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Nuclear transition induced by low-energy unscreened electron inelastic scattering
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In this work, we have evaluated the unscreened electron inelastic scattering cross sections in the 1–100 keV
range with a second order perturbation theory. The WKB approximation and DWBA calculations for low-energy
electrons encountered show less than a 3% difference. Applications have been performed for two nuclei, namely
110Ag and 201Hg.
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I. INTRODUCTION

In a hot dense plasma, the lifetime of a nuclear level may
significantly be altered [1,2] in comparison with the lifetime
of an isolated nucleus. The large number of photons and free
electrons modifies the environment in which an excited level
of the nucleus naturally decays under laboratory conditions
through spontaneous emission and internal conversion (IC),
thus modifying its lifetime. New decay modes appear such as
induced photon emission, free electron inelastic scattering, and
bound internal conversion. The lifetime depends on excitation
processes which can repopulate the excited level, leading to a
modification of its lifetime [3]. These considerations may be
of great interest, either in a laser heated plasma [4–7], or in
astrophysical plasmas [8–11].

The main couples of electromagnetic excitation and decay
processes [12] are photon absorption and photon emission
(both spontaneous and induced), nuclear excitation by electron
capture (NEEC) [13], where a free electron is captured on
an empty state of an atomic shell, and internal conversion,
nuclear excitation by electronic transition (NEET) [14], and
bound internal conversion (BIC), and inelastic and superelastic
electron scattering. For this latter process, all free electrons in
a plasma whose energy is higher than the nuclear transition
energy are available to excite the nucleus. Even though the ex-
pected cross sections are small, usually well under 10−30 cm2,
the high number of free electrons in a plasma will ensure
that the corresponding transition rate is significant. Electron
inelastic scattering has been extensively studied [15–19] for
energy in the MeV range and above, but no model has
been specifically developed to address lower energy electrons
with energy in the keV range. The main problem lies in the
calculation of the radial matrix element, whose determination
is much more complex at low energy, which leads to serious
numerical difficulties. In this paper, we extend a well-known
model [20] to describe inelastic electron scattering at low
energy. As a first step, we only consider an unscreened
potential, which allows analytic calculations. However, we
provide some clues of the effect of screening, which may play
a major role in describing the cross section near threshold.

The paper is organized as follows. In Sec. II, we recall the
basics of the quantum perturbation theory applied to electron

inelastic scattering. It provides an expression of the cross
section which only depends on the choice of the electron wave
functions. We consider the use of distorted wave functions
in the framework of the distorted wave born approximation
(DWBA) method. We solve the radial wave equation by
two different methods: the approximate Wentzel-Kramers-
Brillouin (WKB) solution and the exact solution which uses
Coulomb wave functions. In Sec. III, we evaluate inelastic scat-
tering cross sections of the first excited level (t1/2 = 660 ns)
of 110Ag and the isomer (t1/2 = 81 ns) of 201Hg located at
1.565 keV in the 1–100 keV energy range. Summary and
conclusions are given in Sec. IV, where we elaborate on the
best way to use these cross sections under plasma conditions.

II. COULOMB EXCITATION CROSS SECTION

We consider the quantum-mechanical treatment of elec-
tromagnetic excitation of nuclei induced by electron inelastic
scattering, assuming an unscreened electrostatic potential of
the nucleus.

As in Ref. [20], the first order perturbation method is used
to derive the Coulomb excitation cross section. The system is
composed of an incident electron, a nucleus and a quantized
electromagnetic field represented in the Coulomb gauge. In
this gauge, there are both transversally polarized photons
and static Coulomb fields. Only the Coulomb interaction
of the incident electron with the nucleus provides the main
mechanism of its excitation, while an exchange by photons
between the electron and the nucleus gives only small
corrections [20]. The nonperturbed Hamiltonian consists of
the Hamiltonians of the interacting system of the free electron,
nucleus, and radiation field. A fourth term associated with
the static point charge interaction between the electron and
the nucleus is added. The perturbation Hamiltonian contains
three terms corresponding to the interaction between: (i) the
radiation field and the nucleus, (ii) the radiation field and the
electron, and (iii) a residual Coulomb interaction coming from
the charge distribution inside the nucleus. The eigenstates of
the nonperturbed Hamiltonian are written as the product of the
wave functions of the electron in the Coulomb field, the nucleus
and the radiation field. A nonrelativistic treatment is applied
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since we are interested in electrons with energies smaller than a
few hundred keV. The nuclear recoil is not taken into account.

