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High-spin structure of neutron-rich Se, As, Ge, and Ga isotopes
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Full-fledged shell-model calculations have been performed for neutron-rich Se, As, Ge, and Ga isotopes using
a valence space made up from nucleons occupying the g9/2, p1/2, p3/2, and f5/2 orbitals. The calculated energies
and electromagnetic transitions are compared with the experimental data which is available on these nuclei.
Pair-truncated shell model calculations have also been carried out to investigate the structure of the high-spin
states, with particular focus on the effect of the alignment of neutrons in the g9/2 orbital.
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I. INTRODUCTION

With the advent of radioactive ion beams, it is now possible
to create radioactive nuclei with significant neutron excess. In
particular, in light nuclei exciting phenomena have been sug-
gested including phenomena such as neutron skins, haloes, and
the emergence of new magic numbers. For heavier systems,
new structural phenomena might also be revealed. Recent
reports following initial studies with projectile fragmentation
[1–3] and deep-inelastic reactions [4–7] have suggested the
presence of a possible subshell closure for neutron number
N = 32 associated with a large single-particle gap between the
neutron p3/2 and p1/2 orbitals. There is ongoing interest into
the question of robustness for the traditional magic numbers
at N,Z = 28, (40), and 50, and how the related suggestion of
new subshell closures at nucleon numbers 32 and 34 varies as
a function of neutron/proton number [8].

A related issue is how high-spin structure is affected as
the neutron number approaches to the magic number N = 50.
Jones et al. recently reported on the structure of near-yrast
states in the N = 46, 48 isotones 80,82Se populated via heavy-
ion deep-inelastic reactions [9]. In that work, a shell model
analysis was made assuming three orbitals for neutrons and
protons, with the aim of investigating the effect of proton
single-particle energies above the Z = 28 shell for N ∼ 50.
The states in 80,82Se were interpreted in terms of the alignment
of g9/2 neutrons and proton excitations from the f5/2 subshell
to the p3/2 or p1/2 orbital.

In the current work we present results from fully-shell
model calculations for 34Se, 33As, 32Ge, and 31Ga iso-
topes assuming a phenomenological pairing plus quadrupole-
quadrupole interactions for both even-even and odd-mass
nuclei. In our previous paper on selenium isotopes [9] only
three valence orbitals were taken for each neutron and
proton space. In the current work all configurations with four
single-particle orbitals, g9/2, p1/2, p3/2, and f5/2, between the
magic numbers 28 and 50 are included. We also investigate
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the neighboring even-even isotopes and odd-mass nuclei
allowing the predicted excitation energies and electromagnetic
transitions to be compared with experiment over a wide range
of nuclei. In addition, in order to further analyze the shell
model results concerning the higher-spin structure of yrast
states, we also present calculations for these nuclei using the
pair-truncated shell model (PTSM) [10–17].

This paper is organized as follows. Section II outlines the
general framework of the shell model calculations using the
pairing plus quadrupole-quadrupole interactions. The results
of the energy levels and electromagnetic transitions are
presented in Sec. III. Section IV discusses the structure of
high-spin states in terms of the PTSM. Finally the summary
and conclusions are given in Sec. V.

II. SHELL MODEL FRAMEWORK

Fully shell-model calculations have been performed for Se,
As, Ge, and Ga isotopes assuming a valence space consisting
of neutrons and protons occupying g9/2, p1/2, p3/2, and f5/2

orbitals. The effective shell-model Hamiltonian is given by

H = Hν + Hπ + Hνπ, (1)

where Hν,Hπ , and Hνπ represent the neutron, proton
and neutron-proton interactions, respectively. The interac-
tion among like nucleons, Hτ (where τ = ν or π ), con-
sists of spherical single-particle energies, monopole-pairing
(MP ) interactions, quadrupole-pairing (QP ) interactions, and
quadrupole-quadrupole (QQ) interactions

Hτ =
∑

jm

εjτ c
†
jmτ cjmτ − G0τP

†(0)
τ P (0)

τ

−G2τP
†(2)
τ P̃ (2)

τ − κτ : Qτ · Qτ :, (2)

where :: represents the normal ordering. Here c
†
jmτ and cjmτ

are the nucleon creation and the annihilation operators, respec-
tively, and (j,m) represents the quantum numbers necessary
to specify a single-particle state. The monopole pair-creation
operator P †(0)

