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Pauli blocking and final-state interaction in electron-nucleus quasielastic scattering
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The nucleon final-state interaction in inclusive electron-nucleus quasielastic scattering is studied. Based on the
unitarity equation satisfied by the scattering-wave operators, a doorway model is developed to take into account
the final-state interaction including the Pauli blocking of nucleon knockout. The model uses only experimental
form factors as the input and can be readily applied to light- and medium-mass nuclei. Pauli blocking effects in
these latter nuclei are illustrated with the case of the Coulomb interaction. Significant effects are noted for beam
energies below ~350 MeV/c and for low momentum transfers.
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I. INTRODUCTION

The dominant contribution to electron-nucleus reactions
at energies below the pion production threshold comes from
quasielastic electron-nucleus scattering [1], in which a target
nucleon is knocked out to the continuum by the incoming
electron. While exclusive quasielastic experiments can provide
detailed nuclear structure information of the struck nucleon,
inclusive experiments allow us to study various general
properties of the reaction dynamics [2-5]. As the final-state
interaction (FSI) between the knocked-out nucleon and the
residual nucleus can affect the calculated spectra [5], it must
be properly evaluated. For exclusive experiments, optical
potentials are often used to calculate the FSI [6-8]. Because
these non-Hermitian potentials differ from the potential that
binds the nucleon in the nucleus, they generate nucleon
scattering wave functions that are not orthogonal to the bound-
state wave function of the nucleon. This nonorthogonality
leads to overestimated (spurious) contribution to nucleon
knockout cross sections as the momentum transfer g — O.
Many methods were proposed to restore the orthogonality
[9-13]. For inclusive experiments, nuclear final states are not
measured. Hence, in principle, a real-valued potential is to be
used for FSI calculations. If one solves simultaneously the
bound-state and scattering problems with a same real-valued
potential, then the above-mentioned orthogonality difficulty
will not occur. However, very often, particularly in the case of
nonrelativistic treatment of FSI in inclusive experiments, one
uses phenomenological energy-dependent potentials [14—16].
These potentials differ from the potential that binds the
nucleon. In this respect, the lack of orthogonality exists in
practice and it is of interest to improve the implementation
of the required orthogonality in inclusive calculations. In
this work, we develop a new approach to FSI in inclusive
quasielastic scattering, which does not need an explicit use of
potentials while implementing the needed orthogonality at all
FSI energies on the same footing.

Because the distortion of the electron waves in the initial
and final states can be taken into account by the DWBA method
and is of no relevance for the discussion presented in this work,
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we will, therefore, use plane waves for the electrons so as to
show more clearly the effects of blocking spurious knockouts
in the new approach. The theory is developed in Sec. II and
its application is given in Sec. III. Discussion and conclusions
are presented in Sec. IV.

II. ELECTRON QUASIELASTIC SCATTERING FROM
A NUCLEUS

The one-photon exchange, one-nucleon knockout ampli-
tude, A, is illustrated in Fig. 1 where the four-momenta
of the on-shell particles (external lines of the diagram) are
denoted by p, = (E;, p;) with i = (0, 1,2, C, A). The four-
momentum of the photon is ¢ = p, — p, = (w, g). With the
Bjorken-Drell convention [17] for the metric, single-particle
state normalization, and reaction cross section, the quasielastic
scattering differential cross section equals to

d*c Qn)*
= 8 (Po+ pa — P1 — P2 — P
dS20,dE> / Vin SP%:S (Po+Pa—=P1=P2=Pc)

X(S(E(]—I-EA—El—Ez—EC)

meMA 1 2
x (EOEA ) 227, + 1) A
|P2| E2 dp, dp,
(2 )3(Ex/m.) Q)3 (E /M) Qr)X(E./M.)

6]

where vy, = EgE4/ \/ (po - pa)* — pipA is the relative veloc-

ity in the initial channel, J4 is the spin of the target nucleus,
and the summation is over the spin projections of the external
particles.