The total cross section σ is expressed as the sum of electric
(σEλ) and magnetic (σMλ) components:

σ =
∞∑

λ=1

σEλ + σMλ, (1)

where λ denotes the multipolarity of the transition. The
expressions for σEλ and σMλ are [20]:

σEλ =
(

Ze

h̄vi

)2

a−2λ+2B(Eλ) fEλ (ηi, ξ ) , (2)

σMλ = vf

vi

(
Ze

h̄c

)2

a−2λ+2B(Mλ) fMλ (ηi, ξ ) , (3)

where the indices i and f refer to the initial and final electron
states, respectively.

In Eqs. (2) and (3), η is the dimensionless Sommerfeld
parameter which characterizes the motion of the electron in
the Coulomb field of the nucleus and measures the effective
force of the interaction:

ηi = −Ze2

h̄vi

, (4)

where Z is the charge of the nucleus and v is the velocity of the
incident electron. The parameter ξ is defined as the difference:

ξ = ηf − ηi. (5)

The quantity a is half the distance of the closest approach in a
head-on collision, namely,

a = Ze2

mvivf

. (6)

The electric or magnetic cross sections are proportional to
the product of the reduced transition probability denoted B(λ)
[for the evaluation of cross sections, the B(λ) values are taken
from experimental data] and an electron electric or magnetic
excitation function denoted fλ(η, ξ ):

fEλ (ηi, ξ ) = 64π2

(2λ + 1)2 kikf a2λ−2
∑
�i�f

(2�i + 1)(2�f + 1)

×
(

�i �f λ

0 0 0

)2 ∣∣M−λ−1
�i�f

∣∣2
, (7)

fMλ (ηi, ξ ) = 64π2 (λ + 1)

λ (2λ + 1)
a2λ−2

∑
�i�f

(2�i)
2(2�i + 1)(�i + 1)

× (2�f + 1)

(
�i + 1 �f λ

0 0 0

)2

×
{

λ λ 1

�i �i + 1 �f

}2 ∣∣M−λ−2
�i�f

∣∣2
. (8)

In these excitation functions, the main challenge is the
evaluation of the radial matrix elements M�i

�f , which depend

on the initial �i and final �f orbital momenta:

M−λ−1
�i�f

= 1

kikf

∫ ∞

0

F�i
(kir)F�f

(kf r)

rλ+1
dr, (9)

where F�(kr) is the radial part of the electron wave functions
decomposed into partial waves, which are solutions of the
wave equation for an unscreened Coulomb potential:

d2u� (r)

dr2
+ Q2 (r) u� (r) = 0, (10)

with

Q2(r) = 2m

h̄2

(
E + Ze2

r

)
− � (� + 1)

r2
, (11)

where E is the incident electron energy.
In the DWBA method, the scattering states in Eq. (9) are the

Coulomb wave functions which at large distances behave as
distorted plane waves. This is the case of the DWBA method
discussed in Sec. II B. An approximate evaluation of the radial
matrix elements can be done by replacing the Coulomb wave
functions by simpler ones such as plane waves or WKB wave
functions, provided that some validity criteria are fulfilled.
The approximation using plane waves is known as the PWBA
method. In this paper, we compare three methods, PWBA,
WKB, and DWBA, for the evaluation of the radial matrix
elements.

A. WKB approximation

The WKB approximation [20,21] is known to give a rather
accurate approximation of the radial matrix elements. In hot
dense plasmas we are interested in, most of electrons have
thermal energies. In that case, standard formulas of the WKB
approximation are not sufficient since the entire range for
the radial coordinate r has to be considered, including both
exponential and oscillatory domains.