τ , the quadrupole pair-creation operator P
†(2)
Mτ , and
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the quadrupole operator QMτ are defined by

P †(0)
τ =

∑

j

√
2j + 1

2
A

†(0)
0τ (jj ), (3)

P
†(2)
Mτ =

∑

j1j2

Qj1j2A
†(2)
Mτ (j1j2), (4)

P̃
(2)
Mτ = (−)MP

(2)
−Mτ , (5)

QMτ =
∑

j1j2

Qj1j2

[
c
†
j1τ

c̃j2τ

](2)
M

, (c̃jmτ = (−1)j−mcj−mτ ), (6)

Qj1j2 = −〈j1‖r2Y (2)‖j2〉√
5

, (7)

where the creation operator of a pair of nucleons in the orbitals
j1 and j2 with total angular momentum J and magnetic
quantum number M is constructed by

A
†(J )
Mτ (j1j2) = [

c
†
j1τ

c
†
j2τ

](J )
M

. (8)

The interaction between neutrons and protons Hνπ is taken
as

Hνπ = −κνπQν · Qπ. (9)

Here the operator Qτ is the quadrupole operator defined by
Eq. (6). Harmonic oscillator basis states with the oscillator
parameter b = √

h̄/Mω are used as the single-particle basis
states. The detailed framework of the model is reported in
Ref. [18].

III. NUMERICAL RESULTS

A. Energy spectra for even-even isotopes

In the current work the valence neutrons (protons) are
treated as holes (particles) relative to the traditional magic
numbers at 28 and 50. The adopted single-particle energies
for protons and single-hole energies for neutrons are listed in
Table I.

The single-particle energies are determined as follows:
Since the small difference of single particle energies hardly
influences the energy spectra of even-even nuclei, they are
determined primarily to reproduce the energy spectra of
low-lying states of odd-mass nuclei. First, as the initial guess,
they are given from the energy levels of the odd-mass nuclei
near the N = 50 and Z = 40 shell closures. Second, the force
strengths of two-body interactions are determined to reproduce
the energy spectra of even-even nuclei. Finally, the single
particle energies are again modified to give an improved fitting,
to the low-energy levels of odd-mass nuclei. The single particle

TABLE I. Adopted single-particle energies for protons
and single-hole energies for neutrons (in MeV).

j g9/2 p1/2 p3/2 f5/2

εν 0.0 0.5 1.0 3.0
επ 3.3 1.1 0.6 0.0

energies are thus obtained by repeating the above procedure
several times, iteratively.

Two-body effective interactions are determined as follows:
Since the energy spacings between the positive parity states for
odd-mass nuclei depend largely on the quadrupole-quadrupole
interactions among like nucleons, these interaction strengths
are adjusted to fit the experimental energies between the
ground states and first excited states with positive parity
for odd-mass nuclei. The strengths of the other two-body
interactions are determined so as to reproduce the energy levels
of the yrast and other low-lying states of even-even nuclei in
this mass region.

In order to investigate the energy spectra systematics in this
region, we have assumed that the strengths of the effective
interactions change linearly with the number of valence
neutron holes and proton particles. The adopted strengths of
the interactions are as follows: G0 of MP interaction in units
of MeV; G2 of QP interaction and κ of QQ interaction both
in units of MeV/b4:

G0ν = 0.16 + 0.03N̄ν,

G2ν = 0.042 + 0.008N̄ν,

κν = 0.31 − 0.01N̄ν − 0.015Nπ,

G0π = 0.30 − 0.01N̄ν − 0.01Nπ, (10)

G2π = 0.06 − 0.002N̄ν − 0.006Nπ,

κπ = 0.08 + 0.015N̄ν − 0.005Nπ,

κνπ = −0.20.

Here N̄ν represents the number of neutron holes and Nπ the
number of proton particles.

