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Systematic studies of properties of nuclei by parity violating electron scattering
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Two investigations by the parity violating electron scattering are performed theoretically: one is to investigate
the properties of the surface for neutron-rich nuclei such as 124Sn and 208Pb, and the other is to predict the parity
violating asymmetries for some isotopic chains, such as Ba and Pb, which have been proposed for the atomic
parity nonconservation experiments. For the first topic, the neutron and proton densities are taken to be the 2pF
distributions. Results show that the parity violating asymmetries are very sensitive to the type of neutron density.
It means that the parity violating electron scattering can be used to verify the type of neutron distribution in
neutron-rich stable nuclei. For the second topic, the neutron and proton densities are obtained from the relativistic
mean-field (RMF) theory. By combining the results for these two topics, we find that for various proton and
neutron densities the amplitudes of the parity violating asymmetries correspond to the distances between the
minima of the proton and neutron form factors. Our results can provide useful references for future experiments.
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I. INTRODUCTION

Very recently, we generalized the relativistic eikonal ap-
proximation [1] from the Coulomb electron scattering [2,3]
to the parity violating electron scattering [4]. The properties
of the parity violating asymmetries for three typical kinds
of nuclei, Ca isotopes, N = 50 isotones, and N = Z doubly
magic nuclei, have been analyzed [4]. It has been found that the
parity violating asymmetry is very sensitive to the difference
between the neutron and proton densities. So it is natural to
expect that the parity violating electron scattering can be used
to measure the neutron densities of nuclei with large difference
between the neutron and proton densities. In this paper we
will apply the parity violating electron scattering [5–17] to
two interesting topics: one is to verify the type of the neutron
density distribution for some neutron-rich stable nuclei, and
the other is to predict the parity violating asymmetries for
some isotopic chains, such as Ba and Pb, which have been
proposed to perform the atomic parity nonconservation (PNC)
experiments (see, e.g., Ref. [14]).

The size and shape of nuclei are important properties
in nuclear physics. It is well known that finite nuclei have
a misty surface. Many properties of nuclei are related to
the surface. For example, in the nuclear shell model the
spin-orbital coupling is a surface effect [18]. Its strength is
proportional to the derivative of nuclear density. Therefore,
the derivative of nuclear density at the surface needs detailed
investigations. Up to now, the information about the size and
shape of nuclei is mainly obtained from measurement of the
charge (proton) densities of stable and long-lived nuclei by
the high-energy electron scattering [19–34]. For many nuclei
the proton densities can be fitted quite well by the two-
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parameter Fermi (2pF) model [24] ρp(r) = ρ0/{1 + exp[(r −
cp)/ap]}, where cp is the half-density radius, ap is the
diffuseness parameter. It has been found that for medium and
heavy nuclei the diffuseness parameter is nearly a constant
[24]. That is to say, at the surface the proton densities decay
at nearly the same rate from nucleus to nucleus. It is natural
to ask whether the surface thickness of the neutron density is
the same as that of the proton density for a given nucleus, and
whether the neutron densities have the same surface thickness
for different nuclei. Due to the Coulomb interaction between
protons, the β stability line departs from N = Z with the
increase of the proton number. Therefore, the neutron and
proton densities for a given neutron-rich stable nucleus should
not be exactly equal. It has been assumed that the neutron
excess will result in a neutron-skin at the nuclear surface. In
the past, the thickness of the neutron-skin is generally defined
as the difference between the rms radii of the neutron and
proton densities: �rnp = 〈r2

n〉1/2 − 〈r2
p〉1/2. However, as well

known, the rms radius is only a gross property of the density
distribution. The same rms radius can correspond to different
densities. So how to measure the proton and neutron densities
accurately is an important subject in nuclear physics. However,
accurate neutron densities of nuclei are difficult to measure.
Recently, the antiprotonic atom experiments [35,36] have
shown that for many neutron-rich stable nuclei the half-density
radius of neutron density is nearly equal to that of the proton
density, and that the diffuseness parameter is larger than that
of the proton density. This type of neutron density is called
as the “neutron halo-type” distribution. Correspondingly, for
the “neutron skin-type” distribution, the half-density radius
of neutron density is larger than that of the proton density,
and the surface thicknesses are same. From the points of
the nuclear shell model, these two types of neutron densities
may result in different asymptotic behavior of the nucleon
wave functions. So it is necessary to find a more refined
method to confirm the type of neutron density in neutron-rich
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stable nuclei. The parity violating electron scattering is a good
candidate, which has been investigated extensively [5–17].
In early years, the parity violating electron scattering was
investigated in the plane wave Born approximation (PWBA)
(see, e.g., Ref. [8]). Then the Coulomb distortion effects were
included by the phase shift method [10–14]. Very recently,
we applied the relativistic eikonal approximation to the parity
violating electron scattering [4].

