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We present a relativistic chiral effective theory for symmetric and asymmetric nuclear matter taken in the
Hartree-Fock scheme. The nuclear binding is ensured by a background chiral invariant scalar field associated
with the radial fluctuations of the chiral quark condensate. Nuclear matter saturation is obtained once the scalar
response of the nucleon-generating three-body repulsive forces is incorporated. For those parameters related to
the scalar sector and quark confinement mechanism inside the nucleon we make use of an analysis of lattice
results on nucleon mass evolution with quark mass. The other parameters are constrained as much as possible by
standard hadron and nuclear phenomenology. Special attention is paid to the treatment of the propagation of the
scalar fluctuations. The rearrangement terms associated with in-medium modified mass and coupling constants
are explicitly included to satisfy the Hugenholtz-Van Hove theorem. We point out the important role of the tensor
piece of the rho exchange Fock term to reproduce the asymmetry energy of nuclear matter. We also discuss the
isospin dependence of the Landau nucleon effective mass.
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I. INTRODUCTION

A fundamental question of present-day nuclear physics is
how to relate low-energy nonperturbative QCD and in first rank
chiral symmetry and confinement to the very rich structure
of the nuclear many-body problem. However, deriving the
observed nuclear properties from the underlying QCD is
presently hopeless and a more modest ambition is to put some
constraints on the modeling of nuclear matter properties not
only from hadronic phenomenology but also from lattice QCD
data. This may also constitute a starting point to elucidate an
old and central question of strong interaction physics, namely
the interrelation among the many-body effects governing the
equation of state of nuclear matter and the nucleon substructure
response to the nuclear environment.

A first attempt to go beyond the standard nonrelativistic
treatment of nuclear matter is the relativistic mean-field
approach initiated by Walecka and collaborators [1]. In this
framework the nucleons move in an attractive background
scalar field and in a repulsive vector background field. This
provides a very economical saturation mechanism and a
spectacular well-known success is the correct magnitude of
the spin-orbit potential since the large vector and scalar fields
contribute to it in an additive way. Another successful modern
attempt is based on in-medium chiral perturbation theory
where a pion loop expansion is performed on top of scalar and
vector background scalar fields by using a density functional
formulation [2]. Now the question of the very nature of these
background fields has to be elucidated; in other words, it is
highly desirable to clarify their relationship with the QCD
condensates and in particular the chiral quark condensate.

To address this question we take the point of view that the
effective theory has to be formulated, as a starting point, in term
of the fields associated with the fluctuations of the chiral quark
condensate parametrized in a matrix form W = σ + i �τ · �π .
The sigma and the pion, associated with the amplitude and
phase fluctuations of this condensate, are promoted to the rank

of effective degrees of freedom. Their dynamics are governed
by an effective potential, V (σ, �π ), having a typical Mexican hat
shape associated with a broken (chiral) symmetry of the QCD
vacuum. Explicit construction of such an effective theory for
the description of nuclear matter can be performed for instance
within the Nambu-Jona-Lasinio (NJL) model [3].

As proposed in a previous paper [4] an alternative and
very convenient formulation of the resulting sigma model is
obtained by going from Cartesian to polar coordinates (i.e.,
going from a linear to a nonlinear representation), according to
W = σ + i �τ · �π = S U = (fπ + s) exp(i �τ · �ϕπ/fπ ). The new
pion field �ϕπ corresponds to an orthoradial soft mode, which
is automatically massless (in the absence of explicit chiral
symmetry breaking) since it is associated with rotations on
the chiral circle without cost of energy. The new sigma meson
field, S, which is a chiral invariant, describes a radial mode
associated with the fluctuations of the “chiral radius” around
its vacuum expectation value, fπ . It can be associated with
the ordinary sigma meson, which gets a very large width
from its strong decay into two pions. Since it has derivative
couplings to the pion field, it decouples from low-energy pions,
whose dynamics is described by chiral perturbation theory.
The evolution of the expectation value of S is related to the
nonpionic contribution to the in-medium chiral condensate
[4,5]. This expectation value plays the role of a chiral order
parameter around the minimum of the effective potential and
the medium can be seen as a shifted vacuum. With increasing
density, its fluctuations s = S − fπ are associated with the
progressive shrinking of the chiral circle and it governs the
evolution of the nucleon mass. Here enters our main physical
assumption proposed in Ref. [4]. We identify this chiral
invariant s field with the sigma meson of nuclear physics and
relativistic theories of the Walecka type, or, in other words,
with the background attractive scalar field at the origin of
the nuclear binding. This also gives a plausible answer to the
long-standing problem of the chiral status of Walecka theories.
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One motivation of the present work is to study in some
detail whether this hypothesis yields a viable description of
nuclear matter. It is nevertheless well known that in such
chiral theories, independently of the details of the modeling,
tadpole diagrams associated with the Mexican hat potential
automatically generate attractive three-body forces, destroying
saturation [3,6]. The origin of this failure can be attributed to
the neglect of the effect of nucleon substructure linked to the
confinement mechanism, as already pointed out in Ref. [3] and
in some of our previous works [5,7,8].

