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We construct nuclear energy density functionals in terms of derivatives of densities up to sixth, next-to-next-
to-next-to-leading order (N’LO). A phenomenological functional built in this way conforms to the ideas of
the density matrix expansion and is rooted in the expansions characteristic to effective theories. It builds on
the standard functionals related to the contact and Skyrme forces, which constitute the zero-order (LO) and
second-order (NLO) expansions, respectively. At N3LO, the full functional with density-independent coupling
constants, and with the isospin degree of freedom taken into account, contains 376 terms, whereas the functionals
restricted by Galilean and gauge symmetries contain 100 and 42 terms, respectively. For functionals additionally
restricted by the spherical, space-inversion, and time-reversal symmetries, the corresponding numbers of terms

are equal to 100, 60, and 22, respectively.
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I. INTRODUCTION

The Skyrme force was introduced into nuclear physics more
than half a century ago [1,2] and it is still a concept that is
widely used in methods aimed at determining properties of nu-
clei irrespective of their mass number and isospin. However, at
present we understand this concept in a significantly different
way than it was originally proposed. Indeed, instead of using
this force as an effective interaction within the Hartree-Fock
(HF) approximation, we rather focus on the underlying Skyrme
energy density functional (EDF), without direct references to
the effective interaction or HF approximation.

In electronic systems, the use of functionals of density is
motivated by formal results originating from the Hohenberg-
Kohn [3] and Kohn-Sham theorems [4], whereby exact ground-
state energies of many-fermion systems can be obtained
by minimizing a certain exact functional of the one-body
density. This led to numerous extensions and applications,
now collectively known under the name of density functional
theory (DFT) [5-7].

The fact that properties of electronic systems are governed
by the well-known Coulomb interaction allows for derivations
of functionals from first principles, by which token this
approach can proudly be called a theory. For nuclear systems,
the luxury of knowing the exact interaction is not there, so
the analogous approaches developed in this domain of physics
carry the name of EDF methods.

In this article we construct a phenomenological nuclear
EDF based on strategies that are proper for effective theories
[8]. Guiding principles [9] are based on (i) appropriate
choice of effective fields, (ii) building effective Lagrangian or
Hamiltonian densities restricted only by symmetry principles,
and (iii) employing ideas of power counting. In the low-energy
nuclear structure, correct fields can probably be associated
with nonlocal one-body nuclear densities. Then, functionals
of densities acquire the meaning of effective Hamiltonian
densities. Although a formal construction of power-counting
schemes is not yet available, ideas based on the density matrix
expansion (DME) [10-16] (see also a recent example of an
application to electronic systems in Ref. [17]) can be used to
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propose expansions in terms of moments of effective nuclear
interactions, or equivalently, in orders of derivatives acting on
the one-body densities. This is precisely the strategy we are
going to follow in the present study.

Effective field theories (EFTs) were recently extensively
applied in analyzing properties of nuclear systems. Here we
are not able to give an even shortest possible review of this
rapidly developing area of physics, but let us mention two
specific examples.

First, the nucleon-nucleon (NN) scattering properties
were very successfully described by employing the effective
nucleon-pion Lagrangian at next-to-next-to-next-to-leading
order (N°LO) (see Ref. [18] and references cited therein).
This showed that the EFT expansion is capable of grasping the
main features of nuclear interactions at low energies, without
explicitly invoking microscopic foundations in terms of, for
example, heavy meson exchanges.

Second, methods using the harmonic-oscillator effective
operators have been developed up to N’LO to be em-
ployed within the shell-model approaches [19]. There, the
N3LO expansion was explicitly expressed in the form of
pseudopotentials that contain derivatives up to sixth order.
Evidently, such pseudopotentials are exact equivalents of
higher order Skyrme-like forces. When averaged within the
HF approximation, they would lead to EDFs depending on
derivatives of densities up to sixth order. This allows us to
label our approach with the traditional name of the N*LO
expansion too.

There is also a recent significant effort in deriving nuclear
EDFs directly from low-energy QCD within chiral perturba-
tion theory (see, e.g., Refs. [20-22]). This may potentially
provide new important insight into the precise structure of
terms in the EDF, whereas at present we are bound to proceed
phenomenologically, with only the symmetry constraints
available, as is done in the present study.

In all rigorous EFT expansions, one strives to achieve
convergence in describing physical observables by going to
higher and higher orders of expansion. This is best illustrated
by the so-called Lepage plots [19,23], where for theories cut
at different orders, relative errors of observables are plotted
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as functions of energy. In nuclear EDF methods, this kind
of convergence test is never performed—simply because the
functionals beyond the second order (NLO) of the standard
Skyrme type had never been constructed or studied. The
present study constitutes the first step toward this goal.

Our paper is organized as follows. In Sec. II we define
the basic building blocks for our construction, and then we
construct local densities up to N3LO. In Sec. III we construct
terms in the EDF up to N*LO and evaluate constraints imposed
by Galilean and gauge symmetries. In Sec. IV we derive
results for the case of conserved spherical, space-inversion, and
time-reversal symmetries. After formulating conclusions of
the present study in Sec. V, in Appendix A we discuss general
symmetry properties of the energy density, in Appendix B we
present details of the adopted choice of the phase convention,
and in Appendix C we list results pertaining to the Galilean
and gauge symmetries.

II. CONSTRUCTION OF LOCAL DENSITIES
A. Building blocks

Let p(ro, r'c’) denote the one-body density matrix in
space-spin coordinates. In what follows, to simplify the
notation, we omit the isospin degree of freedom, because in
the particle-hole channel all densities appear in the isoscalar
and isovector forms [24], and generalization to proton-neutron
systems does not present any problem. Within this assumption,
the EDF we consider has the form

E= /d3rHE(r), )

where the energy density Hg(r) can be represented as a sum
of the kinetic and potential energies,

hZ
He(r) = et H(r). @)

m

In the present study, we focus on the potential energy density
‘H(r) only.

First, using the Pauli matrices o,, where index a = {x, y, z}
enumerates the Cartesian components of a vector, the density
matrix is separated into the standard scalar and vector parts
[25],

1 1
’oIN ’ l /
pro, 1o’y = 2p(r, /ooy + > ;mmo ysa(r 1), (3)

where

p(r,ry =Y p(ro,r'o), “)

s(r.r) =) plro.r'o’)o'|olo). 5)

oo’

These two nonlocal densities will be used as building blocks
of the functional together with the derivative operator V and
the relative momentum operator k,

1 /
k= 5-(V =V Q)

To most easily satisfy the constraints imposed by the rotational
invariance, in our method, the building blocks are represented

PHYSICAL REVIEW C 78, 044326 (2008)

as spherical tensor operators [26] i.e., p;,(r, r’) for A = 0 and
Su(r, 1), Vi, and k;, for A = 1]. In this notation, A is the
rank of the tensor and u = —A, ..., 4 is its tensor compo-
nent. In the present study we use the following definitions of
the building blocks in the spherical representation:

poo(r, ') = p(r, r'), (7
sl,ﬂ:{fl,o,l}(rv r/) = _i{%[sx(ra r/) - isy(rv r/)]v sz(r1 r/)’

:/_%[sx(ra r,)+isy(rs r’)]}a (8)
1
Vip=(-101) = —i E(Vx —iVy),
—1
V., —=(Vy +iVy)y, 9
ﬁ( +i ,)} 9
1
ki p=(-101y = —i E(kx — iky),
~1 ‘
o skt zky)}. (10)

In what follows, we most often omit indices and arguments of
these spherical tensors and we simply write p, s, V, and k to
lighten the notation.

In principle, arbitrary phase factors could be used in front
of the spherical tensors. In Appendix B, we discuss possible
choices of such phase conventions and determine the particular
ones selected in Egs. (7)—(10). These phase conventions, which
are not the standard ones, are used throughout the paper and
define the phase properties of all other objects that we construct
by using these building blocks.

B. Higher order derivative operators

We begin by constructing all possible higher order and
higher rank tensor operators from powers of the derivative V,,
where u = —1, 0, 41 are the spin-projection components of
the vector (rank-1) operator V. It is obvious that all possible
nth-order powers of the derivative can be written as sums of
terms Vy,, - -- Vy,,. Therefore, any (n + 1)th-order power is
simply obtained by multiplying some nth-order power by a
sum of V;, operators. Then, powers of a given rank can be
obtained iteratively by vector coupling.

In the second order, the two nabla operators can be
coupled to angular momenta 0 and 2. The coupling to angular
momentum 0, [VV]y = A/+/3, corresponds to the Laplacian
operator. Furthermore, the coupling to angular momentum
2, [VV],, gives the second-order, rank-2 derivative operator.
The rank-1 coupling, [VV]; = 0, vanishes because the deriva-
tives commute. Similarly, in each one higher order, a rank-L
symmetric operator can be coupled with V only to L — 1
and L + 1. Hence, all the nth-order powers have the form
of A®~D)/2 multiplied by the Lth-order rank-L (stretched)
coupled operators for L =n,n —2,...,(1)0. Then, up to
N3LO, one obtains the 16 different operators D, listed in
Table 1. Any arbitrary tensor formed by coupled operators V
can always be rewritten as a sum of operators D,,;, through the
repeated use of the 6 symbols.
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TABLE 1. Derivative operators D,; up to N°LO as expressed
through spherical tensor representation of the operator V.

No. Tensor D, Order n Rank L
1 1 0 0
2 \Y% 1 1
3 [VV]o 2 0
4 [VV], 2 2
5 [VV]yV 3 1
6 [VIVV]]; 3 3
7 [VV]? 4 0
8 [VV][VV], 4 2
9 [VIVIVV]]s4 4 4

10 [VV]2V 5 1

11 [VVI[VIVVL]]s 5 3

12 [VIVIVIVV]]sl4ls 5 5

13 [VV] 6 0

14 [VV]%[VV]Z 6 2

15 [VVI[VIVIVV]alsla 6 4

16 [VIVIVIVIVV]]slalsle 6 6

Exactly in the same way, we define 16 different operators
K, 1, which are spherical tensors built of the relative momen-
tum operators k coupled up to N3LO (i.e., forn < 6 and L < 6).
In the remainder of this section, we only discuss operators D, ;
all the results mutatis mutandis also pertain to operators K, .

The stretched coupled operators Dy forn = L,

Dy =[V---[VI[VV]]3 -1, (11

play a central role in our derivations that follow. They cor-
respond to irreducible, symmetric, traceless Cartesian tensors
built of the derivative V. They have 2L + 1 tensor components
Dy y numbered by the quantum number M = —L, ..., L,
which we most often do not show explicitly in the following.
Moreover, since terms in the EDF up to N*LO depend only
on operators Dy, and K;; up to fourth order, L <4 (see
Sec. III A), in the following we do not discuss stretched
coupled operators of fifth or sixth orders.

Equivalently, derivative operators D;; can be written in
the Cartesian representation, in which their components are
numbered by L Cartesian indices, Dy, 4,..q4,, a4 = X, y, 2. The
order of these indices does not matter (since they are totally
symmetric tensors) and all traces vanish:

Z DLL,aaa3...aL =0. (12)

The Cartesian components Dy 4.4, can be calculated by
using the detracer operator defined in Sec. 5 of Ref. [27]. Up
to fourth order they read as follows:

Doo = 1, (13)
D114, = Va,, (14)
Dy .aay = Va, Vay, = $00,0,0, (15)
D33.01a,05 = Vay Va, Vas
— A (Va,8ara; + Vay8ara; + Vaydara,),  (16)
Dasaiararas = Vay VayVas Vay = 5 A(Va, Vi 8asa,
+ Va, V8030, + Va, Vabaray + Vay Vayaya,
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+ VUZ VGA(SUIUS + vU} Va48u1u2)
+ %Az(salazsasm + 8010350204 + 5011148&2&3)'
17

We note here in passing that we could have equally
well used the Cartesian derivative operators with traces not
subtracted out, that is,

Do =1, (18)

Dty = Vay» (19)

D .a1ay = Vay Vays (20)
D33.ayaras = VayVa,Vas» (21)
Dus.ayarasas = Vay Vay Vas Vay- (22)

Representations (13)—(17) and (18)—(22) are equivalent in
the sense that each operator Dy ,,. 4, 1is evidently a linear
combination of operators ACEV2Dy ., 0, for L' =L,
L-2,...,(0)0.

In principle, one could replace the spherical representations
of derivative operators shown in Table I by their Cartesian
counterparts [Egs. (13)—(17) or (18)—(22)] and work entirely
in the Cartesian representation. However, in our opinion,
the use of the spherical representation is superior and more
economical. Moreover, whenever calculation of the Carte-
sian derivatives is more suitable, we may express spherical
components of the derivative operators through the Cartesian
derivatives, as shown in Table II. An example of using the
Cartesian representation of Egs. (18)—(22) is given in Sec. IV.