Langer [22] derived the following expressions for the radial
wave functions on both sides of the turning point r0:

u�(r) =
√

8πχ (r)

3Q(r)

{
cos

(π

3
+ κ

)
J1/3[χ (r)]

+ cos
(π

3
− κ

)
J−1/3[χ (r)]

}
for r > r0, (12)

u�(r) =
√

8|χ (r)|
π |Q(r)|

{
π sin κ I1/3 [|χ (r)|]

+ cos
(π

3
− κ

)
K1/3 [|χ (r)|]

}
for r < r0, (13)

where κ is an arbitrary constant, and

χ (r) =
∫ r

r0

Q(r ′)dr ′, |χ (r)| =
∫ r

r0

|Q(r ′)|dr ′. (14)

The functions I , J , and K are the Bessel functions of integer
order.

For unscreened Coulomb potential, analytical expressions
can be found for χ (r) and |χ (r)|. However, it is easier to
evaluate them fairly accurately with a Gaussian quadrature
integration method.
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The turning point r0 is defined as the radius for which Q is
equal to zero, that is

r0 = h̄2

mZe2

(
� + 1

2

)2

1 +
√

1 + 2h̄2E(�+ 1
2 )2

mZ2e4

. (15)

For the approximate resolution of the radial equation,
Langer [22] introduces a new variable and a new function
which is equivalent to the formal replacement of the term
�(� + 1) by (� + 1

2 )2 in both radial equation and turning point
expression. One can easily show that on either side of r0, the
Bessel functions admit asymptotic representations leading to
the usual WKB formula.

In the system considered in this paper, each wave function
has a unique turning point. As the solution u�(r) must conserve
finite values for all r , this imposes that κ = 0 in Eqs. (12) and
(13). Then

u�(r) = 1

2

√
8πχ (r)

3Q (r)
{J1/3 [χ (r)] + J−1/3 [χ (r)]}

for r > r0, (16)

u�(r) = 1

2

√
8 |χ (r)|
π |Q (r)| K1/3 [|χ (r)|]

for r < r0. (17)

The radial matrix element contains three contributions:

M−λ−1
�i�f

= 1

kikf

[ ∫ r1

0
r−λ−1u�i

(kir)u�f
(kf r)dr

+
∫ rf

ri

r−λ−1u�i
(kir)u�f

(kf r)dr

+
∫ ∞

rf

r−λ−1u�i
(kir)u�f

(kf r)dr

]
, (18)

where ri and rf are the turning points of the incoming and
outgoing electron waves, respectively. By substituting in Eq.
(18) the oscillatory and exponential forms of the function u�(r),
one obtains

M−λ−1
�i�f

= cos2 π
3

kikf




∫ ri

0
r−λ−1 8

π

√
|χi(r)||χf (r)|
|Qi(r)||Qf (r)|K1/3[|χi(r)|]K1/3[|χf (r)|]dr

+
∫ rf

ri

r−λ−1

√
8πχi(r)

3Qi(r)

√
8|χf (r)|
π |Qf (r)| {J1/3[χi(r)] + J−1/3[χi(r)]}K1/3[χf (r)]dr

+
∫ ∞

rf

r−λ−1 8π

3

√
χi(r)

Qi(r)

χf (r)

Qf (r)
{J1/3[χi(r)] + J−1/3[χi(r)]}{J1/3[χf (r)] + J−1/3[χf (r)]}dr




. (19)

B. DWBA solution

A simple refinement of the Born approximation is the
distorted wave approximation. It uses an exact solution of
the radial wave equation, which is the regular Coulomb wave
functionF�(kr). A more useful expression of the radial matrix
element (9) includes an exponential term:

M
−λ−1,q

�i�f
= 1

kikf

∫ ∞

0

F�i
(kir)F�f

(kf r)

rλ+1
e−qrdr. (20)

The matrix element in Eq. (9) is easily derived from this
last one by setting the limit q → 0.