Our article is organized as follows. Section II, which is in
some sense a brief summary of our previous works, is devoted
to the constraints brought by lattice data for the description
of the nucleon and nuclear matter. In Sec. III we present the
chiral Lagrangian and Sec. IV is devoted to the construction
of the Hamiltonian in the static approximation; we also give a
detailed description of the treatment of the propagation of the
in-medium modified scalar field. The Hartree-Fock approach
including rearrangement terms is presented in Sec. V and is
applied to the case of infinite matter in Sec. VI. Finally, in
Sec. VII numerical results are given and the results are
discussed.

II. CONSTRAINTS ON THE CHIRAL EFFECTIVE
THEORY FROM QCD SUSCEPTIBILITIES

A. Tests of the effective theory with a chiral invariant scalar
field

Once the appropriate couplings of the chiral fields to the
baryons are introduced one can build an effective Lagrangian
to describe nuclear matter. Vector mesons (ω and ρ) must
also be included to get the needed short-range repulsion and
asymmetry properties (see Secs. III and VII). At the Hartree
level, the pion and the rho do not contribute for symmetric
nuclear matter, whose energy density written as a function of
the order parameter s̄ = 〈s〉 is

E0

V
= ε0 =

∫
4 d3p

(2π )3
�(pF − p) E∗

p(s̄) + V (s̄) + g2
ω

2m2
ω

ρ2.

(1)

Here E∗
p(s̄) =

√
p2 + M∗2

N (s̄) is the energy of an effective
nucleon with the effective Dirac mass M∗

N (s̄) = MN + gS s̄,
with gS the scalar coupling constant of the model; in the
pure linear sigma model it is gS = MN/fπ . The effective
potential V (σ, �π ) when reexpressed in terms of the new polar
representation has the typical form

V (s) = 1

2
m2

σ

(
s2 + 1

2

s3

fπ

+ · · ·
)

.

The order parameter s̄ is obtained by minimization of the en-
ergy density and is given at low density by s̄ ≈ −(gS/m2

σ ) ρS .
Its negative value is at the origin of the binding but the presence
of the s3 term (tadpole) has very important consequences,
as already mentioned in the introduction. This tadpole is
at the origin of the chiral dropping [9] of the sigma mass
	m∗

σ � −(3 gS/2fπ )ρS (a � 30% effect at ρ0) and generates
an attractive three-body force, which makes nuclear matter
collapse and destroys the Walecka saturation mechanism.
Hence the chiral theory does not pass the nuclear matter
stability test.

This failure, which is in fact a long-standing problem [3,6],
is perhaps not so surprising since the theory, as it is, also fails
to describe some nucleon structure aspects, as discussed in the
following. The nucleon mass and other intrinsic properties of
the nucleon (e.g., the sigma term and chiral susceptibilities) are
QCD quantities, which are in principle obtainable from lattice
simulations. The problem is that lattice calculations of this
kind are not feasible for quark masses smaller than 50 MeV,
or equivalently a pion mass smaller than 400 MeV, by using the
Gell-Mann-Oakes-Renner (GOR) relation. Hence one needs
a technique to extrapolate the lattice data to the physical
region. The difficulty of the extrapolation is linked to the
nonanalytical behavior of the nucleon mass as a function of
mq (or equivalently m2