TABLE II. Spherical components of the derivative operators
D, expressed through the Cartesian derivatives. Expressions for
negative components can be obtained as D, _y = (—1)!"D*, .,
[see Egs. (B20) and (B22)].

D,y Cartesian derivatives

Do —id;

Dy, i%(ax—kia).)

Dsg %A

Doy L2+ 02 -202)

D221 (ax + la))az

D2y —1(0x +i0,)?

Diso iﬁaz(—wj ~392 + 233)
Dt 450+ i0)(92 + 07 - 492)
D33, i3/3(0, +19,)%9;

Ds33 —iz‘%(ax +idy)}

Da 5o (301 + 6(7 — 402)92 + 30! + 80¢ — 240702
Daas (0, +i9,)0. (333 +302 - 433)
Das> 5L @ + 0,02 (92 + 7 — 602
D443 _%(ax + iay)3az

Dy 70, +1i8,)*
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TABLEIIIL. Local primary densities [Eq. (23)] up to N*LO built
from the scalar nonlocal density p(r, r’) (v = 0). To simplify the
notation the limit of ' = r is not shown explicitly. Stars (x) mark
densities that enter the EDF up to N°LO. Bullets () mark densities
that enter the EDF up to N°LO for conserved spherical, space-
inversion, and time-reversal symmetries (see Sec. IV). The last two
columns show the 7" and P parities defined in Eqgs. (25) and (26),
respectively. Time-even densities are shown in bold face.

No. PnLvs = density n L v J T P
lxe Poooo = Lplo 000 0 1 1
2 * ol = [kply 1 1.0 1 -1 —1
3xe P2000 = [[kkToplo 2000 1 1
4xe P02 = [[kk]2p]2 2 20 2 1 1
5% p3101 = [[kklokpl: 31 01 -1 -1
6 * 03303 = [[k[kk]2]130]3 330 3 —-1-1
Txe Paooo = LIkKI§plo 4 0 0 0 1 1
8xe Pa202 = [[kk]o[kk]2p]2 4 2 0 2 1 1
9 Paaos = [[k[k[kk]2]3]apla 4 4 0 4 1 1

10 * psior = [[kkI§kp]: 510 1 =1 —1

11 ps303 = [[kklo[k[kk]2]30]3 53 0 3 -1 -1

12 pssos = [[k[k[k[kk]2]3]als0ls 5 5 0 5 —1 —1

[3xe Peono = [[kKT3plo 6 000 1 1

14 Peaz = L[kkI§[kk]2 012 6 2 0 2 1 1

15 Posos = [[kklolk[k[kk]231apls 6 4 0 4 1 1

16 Pesos = LLk[k[k[k[kk]>]3]4)5l6p)s 6 6 O 6 1 1

C. Local densities

Local densities are formed by acting several times on
the scalar and vector nonlocal densities with the relative
momentum operator k and taking the limit of # = r. By using
the spherical representation, the possible coupled k tensors
[Eq. (10)] (up to sixth order in derivatives) K,; are those
given in Table I (where V is replaced with k).

Acting with K,; on the scalar nonlocal density o(r, r’)
gives 16 different local densities up to N3LO (one for every
term in Table I). These are listed in Table III. When acting
with K,; on the vector nonlocal densities s(r, '), one has
to construct all possible ways of coupling the k tensors with
the vector density. Obviously, each of the 4 scalar (L = 0)
derivative operators gives one local density, and each of the
12 nonscalar (L > 0) derivative operators gives three local
densities. Altogether, from the vector density one obtains 40
local densities up to N>LO. These are listed in Table IV.

Finally, all local densities can be denoted by four integers
nLvJ as

Pnrvs () = {[Knrpo(r, r/)]J}r’=ra (23)

where the nth-order and rank-L relative derivative operator
K1 acts on the scalar (v = 0) or vector (v = 1) nonlocal
density, and ranks L and v are then vector coupled to J. We call
these local densities primary densities. The tensor components
corresponding to the total rank J are not explicitly shown.

One can also act on each of the local densities with
derivative operators D,,; of Table I, and then couple ranks
I and J to the total rank Q, that is,

pml,nLvJ,Q(r) = [DmlanvJ(r)]Q~ (24)
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TABLE IV. Same as in Table III but for densities built from the
vector nonlocal density s(r, r') (v = 1).

No. Pnrvs = density n L v J T P
17 poot1 = [s]h 00 1 1 -1 1
18 % P10 = [kslo 1 1 1 0 1 -1
19xe pun = ksl 1 1 1 1 1 —1
20 x P11z = Lksl 1 1 1 2 1 —1
21 * 2011 = [[kk]os] 2 0 1 1 -1 1
22 % o = [[kklas] 2 21 1 -1 1
23 x o212 = [[kklasTy 2 21 2 -1 1
24 x o213 = [[kk]as]s 2 21 3 -1 1
25 P3110 = [[kk]oks]o 311 0 1 -1
26xe P3111 = [[kk]oks]y 31 1 1 1 —1
27 x P3112 = [[kk]oks]a 311 2 1 -1
28 x P12 = [[k[kk]2135]s 331 2 1 -1
29xe P13 = [[k[kk]2135]3 33 1 3 1 —1
30 % P3314 = [[k[kk]2]35]4 33 1 4 1 -1
31 % paon = [[kk13sTy 4 0 1 1 -1 1
32x pa11 = [[kk]o[kk]2s]y 4 2 1 1 -1 1
33 % parz = [[kk]olkk]as], 4 2 1 2 -1 1
34 % pa213 = [[kk]o[kk]25]3 4 2 1 3 -1 1
35 paa13 = [[k[k[kk]2]3]as13 4 4 1 3 -1 1
36 Pasis = [[k[k[kk]2]3]48]4 4 4 1 4 -1 1
37 paars = [[k[k[kk]2]3]as]s 4 4 1 5 -1 1
38 % Psio = [LkkIgksTo 5110 1-1
39 xe psin = [[kkI3ks]y 51 1 1 1 —1
40 * Psi1z = [[kkI3ks]> 511 2 1 -1
41 * Ps312 = [[kk]o[k[kk]2]35]2 53 1 2 1-1
42 Ps313 = [[kk]o[k[kk]>]35]3 53 1 3 1 —1
43 Ps314 = [[kk]o[k[kk]2]35]4 531 4 1 -1
44 Pss14 = [[k[k[k[kk]2]3]4]55]4 551 4 1-1
45 Pss1s = [[k[k[k[kk]>]3]4]55]5 55 15 1 —1
46 Pssie = [[k[k[k[kk]>]3]4ls8le 5 5 1 6 1 —1
47 x peort = [[kkI3sTy 6 0 1 1 —1 1
48 pe211 = [[kkT3[kk]2sT, 6 2 1 1 -1 1
49 pe212 = [[kk13[kk]osT> 6 2 1 2 -1 1
50 Pe213 = [[kk]%[kk]ﬂk 6 2 1 3 -1 1
51 oears = [[kk]olk[k[kk]>]3]as]3s 6 4 1 3 —1 1
52 pesia = [[kklolk[k[kk]>]3]asls 6 4 1 4 -1 1
53 Peats = [[kklolk[k[kk]2]slas]ls 6 4 1 5 -1 1
54 pes1s = [[k[k[k[k[kk]>]5]al5]es]s 6 6 1 5 —1 1
55 pests = [[k[k[k[k[kk]2]5]alslesle 6 6 1 6 —1 1
56 pes17 = [[k[k[k[k[kk]2]3]a)sles];s 6 6 1 7 —1 1

For m > 0, we call these local densities secondary densities.
We do not explicitly list them, because they can be obtained in a
straightforward way from the primary densities corresponding
tom =0, pyrys = Poo.1nLvs.s» Which are listed in Tables III
and IV.

In Tables III and IV, for completeness we also show the
time-reversal (7') and space-inversion (P) parities defined as

T = (-1, (25)
P =(-1)". (26)
These definitions are based on the analysis of symmetry

properties, which we present in Appendix A. To better
visualize the time-reversal properties of the local densities,
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in Tables III and IV the time-even densities are shown in bold
face.

These local densities we constructed are complex. Tak-
ing the complex conjugations gives relations derived in
Appendix B:

Potntosom =DM purnrvso—m. (27)

where the tensor components, denoted M, are shown explicitly.
These relations allow for expressing positive tensor compo-
nents through negative ones or vice versa. Therefore, complete
information is contained in non-negative or nonpositive tensor
components only. The M = 0 components are either real (for
even Q) or imaginary (for odd Q), and hence 2Q + 1 real
functions always suffice to describe a given local density of
rank Q. Moreover, all scalar densities are real, which was the
basis of choosing this particular phase convention, as described
in Appendix B.

III. CONSTRUCTION OF THE ENERGY DENSITY
A. Terms in the energy density

Terms in the EDF we construct here are required to be
quadratic in densities, invariant with respect to time reversal
(Sec. Al), and covariant with respect to space inversion and
rotations (Sec. A2). All terms up to the N3LO in derivatives
fulfilling these restrictions are constructed in the following.

Using the notation of Eq. (24), we can write a general term
in the energy density in the form

T 5 () = Lowrwiv r.0(F)pmrarvs.o(Mlo. (28)
where both densities must have the same rank Q to be coupled
to a scalar. Moreover, their time-reversal and space-inversion
parities (T and P) must be the same. Again, at N°LO only
terms with m’ 4+ n’ + m + n < 6 are allowed. Then, the total
energy density reads

_ m'l' .0 L'V m'I' ;' L'v'J’
H(r) = E : Cotnrvr.o Tuinrvro (1), (29)
m'I' .n' L' J'
mlnLvl,Q

where C :n";anuLJ”/QJ are cqupling constants and the summation
runs over all allowed indices.

Had we considered the case of coupling constants de-
pending on density, all terms in Eq. (28) would have been
independent of one another (up to a possible exchange of the
two densities). Table V lists the numbers of such independent
terms, and they are also plotted in Fig. 1.

In the present study, we concentrate on the case of density-
independent coupling constants, in which case one can perform
integrations by parts, so that the derivative operators D,, ;- are
transferred from one density to the other. That this can always
be done is obvious by the fact that the coupled derivative
operators D,, ;s can always be expressed as sums of products of
uncoupled derivatives Vy, or V,. As aresult of the integration
by parts, the integral in Eq. (28) can now be written as a sum
of terms, where each term has the form

’

TV (1) = [Pwrrw s (DDt paros(M1slo,  (30)
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TABLE V. Number of terms defined in Eq. (28) of different
orders in the EDF up to N*LO. The numbers of terms depending
on the time-even and time-odd densities are given separately. The
last two columns give the number of terms when the Galilean or
gauge invariance is assumed, respectively (see Sec. III B). To take
into account both isospin channels, the number of terms should be
multiplied by a factor of 2.

Order T even T odd Total Galilean  Gauge
0 1 1 2 2 2
2 8 10 18 12 12
4 53 61 114 45 29
6 250 274 524 129 54
N3LO 312 346 658 188 97

where ranks I and J are coupled to J'. Here, at N°LO
(i) only terms with n’ +m +n <6 are allowed, (ii) both
densities must have the same time-reversal parity 7', and (iii)
their space-inversion parities must differ by factors (—1)’.
Finally, to avoid double-counting one takes only terms with
n' < n,and forn’ = n only those with L’ < L,and for L' = L
only those with v' < v, and for v = v only those with J' < J.
Then, the total energy density reads

H(r) = Z

n'L''J!
mlnLvJ,J'

LT e T
minLos Dntnrvs (), 31

where C,Z’IL,;”L{)/J are coupling constants and the summation
again runs over all allowed indices. As we did for the
local densities before, to better visualize the time-reversal
characteristics of terms in the EDF, the coupling constants
C,’,’;,f;fifj corresponding to terms that depend on time-even
densities are shown in bold face.

Based on the results obtained in Secs. A1 and A2, and on
Egs. (25) and (26), we see that time-reversal invariance and
space-inversion covariance require that

(_l)n’+v’+n+u — 1’ (32)
(_1)n/+m+n — ]’ (33)

1000

®-@ Eq. (30)
A Eq. (30), Galilean inv. e
=1 Eq. (30), Gauge inv. Pl

®-®Eq. (28) -
A-A Eq. (28), Galilean inv.
=-m Eq. (28), Gauge inv.

100

10

Nr. of terms of different order

Order in derivatives

FIG. 1. (Color online) Number of terms in Egs. (28) and (30)
shown in Tables V and VI, respectively, plotted on a logarithmic
scale as a function of the order in derivatives.
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TABLE VI. Same as in Table V, but for number of terms defined
in Eq. (30).

PHYSICAL REVIEW C 78, 044326 (2008)

TABLE VIII. Same as in Table VII but for terms that are built
from the vector nonlocal density s(r, r’).