Atomic parity nonconservation (PNC) experiments are of
great importance in testing the standard model at low energy
[37–39]. However, the precision is limited by two reasons:
(1) the low accuracy of the atomic theory, and (2) the
low accuracy of the weak charge density which is mainly
determined by the neutron density. The uncertainty caused by
the first reason can be eliminated by taking the ratios of the
atomic PNC observables for a given isotopic chain [37,38]. Cs,
Ba, Yb, and Pb isotopic chains have been suggested for this
purpose [14]. Therefore, accurate measurement of the neutron
densities for these isotopic chains is a key point in interpreting
the atomic PNC experiments. Accurate test of the standard
model through the atomic PNC experiments needs the neutron
radii with an accuracy of 1% which has not been available. In
this paper we will predict the parity violating asymmetries for
some isotopic chains in the relativistic eikonal approximation.

As for the first topic, we will take the 2pF model for the
neutron and proton densities, and for the second one we will
use the nucleon densities obtained from the relativistic mean-
field (RMF) theory [40–42]. Our purposes are twofold: one
is to see whether the parity violating electron scattering can
identify the type of neutron density distribution for neutron-
rich stable nuclei from the theoretical point of view, and the
other is to see whether the behavior of the parity violating
asymmetries can be interpreted consistently by the nucleon
densities and/or form factors calculated from the 2pF model
and the RMF model.

Another motivation of this paper is that the facilities for
the parity violating electron scattering against stable nuclei
have been established for many years [43–48]. For example,
the highly stable electron beams at Jefferson Lab [48] make it
possible to measure the electron scattering cross sections with
high accuracy. In fact, the parity violating asymmetries for
some light nuclei, 1H, 2H, and 4He, have been measured (see
for example Refs. [47,48]). Therefore, it appears feasible to
measure the neutron densities of heavy stable nuclei, such as
124Sn and 208Pb, in the future. In addition, in recent years
a new generation of the electron-ion colliders at RIKEN
[49–52] and GSI [53–55] develop rapidly. The main purpose
of these facilities is to determine the size and shape of exotic
nuclei. To provide useful references for future experiments,
some theoretical studies about the electron scattering from
exotic nuclei have been performed [56–61]. Of course, it will
be more difficult to carry out the parity violating electron
scattering from exotic nuclei. Even so, it is also interesting
to see whether (at least in principle) the neutron densities of
exotic nuclei can be measured by the parity violating electron
scattering.

This paper is organized as follows. In Sec. II we give
an outline of the formalism of the parity violating electron
scattering in the relativistic eikonal approximation. In Sec. III

we analyze the numerical results. Finally, a summary is given
in Sec. IV.

II. THEORETICAL FRAMEWORK

In this section, we will outline the main formalism of the
parity violating electron scattering in the relativistic eikonal
approximation. More detailed descriptions can be found in
Ref. [4]. The starting point of the relativistic eikonal approx-
imation of electron scattering is the Dirac equation. In spirit,
the relativistic eikonal approximation is a high-energy small
angle approximation. In the high-energy limit, the rest mass of
electron is negligible compared with its kinetic energy. Then
the Dirac equations for the left- and right-handed electrons can
be written as follows [10]:

[α · p + V±(r)]�± = E�±, (1)

where V+(r) and V−(r) are, respectively, the potentials felt by
the right- and left-handed electrons. The corresponding wave
functions for right- and left-handed electrons are �+ and �−,
respectively. The potentials V±(r) include two components, the
Coulomb potential VC(r) and the weak neutral axial potential
A(r) [10]

V±(r) = VC(r) ± A(r), A(r) = GF

2
√

2
ρW (r), (2)

where the weak potential is determined by the weak charge
density ρW (r) [10],

ρW (r) =
∫

d3r′GE(|r − r′|)[(1 − 4 sin2 θW )ρp(r′) − ρn(r′)].