Figure 1 shows the theoretical spectra of low-lying positive
parity states in 84Se50 (i.e., the single-closed nucleus) and
82Se compared to the experimental data for these nuclei. The
energies of the yrast 2+

1 , 4+
1 , and 6+

1 states are well reproduced.
The yrare 0+

2 state appears lower (higher) in energy compared
to experiment for 84Se (82Se). The predicted energy gap
between the 6+

1 and 8+
1 states is smaller than the experimental

value in 82Se, but the larger energy gap between the 8+
1 and

10+
1 states is qualitatively reproduced.
Figure 2 presents the predicted low-lying positive parity

states in 78,80Se and compares them with the experimental
data on these nuclei. [Note that of all the nuclei considered in
the present work the 6+ states in 78Se have the largest number
of possible shell-model configurations (7,391,183).] The yrast
2+

1 , 4+
1 , and 6+

1 states are reproduced in addition to the 3+
1

states. The predicted 0+
2 state lies lower in energy compared

to experiment for 78Se.
Figures 3 and 4 show the theoretical spectra for 82Ge50 and

76,78,80Ge compared to the experimental data on these nuclei.
By contrast to the result of the Se isotopes, the 0+

2 states are
notably reproduced higher in energy compared to the 2+

2 states.
Figures 5 and 6 show the theoretical moments of inertia

in comparison with the experimental data. It is seen from the
figures that the structural change occurs from 80Se to 78Se and
from 78Ge to 76Ge.
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FIG. 1. (Color online) Comparison
between the experimental spectra (expt.)
and shell model results (SM) for positive
parity states in 82,84Se. The experimental
data are taken from Refs. [19–21].

B. Negative-parity states

In the simplest excitations for the even-even nuclei of
interest in the current work, negative-parity states are produced
by either exciting the proton or neutron from a negative-parity
orbital into a g9/2 orbital. In the shell model these proton
and neutron excitations are clearly distinguished. The experi-
mentally reported negative-parity states in Se isotopes (where
available) are compared with the shell model calculations in
Fig. 7, while the negative parity states in the Ge isotopic chain
are shown in Fig. 8. The sparse nature of the experimentally
reported negative parity states is in line with the theoretical
prediction for the N = 50 magic nuclei 82Ge and 84Se, in which
no negative-parity states are predicted to lie below an excitation
energy of 4 MeV (with the exception of the unconfirmed 1−
state in 84Se).

C. E2 transitions

For the E2 transition operator we use

T (E2; µ) = eνQνµ + eπQπµ, (11)

where the effective charges are fixed as eν = −0.65 e and eπ =
1.65 e using the prescription eπ = (1 + δ) e and eν = −δ e.
The value of δ was determined to fit the measured B(E2; 2+

1 →
0+

1 ) value in 82Se.
Figure 9 and Table II show the comparison of calculated

B(E2; I → I − 2) values for the yrast states of the selenium
isotopes with the experimental data. The shell model calcu-
lations predict that the B(E2) values for the positive-parity
yrast states reduce around spin I = 8 for 80,82Se and I = 14
for 78Se compared to the higher spins in these nuclei. In 82Se
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FIG. 2. (Color online) Same figure as
in Fig. 1, but for 78,80Se. Experimental data
are taken from Refs. [22–24].
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TABLE II. Comparison of the calculated B(E2; I → I − 2) values [B(E2)SM] for the yrast states of 78,80,82Se isotopes with
experimental data [B(E2)expt.] in Weisskopf units (W.u.). The Eγ values indicate the theoretical γ -ray energies connecting the
initial and final states.

Iπ 82Se 80Se 78Se

Eγ B(E2)SM B(E2)expt. Eγ B(E2)SM B(E2)expt. Eγ B(E2)SM B(E2)expt.

2+ 0.736 16.8 16.7 ± 0.3a 0.673 23.9 24.2 ± 0.4a 0.568 29.0 32.8 ± 4.5b

4+ 1.157 23.9 18.7 ± 3.0a 1.129 32.4 34.7 ± 1.1a 0.876 40.8 38.2+5.6
−5.1

b

6+ 1.406 19.5 1.460 32.3 0.958 43.9 48 ± 14c

8+ 0.093 0.1 0.56 ± 0.03d 0.623 2.6 0.979 47.1 57 ± 19c

10+ 1.710 2.1 0.836 21.8 1.149 51.5
12+ 0.360 2.7 1.293 23.1 1.370 44.2
14+ 1.734 11.6 1.472 16.5 1.405 23.0

aTaken from Ref. [27].
bTaken from Ref. [23].
cTaken from Ref. [26].
dTaken from Ref. [28].

the experimental B(E2) value drops at spin I = 8, which is
in accord with the theoretical prediction, while in 78Se the
experimental B(E2) values below spin I = 8 do not seem
to decrease, also in accord with the predicted behavior. The
reduction of the E2 strengths can be related to the alignment
of high-j valence nucleons at these corresponding spins,
as discussed later. These two spin values (I = 8 and 14)
correspond to the alignment of two g9/2 neutrons and protons,
respectively. In 80Ge, the experimental B(E2) value drops at
spin I = 8, which is in line with the theoretical prediction.