Order Teven T odd Total Galilean ~ Gauge No. crbvr O L 7 Dy PnLol
0 1 1 2 2 2 7 Chho [ks1o [VV] [kslo
S S A S
6 64 65 129 26 6 o C‘;‘;ﬁ“‘) LksTo ! [[kkloks1o
N’LO 93 95 188 50 21 e Caun el vk el
11 e Crim [ks]y [VV], [ks]
12 Coli [ks]y [VV1, [iesTa
respectively. This means that integers v’ + v, n’ +n, and m 13e Cooan [ks]y 1 [[kkloks]y
must be simultaneously either even or odd. The numbers of 14 Ctin [ksTa [VVo [ksT
all such allowed terms are given in Table VI and are plotted in 15 C;;,llzll 5 [ks], [VV], [ks],
for all terme e total orders in deratives re even mumbers, 1 Cham b N
‘ 17 Coo3312 [ks] 1 [[k[kk]2]35]2

which defines our classification of the EDF up to LO (0), NLO
(2), NNLO (4), and N3LO (6).

In Appendix B, we present terms in the EDF up to NLO
(i.e., for zero and second orders; see Table XXII). The EDF at
NLO is exactly equivalent to the standard Skyrme functional
[28,29], generalized to include all time-odd terms [24,25,30].
In both representations the functional depends, in general, on
14 coupling constants, and both sets are related by simple
expressions given in Egs. (B6)—(B19).

In Tables VII-XVIII, we list all 45 and 129 terms in the
EDF that are of fourth and sixth order, respectively. Together
with 14 terms at NLO, listed in Table XXII, this constitutes
the full list of 188 terms in the EDF at N3LO.

After the complete list of terms in the EDF at N3LO is
constructed, one can check that not all of the local densities
listed in Tables III and IV appear in the final EDF at N°LO.
This is because it is not possible to couple all these densities to
scalars, and simultaneously fulfill the conditions of Egs. (32)
and (33), without obtaining more than total sixth order in
derivatives. It turns out that out of the 56 local densities at
N3LO, which are listed in Tables III and IV, only 35 occur in
the final EDF at N3LO. In Tables III and IV such densities
are marked with stars (x). Table XIX gives their numbers
determined separately at each order.

TABLE VII. Terms in the EDF [Eq. (30)] that are of fourth order,
depend on time-even densities, and are built from the scalar nonlocal
density p(r, r’). Coupling constants corresponding to terms that
depend on time-even densities are shown in bold face. Bullets
(o) mark coupling constants corresponding to terms that do not
vanish for conserved spherical, space-inversion, and time-reversal
symmetries (see Sec. [V).

No. C;;/IL;LUL/IJ;/J P’ Lo I’ D,,; PnLvs

le ng%)ooo [elo [VV]§ [elo

2e C 0’500 [plo [VV] [[kkTopTo
3e Ch [olo [VV], [[kkl>p]s
4o C 04000 s 1 [[kk T2l
Se C 2000 [[kkloplo 1 [[kkToolo
6e Clorm [[kk]2p]2 1 [[kk]> 01>

B. Galilean and gauge invariance

In the previous Sec. III A, the functional has been required
to be consistent with time reversal invariance, invariance under
space reflections, and rotational invariance. These constraints
arise from symmetries of the NN interaction (see, e.g.,
Refs. [31,32]). Our previous derivations were much easier
to perform in a general form, without imposing any other
additional symmetry conditions. In this section, we treat such
additional constraints coming from imposing Galilean and
gauge invariance.

The assumption of Galilean instead of Lorentz invariance
goes hand in hand with using the Schrodinger equation as
a starting point and relies on the assumption that relativistic
effects are negligible. This symmetry ensures that the collec-
tive translational mass, calculated within the time-dependent
HF or random-phase approximations, is correctly equal to
the total mass, M = Am. Therefore, in principle, Galilean
invariance should always be imposed. However, in many
phenomenological approaches, such as the noninteracting or
interacting shell model, Galilean symmetry is not considered,
because the translational motion is not within the scope of such
models. The question of whether Galilean symmetry must be
imposed in phenomenological models is not yet resolved, and
in the present study we keep this question open.

For a local interaction, v(r|,r}, ri,r) =38 —
r1)8(ry, — r2)v(ri, r,), the HF interaction energy is invariant
with respect to the local gauge [33]. Therefore, for the total

TABLE IX. Same as in Table VII but for terms that are built
from the scalar nonlocal density p(r, ') and vector nonlocal density
s(r, r).

No. Crnn/lL;zuL,i,J Pn' L'y I’ D, PnLvs
18 Citm [plo [VV]oV [ks];
19 C?‘l)?aom [olo v [[kk]oksT:
20 Cittin [[kkoplo v [ks],
21 Ciitn [[kk]p] v [k,
22 Cﬁf]lznz [[kk]2p]2 v [ks],
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TABLE X. Terms in the EDF [Eq. (30)] that are of fourth order,
depend on time-odd densities, and are built from the scalar nonlocal
density p(r, r’).
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TABLE XII. Same as in Table X but for terms that are built
from the scalar nonlocal density p(r, r’) and vector nonlocal density
s(r,r').

No. Crnn/lL;vL,i,] Pr' L' ] Dml PnLvJ
23 Cao%hor kol [VVIo kol
24 %o kol [VV] kol
25 Céé%ﬂm [kp]y 1 [[kk1okpl:

energy (1) obtained within the EDF method, one may also
consider constraints resulting from assuming local gauge
invariance. As mentioned, this symmetry is only fulfilled
when the forces involved are local. An example of a local
approximation is the well-known local one-pion-exchange
(OPE) potential, which is only an approximate representation
of the correct nonlocal OPE Feynman amplitude [34]. This
approximation is good as long as the relative momenta of
interacting particles are about the same in the initial and
final states (see Fig. 10 in Ref. [34]). Some of the fitted NN
potentials such as the Argonne Vis, Nijm-II, and Reid93
use this local approximation whereas others (CD-Bonn) use
the full nonlocal OPE amplitude [34]. The most important
nonlocal term is the two-body spin-orbit interaction [32],
which violates the assumption of gauge invariance. However,
in this case a gauge-invariant spin-orbit term (used in the
Skyrme and Gogny forces) can be obtained in the short-range
limit [32,33,35].

For the EDF derived in this work it is, however, the
symmetries of effective forces rather than bare forces that
should be considered. One of the methods to obtain an
effective NN force from the bare NN force is the unitary
correlation operator method (UCOM) [36]. The use of the
UCOM, however, leads to a nonlocal effective interaction even
if the bare interaction would have been a local one.

TABLE XI. Same as in Table X but for terms that are built from
the vector nonlocal density s(r, r’).

Y%
No. CnLvJ

mlInLv] P’ L' 1 D,y PnLv]
26 Cio.0o11 [s] [VV]3 5]
27 Cioonn [s]; [VVI[VV] [sh
28 C30011 [s]) [VVIo [[kklos]:
29 Chon [s]i [VV], [[kkTos 1y
30 Co0hn [y [VV] [[kkl2s1s
31 o [s]; [VV] [[kk12s1;
32 CoHhin [s]; [VV] [[kk]2s1>
33 ng,lzlm [sT [VV], [[kk]as]s
34 Cookon [s]; 1 [[kk]2s1;
35 Cooonn [ 1 [[kkTolkk]s1;
36 Caobonn [[kk]os]s 1 [[kkTos s
37 Caon [[kklos]y 1 [[kkT2s1,
38 ng,lzlzu [[kk]osTy 1 [[kk]2s1
39 ng,lzzzlz [[kk]2s]a 1 [[kk]2s]>
40 Cg§,123213 [[kk]2s]15 1 [[kk]as]13

n'L'v'J'
No. le.nLvJ

P’ L' I Dy; PuLvJ
41 C3{%on [kpl; [VV]V [sh
42 Cllll,ozlon [kp]1 Vv [[kk]os ]
43 Cii% [kpl; v [[kkTas T
44 C|]11,0212|2 ko1 \Y [[kk]2s]2
45 Citon [[kkloko]; v (shh

But rather than discussing to which extent gauge symmetry
is conserved or broken in nuclei we aim to provide a theoretical
framework where different choices can be accommodated.
Because several successful phenomenological forces (e.g.,
Skyrme and Gogny [33]) are invariant under the gauge
transformation, this symmetry constitutes a natural starting
point in the search of improved EDFs. To which extent gauge
symmetry is violated for effective renormalized interactions is
a question that can be investigated by comparing models using
preserved and broken symmetries (see, e.g., Ref. [37]).

1. Local gauge transformations of the nonlocal densities

The gauge-transformed nonlocal densities read [24,25,33]

p'(r, 1) = OOl pr, p), (34)
s(r, 1) = PO gp 4y, (35)

Since the local gauge transformations form a U(1) group,
invariance with respect to transformations that are of the first

TABLE XIII. Terms in the EDF [Eq. (30)] that are of sixth order,
depend on time-even densities, and are built from the scalar nonlocal
density p(r, r’). Coupling constants corresponding to terms that
depend on time-even densities are shown in bold face. Bullets (e)
mark coupling constants corresponding to terms that do not vanish for
conserved spherical, space-inversion, and time-reversal symmetries
(see Sec. IV).

WL
No. ColinLvs

Pn' L' J' D,y PnLvi
le ng%)ooo oo [VVI [plo
2 CW%L [olo [VV1 [kkToplo
3e C [plo [VVI[VVL  [lkklpl
4e C 30000 [plo [VVIo [[kk12p]lo
5¢  Chium [olo [VV], [[kkTolkk]> 01,
6o  Coon [olo 1 [[kk13010
Te Caso  [lkkloplo [VVIo [[kkloplo
8e Co%y  [lkkloplo [VV], [[kk12p1
9e Cottiooo  [Tkkloplo 1 [[kk13p10
100  C3%p  lkkhpl [VV]o [[kk12p1>
1le Ci%  [lkkLpl: [VV], [[kk12p1>
12e  Ci’%p  llkklpl 1 [[kkJo[kKkT2p]a
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TABLE XIV. Same as in Table XIII but for terms that are built
from the vector nonlocal density s(r, r').

No. Crnn/IL/nulii.,/ Pu'L'v' J! Dy, PnLvi
13 Cio'tio [ks]lo [VV]§ [ks]o
14 cypthe ksl [VVI[VV] ks>
15 Cu'%ie [ksTo [VV]o [[kk]oks1o
16 Cyulhin [ks]To [VV], [[kkloks]
17 Cu%y ksl [VV], [[k[kk]al3s1,
18 C(lnl),lgno [ks]o 1 [[kk13ks]o
19 C;tl),lllm [ks [VV]% [ks]
200 Cylliy [ks]y [VVIo[VV] ks

21 Cylhn [ks]y [VVI[VV], ks
2e  Cytyu [ks], [VV]o [[kkloks1,
26 Chhm [ks]y [VV], [[kkloks1,
24 Cyphm [ks]; [VV] [[kkloks]>
25 Chhn (ks [VV], ([k[kk]21351>
260 Chhs (ksT, [VV], ([k[kk]213515
27¢  Cilsi ks 1 [[kk12ksT,
28 Citl),llznz [ks]2 [VVI} [ks],
29 Coltin [ks]» [VVIo[VV] [ks],
30 Ciutn ksl [VIVIVV]lsls ks
31 Cyhme (ks [VV] [kkToksTo
32 C;;,lszm [ks]2 [VV], [[kk]oks]:
33 Cyhm [ks]a [VVIo [[kk]oks ]
34 Cuhn (ks [VV], ([kkloks]
35 Cy%n  lksh [VVI [[k[kk]a]ss1,
36 Cp%hn  lksh [VV], [[k[kk]alss12
37 Chhs ks [VV], ([k[kk]213515
38 Chhu (ks [VV], ([k[kk]2]35)a
39 Ctlul),lsznz [ks]» 1 [[kk]éks]z
40 Co'sn ks, 1 [[kklo[k[kkT>1351>
41 Colo  [TkkloksTo 1 [[kk]oks 1o
42e¢  Colyy  [lkkloks] 1 [[kkloks];
43 Cu%n  [lkkloksl 1 [[kklokss
4 Cuhn  [lkkloksl, 1 [[k[kk]alss]2
45 Cotnn  [klkkL1ss] 1 [[k[kklalss1,
460  Con  [k[kk]]3s1s 1 ([k[kk]213515
47 Cotn  [klkk]a]ss)a 1 [[k[kk]alss1a

order in gauge angles, [1 + iG]p(r, 1), where
G(r,r') = ¢(r) — ¢(r), (36)

is enough to ensure full gauge invariance. By Taylor-expanding
the exponential functions in Egs. (34) and (35) after they are
inserted in the functional one may, of course, also prove this
fact explicitly.