By expressing the Coulomb wave functions with the inte-
gral representation of the confluent hypergeometric function,
it is possible to transform the matrix element (20) into the
following expression:

M
−λ−1,q

�i�f
= |	(�i + 1 + iηi)	(�f + 1 + iηf )|

(2�i + 1)! (2�f + 1)!

× (�i + �f − λ + 1)!i�i+�f −λ+2x�i (−y)�f

× e− π(ηi+ηf )

2 (ki − kf + iq)λ−2

×F2(�i + �f − λ + 2, �i + 1 + iηi, �f + 1

− iηf , 2�i + 2, 2�f + 2; x, y), (21)

where F2 denotes the generalized hypergeometric function of
the two parameters x and y given by

x = 2ηf

ξ + iq
ηi

kf

, y = − 2ηi

ξ + iq
ηi

kf

. (22)

Unfortunately, this F2 function cannot be easily calculated
as its series expansion does not converge. Alder et al. [20]
already pointed out this difficulty and used hypergeometric
functions algebra to derive other expressions.

For those terms whose angular momenta satisfy the condi-
tion �f = �i − λ (lower band terms), Alder et al. [20] obtained:

M−λ−1
�+λ� = e

π
2 ξ

∣∣∣∣ 	(� + 1 + iηf )

	(� + λ + 1 + iηi)

∣∣∣∣
(

ηi

ηf

)�

(2ki)
λ−2

×
{

2Re

[
(−1)−λe−πξ

(
ξ

2ηf

)λ+iξ

× 	(−λ − iξ )	(� + λ + 1 − iηi)

	(� + 1 − iηf )
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×F2

(
− λ + 1 + iξ, � + λ + 1 − iηi, � + 1

+ iηf , λ + 1 + iξ,−λ + 1 + iξ ;
ξ

2ηf

,
ξ

2ηf

)]

+ |	(λ + iξ )|2
(2λ − 1)!

F2

(
− 2λ + 1, � + 1

+ iηf , � + 1 − iηf ,−λ + 1 + iξ,−λ + 1

− iξ ;
ξ

2ηf

,
ξ

2ηf

)}
. (23)

For those terms whose angular momenta satisfy �f = �i +
λ(upper band terms), one gets

M−λ−1
��+λ = e− π

2 ξ

∣∣∣∣ 	(� + 1 + iηi)

	(� + λ + 1 + iηf )

∣∣∣∣
(

ηi

ηf

)λ−�−2

(2ki)
λ−2

×
{

2Re

[(
2ηi

ξ

)−λ+iξ
	(−λ + iξ )	(� + λ + 1 − iηf )

	(� + 1 − iηi)

×F2(−λ + 1 − iξ, � + λ + 1 − iηf , � + 1 + iηi, λ

+ 1 − iξ,−λ + 1 − iξ ; − ξ

2ηi

,− ξ

2ηi

) ]
.

+ |	(λ + iξ )|2
(2λ − 1)!

F2(−2λ + 1, � + 1 − iηi, � + 1 + iηi,−λ

+ 1 + iξ,−λ + 1 − iξ ; − ξ

2ηi

,− ξ

2ηi

) }
. (24)

For the general term, with �i − λ < �f < �i + λ, Ohsaki
[23] showed that Eq. II.B.62 in [20] is wrong and must be
corrected to

M
−λ−1,q

�i �f
= x−�i−1(−y)�f

∣∣∣∣	(�f + 1 + iηf )

	(�i + 1 + iηi)

∣∣∣∣
× (2�i) !

(2�f + 1) ! (�i − �f + λ − 1) !

× i�i−�f +λ−1(ki − kf + iq)λ−2 πe
π
2 ξ

sinh πξ

×F2(�f − �i + 1 − λ,−�i − iηi, �f + 1

+ iηf ,−2�i, 2�f + 2; x, y)

+ x�i (−y)−�f −1

∣∣∣∣ 	(�i + 1 + iηi)

	(�f + 1 + iηf )

∣∣∣∣
× (2�f )!