π ), which comes from the pion cloud
contribution. The idea of Thomas et al. [10] was to separate
the pion cloud self-energy 
π (mπ,�) from the rest of the
nucleon mass and to calculate it in a chiral model with one
adjustable cutoff parameter �. They expanded the remaining
part in terms of m2

π as follows:

MN

(
m2

π

) = a0 + a2 m2
π + a4 m4

π + 
π (mπ,�). (2)

At this point it is important to stress that this expansion is
in reality an expansion in terms of the current quark mass
mq , which is the genuine parameter occurring in the lattice
calculation. The pion mass appearing in Eq. (2) is just the pion
mass deduced from the quark mass by assuming the GOR
relation m2

π = −2 mq 〈q̄q〉vac/f
2
π . This reparametrization has

been adopted only for convenience. The best-fit value of
the parameter a4 shows little sensitivity to the shape of the
form factor, with a4 � −0.5 GeV−3 and a2 � 1.5 GeV−1 (see
Ref. [10]). The small value of a4 reflects the fact that the
nonpionic contribution to the nucleon mass is almost linear
in m2

π (i.e., in mq). By taking successive derivatives of MN

with respect to m2
π (i.e., to mq), it is possible to obtain

some fundamental chiral properties of the nucleon, namely
the pion-nucleon sigma term and the scalar susceptibility of
the nucleon. The nonpionic pieces of these quantities are given
by

σ
nonpion
N = mq

∂M
nonpion
N

∂mq

� m2
π

∂M

∂m2
π

= a2 m2
π + 2 a4m

4
π � 29 MeV. (3)

χ
nonpion
NS = ∂

(
σ

nonpion
N /2 mq

)
∂mq

� 2
〈q̄q〉2

vac

f 4
π

∂

∂m2
π

(
σ

nonpion
N

m2
π

)
= 〈q̄q〉2

vac

f 4
π

4 a4. (4)
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In these equations the first equalities correspond to the
definitions, the second equalities make use of the GOR
relation, and the last ones come from the lattice QCD analysis.
With the typical cutoff used in this analysis, � � 1 GeV, which
yields σ

(π)
N � 20 MeV, the total value of the sigma term is

σN � 50 MeV, a quite satisfactory result in view of the most
recent analysis. It is interesting to compare the results from the
lattice approach with our chiral effective model. At this stage
the only nonpionic contribution to the nucleon mass comes
from the scalar field, or more microscopically the nucleon
mass comes entirely from the chiral condensate since the
nucleon is just made of three constituent quarks with mass
MQ = g〈S〉vac = gfπ � 350 MeV. Hence the results for the
nonpionic sigma term and scalar susceptibility are identical to
those of the linear sigma model:

σ
(σ )
N = fπ gS

m2
π

m2
σ

, χ
(σ )
NS = −2

〈q̄q〉2
vac

f 3
π

3 gS

m4
σ

. (5)

The identification of σ
nonpion
N with σ

(σ )
N of our model fixes

the sigma mass to a value mσ = 800 MeV, close to the one
� 750 MeV that we have used in a previous article [7]. As
it is the ratio gS/m

2
σ that is thus determined this value of

mσ is associated with the coupling constant of the linear
sigma model, gS = MN/fπ = 10. Lowering gS reduces mσ .
Similarly, the identification of χ

(σ )
NS with the lattice expression

provides a model value for a4. The numerical result is a
(σ )
4 =

−3.4 GeV but the value obtained in the expansion is only
−0.5 GeV−3.

B. Nucleon structure effects and confinement mechanism

The net conclusion of this discussion is that the model as
such fails to pass the QCD test since the a4 coefficient is
much larger in the chiral model than the one extracted from
the lattice data analysis. In fact this is to be expected and
even gratifying because it also fails the nuclear physics test as
discussed in Sec. II A. We will see that these two important
failures may have a common origin. Indeed an important
effect is missing, namely the scalar response of the nucleon,
κNS = ∂2MN/∂s2, to the scalar nuclear field, which is the
basis of the quark-meson coupling (QMC) model introduced in
Ref. [11]. The physical reason is very easy to understand:
The nucleons are quite large composite systems of quarks and
gluons and they should respond to the nuclear environment
(i.e., to the background nuclear scalar fields). This response
originates from the quark wave function modification in the
nuclear field and will obviously depend on the confinement
mechanism. This confinement effect is expected to generate a
positive scalar response, κNS (i.e., it opposes an increase of the
scalar field), a feature confirmed by the lattice analysis (see the
following). This polarization of the nucleon is accounted for
by the phenomenological introduction of the scalar nucleon
response, κNS , in the nucleon mass evolution as follows:

MN (s) = MN + gS s + 1
2 κNS s2 + · · · . (6)

This constitutes the only change in the expression of the
energy density [Eq. (1)] but this has numerous consequences.

The effective scalar coupling constant drops with increasing
density but the sigma mass gets stabilized:

g∗
S(s̄) = ∂M∗

N

∂s̄
= MN

fπ

+ κNSs̄,

(7)

m∗2
σ = ∂2ε

∂s̄2
� m2

σ −
(

3 gS

fπ

− κNS

)
ρS,

a result already obtained in Ref. [3] and in our previous
works [5,7,8]. The nonpionic contribution to the nucleon
susceptibility is modified, as well [8]:

χ
(σ )
NS = −2

〈q̄q〉2
vac

f 2
π

(
1

m∗2
σ

− 1

m2
σ

)
1

ρ

= −2
〈q̄q〉2

vac

f 2
π

1

m4
σ

(
3 gS

fπ

− κNS

)
. (8)

We see that the effect of confinement (κNS) is to compensate the
pure scalar term. Again comparing with the lattice expression
one gets a model value for the a4 parameter of

a4 = − a2
2

2 M
(3 − 2 C), (9)

where C = (f 2
π /2 M)κNS is the dimensionless parameter.

Numerically a4 = −0.5 GeV−3 gives C = +1.25, implying
a large cancellation. As discussed in Refs. [5,7,8] such
a significant scalar response will generate other repulsive
forces, which restore the saturation mechanism. An explicit
construction of these forces and their connection with the
Skyrme effective force can be found in Ref. [12]. At this
point it is important to return to the underlying physical
picture implying that the nucleon mass originates both from the
coupling to condensate and from confinement. In the original
formulation of the quark coupling model, nuclear matter is
represented as a collection of (MIT) bags seen as bubbles of
perturbative vacuum in which quarks are confined. Thus in
such a picture the mesons should not appear inside the bag and
should not couple to quarks as in the true nonperturbative QCD
vacuum. Consequently, the bag picture is at best an effective
realization of confinement, which must not to be taken too
literally. Indeed, QCD lattice simulations strongly suggest
that a more realistic picture is closer to a Y-shaped color
string (confinement aspect) attached to quarks [13]. Outside
this relatively thin string one has the ordinary nonperturbative
QCD vacuum possessing a chiral condensate from which the
quarks get their constituent mass.

III. THE CHIRAL LAGRANGIAN

To get a more complete description of symmetric and
asymmetric nuclear matter we complete the Lagrangian used
in Ref. [4] essentially by the introduction of the rho meson.
We also consider the possibility of incorporating the scalar
isovector δ meson. Written with obvious notations, it has the
form

L = �̄ iγ µ∂µ� + Ls + Lω + Lρ + Lδ + Lπ , (10)
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with

Ls = −MN (s)�̄� − V (s) + 1

2
∂µs∂µs,

Lω = −gω ωµ �̄γ µ� + 1

2
m2

ω ωµωµ − 1

4
FµνFµν,

Lρ = −gρ ρaµ �̄γ µτa� − gρ

κρ

2 MN

∂νρaµ �σ̄µντa�

(11)

+ 1

2
m2

ρ ρaµρµ
a − 1

4
Gµν

a Gaµν,

Lδ = −gδ δa �̄τa� − 1

2
m2

δ δ2 + 1

2
∂µδ∂µδ,

Lπ = gA

2 fπ

∂µϕaπ�̄γ µγ 5τa� − 1

2
m2

πϕ2
aπ + 1

2
∂µϕaπ∂µϕaπ .