(3)

Here, ρn(r) and ρp(r) are point neutron and proton densities,
respectively. They are normalized to the neutron and pro-
ton numbers, respectively,

∫
d3rρn(r) = N,

∫
d3rρp(r) = Z.

GE(r) = �3

8π
e−�r with � = 4.27 fm−1 is the electric form

factor of the proton. sin2 θW ≈ 0.23 is the Weinberg angle, and
GF = 1.16639 × 10−5 GeV−2 is the Fermi constant. Since the
potentials felt by the electron are dependent on the helicity
states, the cross sections at the same scattering angle for
different helicity states will be not exactly equal. The parity
violating asymmetry ALR is defined as the difference between
the cross sections of different helicity states [10]

ALR = σ+ − σ−

σ+ + σ− , (4)

where σ+ and σ− are the cross sections of the right- and
left-handed electrons scattered by the potential V+(r) and
V−(r), respectively. Following the standard procedure of the
relativistic eikonal approximation of electron scattering [1–3],
we obtain the parity violating asymmetry ALR as follows [4]:

ALR(q) = 2Re[(I1(q) + I2(q))∗IW (q)]

|I1(q) + I2(q)|2 , (5)

where the amplitudes I1(q) and IW (q) can be calculated
numerically, and I2(q) can be integrated out in terms of the
Lommel’s function [1–4].
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III. NUMERICAL RESULTS AND ANALYSES

Now let us start to investigate the first problem, that is,
whether the parity violating electron scattering can verify
the type of neutron density for neutron-rich stable nuclei.
At first, we will take 124Sn as an example to investigate
this problem. We take the two-parameter Fermi (2pF) proton
(charge) distribution for 124Sn: ρp(r) = ρ0/{1 + exp[(r −
cp)/ap]}, where cp = 5.490 and ap = 0.534 fm are taken
from Ref. [24]. Though it is difficult to measure the neutron
densities of nuclei, the difference between the rms radii of
neutron and proton densities can be measured easily [62–65].
So in calculations the values of �rnp are taken to be the
experimental data. The radii difference �rnp = 0.23 fm of
124Sn is taken from Ref. [35]. In order to see to what extent
the parity violating asymmetry is sensitive to the difference
between proton and neutron densities at the nuclear surface,
we take two extreme cases for the neutron density: (a) neutron
halo-type distribution: cn = cp, an > ap; (b) neutron skin-type
distribution: cn > cp, an = ap. The half-density radius cn and
the diffuseness parameter an can be obtained by the relation
[35] 〈r2

n〉 ≈ 3
5c2

n + 7
5π2a2

n assuming either an = ap or cn = cp.
For the halo-type distribution an = 0.668 fm, and for the
skin-type one cn = 5.819 fm. ρ0 can be obtained by the
condition

∫
ρn(r)d3r = N .

In order to see clearly the difference between the halo- and
skin-type neutron distributions, we introduce a quantity S(r).
The value of S(r) is taken as ρn/ρp(ρp/ρn) if the neutron
density is larger (smaller) than the proton density at large
radius. The difference in shape between the neutron and proton
densities can be described by the derivative of S(r). As for
124Sn, the neutron density is larger than the proton density
at the surface due to the large neutron excess (N − Z = 24).
Therefore, S(r) is taken as S(r) = ρn/ρp. The values of S(r)
for the skin- and halo-type of neutron distributions are shown
in Fig. 1. From this figure one can see that S(r) for the skin-
type distribution changes more sharply than that of the halo-
type one near the half-density radius of the proton density. In
Ref. [4], we have shown that the value of S(r) in the RMF

FIG. 1. The values of S(r) for 124Sn with the skin-type and halo-
type neutron distributions. Solid line denotes the value of S(r) for
the halo-type neutron distribution (cn = cp, an > ap); dashed line
denotes the value of S(r) for the skin-type neutron distribution (cn >

cp, an = ap).