As in any Feynman diagram, the intermediate particles are
off-mass-shell particles. This is the case with the intermediate
photon, the intermediate nucleon, j, and the corresponding
residual nucleus, denoted C(j). However, it is useful to put
the intermediate heavy nucleus, C(j), on its mass shell and to
retain only the positive-energy spinors of the nucleon j. This
covariant approximation enables one to use the bound-state
nuclear wave functions given by traditional nuclear structure
theories in which the negative-energy component of the wave
function is not considered [18]. Because the difference among
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FIG. 1. Amplitude A for quasielastic scat-
tering. The dashed, wavy, solid, and multiple
solid lines represent, respectively, the electrons,

b the photon, the nucleon, and the nuclei. ol
is the wave operator for the nucleon final-state
interaction. A summation over the target nucleon

Pa label j is understood.

P

various nuclear masses M., is €« M, it is also useful to

define M, as an average of M, and substitute the former for
the latter. One thus has
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In Eq. (2) the abbreviated notations E’, "= E.(p ) E;
EN(p,) and E; =E (p ) are used The square of the
four-momentum transfer is ¢ =w? —|g|>. The four-
momentum conservation at each interaction vertex gives pj =
pi+d. ' =p+w p;j=p,—p.. and p=E, (5, -
E'( ﬁi) The Jj, it are the total angular momentum and its
third component of the jth target proton, and Y s = Z being
the total number of the target protons. The e and e, denote,
respectively, the electron and proton charges, and the () and
U(U) the corresponding spinors. The f(g?) is the ypp form
factor and
J"O0) |p
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where J = (J°, J ) is the electromagnetic current operator.
For single-nucleon processes one can represent the target
nucleus as an active nucleon i and a corresponding spectator
residual nucleus C(i), i.e.,
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Here F(J; s J,) = [J'~ l( Je)did 13}, 1is the coefficient
of fractional parentage, with v being the number of protons in
the shell having the momentum J;. The C’s are the Clebsch-
Gordan coefficients. Upon using the bound-state equation
Gol'®pg = Opg (wWith Gy = (p(j) — Ej + 1.6)71 and Py =
|Jju;)), one obtains the covariant single-particle nuclear wave
function given by

(ﬁj%sj;ﬁém () C(,)|F|pAJA A)
pj —E;+ie
—f(] C(,),J )C(Jjﬂj,]

C(j)SC(j)
xC( sj,Lim;

Here, {j} stands for the ensemble of quantum num-
bers Jj,/Lj,J Se.»Sjs £j, mj. Furthermore, A; = np; —

€2 e\’
pC</>/

D)) =

1,s,)

Jjﬂj) D)0m, (). (5)

—p,/A with n=(A—1)/A is the relative
momentum between nucleon j and the corresponding residual
nucleus C(j).

In Egs. (1)-(5), the states |} and (| are covariantly
normalized, namely, ( , 8 |k sy = (E(k)/M)1/28(k/ l_é’)(SS/S.
On the other hand, in nonrelativistic nuclear theories the
states, which we denote | )) and (( |, have the normalization
(K", s'|k, s)) = 8(K' — k)8 Hence, |K) = [k))(E(k)/M)"/>.
It follows that @ is related to its noncovariantly normalized
counterpart, ¢, by

E;Ec;yEa
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q’],ejm,(;»j) = (
where d)‘[/.gl.m/.(j\.j) = Rjjgj(djl)Y,flé ()Cj). Being dependent on
the relative momentum 5\_7, ¢ is a spectral wave function. Its
relation to the corresponding shell-model wave function is
given in Ref. [19]. Upon introducing Eqs. (2)—(5) into Eq. (1),
one can write Eq. (1) in the following compact form:
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The do,, /d2, is the Mott differential cross section and is given
by

do el E2
dQA; = (271;2( 2)260s2(92/2) )
In Eq. (8)
1 1
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as a result of the completeness of free two-particle states.
Consequently,

=1, (10)

Q11,00 = o, (11)

The appearance of §;; is a consequence of one-step reaction
process in which the residual nucleus acts as a spectator.
Because the nucleon j and the residual nucleus can form bound
states, the unitary equation of the wave operators is [20]

05, = (1-T)) 8, (12)

with

Mmax

Lp=>"lny)
n=0

Here, F;") denotes the projector to the bound state |ng;)),

with n = 0 denoting the nuclear ground state and n # O the

nucleon-emission-stable (NES) excited nuclear states. In the
R . (n)

single-step reaction model, |n(;;) = IJ;7) ® |Jg;,). Here, a

nucleon j is lifted from its ground-state orbital (denoted J;)

to an excited orbital (denoted J ("), n # 0).