As discussed previously the form of MN (s) [Eq. (6)] reflects
the internal nucleon structure and contains a quadratic term
involving the scalar response of the nucleon, which is con-
strained by lattice data. However, the nucleon mass may very
well have higher order derivatives with respect to the scalar
field. In practice, as in our previous works [7,8], we introduce
a cubic term:

MN (s) = MN + gS s + 1

2
κNS

(
s2 + s3

3 fπ

)
. (12)

Hence the scalar susceptibility becomes density dependent,

κ̃NS(s) = ∂2MN

∂s2
= κNS

(
1 + s

fπ

)
, (13)

and vanishes at full restoration, s̄ = −fπ , where s̄ is the
expectation value of the s field. Hidden in this Lagrangian
is the explicit chiral symmetry breaking piece

LχSB = c σ = − c

2
Tr (fπ + s) exp(i �τ · �ϕπ/fπ )

� c s − c

2 fπ

ϕ2
π , (14)

which generates the pion mass term with the identification c =
fπ m2

π . It is thus implicit that by neglecting the higher order
terms in the exponent, the self-interactions of the pions are
omitted. Notice that the only meson having a self-interacting
potential V (s) is the scalar meson s. We take it in practice as in
the linear sigma model with the inclusion of the explicit chiral
symmetry breaking piece:

V (s) = λ

4

(
(fπ + s)2 − v2

)2 − fπm2
π s

≡ m2
σ

2
s2 + m2

σ − m2
π

2 fπ

s3 + m2
σ − m2

π

8 f 2
π

s4. (15)

The other parameters (gω, gρ, κρ, gA, and the meson masses)
will be fixed as much as possible by hadron phenomenology.
It is in principle also possible to calculate or at least to
constrain these parameters in an underlying NJL model. One
specific comment is in order for the tensor coupling of vector
mesons. The pure vector dominance model (VDM) implies the
identification of κρ with the anomalous part of the isovector
magnetic moment of the nucleon (i.e., κρ = 3.7). However,
pion-nucleon scattering data [14] suggest κρ = 6.6 (strong ρ

scenario). We will return to this point later on in the discussion
of the results (Sec. VII). The omega meson should also possess
a tensor coupling but, according to VDM, the corresponding
anomalous isoscalar magnetic moment is κω = 0.13. Since it
is very small we neglect it here. For completeness we also
add a delta meson, which may generate a splitting between
the proton and neutron masses, but with the chosen coupling
constant, gδ = 1, its influence is in practice negligible.

IV. CONSTRUCTION OF THE HAMILTONIAN

The conjuguate momenta of the various mesonic fields are

�s = ∂0s, �jω = F 0j ,

�aδ = ∂0δa,
(16)

�ajρ = Ga
0j + gρ

κρ

2 MN

�̄σ j0τa�,

�aπ = ∂0ϕaπ − gA

2 fπ

�̄γ 5γ 0τa�.

The Hamiltonian is obtained by the usual generalized Legendre
transformation with the result

H =
∫

dr[�̄(−i �γ · �∇)� + Hs + Hω + Hρ + Hδ + Hπ ],

(17)

with

Hs =
∫

dr
[
MN (s) �̄� + 1

2

(
�2

s + ( �∇s)2
) + V (s)

]
,

Hω =
∫

dr
[
gω ωµ �̄γ µ� + 1

2

(
( ��ω)2 − m2

ω ωµωµ

+ �∇ωj · �∇ωj − ( �∇ · �ω)2
) − ��ω · �∇ω0

]
,

Hρ =
∫

dr
[
gρ ρaµ �̄γ µτa�

+ gρ

κρ

2 MN

(∂jρai �̄σ ij τa� − �ai �̄σ i0τa�)

+ 1

2

(
gρ

κρ

2 MN

)2

(�̄σ i0τa�)2

+ 1

2

(
( ��aρ)2 − m2

ρ ρµ
a ρaµ + �∇ρj

a · �∇ρj
a − ( �∇ · �ρa)2)

− ��aρ · �∇ρa0

]
,

Hδ =
∫

dr
[
gδ δa �̄τa� + 1

2

(
�2

aδ + ( �∇δa)2 + m2
δδ

2
a

)]
,

Hπ =
∫

dr
[

gA

2 fπ

( �∇ϕaπ · �̄γ 5 �γ τa� + �aπ �̄γ 5γ 0τa�)