One specific type of gauge transformation is the Galilean
transformation, for which the gauge angles depend linearly
on positions [i.e., G(r, r") = p - (r — r')/h], and which cor-
responds to a transformation to a reference frame that moves
with velocity p/m. For this transformation, only first-order
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TABLE XV. Same as in Table XIII but for terms that are built
from the scalar nonlocal density p(r, r’) and vector nonlocal density
s(r,r').

No. Crr:r,lL;zUL/{J Pn' L'V T D, PuLvJ

48 o Cg(l)f)i)lll [olo [VV]V [ks1
49 CH%u [olo (VV],V [[kk]oks],
50 CH¥%s [plo [VIVVL];  [[k[kk]]ss]s
5le Clism [plo v [[kk2ks],
52e i [kkloplo [VV]oV ks],
53e Ci%n  [kkloplo v [[kk]oksT:
54 e Cgi?lzlll [[kk]20]2 [VV]eV [ks],
55 CE%u  llkkLpl,  [V[VVhs ks

56 Cg%f)lznz [[kkT2p]> [VV]oV [ks],

57 Co%i  llkkLpl,  [VI[VVhL]s [ksT,
58e Ci%n  lkkhpl % [[kkloks],
59 Cﬁ?sznz [[kk]2p]2 v [[kk]oks],
60 Ch%  [lkkLpl v [[k[kk]oTss T
6le Chi%is  [lkkLpl v [[k[kkTaTssTs
62 e C‘lul)f){)lll [[kkT5plo v [ks];
63 CE% [kklolkkl2pl, v (ks],

64 Ci%,  [lkklolkklLpl v (ks

derivatives of G survive, which makes Galilean invariance
less restrictive than the full gauge invariance.

2. Local gauge transformations of the local densities

Let indices B, y, ... =1, ..., 35 label primary local den-
sities pnrpy [Eq. (23)] listed with stars (x) in Tables III
and IV, which enter the EDF at N3LO, as shown in Egs. (30)
and (31). Using this notation, we can write the linearized gauge
transformation of one of the local densities as

pp(r) = ([Kur (1 +iG(r, F)pu(r, r)]s}r=r
= pp(r) + {[Kui G(r, 1)puy(r, 1)]s}r=r
= pp(r) + pg (r), 37

TABLE XVI. Terms in the EDF [Eq. (30)] that are of sixth order,
depend on time-odd densities, and are built from the scalar nonlocal
density o(r, r').

No. C:ﬁﬂfj P Ly ' D1 PnLvl

65 Cioion [koli [VV]? [kp]

66 Cylon (kply [VVI[VV] [kpl,

67 C303101 kol [VV] [kklokp]:
68 Cu%i01 kol [VV], [kklokp]:
69 C13503 (ko] [VV1] [[k[kk]213p15
70 Coo101 kol 1 [[kk12ko],
71 Cgégllol [[kklokp]l: 1 [[kk]okp]y
72 C33%3303 [[k[kk]2]30]3 1 [[k[kk]2130]5
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TABLE XVII. Same as in Table X VI but for terms that are built
from the vector nonlocal density s(r, r').

No. C;nnlll‘,;;vljlj Pn' L' DmI PnLv]
73 nglolm 1 [s]i [VV] [sh
74 Ceroon [sh [VVREIVV], [sh
75 Ciohon [sh [VVE [[kk]os T
76 CHhn [sTh [VVI[VV] [[kk]os]y
71 Cz(t)g,lz]zn [sh [VV]} [[kkTosTi
78 CEY [s]i [VVIo[VV] [[kklasTy
79 ¥, [s]i [VVIo[VV] [[kk]2s1
80 ng_lzlzm [s]y [VV])[VV], [[kk]2s]s
81 C¥L, [sh [VIVIVVLEL  [kklbs]s
82 CNhi [sh [(VVI [[kk]2s];
83 ¥ [sh (VV] (kK251
84 CNh [sh [VVI ([kko[kk]2s1s
85  CHhu [sh [VV], ([kkTo[kk]2s1s
86  C¥'hp, [shh (VV], ([kklo[kk]2s12
87  C¥'hs [sh (VV], ([kko[kk]2s15
88  C¥s [sTh [VV], ([k[k[kkT2 1314815
89 Cison [sh 1 [[kk13s1y
9  Con [sh 1 ([kKk13[kK]2s1;
91 C%S,E{)“ [[kkTosTi [VV]y [[kkTosTi
92 C%S,‘Z‘ou [[kkTosTi [VV], [[kkTosTi
93 C%S,EEH [[kkTos] [VV]y [[kkT2s]
94 Chu [[kk]os]y [VV], [[kklzs1:
95 ng,lzlzm [[kk]os] [VV], [[kk]os]n
96  CRY,,  [[kklos] [VV], [[kkT2s15
97 Ciohon  lkklos]y 1 [[kk13s1;
98 ng,lztlzu [[kkTos]i 1 [[kk]o[kk]asT
99 Cxthy o [kklas] [VV] [[kk]2s];
100 C2Y,,  [lkkls]y [VV], [[kk]2s];
101 C3Y,  [lkklas] [VV] [[kk2s1
102 C3Ys [lkklas] [VV] [[kk1as]3
103 CR  [kkls] 1 [[kkIGsTy
104 Cilon  [[kklas) 1 ([kkTolkk]2s1;
105 Cx%,  [lkklash [VV] [[kk2s1a
106 C3%,  [lkklsh [VV], [[kk2s1a
107 C22§,122213 [[kk]2s]2 [VV], [[kk]>s]13
18 Cioipin  [IkkLsl 1 ([kklo[kk 1,51,
109 Ci%hs  [[kklasls [VV] [[kkls1s
110 CB%.;  [lkklbsls (VV], [[kkls]s
1t Cc2%.,  [lkklsls 1 ([kko[kkT2s15
112 Citlis  [kklas]s 1 [[k[k[kk]2]31as]5

where the first term is the untransformed local density and the
second term is the part affected by the gauge transformation.
As an illustration, let us begin by considering the simpler
case of Galilean transformation, and look at the term with
n = 2, where only two relative momentum operators k appear.
Operator k can be written as k, + k¢, with the first term acting
only on p,(r, r’) and the second term acting only on G(r, r’).
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TABLE XVIII. Same as in Table X VI but for terms that are built
from the scalar nonlocal density p(r, r’) and vector nonlocal density
s(r,r').

No. CZ/IL;UL,{,J Pu'L'v' J! Dy, PnLv]

113 Cii%n (ko] [VVIV [sh

114 C3{%n [kp]y [VVIV [[kkTosTy
115 Cii%n [kp]s [VV]oV [[kkT2sT,
116 Ci1%n [kp]s [VV]oV [[kkT2512
117 C33%0 [kp]; [VIVVL]s (k12512
118 Ci%s [koly [VIVV]]s [[kk1>s15
119 Cl%n [kp]; v [[kk1ZsT
120 Cii% [kply v [[kklo[kk12s1;
121 Cii%n [kp]s v [[kklo[kk]2s1>
122 Ci%,  [kklokpli  [VVIV [s]h

123 Cii%un  [lkklokpl, v [[kklos]:
124 Cii%u  llkklokpl, v [[kk]2s];
125 Cii%n  llkklokpl, v [[kk]2s1
126 C3E%.  [k[kkl2lspls  [VIVVD]s [s]

127 CH%.,  [k[kk]a]3p]3 v [[kklss]a
128 Cii%is [[k[kk]2130]15 \Y [[kk]2s13
129 Cil%n  [kklkply v [s]y

Then we have
Koy = [kkly = [kok,lp + 2lkokglr + lkckgl.  (38)

When this is inserted into the expression for pg, the last
term can be dropped since only the first-order derivatives
of G(r, r’) survive for the Galilean transformation, and the
first term disappears when one takes the limit of r = r’ since
G(r, r) = 0. Thus in this case we obtain

pg (r) = i{2llkokcliG(r, r)py(r, ¥y, br=r
=iy crlllkplsdr=r (VYD1 (39)
—

TABLE XIX. Number of local densities p,.,; [Eq. (23)] of
different orders, which enter into the EDF up to N3LO. The number
of local densities constructed from the scalar p(r, r’) or vector
s(r, r') nonlocal densities and the number of time-even and time-odd
local densities are given separately. In Tables III and IV these
densities are marked with stars (x).

Order From p From s T even T odd Total
0 1 1 1 1 2
1 1 3 3 1 4
2 2 4 2 4 6
3 2 6 6 2 8
4 2 5 2 5 7
5 1 4 4 1 5
6 1 2 1 2 3
Total 10 25 19 16 35
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where the second equation results from the vector recoupling.
[Note that G(r, r') is a scalar and (V¢)(r) is a vector.] The ¢/
are the ensuing numerical coefficients.

This example illustrates the main features of the derivation,
namely, (i) for the Galilean transformations only terms with
first-order derivatives of G(r, r’) occur in the final expression
for pg, (i1) local densities appearing in the sum are of one
order less in derivatives than the density being transformed,
and (iii) the tensor order is preserved so that a local density
is transformed into a sum of densities that can couple with a
vector to the same tensor order. This leads to the ansatz for the
Galilean transformation,

P =1 c(B. oy (VPP (40)
Y

where c(B, y) are numerical coefficients. Similarly, for the full
gauge transformation the corresponding ansatz reads

pg(r) =iy cni(B. ¥)oy (Dmili(M];. (A1)

yml

In both cases, the numerical coefficients can be found by using
the method outlined here, combined with a repeated use of the
6j symbols.

However, instead of using this method, it turned out to
be more efficient to proceed in another way. First, by using
symbolic programming [38], we constructed the transformed
densities pg(r) explicitly in terms of derivatives of the
density matrices and the gauge angle. Then, from the resulting
expression the ansatz [Eq. (40) or (41)] was subtracted, which
gave equations for the numerical coefficients by requesting
that these differences must be identically equal to zero.
Because these equations must hold for all density matrices
and gauge angles, we could randomly assume arbitrary values
for these quantities and their derivatives. In this way, all
linearly independent equations for the coefficients could be
obtained and solved analytically, again by using symbolic
programming. The solutions were then double-checked by
using the full forms of the densities.

3. Galilean- or gauge-invariant EDF

A Galilean- or gauge-invariant EDF is the one that does
not change upon inserting Galilean- or gauge-transformed
densities [Eq. (37)] into the energy density of Eq. (31). Since
terms quadratic in G(r, r’) can be dropped, the condition for
the Galilean or gauge invariance reads

/ d3r Z Cﬁ]’y ([,Og(r)[DmIpy(r)]J’]o
+ (s [ Dmipf (M)],.],) = 0. (42)

where C ,’3 1, 1s ashort-hand notation for the coupling constants

CrEv /" and the sum runs over all the terms in the energy
density.

The task now is to group together all proportional terms
in Eq. (42). In doing so, we do not aim at obtaining an
invariant energy density but an invariant EDF and total energy.
Therefore, after the densities of Eq. (40) or (41) are inserted
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into Eq. (42), all terms must be integrated by parts to obtain
some standard form, where terms equal through integration by
parts become identical.

Finally, Eq. (42) can be transformed into a sum of
independent terms by using recoupling. In this expression each
term is multiplied by a specific linear combination of coupling
constants CZ,L:L{)J The Galilean or gauge invariance of the
EDF then means that these linear combinations must all vanish.
This gives a set of linear equations that must be fulfilled for an
invariant EDF. However, if a given coupling constant appears
in none of these linear equations, the corresponding term of the
EDF is invariant on its own, and the corresponding coupling
constant is not restricted by the Galilean or gauge symmetry.
Moreover, for some coupling constants the only solution can
be the value of zero, and then the corresponding term cannot
appear in the invariant energy density.

Among all the remaining coupling constants, we may
always select a subset of those that we will call the dependent
ones and express them as linear combinations of the other
ones, which we will call the independent ones. This procedure
is highly nonunique and can be realized in very many different
ways, However, when the dependent coupling constants as
a function of the independent ones are inserted back into
the energy density [Eq. (31)], linear combinations of terms
appearing at each independent coupling constant will all be
invariant with respect to the Galilean or gauge transformations.

Then, the energy density of Eq. (31) takes the form

HY =Y ChbiinGalaru), 43)
wintol s

where the sum runs over indices that correspond to unre-
stricted and independent coupling constants, which we jointly
call free coupling constants. For a term in Eq. (43) that
corresponds to an unrestricted coupling constant, we have
GZIL;’LJU ;) = T,Zanﬂj(r) that is, one term in the energy
density of Eq. (31) is Galilean or gauge invariant. For a term in
Eq. (43) that corresponds to an independent coupling constant,
GrEve (r) is equal to a specific linear combination of terms
T from the original energy density [Eq. (31)]. These linear
combinations are listed in Appendix C.

We performed the analysis along these lines for energy
densities of orders 0, 2, 4, and 6, and the obtained results are
listed in Appendix C. Derivations were performed by using
symbolic programming [38] and employed the technique of
forming linear equations by randomly assigning values to local
densities and their derivatives, which we also used here. The
numbers of linearly independent Galilean- or gauge-invariant
terms are listed in Tables V and VI and are plotted in Fig. 1.