(njyl =y 1. (13)

n

The projectors F( " have the properties F( ") F(">T nd

F;")Fi.m)' = I‘;")Snm. These properties allow us to rewrite
Egs. (12) and (13) as

Q§*>sz§*>73,, =(1-T;)8;

= (1 = Ing)in
n=0

This last equation defines the doorway model of the final-state
nucleon-nucleus interaction.

{j}|1|”{j})(”{j}|> ij. (14)
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Using Eqgs. (11)-(14) for the seventh line of Eq. (8), one
obtains, after some angular-momentum recoupling algebra,

that
dpldpc 3 = =
83( — —
/ IS 0+ Pa—DP1— P2~ D)
|P2|
x8(Eg+Es—E| — Ey — |f( H)?
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where % = np; — A~'p. is the relative momentum of the
nucleon-residual nucleus system in the final state. The mo-
mentum conservation at the ypp vertex gives A = A; + 1q.
For succinctness of notation, Eqs. (16) and (17) are expressed
in terms of noncovariantly normalized nuclear wave functions
¢yj}» and noncovariant states ((| and |)). Consequently,
various normalization factors, of the form (E /M), are implicit.

Equation (15) is illustrated in Fig. 2. Its physics content is
as follows. The Z, leads to cross sections obtained with using
plane waves in the final state. The E,, gives the cross sections
for the struck nucleon to remain bound. The subtraction of
&y from E; corrects the spurious contribution arising from
using plane waves. As we shall see, at ¢ = 0 the subtraction
is total; in other words, the spurious proton knockout is
completely blocked. Using the well-known Lorentz-invariant
parametrization [21,22] of the response tensor W', one
obtains

dZO_ (q2)2
dLdE; sz [<| |4>RL(w 4

2
+ ( . —tan2(92/2)) Ry (o, |é|)] (18)
2|q|

in the laboratory frame. Here, Ry and R, are, respec-

tively, the transverse and longitudinal response functions

with Ry = Y (&1 ), W(&,);(.j =1.2,3) and R, =
0

00 _ =00 _ =0
WO = g% _ g0
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FIG. 2. The doorway model for Pauli-
blocking corrections. As in Fig. 1, the subscript
j and a summation over it on both side of the
graphic equation is implied.

III. EFFECTS OF PAULI BLOCKING

To illustrate the blocking of spurious nucleon knockout in
the doorway model, let us consider the Coulomb scattering
only. In this latter case, J* = (9, 0). Hence, Ry = 0 and

d*c _do, (g3

—— = ———"R;. 19
dBdE,  d, (g1t - e

In the second quantization A(X) = ¥ (X)P(X). Upon us-
ing the nonrelativistic two-component proton field ¥/ (X) =

Q)32 [ dk > e"’;"?a;,gxg, one finds that the two matrix

elements of J° in the first square brackets in E% equal
to (Sm/ while the two matrix elements of J° in E(}(I) become,

respectively, 8,75, and dy5,. Consequently,

dK 5 . - = |pl ;
Ry = / ~5%G + 5, ~ K 1 f@)PR@. |3 20)

Uln

with
R dx
R(w, |q|) = WS(CO +E,—E —E.)
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J
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j  n#0

In obtaining Egs. (20) and (21) we used the relations
dp\dp. =dKdx (with K = p, + p,) and
dpi
2n)?

- /d?i ST EW R = F@). (22)

O i + @by (R)

The " in Eq. (21) indicates that not every target proton is
involved in a 0 — n transition. Hence, Zj’l =7'<Z. The
§ function in Eq. (21) constrains the energy loss w and makes
o depend on A? and the average proton separation energy
B=M+M.—M,.