+ 1

2

(
gA

2 fπ

)2

(�̄γ 5γ 0τa�)2

+ 1

2

(
�2

aπ + ( �∇ϕaπ )2 + m2
πϕ2

aπ

)]
. (18)
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A. Static approximation

We will first formulate the Hartree-Fock approach in the
static approximation (i.e., neglecting retardation effects). In
such a case the conjuguate momenta are

�s = 0, ��ω = �∇ω0, �aδ = 0,

�ajρ = ∇j ρ
0
a + gρ

κρ

2 MN

�̄σ j0τa�,

�aπ = − gA

2 fπ

�̄γ 5γ 0τa�.

The various pieces of the Hamiltonian simplify according to

H static
s =

∫
dr

[
MN (s) �̄� + 1

2
( �∇s)2 + V (s)

]
,

H static
ω =

∫
dr

[
gω ωµ �̄γ µ�

− 1

2

(
m2

ω ωµωµ + �∇ωµ · �∇ωµ + ( �∇ · �ω)2
)]

,

H static
ρ =

∫
dr

[
gρρaµ�̄γ µτa� + gρ

κρ

2MN

∂jρaµ�̄σµj τa�

− 1

2

(
m2

ρ ρµ
a ρaµ + �∇ρµ

a · �∇ρaµ + ( �∇ · �ρa)2
)]

,

H static
δ =

∫
dr

[
gδ δa �̄τa� + 1

2

(
( �∇δa)2 + m2

δδ
2
a

)]
,

H static
π =

∫
dr

[
gA

2 fπ

�∇ϕaπ · �̄γ 5 �γ τa�

+ 1

2

(
( �∇ϕaπ )2 + m2

πϕ2
aπ

)]
. (19)

This Hamiltonian can be rewritten as

H =
∫

dr(K + Hmesons). (20)

The first term is the nucleonic piece including the Yukawa
coupling of the nucleons to the meson fields:

K = �̄

(
−i �γ · �∇ + MN (s) + gω ωµ γ µ + gρ ρaµ γ µτa

+gρ

κρ

2MN

∂jρaµσµjτa + gδδaτa + gA

2fπ

�∇ϕaπ · γ 5 �γ τa

)
�.

(21)

The second piece is of purely mesonic nature:

Hmesons = 1
2 ( �∇s)2 + V (s)

− 1
2

(
m2

ω ωµωµ + �∇ωµ · �∇ωµ + ( �∇ · �ω)2
)

− 1
2

(
m2

ρ ρ
µ
a ρaµ + �∇ρ

µ
a · �∇ρaµ + ( �∇ · �ρa)2

)
+ 1

2

(
( �∇δa)2 + m2

δδ
2
a

) + 1
2

(
( �∇ϕaπ )2 + m2

πϕ2
aπ

)
.

(22)

B. Equation of motion for classical and fluctuating meson fields

In the static approximation the equation of motion for each
meson field ϕR can be written formally as [H,�R] = 0, where

�R is the conjugate momentum of the field ϕR . This gives

−∇2s + V ′(s) = −∂K

∂s
= − ∂MN

∂s
�̄�,

−∇2ωµ + m2
ωωµ + δµi∂i( �∇ · �ω) = ∂K

∂ωµ

= gω �̄γ µ�,

−∇2ρµ
a + m2

ρρ
µ
a + δµi∂i( �∇ · �ρa)

= ∂K

∂ρaµ

= gρ �̄γ µτa� − gρ

κρ

2 MN

∂j (�̄σµj τa�),

−∇2δa + m2
δδ = ∂K

∂δa

= gδ �̄τa�,

−∇2ϕaπ + m2
πϕaπ = ∂K

∂ϕaπ

= − gA

2 fπ

�∇ · �̄γ 5 �γ τa�. (23)

Following the method used in Ref. [15] we now assume that it
makes sense to decompose each meson field as

ϕR = ϕ̄R + 	ϕR, (24)

where ϕ̄R = 〈ϕR〉 denotes the ground-state expectation value
of the meson field ϕR and 	ϕR corresponds to its fluctuation
considered as a small quantity.