Figure 10 and Table III show the comparison for the
germanium isotopes. Here, the shell model calculations predict
that the B(E2) values also drop around spin I = 8 for 78,80Ge,
but continue with a more constant value with increasing spin
in the case of 76Ge.

D. Energy spectra for odd-mass nuclei

Odd-mass nuclei provide an ideal testing ground for
predictions of theoretical single particle energies. Using the
same set of interactions which was used for even-even nuclei,

we have preformed shell-model calculations for odd-mass
nuclei in this region.

Figure 11 shows the theoretical spectra for 79,81,83Se and
compares them with the experimental data on these nuclei.
The experimentally determined spins and parities of the
ground states for each of these nuclei are reproduced by
the calculations, providing confirmation that the theoretical
treatment of the single-particle energies is robust in the current
work.

Figures 12, 13, and 14 show the theoretical spectra of
77,79,81As, 77,79,81Ge, and 75,77,79Ga respectively compared
with the experimental data. In general, there is good corre-
spondence between the theoretical and experimental levels,
with some notable exceptions (for example, in 77Ge where the
theoretical negative-parity states appear to all lie systemati-
cally higher in energy compared to experiment).

In our present formalism we have not introduced
the monopole interaction. Considering the fact that the
calculated energy levels in the low-lying states lie
much higher than the experimentally observed data, the
monopole interaction may need to be introduced to
account for these differences in future work.

TABLE III. Same as Table II but for 76,78,80Ge isotopes.

Iπ 80Ge 78Ge 76Ge

Eγ B(E2)SM B(E2)expt. Eγ B(E2)SM B(E2)expt. Eγ B(E2)SM B(E2)expt.

2+ 0.805 14.7 13.6 ± 2.6a 0.663 21.4 22.4 ± 1.4a 0.569 23.0 29.1 ± 0.3b

4+ 1.156 18.5 1.074 28.6 0.897 31.4 38.2 ± 6.8b

6+ 1.321 17.9 1.412 31.8 1.020 33.6
8+ 0.255 0.1 <3c 0.891 1.4 1.065 33.7

10+ 1.301 5.3 0.864 12.9 1.255 36.0
12+ 1.091 0.2 1.649 11.9 1.573 37.0
14+ 2.123 0.2 1.866 0.8 1.947 34.5

aTaken from Ref. [30].
bTaken from Ref. [29].
cTaken from Ref. [28].
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FIG. 3. (Color online) Same figure as in
Fig. 1, but for 80,82Ge. Experimental data are
taken from Refs. [19,24].
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IV. ANALYSIS IN TERMS OF PTSM

In order to investigate the structure of low-lying and higher-
spin states, we have also carried out PTSM calculations [10–
17] in these nuclei. In the PTSM, low-spin collective pairs are
introduced as basic components of the model. Using the pair
creation operators A

†(J )
M as defined in Eq. (8), we can create

angular momenta zero (S), two (D), and four (G) collective
pairs:

S† =
∑

j

αjA
†(0)
0 (jj ), (12)

D
†
M =

∑

j1j2

βj1j2A
†(2)
M (j1j2), (13)

G
†
M =

∑

j1j2

γj1j2A
†(4)
M (j1j2), (14)

where the structure coefficients α, β, and γ are determined by
variation.

The pair creation operator for the “high angular momentum
pair” (H -pair) is defined as

H
†(K)
M = [c†9/2c

†
9/2](K)

M , (15)
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FIG. 10. (Color online) Comparison of the calculated B(E2)
values (solid lines) for the yrast states of 76,78,80Ge. The experimental
data are taken from Refs. [28–30].

where K = 0, 2, 4, 6, and 8. In contrast to the S,D, and G

pairs, the H pair is noncollective, since it has a unique structure
consisting of the g9/2 orbitals.