In Eq. (21), F{(}O}(c?) = Fé‘;'_)g's'(ﬁ) is the nuclear (ground-
state) form factor of the jth proton with the property F 8(; ) =
1. For n # 0, F{%@) = F{gjf}s'_m(c'j) are the transition form
factors, and F, {(}"}(0) = 0. Consequently, when g — 0, R — 0;
i.e., the knockout of a target proton is completely blocked
at ¢ = 0. We have noted that experimental form factors are
not parametrized with respect to an individual proton but
rather with respect to the whole nucleus as a function of |g|.
(Henceforth, |G| is denoted as g for a succinct notation.) It is,
therefore, appropriate to introduce

. 1
Fj@ = — Fi'(9) = F*(),
| (23)
Fi@) = S Fi'(@) = F"(@) (n #0).
The g-dependence of PBC can be obtained by integrating over
all energy loss in Eq. (21). Using the completeness relation

dX’ T 12 dXJ >0
/(2n)3|¢{j}()hj)| :/m|¢{j}(Kj)| =1, (24)
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one obtains

/dwR(w, Q) =Z|1-IF%qP —BY IF"@)
n#0
= ZL(q). (25)

The ratio 8 = Z'/Z depends on nuclear excitation mecha-
nisms. The function L(g) gives the probability for a struck
proton to leave the nucleus. Equation (25) shows how the
doorway and Fermi gas models differ. In the Fermi gas model,
the nucleon density distribution | (p j)|2 is assumed to be
0(|p;| — kr) where kp is the Fermi momentum. Because of
the Pauli principle, this box-type momentum-space density
distribution blocks ¥/(p;) — ¥ (p, + ¢) transitions whenever
|p; + G| < kp. For realistic density distributions, there is no
such sharp momentum cutoff in transitions. Instead, the ¥/ (p ;)
to ¥ ™(p; + ¢) transition can occur at any given ¢ with the
probability | F*"(q)|*. Hence, | FP(q)|* 4+ B 3,0 |F"(q)|* is
the probability that the struck nucleon remains bound. With
a minus sign in front of this last quantity, the second and
third terms in Eq. (25) give the blocking correction to nucleon
knockout in a realistic nucleus. We name this correction the
Pauli-blocking correction (PBC) because it is a consequence
of the Pauli exclusion principle.

A comment on Eq. (25) is in order. While form factors F
have been determined experimentally for a large number of
nuclei, experimental information on transition form factors
F%(n # 0) is much less systematic. However, in nuclei
with mass number A <5 there is no NES excited states.
Consequently, only the term |F%|? is needed in Eq. (25). The
L(q) can, therefore, be calculated exactly for these light nuclei
with the use of experimental form factors.

In Fig. 3, the functions L(g) = 1 — |F%(g)|? for two light
nuclei are shown. In both cases L(g) = 0atg = Oand L(g) —
1 when g > 2.7fm~'. Graphically, the PBC is represented by
1 — L(g) which is the vertical distance between the curve and
the horizontal line passing through L(g) = 1. Figure 3 shows
the PBC is complete (i.e., 100%) at g = 0 and how it decreases
with increasing ¢. Since there is only one bound state in *He
and “He (the ground states), 1 — | F%°(¢)|? represents an exact
calculation of L(g) for these nuclei.

In nuclei with mass number A > 6, there are NES states
and its number increases with A. To illustrate the effects of
NES states in 1 p-shell nuclei, we show in Fig. 4 the function
L(g) of '2C, assuming 8 = 1 in Eq. (25). The PBC effects
due to |F®|? and (|F%? + |FO’2+ %) are given, respectively,
by the dashed and solid curves in the figure. Here 27 is the
4.44 MeV (T = 0) excited state. The dot-dashed curve further
includes the PBC arising from transitions to the NES states
[23-28]at7.12MeV (17, T =0),9.64 MeV (37, T = 0),and
14.1 MeV (47, T = 0). Since the proton separation energy in
I2C is 15.11 MeV, the inclusion of these four states should
take into account most of the NES transition strength. As one
can see from Fig. 4, the most important effects of | F""|?(n #
0) comes from the transition to the first 27 excited state at
4.44 MeV. The inclusion of other three states brings in only
small additional effects. One could expect that, in general,

PHYSICAL REVIEW C 79, 014605 (2009)

0.8 =

0.7 -

0.6 -

L(q)

03 -

0.0 | | | | | |
0.0 0.4 0.8 1.2 1.6 2.0 24 2.8

q[fin"']

FIG. 3. Function L(g) = 1 — |F%(q)|? for nuclei *He and “He.
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FIG. 4. Functions L(g) for '>C. Dashed curve: L =1 — |F®|2,
Solid curve: L = 1 — |F®)2 — | F%2%|2. Dot-dashed curve: L = 1 —
|[FOP =3 [F"P(n =2%,17,37,4%).
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FIG. 5. Inclusive laboratory cross sections do /(d E,d$2;) at Ey =
200 MeV and 6, = 60° as a function of energy loss w. Dotted curve:
3He without PBC. Dot-dashed curve: He with PBC. Dashed curve:
12C without PBC. Solid curve: '>C with PBC.

only a limited number of transitions to NES states needs to be
considered in medium-mass nuclei.