(2�i + 1) ! (�f − �i + λ − 1) !

× i�i+�f +λ+1(ki − kf + iq)λ−2 πe− π
2 ξ

sinh πξ

×F2(�i − �f + 1 − λ, �i + 1 + iηi,−�f − iηf , 2�i

+ 2,−2�f ; x, y) − i�i+�f +λx�i (−y)�f

×
∣∣∣∣∣	

(
�f + 1 + iηf

)
	 (�i + 1 + iηi)

∣∣∣∣∣ 2πe− π
2 (ηi+ηf )

sinh πξ
(ki − kf + iq)λ−2

× (1 − x − y)−
�i+�f −λ+2

2 Re

[
i(1 − x − y)

�i+�f −λ+2

2

× 	(�f + 1 − iηf )

	(�i + 1 − iηi)	(λ + 1 − iξ )
(−x)−�i−1−iηi

× (−y)−�f −1−iηf F3

(
�i + 1 + iηi, �f + 1 − iηf ,

− �i + iηi,− �f − iηf , λ + 1 − iξ ;
1

x
,

1

y

)]
. (25)

In these expressions, it is possible to calculate the hyper-
geometric functions by using their series expansions when the
incident electron energy is high enough. However, we also
need to be able to calculate them for low-energy electrons,
since inelastically scattered electrons under consideration have
usually low-energy. Therefore, we used another expression of
the general term which uses the Horn function H2 [23] and
whose convergence domain exactly matches the nonconver-
gence domain of Eq. (25):

M
−λ−1,q

�i�f
= (ki − kf + iq)λ−2

×
∣∣	 (�i+1 + iηi) 	

(
�f +1+iηf

)∣∣	 (−�i + iηi)(
2�f + 1

)
!

(−y)�f

×
[
e− πξ

2
1

	(λ − �f + iηi)
i�i−�f +λx−1−iηi H2

×
(

�f − λ + 1 − iηi, �f + 1 − iηf , �i + 1

+ iηi,−�i + iηi, 2�f + 2; y,− 1

x

)

+ e− π(ηi+ηf )
2

(2�i)!

	 (�i + 1 + iηi)
(
�i − �f + λ − 1

)
!

× iλ−�i−�f x−�i−1F2(�f − �i − λ + 1, �f + 1 − iηf ,

− �i + iηi, 2�f + 2,−2�i ; y, x)

]
. (26)

The lower band terms do not have convergence problems,
but the upper band terms have the same problem as the general
terms. In this case, the use of the Horn functions is not
possible. As a last resort, we used numerical integration of the
matrix element. The integration method involves changing the
integration path in the complex plane as proposed by Sil [24].
This method provides satisfactory results but is much more
time consuming. So it has been restricted to the only cases
where no converging series expansion is available.

Table I sums up all these methods and their validity criteria,
based on the convergence of the expansion series of the
hypergeometric functions:

TABLE I. Calculation method for the matrix elements.

Term Condition Method Equation

�f = �i + λ E � 4
3 
E Sil see Ref. [24]

E > 4
3 
E Alder (23)

�i − λ < �f <

�i + λ

E < 9
8 
E Ohsaki (26)

E > 9
8 
E Ohsaki (25)

�f = �i − λ All energies Alder (24)
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FIG. 1. Simplified level scheme of 110Ag.

III. RESULTS

Typical temperatures of plasma created by today lasers
imply that only low-energy nuclear transitions can be excited.
A general survey of many nuclear transitions has led to the
choice of two nuclei, among others, 110Ag and 201Hg for which
we provide detailed results below. The model exposed in Sec. II
is used to calculate electron inelastic scattering cross sections.

A. 110Ag

As a first case, we consider the excitation of the 110Ag
isomeric state whose level scheme is shown in Fig. 1. It lays
1.113 keV above the ground state, decays down by an E1
transition, and has a lifetime of 660 ns [25].