FIG. 2. Upper part: the parity violating asymmetries of 124Sn
for the skin-type and halo-type neutron distributions in the eikonal
approximation at incident energy E = 850 MeV; middle part: the
proton and neutron form factors for the halo-type neutron distribution
(cn = cp, an > ap); lower part: the proton and neutron form factors
for the skin-type neutron distribution (cn > cp, an = ap). |F (q)|2
denotes |Fn(q)|2/N 2 (|Fp(q)|2/Z2) for the neutron (proton) density.

theory changes smoothly, so the derivative of S(r) increases
in phase with S(r). However, the present situation is much
more complex than that in Ref. [4]. The value of S(r) near
the half-density radius of the proton density for the skin-type
neutron density is larger than that of the halo-type one, while
at very large radius the value of S(r) for the skin-type neutron
density is smaller than that of the halo-type one. It means
that the magnitude of S(r) does not change in phase with
its derivative. Therefore, up to now one can not estimate the
amplitude of the parity violating asymmetry qualitatively only
according to the magnitude of S(r). The numerical results of
the parity violating asymmetries calculated in the relativistic
eikonal approximation at E = 850 MeV for these two types
of neutron distribution are shown in the upper part of Fig. 2.
It is clear that the amplitude of the parity violating asymmetry
for the skin-type distribution is much larger than that of the
halo-type distribution. In order to explain this phenomenon,
we start with the plane wave Born approximation (PWBA).
In PWBA, the parity violating asymmetry is approximatively
proportional to the ratio of the neutron and proton form factors
[8,10]:

ALR(q) = GF q2

4π
√

2α

[
Fn(q)

Fp(q)
+ 4 sin2 θW − 1

]
. (6)

The neutron and proton form factors are nothing but the
Fourier transforms of the neutron and proton densities. It is
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well known that the form factor can describe the shape of
the density distribution. Therefore, the difference in shape
between these two types of neutron density can be reflected by
the difference between the neutron and proton form factors.
In order to see clearly the difference between the neutron and
proton form factors for these two types of neutron density,
we show them in the middle and bottom parts of Fig. 2. In
this figure |F (q)|2 denotes |Fn(q)|2/N2(|Fp(q)|2/Z2) for the
neutron (proton) density. From this figure, one can see that
for the halo-type distribution the minima (or zero points)
for the neutron and proton form factors are close to each
other. While, for the skin-type distribution the minima of
the neutron and proton form factors depart from each other.
In PWBA, when the zero points for the neutron and proton
form factors depart from each other, the amplitude of the
parity violating asymmetry will be infinite [see Eq. (6)].
While in the eikonal approximation, the zero points of form
factor are broken down by the Coulomb distortion effects.
Consequently, the amplitude of the parity violating asymmetry
is finite. By comparing the form factors and the parity violating
asymmetries, one can find that the amplitude of the parity
violating asymmetry increases with the distance between
the minima for the neutron and proton form factors. This
conclusion is consistent with the one drawn in Ref. [4].

Besides 124Sn, 208Pb is also an interesting research object.
Up to now, 208Pb is the heaviest stable doubly magic nuclei.
The properties of this nucleus play crucial roles in nuclear
physics. For example, the direct relationship between the
neutron density of 208Pb and the neutron equation of state has
been well established [66,67]. Therefore, the measurement of
the neutron density for this nucleus by the parity violating
electron scattering is very important. We also take the 2pF
distribution for the proton and neutron densities of this nucleus.
The experimental data ap = 0.446 and cp = 6.684 fm are
derived from Ref. [25]. The difference of the rms radii
�rnp = 0.16(2) fm is taken from Ref. [35]. Because of the
large neutron excess, S(r) of 208Pb is taken as ρn/ρp. The
values of S(r) for the two types of neutron density of 208Pb are
shown in Fig. 3. One can find clearly that the shapes of S(r) for
the skin- and halo-type neutron distributions of 208Pb are very
similar to those of 124Sn. What we are interested in is whether
the behavior of the parity violating asymmetries for these two
types of neutron density is also similar to that of 124Sn. We

FIG. 3. Same as Fig. 1 but for 208Pb.

FIG. 4. Same as Fig. 2 but for 208Pb.

show the parity violating asymmetries for these two types of
neutron densities in the upper part of Fig. 4. From this figure,
one can see again that the amplitude of the parity violating
asymmetry for the skin-type neutron distribution is much
larger than that of the halo-type one. The neutron and proton
form factors for these two types of neutron density are shown
in the middle and lower parts of Fig. 4. By comparing the
parity violating asymmetries with the form factors one can see
again that the amplitudes of the parity violating asymmetries
correspond to the distances between the minima of the neutron
and proton form factors. It means that the parity violating
asymmetries of the same type of neutron density for different
nuclei have the same property.