The relative importance of PBC effects due to different
doorway channels can be evaluated from comparing the corre-
sponding | L(q)dq. We have found that [(1 — [F®(q)[*)dq
(integration of the dashed curve) differs from f (11—
[FOQ2 = 3, 1F"(@)P)dg, (n = 2+, 17,37, 4*) (integra-
tion of the dot-dashed curve) by less than 2%. In the following
calculations of PBC in '2C, we will, therefore, use the term
|F902 only.

In Fig. 5, we show PBC effects on inclusive cross sections
of quasielastic scattering from *He and '>C at Ey = 200 MeV
and 6, = 60° as a function of the energy loss w. For '*C,
realistic separation energies B, = 15 and B; = 35 MeV were
used, respectively, for the 1p- and 1s-shell protons. These
shell-dependent separation energies give rise to the shoulder
in the '>C spectra. As we can see, the PBC is significant in
both nuclei.

PHYSICAL REVIEW C 79, 014605 (2009)
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FIG. 6. Longitudinal response functions of *He at |G| =
300 MeV/c. Dot-dashed curve: without PBC. Solid curve: with PBC.
Data are from Ref. [29].

To quantify the integrated PBC effects on the cross section,
let us define

5 — (dU/sz)HOPBC _ (dU/dQQ)PBC
(dO'/sz)nOPBC :

(26)

The values of § in *He and '>C are given in Table I where
a blank entry represents a § <1 %. As one can see from the
table, the PBC decreases with increasing energy and scattering
angle and becomes negligible at £y = 500 MeV and 6, =
60°. Indeed, we have noted that under this latter experimental
condition the momentum transfers |g| contributing to the bulk
of the cross sections are greater than 2 and 2.4 fm~! in 3He
and '>C, respectively. These large ¢ lead to negligible PBC
(see Figs. 3 and 4).

The R; of *He and '>’C have been measured at |g| =
300 MeV/c [29,30]. Since at g = 300 MeV/c the effect of PBC
in 12C is unimportant (see Fig. 4), we compare, therefore, in
Fig. 6 the longitudinal response functions of *He given by the

TABLE 1. Pauli blocking correction § [%].

E() [MeV] 3He: 92 = 30° 92 = 45° 92 = 60° 12CZ 92 = 30° 92 = 45° 02 = 60°
200 78 58 40 63 37 18
350 44 18 6 21 3

500 18 3 3
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doorway model at || = 300 MeV/c with the data [29]. As one
can see, the PBC is very important at small w’s. The inclusion
of PBC improves the position of the peak of the calculated
spectrum.

IV. DISCUSSION AND CONCLUSIONS

By using the unitarity equation of the wave operators, we
have developed a doorway model for the nucleon final-state
interaction in inclusive quasielastic scattering. The model does
not rely on the use of potentials; the inputs to the calculation are
the experimentally determined form factors. For nuclei with
mass numbers A<5, the doorway calculation is exact. For 1 p-
shell nuclei such as '>C the model can be calculated to a very
good approximation with only using the measured ground-

PHYSICAL REVIEW C 79, 014605 (2009)

state (g.s.) nuclear form factor. One could expect that this
latter approximation equally holds for 1d- and 1 f-shell nuclei.
At the present time the application of the doorway model to
heavy-mass nuclei is hindered by the lack of a systematic
experimental knowledge of the NES transition form factors
in these nuclei. It is worth finding out whether the use of a
few important experimentally known NES form factors would
suffice. Further studies are called for. Our study shows that
the Pauli blocking of spurious nucleon knockout is important
when the electron energies are below 350 MeV (Table I).
The PBC is also important when momentum transfers are
small. The doorway approach derived in this work represents a
useful alternate to the various FSI approaches proposed in the
literature. It is calculationally simple and can be easily applied
to the study of inclusive quasielastic scattering from light and
medium-mass nuclei.
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