It turns out that only at orders 0 and 2 (i.e., for the standard
Skyrme functional) are all Galilean-invariant combinations of
terms also gauge invariant. At orders 4 and 6, there are only
6 gauge-invariant terms available, whereas the numbers of
Galilean-invariant terms equal 15 and 26, respectively. This
is much less than the total numbers of terms at these orders,
which are equal to 45 and 129, respectively. Altogether, at
N3LO we obtain the EDF parametrized in general by 188
coupling constants, and by 50 or 21 coupling constants if
Galilean or gauge invariance is assumed. If isoscalar and
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isovector channels are included, all these numbers must be
multiplied by a factor of 2.

IV. ENERGY DENSITY AT N*LO WITH CONSERVED
SPHERICAL, SPACE-INVERSION, AND
TIME-REVERSAL SYMMETRIES

In this section, we apply the results obtained so far to the
simplest case of spherical even-even nuclei [28], where one
can assume that the spherical symmetry, along with the space
inversion and time reversal symmetries, are simultaneously
conserved. In this case, all primary densities p,1,; [Eq. (23)],
which we listed in Tables III and IV, must have the form [39]

Purvs(r) = Ryj(r)pnrvs(Ir)), 44)

where

Ryyr)=1[rlr....[rrl2, ..., 15221s 45)

is the Jth-order, rank-J stretched coupled tensor built from
the position vector r in exactly the same way as the derivative
operators D,,; of Table I are built from the derivative V in the
spherical representation [Eq. (9)], and p,1,,(|r|) is a scalar
function depending only on the length |r| of the position
vector r.

Indeed, owing to the generalized Cayley-Hamilton (GCH)
theorem, a rank-J tensor function of a rank-k tensor must
be a linear combination of all independent rank-J tensors
built from that rank-k tensor, with scalar coefficients. In
the GCH theorem, tensors that differ by scalar factors are
not independent. In our case, only one independent rank-J
function R;;(r) can be built from the rank-1 tensor (position
vector r), which gives Eq. (44). The spherical symmetry
assumed here is essential for this argument to work, because
many more independent rank-J tensors can be built when other
“material” tensors (such as, e.g., the quadrupole deformation
tensor) are available.

The spherical form of p,1,,(r) [Eq. (44)] requires that the
following selection rule be obeyed:

P =(-1), (46)

where P = (—1)" is the space-inversion parity defined in
Eq. (26). For the time-even densities (T = 1), the selection
rule of Eq. (46) does not impose any new restriction on local
densities built from p(r, ') (v = 0) (see Table III). However,
for local densities built from s(r, ') (v = 1) (see Table 1V),
only the densities with L = J are allowed.

In Tables III and 1V, all densities allowed by the conserved
spherical, space-inversion, and time-reversal symmetries are
marked with bullets (o). One can see that they correspond to
quantum numbers Lv J being equal to 000 or 202 [for densities
built from p(r, r’)] and 111 or 313 [for densities built from
s(r, r)]. Then, it is easy to select all allowed terms in the
energy density—in Tables VII-XVIII and XXII these are also
marked with bullets (o). The numbers of such terms are listed
in Table XX together with those obtained by imposing, in
addition, Galilean or gauge invariance.

All results for the EDF restricted by the spherical, space-
inversion, and time-reversal symmetries can now be extracted
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TABLE XX. Number of terms defined in Eq. (30) of different
orders in the EDF up to N3LO, evaluated for the conserved spherical,
space-inversion, and time-reversal symmetries. The last two columns
give the number of terms when the Galilean or gauge invariance
is assumed, respectively (see Sec. III B). To take into account both
isospin channels, the number of terms should be multiplied by a factor
of 2.

Order Total Galilean Gauge
0 1 1 1
2 4 4 4
4 13 9 3
6 32 16 3
N°LO 50 30 11

from the general results presented in Secs. II and III and
Appendices B and C. However, in the remainder of this section
we give an example of how these results can be translated
into those based on the Cartesian representations of derivative
operators [Egs. (18)—(22)]. Indeed, in this representation, all
nonzero densities can be defined as

Ry =p, 7
R, = K*p, (48)
Roun = kukipp, 49)
Re = k*p, (50)
Raap = K2kokyp, 1)
Re = k%p, (52)
and
Jia = (k x 8),, (53)
J3a = K(k x $)a, (54)
Tsabe = kakp(k x 8). + kpko(k X 8),

+ keko(k x )y, (55)
Jsa = k'(k x 8),, (56)

where
K=" kaky. (57)

and the Cartesian indices are defined as a,b,c = x, y, z. To
lighten the notation, in these definitions we have omitted the
arguments of local densities r and limits of r' = r.

The six local densities [Eqgs. (47)—(52)] are the Cartesian
analogs of densities marked in Table III with bullets (o), and
the four local densities [Eqs. (53)—(56)] are analogs of those
marked ig} Table IX. However, one should note that rank-2
densities R, and R4, are not propgrtional to 2202 and 4202,
respectively, and the rank-3 density J 3,5, is not proportional to
p3313- This is because they are defined in terms of the derivative
operators [Egs. (18)—(22)], where appropriate traces have not
been subtracted out. Nevertheless, linear relations between the
densities in Eqgs. (47)—(56) and their spherical-representation
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counterparts p,;,; can easily be worked out and will not be
presented here.

Note also that the scalar densities R, and R4 can be
expressed as the corresponding sums of the rank-2 densities
Roup and Rygp, and the vector density J3, as that of Jigp..
However, based on the results obtained in the spherical
representation, we know that they have to be treated separately
to give separate terms in the energy density.

Again, based on the results obtained in the spherical
representation, we can write the N*LO energy density as a sum
of contributions from zero, second, fourth, and sixth orders:

H ="Ho+ H + Hs + Hs, (58)
where
Ho = CgyRoRo, (59)
Hy = C3RoARy + CiRoRy + CY, RV - J 1, +C§, T,
(60)

Energy densities H, and H, correspond, of course, to the stan-
dard Skyrme functional [24,33] with C{, = C*, C3) = C* +
1CT.CY, =C",C), =C", and C}; = C’'. At fourth and
sixth orders, these energy densities read

Hy = CyRoA* Ry + CHRoARy + CY,RoRs + Co, Ra Ry

< < o
+ DngO Z Va VbRZah + D(%z Z R2ahR2ab
ab ab

+CyJ1-AJ1+Cozdi - I3+ Dy Jy -V (V- Jy)
+CRoA(V - J1) + CHRo (V- T3)

+CHR (V- J )+ D}, Y RaaVad 1, (61)
ab

He = CoyRoA’ Ry + C, RoA* Ry + C, RoAR,
+ CosRoRs + C3, Ry ARy + C3,RaRy

<> <>
+ D RoA Y " VaVyRouy + D3R Y VaVyRaap
ab ab

+ D3R Z VViRop + E3 Z R2ap AR2ap
ab ab

pug < < o
+ F222 Z R2ap VoV Rocp + E§4 ZR2£tbR4ab
abc ab

+CyJ1- AT+ Cyld i A3
+C(%SJI 'JS+C83J3'J3
+ Dy Jy - AV(V - J )+ Dy Jy - V(V - J3)

+E); Z J1aV 5V ed 3a0e + Diy Z J3abed 3abe

abc abce
+ C2 RoAX(V - J1) + CHLROA(Y - J3)
+ CsRo(V - J5) + C5 R AV - Jy)
+ CHRAV - J3) + C Ry(V - J 1)
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+ D3;Ro Z VaVpVedzabe
abc
2 5 < > <
+ D13 Z RaapV eJ 3abe + D3, ZRZabAVath
abc ab

pxg <
+ Efy Z RoavV a3 + DY Z RaapVad b
ab ab

+EL Y RoayVaVi(V - J0). (62)
ab

These energy densities are given in terms of the coupling
constants C" , D ' E" _and F" . The indices correspond
to orders of derivatives indicated in the same way as for the
spherical-representation coupling constants C;;,L:L{) ;- Linear
relations between both sets of coupling constants can easily be

derived and are not reported here.

V. CONCLUSIONS

In the present study, we constructed nuclear energy density
functionals in terms of derivatives of densities up to sixth or-
der. This constitutes the next-to-next-to-next-to-leading order
(N3LO) expansion of the functional, whereby, in this scheme,
the contact and standard Skyrme forces provide the zero-order
(LO) and second-order (NLO) expansions, respectively. The
higher order terms were built to provide tools for testing
convergence properties of methods based on energy density
functionals, within the spirit of effective field theories.

At N3LO, depending on several options of using the energy
density functionals, the numbers of free coupling constants
are as follows. If one would like to include the density
dependence of all the coupling constants (an option that is not
advocated here), one would have to use 658 different terms
in the functional. Full functionals with density-independent
coupling constants contain 188 terms, whereas functionals
restricted by Galilean and gauge symmetries contain 50 and
21 terms, respectively. If both isoscalar and isovector channels
are included, all these numbers must be multiplied by a factor
of 2.

At the present stage of searching for precise, spectroscopic-
quality nuclear functionals, extensions beyond the standard
Skyrme NLO form are mandatory (see the analysis in
Ref. [40]). These may include richer density dependencies
[41,42], higher order derivative terms. as constructed in the
present study, terms of higher powers in densities, richer forms
of functional dependence beyond simple power expansions,
and possibly many other modifications.

Further studies of higher order energy density functionals
requires constructing appropriate codes to solve self-consistent
equations. Although this is a complicated problem, various
techniques have already been developed that can be used here.
First, expressions for mean fields must be derived by using the
standard methods presented (e.g., those in Refs. [24,25,43]).
Obviously, such mean fields will involve derivative operators
up to sixth order, so the connection with the one-body
Schrodinger equation, discussed,for example, in Ref. [28], will
be lost. Nevertheless, all basis-expansions methods can still be
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used and their implementation will not be essentiallly different
than what was done up to now at NLO. Work along these lines
is now in progress.
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APPENDIX A: SYMMETRIES

Within the HF approximation, symmetry properties of
the interaction carry over to symmetry properties of the
total HF energy. This means that whenever the interaction
is invariant with respect to a symmetry group, the total HF
energy is invariant with respect to transforming densities (or
density matrices, in general) by the same symmetry group.
However, the well-known phenomenon of spontaneous sym-
metry breaking [32] may render densities and energy density
themselves not invariant with respect to the symmetry group
in question. We must, therefore, consider energy densities for
symmetry-breaking densities.

This is best illustrated by the EDF derived for the Skyrme
interaction [25,28]. The standard derivation treats the time-
reversal and isospin symmetries in a different way than space
symmetries (space inversion and other point symmetries or
space rotation) [24,25,33]. Indeed, for the time reversal, the
nonlocal densities are first split into the time-even and time-odd
parts as

p(r’ r/):p+(r7r/)+p—(r7r/)’ (Al)
s(ror)y=sy(r,r)+s_(r, 1), (A2)
where

pi(r. ) = S[p(r. r) £ p7 (r, F)], (A3)
se(r.r) = s(r, r) £ s7(r, 1)), (A4)

such that
pL(r.r) = Fps(r, 1), (AS)
sL(r,r') = +s.(r, 7). (A6)

The superscript 7 here means that the nonlocal densities are
calculated for the time-reversed many-body states.

Then, in the derivation of the HF energy density, only
squares of the time-even and time-odd densities appear,
because the time-reversal symmetry of the interaction prevents
the cross terms from contributing. As a consequence, the
energy density itself is time-even. Similarly, for the isospin
symmetry, the densities are first split into the isoscalar and
isovector parts, for which no cross terms contribute, and the
obtained energy density is an isoscalar. In what follows, we
call this kind of derivation “derivation after separation of
symmetries,” which implies that the symmetry-breaking terms
are absent in the energy density.
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The derivation after separation of symmetries can be
illustrated by considering the simplest term of the Skyrme
interaction—just the contact force:

Vs(ri, r2) = 18(r1 — ra). (A7)
The energy density reads
Hs(r) = 5100°(r) — 51087(r) (A8)

(where we neglected the isospin degree of freedom, so only
one type of particle is considered). This energy density is
invariant with respect to the time reversal of local densities,
p"(r) = p(r) and s” (r) = —s(r).

Here, the coupling constant multiplying the time-even
density, C* = %to, is not independent of the coupling constant
multiplying the time-odd density, C* = —%to. This fact is not
related to the time-reversal symmetry but results from the
vanishing range of the contact force. Proper treatment of the
finite-range corrections render these two coupling constants
independent of one another. [15,16]. Irrespective of zero or
finite range, the isovector and isoscalar coupling constants are
also independent of one another [24,33].