Then we will analyze whether the neutron density at the
surface can be measured very accurately by the parity violating
electron scattering in principle. From the best fit procedure,
it has been found that the charge form factor in the low and
medium momentum transfer (q) region is sensitive to the outer
part of the charge density [29,30]. The charge density near the
nuclear center should be sensitive to the form factor in the very
large q region. Actually, the form factors in this region cannot
be measured because of the sharp decay of the form factor
with the increase of q. That is why the error bars in the charge
density near the nuclear center are a little larger, and why
the density can be fitted quite well by the 2pF distribution.
Since the parity violating asymmetry is determined by the
cross sections for the right- and left-handed electrons, the
experimental data will be available in the low and medium q

region. Therefore, we conclude that once the parity violating
asymmetries are measured with high accuracy the neutron
densities in the outer part of nuclei can be measured accurately.
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FIG. 5. The ratio of the theoretical proton density of 208Pb
obtained from RMF with TM1 [42] to the experimental data fitted by
the 2pF model [25].

By combining with the discussions given above, one can reach
the conclusion that the parity violating electron scattering can
be used to verify the type of neutron density distribution in
neutron-rich stable nuclei.

In the next, let us turn to the second problem. In this
part we will take Ba and Pb isotopic chains as examples
to predict the parity violating asymmetries. Due to the lack
of experimental charge densities along these isotopic chains
from the neutron-rich side to the proton-rich one, we will
use the nucleon densities obtained from the RMF theory.
The RMF theory [40–42] is a successful tool in describing
various properties of nuclei such as the binding energies,
and the proton densities. In Fig. 5 we show the ratio of the
theoretical proton density of 208Pb obtained from RMF with the
parameter TM1 [42] to the experimental data fitted by the 2pF
model [25]: ρp,rmf /ρp,2pf . From this figure one can see clearly
that the proton density of 208Pb can be reproduced very well
by the RMF theory with TM1 [42]. Such a good agreement
is not accidental. It is because in the best fit procedure to
obtain the effective interactions of RMF theory, the charge
radii and densities are important input parameters. However,
due to the lack of accurate experimental data on neutron
radii and densities, it is not clear whether the RMF theory
can reproduce the neutron densities of nuclei accurately. So
systematical test of the RMF theory in calculating the neutron
densities of nuclei is needed. In this paper we will predict the
parity violating asymmetries for Ba and Pb isotopic chains.
Once the experimental parity violating asymmetries for these
nuclei are measured, one can test the RMF theory in calculating
the neutron densities by comparing experimental data with our
results.

Now, let us see the results for Ba isotopes. In calculations,
the neutron and proton densities are obtained from the RMF
theory with parameter TM1 [42]. The values of S(r)(=ρn/ρp)
for 120,128,136,144Ba are shown in Fig. 6. From this figure
one can see that the values of S(r) obtained from the RMF
theory change smoothly with r , and that the values of S(r)
increase with the neutron excess at large radius. This situation
is similar to those of Ca isotopes, N = 50 isotones, and N = Z

FIG. 6. The values of S(r) (= ρn/ρp) for Ba isotopes obtained
from the RMF theory with TM1 [42].

doubly magic nuclei (see Ref. [4]). What we are interested in
is whether the amplitude of the parity violating asymmetry
still corresponds to the value of S(r) as shown in Ref. [4].
The parity violating asymmetries are shown in the upper
part of Fig. 7. From this figure one can see easily that the
amplitude of the parity violating asymmetry does increase
with the neutron excess. It means that when the values of
S(r) change smoothly, they can describe the parity violating
asymmetries qualitatively. From the discussions given above
we know that besides S(r) the nucleon form factors can also be
used to analyze the behavior of the parity violating asymmetry.
We also plot the nucleon form factors and the parity violating
asymmetries together. By comparing the amplitudes of the
parity violating asymmetries and the distances between the
minima of the neutron and proton form factors, one can easily
find that the amplitude of the parity violating asymmetry

FIG. 7. The parity violating asymmetries (upper part), the neutron
form factors (middle part), and the proton form factors (lower part)
for Ba isotopes.
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FIG. 8. Same as Fig. 6 but for Pb isotopes.

increases with the distances between the minima of the neutron
and proton form factors.