Using the S,D,G, and H pair-creation operators, a many-
body wave function of like nucleons can be constructed by
applying creation operators on the closed-shell core |−〉 as

∣∣�ns,nd ,ng,nh
(Iη)

〉 = (S†)ns (D†)nd (G†)ng (H †)nh |−〉, (16)

where I is a total angular momentum of the many-body state
and η, an additional quantum number required to completely
specify the state. Here, the number of valence nucleon pairs,
ns + nd + ng + nh, is fixed to a constant value for a specific
nucleus. The angular momentum coupling is carried out
exactly, but we abbreviate its notation. Thus the many-body
wave function of the even-even nucleus can be written as

|(Iη)〉 = [∣∣�n̄s,n̄d ,n̄g ,n̄h
(Iνην)

〉 ⊗ ∣∣�ns,nd ,ng,nh
(Iπηπ )

〉](I )
,

(17)

where n̄s , n̄d , n̄g , and n̄h represent the numbers of
neutron-hole S,D,G, and H pairs, respectively, while
ns, nd, ng , and nh correspond to those for proton par-
ticle pairs. The 2(n̄s + n̄d + n̄g + n̄h) (=N̄ν) and 2(ns +
nd + ng + nh) (=Nπ ) are the total numbers of va-
lence neutron-holes and proton-particles, respectively.
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FIG. 11. (Color online) Comparison be-
tween the experimental spectra (expt.) and shell
model results (SM) for 79,81,83Se. The experimen-
tal data are taken from Refs. [31–33].
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tween the experimental spectra (expt.) and shell
model results (SM) for 77,79,81As. The experimen-
tal data are taken from Refs. [31,33,34].
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FIG. 15. (Color online) Comparison of the calculated energy
levels in the PTSM (open circles) and the shell model results (crosses)
for 82Se.

The same interaction as used for the shell model calcula-
tions is used for the PTSM calculation. Figure 15 shows the
PTSM spectrum for 82Se and compares the PTSM results with
those of the full shell model described above. It is evident
from the figure that the model space spanned by the PTSM
is adequate enough to reproduce the shell model results. In
particular, the even-spin yrast states in the shell model are
very well reproduced by the PTSM.

In Figs. 16, 17, and 18 the expectation numbers of pairs
in the PTSM wave functions for selenium and germanium
isotopes are shown as a function of spin I . Figure 16 shows
the expectation numbers in 82Se and 80Ge (N = 48). For
the low-lying states (I � 6), the valence proton excitation is
important. It is seen from the figure that the alignment of
two g9/2 neutrons occurs at spin I = 8, while that of two
g9/2 protons occurs at spin I = 16 for both nuclei. Figure 17
shows the expectation numbers for 80Se and 78Ge (N = 46).
The Dν and Dπ collective pairs are dominant in low-lying
states (I � 6), while the effect of the alignment of two g9/2

neutrons becomes apparent above spin I = 8. The proton
alignment does not occur below spin I = 16. Figure 18 shows
the expectation numbers for 78Se and 76Ge (N = 44). In both
of these nuclei the numbers of the Dν collective pairs rapidly
increase compared to that of the Dπ pairs, indicating that the
valence neutron excitation is responsible for the low-lying
states. In contrast to the cases for N = 48 and 46 isotones,
the expectation numbers of the Hν pairs (K = 8) increase
slowly around spin I = 8. Due to the smooth increases
of the expectation numbers of the Hν pairs (K = 8), the
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are for the neutron D pairs, the neutron G pairs, the
proton D pairs, and the proton G pairs, respectively.
Lower panel: The expectation numbers of H pairs.
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are the neutron H pairs with angular momentum
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FIG. 17. (Color online) Same figure as in
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B(E2) values become rather smooth and flat as a function of
spin I .

V. SUMMARY AND CONCLUSIONS

In this paper we have investigated the internal structure of
the low-lying and near-yrast states in neutron rich even-even
and odd-mass Se, As, Ge, and Ga isotopes approaching the
N = 50 shell closure in terms of the both the full shell model
and the PTSM.

In the shell model calculations we have used the pairing
plus quadrupole-quadrupole interaction whose strengths vary
linearly as functions of valence neutrons and protons. The
energy levels of both positive and negative parity states
in these isotopes are well reproduced using these simple
effective interactions. The calculated B(E2) values obtained
give reasonable agreement with experimental data.

The PTSM calculations have also been performed to further
interpret the shell model results and are found to provide results
consistent with each other. Through the analysis of PTSM
wave functions we predict that the structural change evident
at 80Se compared to its neighbor 78Se is due to a maximum
angular momentum alignment of a pair of neutrons at spin 8h̄.
A similar effect is also predicted in the Ge isotopes.
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