For space symmetries, the standard derivation proceeds in
another way; namely, the energy density is determined directly
for the broken-symmetry HF state. For the space-inversion
symmetry, for example, this means that both parity-even and
parity-odd densities,

Pp_ii(r) = 3lp(r) £ pP ()] = Lp(r) £ p(—r)], (A9)
Sp_y (1) = 3[s(r) £ ()] = 3[s(r) £ s(=r)],  (A10)
appear in p(r) and s(r) in the energy density of Eq. (AS8),

(Al1)
(A12)

p(r) = Pp=+1(") + ppzfl(r)a
s(r) = SP=+1(7') + sP:—I(r)‘

The superscript P here means that the nonlocal and local
densities are calculated for the space-inversed many-body
states. We call this kind of derivation “derivation before
separation of symmetries,” which implies that the symmetry-
breaking terms are then explicitly present in the energy density.
If the symmetry is broken, which in the case of space inversion
corresponds to p,__(r) # Oors,__,(r) # 0, then the energy
density is not invariant with respect to space inversion.

The total energy, that is, the integral of the energy density
[Eq. (1)] is, of course, invariant with respect to space
inversion, because the integration then picks up only the
space-inversion-invariant parts of the integrand. Therefore,
the energy densities derived before and after separation of
symmetries are not equal, but they are equivalent. In the case
of the space-inversion symmetry, the energy density [Eq. (A8)]
derived after separation of symmetries reads

Hi(r) = %fopi:+1(’) + %to’oi’:—l(r)
_ %tosi:+1(r) — %[()S?J:_l(r). (A13)

This energy density is invariant with respect to space inversion
and the coupling constants multiplying densities of opposite
parities are not independent of one another (see also the
discussion in Ref. [30]).
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The same principle applies to other broken spatial sym-
metries. For example, for the broken rotational symmetry, the
density can be split into the sum of terms belonging to different
irreducible representations of the rotational group, which in
this case corresponds to the standard multipole series [44]

p(r) =" pau(r), (Al4)
A
for
Pan(r) = pa(r)Y;, (6, @), (A15)
where the multipole densities, given by
Pau(r) = / dodep(r)Y;. (0, ¢), (A16)

depend only on the radial coordinate r. Then, the first
term in the energy density [Eq. (A8)], which is derived
before separation of rotational symmetries, and which is not
rotationally invariant, is equivalent to the following energy
density derived after separation of rotational symmetries:

1
Hp(r) = Sl Z V24 + 1pa(r)pr(r)]o- (A7)
A

(See Ref. [45] for an example application of this series.)
This energy density is rotationally invariant and the coupling
constants multiplying different multipole densities are again
not independent of one another.

We have presented a detailed analysis of the problem to
arm ourselves with proper tools for discussing construction of
EDFs in situations where there is no underlying interaction.
Then, the only consideration is the requirement of invariance
of the total energy with respect to all symmetries usually
conserved by nuclear interactions. We proceed with such
a construction in two different ways as described in the
following.

A. Symmetry-invariant energy density

Based on the derivation after separation of symmetries,
which we just introduced, it is clear that we can proceed
by separating densities into irreducible representations of all
required symmetries and then building the energy density by
taking scalar products separately in each of the representations.
Such a construction gives a symmetry-invariant energy density
of

H(r) = H(r),

where H5(r) denotes the energy density calculated for a
many-body state transformed by the symmetry operator S.
This guarantees the invariance of the EDF and total energy
[Eq. (1)] with respect to all considered symmetries. Such a
strategy would also allow for using arbitrary (and unrelated
to one another) coupling constants in each of the irreducible
representations.

However, in practical applications, such a strategy has not
yet been fully implemented—neither at N*LO, for which the
present study is the first attempt in the literature, nor at NLO,
which corresponds to the standard Skyrme functionals (see

(A18)
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Sec. IT A). Only the time reversal and isospin symmetries
were up to now treated in this way, and in the following we
are going to follow the same path.

For the time reversal, all local densities discussed in
Sec. I C are either time-even or time-odd. Indeed, this simply
follows from the facts [25] that

pl(r 1) = p*r.r)=p(r'. r),
(A19)
sT(r,r)y = —s*(r,r') = —s(r’, r),

which give the time-even and time-odd parts in Eqgs. (A3)
and (A4) as

p(r. ) = pi(r,r')=pi(r',r),
p(r,r)=—pX(r,r')y=—p_(r',r),

(A20)
s1(r ) = —si(r, 7)) = —s4. (', 1),

s_(r,ry=s"(r,r)=s_(r,r)

that is, o (r, ) and s_(r, r’) are real symmetric functions
and p_(r,r’) and sy (r,r’) are imaginary antisymmetric
functions. Moreover, the relative momentum operator k
[Eq. (6)], which defines derivative operators K, , is imaginary
and antisymmetric with respect to exchanging variables r and
r’. Altogether, it is easy to see that 7 parities of primary
densities p,,7(r) [Eq. (23)] are equal to (—1)"*? [see Eq. (25)
and columns denoted by T in Tables III and IV]. Similarly,
T parities of secondary densities oy nrvs,0(r) [Eq. (24)]
are also equal to (—1)"*V. Construction of the T -invariant
energy density [Eq. (A18)] can now be realized by multiplying
densities that have identical T parities.

B. Symmetry-covariant energy density

Treatment of space symmetries in the construction of EDFs
is another matter entirely. Here, we base our considerations
on the derivation before separation of symmetries, which we
introduced earlier, and on the fact that invariance of the energy
density itself is not a prerequisite for the invariance of the
EDF. In fact, the EDF and total energy [Eq. (1)] are invariant
with respect to symmetry S also when the energy density is
covariant with S; that is,

H3(r) = H(STrS),

where STrS denotes the space point transformed by symmetry
S (see also the discussion in Ref. [32]). Indeed, because the
space integrals are invariant, we have

/ ErHSTrS) = f drHr),

which guarantees invariance of the EDF and total energy.
For the space-inversion symmetry, we have

HP(r) = HIpP (ro, r'o’)]

(A21)

(A22)

= H[p(—ro, —r'c")], (A23)
H(PTrP) = H(-r), (A24)

and the covariance condition [Eq. (A21)] reads
Hlp(—ro, —r'c")] = H(—r). (A25)
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Itis now essential to realize that the arguments of the density
matrix, p(—ro, —r'c’) on which the energy densities in
Eq. (A25) depends, are the same on both sides of Eq. (A25).
The covariance condition then tests only the parity of all other
operators that may appear in the definition of local densities.
Therefore, to each primary density p,.,;(r) [Eq. (23)] we
may attribute P parity corresponding to the P parity of the
operator K,; only, which is equal to (—1)" [see Eq. (26) and
columns denoted by P in Tables III and IV]. This attribution
is performed regardless of space-inversion properties of the
nonlocal densities, i.e., regardless of whether the parity of the
many-body state is conserved or broken. Similarly, P parities
of secondary densities pyrnrvs,0(r) [Eq. (24)] are equal to
(—=1)"*™_ Construction of the P-covariant energy density [Eq.
(A21)] can now be realized by multiplying densities that have
identical P parities.

Construction of a rotationally covariant energy density can
be performed in an entirely analogous way. We must only
ensure that all tensor operators used in constructing all terms
of the energy density are always coupled to total angular mo-
mentum (rank) zero. This coupling proceeds regardless of any
transformation properties of nonlocal densities with respect to
rotation, because again, their rotated space arguments appear
on both sides of the covariance condition [Eq. (A21)].

Itis obvious that this is the correct procedure to follow when
the rotational symmetry is not broken and nonlocal densities
p(r,r’) and s(r, r’) are scalar and vector functions of their
arguments, respectively. In fact, this is how we refer to these
densities throughout the entire paper, seemingly forgetting
that the rotational symmetry can be broken and that these
functions can then have no good tensor properties with respect
to rotation. Nevertheless, in view of the covariance condition
[Eq. (A21)], these rotational properties of broken-symmetry
nonlocal densities are irrelevant for the construction of the
energy density.

APPENDIX B: PHASE CONVENTIONS

In the present study, we use four elementary building
blocks to construct the EDF, namely, the scalar and vector
nonlocal densities, p(r, r’) and s(r, r’), along with the total
derivative V and relative momentum k [Eq. (6)]. Spherical
representations of the building blocks can be defined by using
standard convention of spherical tensors [26] as

poo(r, ') = ppp(r, 1), (B1)
1
Stp=(—1.013(r, r) = Ps{ﬁ[sx(", r’)
—isy(r, r], s (r, 1),

;—;[sx(r, r') +isy(r, r/)]}, (B2)

1
Viu=(-1,01} = pv{_(vx -

V2

~1
V., — (Vs +iV) 1, B3
'ﬁ( +i _)} (B3)

iv,).
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1 )
ki u=(-1,01) = pk{%(kx —iky), k;,

1
(ke + ik, B4
ﬁ( +i _)} (B4)

where p,, ps, py, and p; are arbitrary phase factors, with
[pol = |ps| = |py| = | pr| = 1. These phase factors define the
phase convention of the building blocks and can be used to
achieve specific phase properties of densities and terms in the
EDF, as discussed in this Appendix.

To motivate the best suitable choice of the phase convention,
in Tables XXI and XXII we present relations between the
spherical and Cartesian representations of densities and terms
in the EDF, respectively. All NLO densities in the Cartesian
representation, which are listed in Table XXI, are real. It is
then clear that the phase convention, which would render all
NLO densities in the spherical representation real, does not
exist. However, for the phase factors p,, ps, py, and p; equal
to £1 or =i, in the spherical representation all NLO densities
and terms in the EDF are either real or imaginary.

Among many options of choosing the phase convention, in
the present study we set

pp = +1, and p; = —i. (BS)

Ps = _i7 pv = _is

This choice is unique in the fact that all scalar densities and
all terms in the EDF are then characterized by phase factors
+1 connecting the spherical and Cartesian representations (see
the last columns in Tables XXI and XXII). This allows for the
closest possible relationships between the two representations,
which may facilitate the use of the spherical representation as
introduced in the present study. In particular, relations between
coupling constants up to NLO (Table XXII) and standard
coupling constants in the Cartesian representation [24] then
read, for terms depending on time-even densities,

Coo.oon0 = C” (B6)
ng%)ooo =3 (C* +3CT), (B7)
ng%)ooo =V3cr, (B8)
Coono = 3C7°, (B9)
Cio'tn = v12C7", (B10)
C(l)(l),llzm =+/5¢"2, B11)
C(l)(l)f){)lll = V6C", (B12)
and for terms depending on time-odd densities,
Coooon = V3C*, (B13)
C(%(l),olllm = V/3C/, (B14)
Chooon =3 (C* +3CT) +3C7 =€, (B1S)
Chton = V5 (3€7 = ™), (B16)
C(())S,IZI()II =3c" + ", (B17)
C(())(()],lzlzn = /5", (B18)
Coogon = V6C™. (B19)
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TABLE XXI. Spherical and Cartesian representations of local densities [Eq. (24)] up to NLO. Only scalar densities
and the © = 0 components of vector densities are shown. The numbers in the first column refer to the primary densities
[Eq. (23)] shown in Tables Il and I'V. The last column shows factors preceding densities in the Cartesian representation
evaluated for the phase conventions of Eq. (B5). Time-even densities are shown in bold face.

No. OminLv,Qn Cartesian representation [24,25,30] Phase
1 Poo.0000.00 = [Lloo = Py P +1
P11.0000.10 = [Volio = pypy V.p —i
£20.0000.00 = [[VVIoploo = —Pél’p %AP +1
2 Poo.1101,10 = [kplio = prp, Jz —i
puo1,00 = [VIkelioo = —pyPepy %V - J +1
pinon0 = [VIkplilio = IPyPkDp %(V X J): —i
3 Po02000.00 = [kkloploo = —pEp, % (t—14p) +1
17 Poo.0011,10 = [sTio = ps Sz —i
p11.0011,00 = [Vsloo = —py ps %V .5 +1
pioo11.10 = [Vslio = ipy ps %(V X §); —i
020001110 = [[VV]osTio = —Péps %Asz -1
p2.0011,10 = [[VV]as]io = —Pépx \/%(3sz s — As;) —i
18 Poo.1110,00 = [ksloo = —pips =IO +1
P00 = [VIkslolio = —py pips VIO —i
19 Poo1111,10 = [kslio = ipips %JZ —i
Prran00 = [VIksliloo = —ipy pips %V -J +1
Pi11111,10 = [VIkslilio = — Py PiDs %(V x J); -1
21 000.2011,10 = [[kk]osTio = —prs % (Tz - %Asz) -1
22 poo.2211,10 = [[kklasTio = —pi ps % (3F. = 3V.V-s—T. 4 ;As.) —i

At the same time, all vector densities in Table XXI and
vector operators in Eqs. (B2)—(B4) are consistently character-
ized by phase factors —i connecting the spherical and Cartesian
representations.