We are also interested in Pb isotopes. The importance of
the accurate neutron density of 208Pb has been discussed in the
above. This isotopic chain is also a candidate for the atomic
parity nonconservation experiment. The numerical results of
S(r) obtained from the RMF theory with parameter TM1 [42]
are shown in Fig. 8. For this isotopic chain one can find that
the values of S(r) also increase with the neutron excess. The
parity violating asymmetries and nucleon form factors are
shown in Fig. 9. From this figure we can see again that the
amplitudes of the parity violating asymmetries increase with
the neutron excess. Though the value of S(r) for 192Pb is
quite large, the amplitude of the parity violating asymmetry is
quite small. This phenomenon can be interpreted by comparing
the minima of the neutron and proton form factors. It means
that the amplitude of the parity violating asymmetry is not
determined by the abstract magnitude of S(r) but rather by the

FIG. 9. Same as Fig. 7 but for Pb isotopes.

distance between the minima of the neutron and proton form
factors.

Finally, it is interesting to discuss the feasibility of the parity
violating electron scattering from nuclei at existing facilities.
From the discussions given above, we know that the amplitude
of the parity violating asymmetry is mainly determined by the
difference between the cross sections for the right- and left-
handed electrons near the diffraction minima. So the precision
of the parity violating electron scattering experiments mainly
depends on the accuracy of the cross sections for the left- and
right-handed electrons in these q regions. Experimental results
[29,30] have shown that the cross sections near the diffraction
minima are smaller than those at the neighboring maxima by
about an order of magnitude. From the numerical results given
above, one can see that the parity violating asymmetry is about
a magnitude of 10−5. It means that the precision of the cross
sections in the parity violating electron scattering experiment
should be improved by about 6 orders of magnitude respect to
that of the Coulomb electron scattering. How to improve the
precision is a great challenge for experimental physicists. In the
past several decades, experimental physicists have made great
efforts [43–48] to improve the experimental conditions. Up to
now, the highly stable electron beam facilities, for example the
facility at Jefferson Lab [47,48], make it possible to carry out
the parity violating electron scattering experiments from stable
nuclei. Actually, the parity violating asymmetries for some
light nuclei [47,48] (i.e., 1H, 2H, and 4He) have been measured.
Therefore, the precise measurement of the neutron densities
of heavy stable nuclei, such as 124Sn and 208Pb, is likely
to be achievable in the upcoming decade or so with further
development in the technology of accelerator and detector. In
contrast, it appears to be beyond the capabilities of any of
the present technology to perform the parity violating electron
scattering experiments from exotic nuclei at the electron-ion
colliders.

IV. SUMMARY

In summary, two investigations by the parity violating
electron scattering are performed from theoretical point of
view. One is to verify the type of neutron density for neutron-
rich stable nuclei such as 124Sn and 208Pb, and the other
is to predict the neutron densities of some isotopic chains,
such as Ba and Pb, which have been suggested to perform
the atomic PNC experiments to test the standard model. The
parity violating asymmetries are calculated in the relativistic
eikonal approximation. For the first topic, the proton and
neutron densities are taken to be the 2pF distribution, and
the proton densities are taken as experimental data. Results
show that the amplitude of the parity violating asymmetry for
the skin-type neutron distribution is much larger than that of
the halo-type distribution. That is to say, the parity violating
electron scattering can be used to determine the type of neutron
density in neutron-rich stable nuclei. For the second topic, the
neutron and proton densities are obtained from the RMF theory
with the parameter TM1 [42]. Since the proton densities of
some nuclei, for instance 208Pb (see Fig. 5), can be reproduced
quite well, our results can provide a new groundwork of testing
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the validity of the RMF theory in calculating the neutron
densities of nuclei. By combining the results of these two topics
we find that the amplitudes of the parity violating asymmetries
increase with the distances between the minima of proton and
neutron form factors, though the values of S(r) for these two
cases differ greatly from each other. It means that S(r) cannot
describe the amplitude of the parity violating asymmetry in
any case. In this sense, this paper can be seen as a supplement
of Ref. [4].
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