In Fig. 2, we show the (e, e′) excitation cross section as a
function of the incident electron energy obtained with DWBA
and WKB calculations. We have also added the results of
plane wave born approximation (PWBA). The cross section
is quite small, never larger than 10−29 cm2, but in plasma
this value is counterbalanced by the high number of free
electrons. The three methods exhibit the same behavior for the
higher energies whereas they display significant differences
near threshold. The DWBA and WKB cross sections do not
decrease towards zero when the electron energy is lowering
down to the threshold. This well-known behavior of the
DWBA approach near threshold [26,27] is explained by the
acceleration effect of the electron as it gets close to the nucleus.
This artifact will disappear when screening will be taken into
account as the global neutrality of the ion and the electronic
environment will ensure that this acceleration effect is no

FIG. 2. 110Ag electron inelastic excitation cross section in DWBA
(solid line), WKB (squares), and PWBA (dashed line) methods.

FIG. 3. Simplified level scheme of 201Hg.

longer present. Even though PWBA is a cruder method, it has
a better behavior at the threshold for an unscreened nucleus.

DWBA and WKB cross sections are very close to each
other, with a difference smaller than 3% within the considered
energy range. The treatment by WKB approximation, as
proposed by Langer [22], is relevant for this kind of physical
situation. Using a solution able to describe the whole radial
range including the turning point is much more precise than the
usual asymptotic solutions. At this point, let us mention that
the maximum orbital momentum required for convergence in
the summation of the electron excitation function (7) is around
10 near the threshold, and increases to a few tens for higher
energies.

B. 201Hg

We now consider the excitation of the isomeric state of
201Hg whose level scheme is shown in Fig. 3. This state lies
1.565 keV above the ground state, and decays down by a
mixed M1 + E2 transition [28]. Its lifetime has been recently
measured [29] to be 81 ns.

In Fig. 4 is shown the 201Hg excitation cross section as a
function of electron energy. Calculations have been performed
with the DWBA, WKB, and PWBA methods for the E2 tran-
sition and only with DWBA and WKB for the M1 transition.
As for 110Ag, both WKB and DWBA calculations show very
similar results. The (e, e′) cross section associated with the
M1 transition is much lower than that for E2 transition, as
expected from the comparison between the B(λ)’s for magnetic
and electric reduced transition probabilities in 201Hg. For

FIG. 4. 1.565 keV level excitation cross section of 201Hg in
DWBA (solid line), WKB (squares), and PWBA (dashed line, E2
only) methods.
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the E2 transition, PWBA gives very different result for low
energy electrons. At high energy, the PWBA and DWBA cross
sections reach the same asymptotic value as expected.

IV. CONCLUSIONS

In this work, we have calculated the cross sections of
unscreened inelastic electron scattering in the 1–100 keV range
with a DWBA approach using both the exact DWBA solution
and a WKB approximation. These two ways of solving the
radial wave equation surprisingly give very similar results,
with less than 3% difference, here calculated for 110Ag and
201Hg. This conclusion has been found to systematically
hold for many nuclei, and is not restricted to the two
examples exposed above. We also showed that the simple
PWBA approach is not adequate to describe electron inelastic
scattering at low energy.

These calculations represent a first step toward the evalua-
tion of electron inelastic scattering in hot dense plasmas. This

will require some description of screening of the electrostatic
potential by the bound and the free electrons in the plasma. The
cross sections will then have to be calculated using a DWBA
approach under the WKB approximation as this method lends
itself very well to numerical calculations with a screened
potential. A coherent description of the screened cross sections
and of the free electron distributions will enable us to calculate
the nuclear transition rates in plasma in a fully consistent
way.

Experimental evidence of various excitation processes in a
plasma remains to be observed. As one step towards this goal,
laboratory measurement of the electron inelastic scattering
cross section would allow to validate the low energy domain
covered by most electrons present in plasma. As only electrons
with an energy higher than the nuclear transition energy may
contribute to inelastic scattering, only with laser fusion targets
near high power lasers, such as future LMJ (Bordeaux, France)
or NIF (Livermore, USA), may electron inelastic scattering in
plasma be observable.
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