Phase conventions (B5) also lead to very simple phase
properties, which our spherical tensors have with respect
to complex conjugation. Indeed, spherical tensors (B1)—(B4)
obey standard transformation rules under complex conjugation
[26],

A%, = Pa(=1)""" A5 . (B20)
where P4 = %1. For nonlocal densities [Egs. (B1) and (B2)],
Eq. (B20) holds separately for their time-even and time-odd
parts, split as in Egs. (A1) and (A2). Using Egs. (A20) we then
have

Py, +P,s P, = _plzj’
P, =+p’, P, =-p, (B21)
Py =—pg,  Pc=pi,

P, =+1, P, =-1, P, =-1,
(B22)
P, =+1, Py=+1, P =-—1.

The standard rule of Eq. (B20) propagates through the
angular momentum coupling; that is, if signs P4 and Py
characterize tensors A, and A}, respectively, then the coupled

tensor,

Al = 1A A o =Y Ch b Avu Al (B23)
%

is characterized by the product of signs, Pa» = P4 Pa.

Therefore, coupled higher order densities [Eq. (24)] are

characterized by signs

P

PmlnLvl,0 — P§1 Pkn Pyr, (B24)

where v = 0 or 1 denotes the scalar or vector density, p or s,
respectively, and 7 = +1 or T = —1 denotes the time-even
or time-odd density. However, the symmetry conditions of
Eq. (A20) require that powers of the k derivative determine
the time-reversal symmetry of each local density, so that T =
(=1)"*?. From Egs. (B21) we then obtain

Ppml.nLvl,Q = (_1)m+n+vpémp]%np3’ (BZS)
which for the phase convention of Eq. (B5) reads
Ppml.nLvLQ = +1 (B26)

for all densities. Therefore, the phase convention of Eq. (B5)
ensures that scalar densities and all terms in the EDF are always
real.

APPENDIX C: RESULTS FOR THE GALILEAN- OR
GAUGE-INVARIANT ENERGY DENSITY FUNCTIONAL

As discussed in Sec. III B3, when the Galilean or gauge
invariance is imposed on the EDF, this induces specific con-
straints on the coupling constants and terms of the functional.
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TABLE XXII. Spherical and Cartesian representations of terms in the EDF [Eq. (30)] up to NLO. The last column shows
factors preceding terms in the Cartesian representation evaluated using the phase conventions of Eq. (BS). Integration by parts was
used to transform s - VV - s into —(V - 5)2, which is the term used previously in Refs. [24,30]. Coupling constants corresponding
to terms that depend on time-even densities are shown in bold face. Bullets (o) mark coupling constants corresponding to terms
that do not vanish for conserved spherical, space-inversion, and time-reversal symmetries (see Sec. IV).

No. Crlyds Low Lo 3 [ Dt Purvs 1 To Cartesian representation Phase
Le Cao.0000 [polo = p,, 0? +1
2 Coo.0o11 [sslo = —p; %sz +1
3e ng?gooo [o[[VVIoplolo = —Pépﬁ %pAp +1
4e C 05000 [pllkkloplolo = —pip; % (ot — 3pAp) +1
5 C(11(11,110110 [lkslolksTolo = p}p? %(J(O))2 +1
6o C11)(11,111111 [lksilksTilo = p?p? ﬁ]z +1
7 Cov'tinz [[kslks]1o = p?p? DI 41
8e C‘l)(l]?lolll [p[VIks]ilolo = —ipy PrpsPo %PV -J +1
9 Coonion [koli[kplilo = —pi P} €5 41

10 Ca60011 [s[[VV]osTilo = p p? LsAs 41

1 Co2o0n [s[[VVs1ilo = p p? (V-5 + sAs) +1

12 ng,lzlou [s[[kklosTi]o = p? p? % (s T — isAs) +1

13 ng,lzlzu [s[lkkl2s]ilo = P/%P.yz % (s -F + %(V - §)? — %s -T + %sAs) +1

14 Ci{%on [[ke]i[VsTilo = —ipypips Py %j -V x§ +1

We pointed out that there can be three disconnected classes
of terms in the EDF with related properties of the coupling
constants:

(i) Terms that are invariant with respect to the Galilean or
gauge transformation, and, therefore, the corresponding
coupling constants are not restricted by the imposed
symmetries.
(i) Terms that cannot appear in the energy density when the
Galilean or gauge symmetry is imposed, and, therefore,
the corresponding coupling constants must be equal to
zero.
(iii) Terms that can appear in the energy density only in
certain specific linear combinations with other terms.
This means that the coupling constants corresponding
to these terms must obey specific linear conditions. We
then distinguish
(a) independent coupling constants, which multiply
invariant combinations of terms and therefore have
values that are not restricted by the imposed symme-
tries, and

(b) dependent coupling constants, which are equal to
specific linear combinations of independent cou-
pling constants and therefore have values that are
in this way restricted by the imposed symmetries.

Division into the sets of independent and dependent
coupling constants is not unique, and in the following, in
each case, we present only one specific choice thereof.

In Table XXIII we show numbers of unrestricted, vanishing,
independent, and dependent coupling constants that appear
at a given order when either Galilean or gauge symmetry is
imposed. In what follows, we use the name of a free coupling

constant to denote either the unrestricted or independent one.
Indeed, in the Galilean- or gauge-invariant energy density
[Eq. (43)], these two groups of coupling constants become
free parameters.

In the following we simultaneously discuss the Galilean
and gauge symmetries. In doing so, we use the fact that the
Galilean symmetry is a special case of the gauge symmetry,
and, therefore, the latter may impose more restrictions on
the EDF than the former. At NLO, this is not the case, and
the Galilean and gauge symmetries impose, in fact, identical
restrictions on the EDF [25,33]. However, at higher orders,
restrictions imposed by the Galilean and gauge symmetries
are very different.

Both zero-order terms in the EDF, which correspond to the
contact interaction, are Galilean and gauge invariant; that is,
these symmetries do not restrict the form of the EDF at LO. In
the next three sections we give results for second, fourth, and
sixth orders, respectively.

TABLE XXIII. Number of unrestricted, vanishing, independent,
and dependent coupling constants in the EDF at zero, second, fourth,
and sixth orders. Left and right columns correspond to the Galilean
and gauge symmetries imposed, respectively.

Order Galilean Gauge

0 2 4 6 0 2 4 6
Unrestricted 2 3 3 3 2 3 3 3
Vanishing 0 0 0 0 o0 0 27 100
Independent 0 4 12 23 0 4 3 3
Dependent 0 5 30 103 0 5 12 23
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C. Second order

At second order, we obtain the same restrictions of the
EDF as those already identified for the Skyrme functional (see
Ref. [24] for a complete list thereof). Then, five dependent
coupling constants are equal to specific linear combinations of
four independent ones:

0000 (
C 00,2000 = _Cé(g,)llIOI’ (ChH
1 1
1110 0! 0!
000,1110 = _§C08,121011 - gﬁcog,lzlznv (C2)
1 /5 1
C(I)(l),llllll = 5\/;C88,121211 - ﬁcgg,lzlollv (C3)
1 1
112
C(1)0,11112 = —5\/§C88"21011 - gcgg,lzlzn’ (C4)
Ctn = Ciioon- (C5)

These relations are obtained by imposing either Galilean
or gauge invariance. In Egs. (C1)—(C5), coupling constants
corresponding to terms that depend on time-even densities are
marked by using the bold-face font. The same convention also
applies in the following.

At this order, the Galilean- or gauge-invariant energy
density of Eq. (43) is composed of three terms corresponding
to unrestricted coupling constants,

0000 _ 470000

G20,0000 = T 20,0000 (Co)
0011 _ 470011

G0,0011 = To0011 (C7)
0011 _ 470011

G001 = Toa00115 (C8)

and of four terms corresponding to the independent coupling
constants,

1101 1101 0000
Goo,1101 = Too,1101 — T 00,2000, (C9)
1101 1101 0000
G001t = Tiioonn + T (C10)
1 1
0011 1110 111
G011 = _§T00,1110 - _ﬁTOO,llll
1 112 0011
- g\/gToo,mz + To0.2011 (C11)
1 1 /5
0011 1110 111
Goo,o11 = _5\/§T00,1110 + E\/;Too,uu
112 0011
- 6T00,1112 + To0, 2011 - (C12)

Again, terms that depend on time-even densities are marked
by using the bold-face font. Altogether, seven free cou-
pling constants (three unrestricted and four independent)
define the Galilean- or gauge-invariant EDF at second order
(cf. Table VI).

D. Fourth order

At fourth order, imposing either Galilean or gauge symme-
try forces 12 dependent coupling constants to be specific linear
combinations of 3 independent ones:

0000 3 2202

= , (C13)
00,4000 2\/5 00,2202
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1
Cﬁg‘,)zoooo = Eﬁcgﬁ?zzzoza (C14)
6
Coostor = —EC%ﬁf’%zoz, (C15)
Clll() — _2\/§C2212 _ lCOOII (Clé)
00,3110 5C0022 = = Conan
6
Coosin = —EC§8,‘2212» (C17)
14
C(l)(1),132112 = _Zﬁcgg,lzzzlz - ?ng,lztlznv (C13)
1112 T oot
Coo3312 = —2 EC00,4211’ (C19)
3 /3 7
cool _\/jc2212 y oo (C20)
004011 = 71 50212+ 7= Conan
1 7
Coozon = 5V 15C 12 + E\/gcgg,lztlzna (C21)
7
Cooan = 3 Co0anr (C22)
c2l \/?sz " 7 coo1 (€23)
00,2211 5 Co0.2212 _3\/5 00,4211°
7 1 /21
ng,123213 = \/; ng,lzzzlz + 5V ?C88.141211' (C24)

At this order, there are three stand-alone Galilean- and gauge-
invariant terms,

0000 _ 720000

G 40,0000 = T 40,0000 (C25)
0011 _ 470011

Ga0,0011 = Tao,0011> (C26)
0011 _ 40011

G001 = Tz 00115 (C27)

and three Galilean- and gauge-invariant linear combinations
of terms, corresponding to the three independent coupling
constants,

1
Goommn = 3 \/ngg?zoooo + T3 %0
6 3
_ T 1101 + T0000 , (C28)
/5 003101 5= Lao.4000
7 7 14
gt L sspoon T game %o
00,4211 = 15 00.2011 ~ =L oo3u0 ~ 5 Lao3nz
_9 /1T1112 n LToon L ool
15 0312 T2 ton a0+ Looaan
7 7 1 /21
S TV - VB R bk TE N
3 002+ 3= linn + 5y 5 ld 2
(C29)
012 L= oo 3. 20 3 1110
G212 = 3 15750, 2011 + gToo,zzu -2 §T00,3110
6 1 112
NG T 03111 — 2‘/§T0(]),3112

3 /3 7
3 o, - 18+ 18 o)
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Altogether, these six free coupling constants (three unrestricted
and three independent) occur in both the Galilean- and gauge-
invariant EDF at fourth order (cf. Table VI).

