. 8, but for the pressure
Il B Il —= 0 = const anisotropy evolution.
S04 ¥ by 1 > 04f - oo 1/T? - Py
= YT s B 2/3
o o T
02 ™Iz . ] 02F —mn/s = const T
0T—= 0 15 20 0T—= 10 15 20
T/To T/To
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- const ‘
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o x L
—1)/5 = const z==

T

2/3

7’/7’()

(dS/dn)/(dSy/dn)

1.4
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1.2

1.1

- const ‘
-—-ox 1/T
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FIG. 11. Same as Fig. 8, but for the normalized
entropy per unit rapidity (dS/dn)/(dSo/dn).

APPENDIX D: USEFUL RELATIONS FROM COVARIANT
TRANSPORT

1. Particle number and transverse energy

The particle number and transverse energy distributions for
particles crossing a three-dimensional hypersurface o(x) =
const are given by

dN = dydpy / prdo,(x) f(x, p), (D1)

dEr =dy dp%/p“d%(mmrf(x,p), (D2)

where my = v p7 +m?, pr =~/ pi + p; is the transverse
momentum, and do,(x) is the normal to the hypersurface at
space-time coordinate x. For our boost-invariant scenario, it
is natural to follow quantities per unit coordinate rapidity as
a function of the proper time t. For T = const, hypersurfaces
phtdo, =mrt chwd*xr dn, and in our 0 + 1D case, f only
depends on shw, p,, and 7, where w = y — 1. Thus,

dN(7) 2
d - TAT d pPr dme Ch(,()f(f, Sh(,(), pT)v (D3)
n
dE
dr(T) _ rAr/dZPT domi cho f(t,shw, pr), (D4)
n

Ar is the transverse area of the system. With the local thermal
equilibrium distribution for ultrarelativistic particles

fGshw, p1) = Ne peehe/T (D5)

= 8xT3

Clearly, dissipation slows the decrease of transverse energy
(for typical m; < 0), and 2 — 2 interactions, of course,
conserve the particle number.

Note that dE7/dn/(t Ar) is almost identical to the trans-
verse pressure of Eq. (D10) but has an extra ch w factor in the
integrand.

2. Early pressure evolution

Here we evaluate the early transverse and longitudinal
pressure evolution from the transport for a local equilibrium
initial condition. The results hold for any interaction, not only
2 — 2.

In local equilibrium, the collision term vanishes; thus in
the vicinity of 7 = 71, the evolution is governed by free
streaming.'? In our 0 + 1D case, free streaming

sh

|:Chw8r - Twaw} fGho, p1,1)=0 (0=y—n) (D8)

implies

f(shw, p1,1)= f(rshw/7, p1, T0). (DY)

12The approach followed here is equivalent to a direct computation of
the coefficient Ry in the Taylor expansion R(t) = 1 + Ro(t — 7o) +
Ry(t — 19)?/2 + - - -. In the direct approach, one would differentiate
Eq. (43) to obtain

_ TZZ(TO) - T‘(X(TO)

and the quadratic form (62), straightforward integration gives 0 Do
dN then substitute 7,, and 7., from Eq. (D10), and replace
T = ntAr = const, (D6) f(chw, p1, 1) with 3, f(chw, p., 7o) using the Boltzmann equa-
" tion. For locally equilibrated initial conditions of Eq. (D5), the colli-
dEr(t) 3nT d_N 1— 5_5 (D7) sion term vanishes, and the problem is then reduced to straightforward
dn ~ 4 dp 16 ] integration, which yields Ry = —8/(57).
3 — 3
= e 2 —em 0 = CONSL, x(r/7)
5 P 5l ox 1T
= it > | oo T3 FIG. 12. Same as Fig. 8, but for the shear
E o = — /s = const . . Tibri densi .
= 2 .~ Ky = = 2t . viscosity to equilibrium entropy density ratio 1, /Seq.
5 s = The results for o = const are divided by (t/79)*?,
= // < Ky =6.67 otherwise they would quickly grow off the plot.
= | i R T — I ——
1 : ‘ ‘ 1 ; ‘ ‘
1 ¢ 10 15 20 1 5 10 15 20
/7o /7o
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0.3

Ky=1,1n/s = const

0.2

=
=

e

scaled A(dS/dn) / (dSy/dn)

FIG. 13. Initial density dependence of Israel-Stewart viscous hydrodynamic solutions for an ultrarelativistic gas expanding longitudinally
in 0 + 1D Bjorken geometry with 2 — 2 interactions that maintain 7, /s.q = const. To amplify density effects, the initial expansion time scale to
mean free path ratio is chosen to be low, Ky = 1. Three different initial densities are considered: chemical equilibrium n = n.q, oversaturation
at n = 4n.y, and undersaturation at n = n.q/4. Left: time evolution of the pressure anisotropy R, = p;/pr. Right: time evolution of the
produced entropy per unit rapidity, normalized to the initial entropy per unit rapidity. The produced entropy is scaled by (4 — x()/4 to eliminate
trivial density effects that do not come from the shear stress and pressure evolution (see text). Approximate results with dropping 77 terms in

the equation of motion are also shown (thin dotted lines).

Substituting a local thermal initial distribution for ultrarel-
ativistic particles [Eq. (D5)], the definition of the energy-
momentum tensor

3

d
T"'(n=0,1) =/p—p
0

pipf
= / d*p.dyp"p’ f(shy, p., 1) (D10)

gives the transverse pressure

pr(t)=T"(n=0,1)= N/ dp i pidpdy(p, cos$)*

X exp |:—1;—J'\/ 1+ azshzyi|
0

dy

_ 3T0n
a (14 a’sh’y)>’

oo
),

(D11)

Here a = t/7y. Change of variables to g = a sh y leads to

3Ton (™ dq
pr(t) =
2 0 (1 +q2)2 /q2+a2
3[«/a2 — 14+ @® - 2)acosl]
= Ton =. (D12)
4(a? — 1)3/2
Analogous calculation gives for the longitudinal pressure,
dysh’y

0)=T*n=0,7)=3Tn | —————
pi(t) (n ) M| 0T ashiy?

_T 3 acos% 1 D13
=e | Va1 e OV
Expanding neara = 1,
pr(t) = Ton [1 - 4(r—;0ro) + O((t — To)z)] , (D14
pL(t) = Ton [1 - 12(’5—;0”’) + O — m)%} . (DI5)

and thus Eq. (65) follows.
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