Apart from these 6 free and 12 dependent coupling
constants, the gauge invariance requires that all the remaining
27 coupling constants are equal to zero. These 27 constants
are allowed to be nonzero if the Galilean symmetry is imposed
instead of the full gauge invariance. Then, there are 18
dependent coupling constants that are forced to be linear
combinations of 9 independent ones:

C(zlg?gooo = _Czlé,oflol» (C3D)
0000

Crpnp = _Czlzl,olllov (C32)

1 1
C%(l),lfllo = _gcgg,lzlou - gﬁcg(())};zu’ (C33)
2 15
Cute = —Cyle — #C 212 — 2y = Cooss
(C34)

1111 L /S oont L oot

Cron = 3 §C20,2211 - %Czo,zoua (C35)

1 3 5
111 1111 1112
C22,11111 = _ﬁCZZ,IIIZ - 3\/;C’ZZ,IIIZ - 2\/;ng,121213’

(C36)
1 1
C;(I),llznz = _g\/gcgg,lzlon % ng,lzlznv (C37)
2 2 5
ng,]zlon = gcg,lllnz - ﬁcg,llzuz Ty ﬁcgg,lzlzms (C38)
co lﬁcllll §C1112 8 cootl
221 = g 2112 T 7Cniin + _\/ﬁ 22,2013
(C39)
0011 1f 1 3 2 5 oot
Conn = 3 3Cn 2 +3 7022,1112 +2 §C22,2213’
(C40)
Cg(l)%)lll = C;1l,001011v (C41)
3
Citan = —\@CH?ZEW (C42)
2000 5 101
Ciiim = — §C11,2212» (C43)
1
Cﬁf’fm = ﬁcllll,ozlzu’ (C44)
Cﬁ?ﬁu = C1111,021212a (C45)
5
Clizon = —@C%}?;m, (C46)
1
Cii%n = ﬁcllll,ozlzu’ (C47)
3
C?},%lon = _\/;Cllf,ozlzlz- (C48)
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Finally, we list nine combinations of terms that are invariant

with respect to the Galilean symmetry and correspond to the
independent coupling constants:

1 2
1111 1111 1110 1111 0011
G22,1112 = __T22,1111 - T22,1112 + T22,1112 + _T22,2011
V3 3
1 1
+ VST + V3T, (C49)
Gl _ 13 /§T1111 _ iTlll() + rue
22,1112 7 22,1111 \/7 22,1112 22,1112

2 ool S 001 3 001
- %Tn,z(lm + §T22,2511 +3 iTzz,zalzv

(C50)
1101 1101 0000
Go.1101 = Tao.1101 = T20, 20000 (C51)
1101 1101 0000
Guio1 = T ior — T22.2202 (C52)
1101 1101 0000
Gii,0011 = 10011 + T3p1111 (C53)
5 1
101 2000 2202 2202
Giizn = =y §T11,1111 + %Tll,llll + Ttz
/3 110 1 0
- §T1111,2%)11 + ﬁTllll,Zéll
3 0000 1101 3 3101
- §T11,3111 +Ty1 2010 — §T11,0011v (C54)
1 1
0011 1110 111
G011 = _§T20,1110 - ﬁTzo,uu
1 112 00
=3V 50 + T (C55)
1 1 /5
00 1110 1
G = _‘\/§T20,1110 + ‘\/szo,uu
3 2V 3
12 00
— =Ttz + D211 (C56)

6
5 15 /5
—2\/;T;%,111111 -2 7Tg,110112 + ﬁTZOZ%(IJH
5

8
+ Tyoon +2y/ 5 T + Topoose (C57)
V21 7

0011  _
Gy =

E. Sixth order

An entirely analogous pattern of terms and coupling
constants appears at sixth order. Imposing either Galilean or
gauge symmetry forces 23 dependent coupling constants to be
specific linear combinations of 3 independent ones:

0000 _ 3 §C3303
00.6000 = 7 7\/ 5 ~00,3303-

(C58)
3
ng?a?ooo ==V 21C38,033303v (C59)
crn 3 /EC3303 (C60)
00,4202 = 7 Co0.3303-
9 /3
Céol,osl1o1 = E\/;ng,os%oy (C61)
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Cilthon = 153/ 21C % (e
Clithuo = =3 3C i — JzClbn. (€6
Clithus =~ Ch (Cot
C(1)(1),152112 = _%ﬂcg&‘fm - ?ng,lélznv (C65)
Ol =~ C, (<56
Bl = 5 3~ i, (con

21
Cgtl),lslm = —mcééﬁén, (C68)

7 126
03(1),132112 = _E‘/gc(%,lfzu - Ecgg,lelzns (C69)
12 /21
Cgtl),lszslz =5y ?ng,lélznv (C70)
1 6
C33,132312 = _ﬁcgg,llez - gcgg,lélzn’ (CT1)
c3B 1 lc2212 C72)
00.3313 = ~ 31/ 75 Coo.4212-
1 8
ng,lgsm = _\/_l—scgg,llez - ﬁcgg,lgzn’ (C73)
coott 1 §C2212 n 3 coott (CT74)
o.s01t = 7y 50002+ SomCooern
7 /3 21
il = 2GRt Sl (@9
C§8,141211 = 6C8(()],1612117 (C76)
21
CS(%,141011 = ?ng,]slzu’ (CT7)
3 12
Gt = |3+ 2B O
7 3
Clbns = || 2CB R+ 18 2 C €T
213 icoon (C80)

00,4413 = «/_ 00,6211+
' 5

At this order, there are three stand-alone Galilean- and gauge-
invariant terms,

0000  __ 70000

G0,0000 = T 60,0000 (C81)
0011 _ 40011

Geo,0011 = To0,00115 (C82)
0011 _ 40011

Ger0011 = Tez.0011 (C83)

and three Galilean- and gauge-invariant linear combinations
of terms, corresponding to the three independent coupling

PHYSICAL REVIEW C 78, 044326 (2008)

constants,
9 3
3303 /~1 73101 3303 /~1 72000
G00,3303 = 10 21T00,3101 + T00,3303 - Z 21T00,4000

115 2202 9 /3 10 3 /3, 0000
-3 7T00.4202+§ 7 OIOI’S%OI_Z 7T00,6000v

(C84)
GOl 063 30 %Tsnz 12 21 5y
et = ==l = 55 Loz = 5y 5T
9 18 7
A VLU SV PR AP S VT
/5 wso — 5 Loosin 15 Loo.s32
_ §T3312 8 o mu 21 72011
sTooss — oozl s+ oz Tioaon
3 21
2 ’
+6T50 411 + mTooo(?é(lm + Tobeon + ?Tozo,}tém
12 3 4
+ ﬁTozoz,zltlzu + 18, §T0202,41t32'13 + ﬁTozoz,Em’
(C85)
02 7 /3 310 21 s

Guo.pn = T 10V 5 003110 mToo,sm
- 17—0\/§T(3)¢1),1§112 - %\/%Tll)tl),lsollo - %T‘l"l’gm
— % 3T 00512 — %ng,lfslz - %\/17_5 T30 3
- «/%ng,lgsm + %@Tozo(?!ulm + \/§T0202,111211

1 /3 oo 212 7 213
+ Z\/;Too,éon + To6.4012 + §T00,4é13-

Altogether, six free coupling constants (three unrestricted and
three independent) occur in both the Galilean- and gauge-
invariant EDF at sixth order (cf. Table VI).

Apart from the 6 free and 23 dependent coupling constants,
at sixth order the gauge invariance requires that all the
remaining 100 coupling constants are equal to zero. These 100
constants are allowed to be nonzero if the Galilean symmetry
is imposed instead of the full gauge invariance. Then, there are
80 dependent coupling constants that are forced to be linear
combinations of 20 independent ones:

(C86)

ng?gooo = _Cié,ollth (C87)

Co%02 = —Caions (C88)
3

Codoo0 = ﬁC%f’ém, (C89)
1 /15

ngf)a?zoz =73y 7C2121,O31303’ (C90)

1

ng%)ooo = Eﬁc%‘,}zzzozﬁ (C91)
1 /35

ng%)zoz =73y ?C2121%1303a (C92)
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2202
C22,2202

1101
C20,3101
1101
C22,3101

C1110

40,1110 —

ClllO

20,3110 =

1110
C22,3312

1111
C40,1111

1111
C42,1]12

1111
C20,3]11

Cllll

22,3111 —

1111
C22,3312

1112
C42,1112

C1112

44,1112 —

1112
C22,3110
1112
022,311]

1112 _
C20,3112

1112
C22,3112

1112
C20,3312

01112

22,3312 —

1112
C22,3313

C1112

22,3314 =

1/5 1101
- 5\/;C22,3303 ’

_ _iczzoz

«/5 20,2202

2T 10
?C2121,31303’

3 oot
/5 40,1112 25
4 011 iczon

—z 4200011 — 20,2211°
5 V5

6 5
= Ecgglzlzu + ﬁcg,lgnz

2 /5 4
2 icéz,lsuz - 2‘/505,]313137

+ 3
3 3
\/;C}ul),llznz + \/;ng,lzlzn»

= 2\/§C}t;,111111 + 2~/§C§)§’,‘zlm,

3 4
Jrem, - dvacmy,,

101111 _§C2011
/3 @am T gtnne

6
_ 2011 1111
Comin — 2\/56'22,33137

V35

1 110 3 am
= ﬁcallz.lmz - \/;Cé,nnv

0011
_C44,2213’

_ 1110
- C22,3112’

1111
_C22,31]2’

4 cou _lczon
/5 202011 T 50210

2 2 /5
con oy _\/jcmo
745 2T gy 3

4 /5 2
et Pem, -2 2o,

Lcuu 4 cou
/2 rBBs T Astnnn

4 4
C2011 + _ﬁclllo
7\/E 22,2212 21 22,3112

8 1
+ a\/gc;;,l;uz - Ecg,lslsls’

(C93)

(C94)

(C95)

(C96)

(C97)

(C98)

(C99)

(C100)

(C101)

(C102)

(C103)

(C104)

(C105)
(C106)
(C107)

(C108)

6 /3 2 10 I un
= g\/;cgg,lzlzn + ﬁczz,suz - %CZZ,_’»IIZ’

/3
=-2 gcgg,lzlzll’

(C109)
(C110)

(C111)

(C112)

(C113)
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3 1112 0011

1
= _Ecm,mz - mcm,zznv

4 1
i - 5CH, + V3C

= ﬁcn,nn -

4 1111 1 1110

- _¢_1—5C42,1111 - %Cu,llll -

_ 6 cl 3 icmo
T T /35 e oy 3stadn

3

_ 2011
= 2C2011

5

1 1 1
= _Eﬁcgg,lzlzlz - ch,lgm + gC

— éc2011

7 20,2211>

1 /3 1
1 R, - Lseps, -

7

— éc2011

7 22,2212

— _ 3 c2o1 _i/ECmo
735 22T g\ 7 e

1 /15

— 7y 7C§§,13lnzv

2 /5 1

2 e, Lo,
2 7

- 2 eyt + fTem,

1 c2ou icmo +2c

- _2_\/§ 22,2212 12 22,3112

1 1
201, - V5O -

= ﬁczz,zzlz -

1 1 /15
= —Ecgg,lzlzlz ~ 3y 702,15)112

2 1

§C228,121011 + mcgg,lzlzl 1
43 1

- 12 — 2C 5

Fﬁ 22,2212 3

17 9 /21
- %C;;,lslm + 5V Ecg,lslslsv

1 3
Ty _C;;,lslm - g\/ﬁc

4
— B+
55 22T
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4 3 1110
C%%,lzlm = _ﬁcgg,lzlzlz - \/;sz,snz

4 3 /2
+ ﬁcggnz + g\/;cg,ls}slsv (C131)
2 1
C%,lzzzlz = \/_1—5C§8,121011 - mczzg,lzlznv (C132)

1 1 /7 3
Cithn = It - L et - 2o,
(C133)
2 /2 2 /14 3
ez, = -2 [ Zam, -2 [Bew o em,
(C134)
2 17 1
c2B _\/jczon n con (C135)
202213 = 3/ 3420201 _\/ﬁ 20,2211
9 /6 1
Cg,l;m = _g\/;cgg,lzlzu - ﬁcg,lgnz
2 /2 1 /3
+ E\/;Cg,lslnz + g\/;cg,l:&lsls’ (C136)
C3ttin = Csioons (C137)
3
Cg(l)%)m = _\/;Cgll,ozlzu’ (C138)
ng?gajm = C3131,021213v (C139)
1
Cltsin = —73V15CH 20 (C140)
5
Cg(l)f){)lll = _\/;Cslll,ozlzu’ (C141)
5
C%‘l’%’m = _\/;C?ll,ozlzlzv (C142)
1
cxn - oo (C143)
win = FGLen
Citin = V6Ci%s, (C144)
Cittz = C31 210 (C145)
ngf)lzm = _“/§C3131,021213v (C146)
1
cx2 - sl (C147)
3 = pCinn
Ciiae = Clidn (C148)
2 /5
Clianz = =3\ 37Ol (C149)
2 /10
Clisas = =34 57 Ciloz: (C150)
3V 21
cio00 1 §C3101 (C151)
i = ~5y 360220
5
chn cion (C152)
i = ZoaCnnn
5
C‘ﬁf’fm = 7Cf1l,0212125 (C153)
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/5
101 _ 1101
G320 = — §C31,2212v

(C154)
1
Ciion = EC%%Q, (C155)
Cisopin = _2\/§C3131’021213’ (C156)
1 /5
Cllts =~/ 2% 157
5
Ciidon = mci*}f’z‘m, (C158)
5
Cli%n = 7Ci%1l,021212’ (C159)
3101 3 101
G300 = — §C31,2212’ (C160)
3101 5 01
Ciizon = — §C11,2212v (C161)
1
Ciin = ﬁcigll,ozlzna (C162)
Ch0011 = C3131,021213s (C163)
2 /5
Clizan = =3y 57 itz (C164)
2 /10
Ciiis = 3V ﬁcﬂl,ozlzns (C165)
1
Chivon = — 77V 15C o (C166)

Finally, we list 20 combinations of terms that are invariant
with respect to the Galilean symmetry and correspond to the
independent coupling constants:

1
2202 _ 2000 2202
G20,2202 - 5\/§T20,2000 + T20,2202

6 3
- ﬁTzlolgllm + ngg?fooo’ (C167)
1 1
1110 12
Gl =T + ﬁTu,mz - §T402912611
1 3 /3
- TSTE?‘ZIZM -3 §T402%1213’ (C168)
2
Géé,lé)nz = Ti%,132110 + T;%,lgllz + ﬁTii}sznz
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