Since the case of the scalar field is the most delicate one
we treat it in the following with some details. The equation of
motion for the s field can be expanded in 	s according to

−∇2(s̄ + 	s) + V ′(s̄) + 	s V ′′(s̄)

= −∂K

∂s
(s̄) − 	s

∂2K

∂s2
(s̄). (25)

Explicitly, we have

∂K

∂s
(s̄) ≡ ∂K

∂s̄
= g∗

S �̄� with

g∗
S = ∂MN (s̄)

∂s̄
= gS + κNS s̄ + · · · ,

(26)
∂2K

∂s2
(s̄) ≡ ∂2K

∂s̄2
= κ̃NS �̄� with

κ̃NS = ∂2MN (s̄2)

∂s̄
= κNS + · · · .

We now develop the source term of the equation of motion
according to

∂K

∂s̄
=

〈
∂K

∂s̄

〉
+ 	

(
∂K

∂s̄

)
≡

〈
∂K

∂s̄

〉
+

(
∂K

∂s̄
−

〈
∂K

∂s̄

〉)
(27)

and we consider the fluctuating term 	(∂K/∂s̄) as small and
of same order than 	s. In the same spirit we replace the second
derivative of K by its expectation value:

∂2K

∂s̄2
≈

〈
∂2K

∂s̄2

〉
= κ̃NS

〈
�̄�

〉
. (28)

The equation of motion will be solved order by order:

− ∇2s̄ + V ′(s̄) = −
〈
∂K

∂s̄

〉
= −g∗

S

〈
�̄�

〉
,

−∇2(	s) + m∗2
σ 	s = −

(
∂K

∂s̄
−

〈
∂K

∂s̄

〉)
= −g∗

S

(
�̄� − 〈

�̄�
〉)

. (29)
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In the equation for the fluctuating part the effective scalar mass
is given by

m∗2
σ = V ′′(s̄) + κ̃NS

〈
�̄�

〉
, (30)

as already introduced in our previous work [7] in a way similar
to the result of Ref. [3]. This is the physical in-medium scalar
mass propagating the quantum fluctuations of the scalar field
(i.e., the quantum fluctuations of the chiral condensate in a
nontrivial way). In particular we will see in the following that
it is the mass appearing in the Fock term of the scalar exchange
at variance with V ′(s̄)/s̄ appearing in the Hartree scalar
exchange. In that sense the treatment of the self-interacting
scalar field deviates from the one of Ref. [16].

C. Kinetic, Hartree, and exchange Hamiltonians

We now develop the Hamiltonian [Eq. (20)] to second order
in the fluctuations, limiting ourselves to the nucleon field and
the s field, with the generalization to the other mesons being
straightforward:

HS =
∫

dr
[
K(s̄) + 	s

∂K

∂s̄
+ 1

2
(	s)2 ∂2K

∂s̄2

+ 1

2
(−s̄∇2s̄ − 2 	s∇2s̄ + [ �∇(	s)]2)

+V (s̄) + 	s V ′(s̄) + 1

2
(	s)2 V ′′(s̄)

]
. (31)

Using the classical equation of motion and the one for the
fluctuating field and replacing again the second derivative of
K by its expectation value, we obtain

HS =
∫

dr
[
�̄(−i �γ · �∇ + MN (s̄))� + 1

2
( �∇(s̄))2 + V (s̄)

+ 1

2
g∗

S(�̄� − 〈�̄�〉)	s

]
. (32)

The approach can be extended to the other mesons. Only the
delta field and the time component of the rho and omega
mesons have a nonzero expectation value solution of the
classical equations

−∇2ω̄0 + m2
ωω̄0 = gω〈�†�〉,

−∇2ρ̄0
a + m2

ρρ̄
0
a = gρ〈�†τa�〉 − gρ

κρ

2 MN

∂j 〈�̄σ 0j τa�〉,

−∇2δ̄a + m2
δ δ̄ = gδ〈�̄τa�〉. (33)

The fluctuating fields are solutions of

−∇2(	ωµ) + m2
ω	ωµ = P µ

ν gω (�̄γ ν� − 〈�̄γ ν�〉),
−∇2(	ρµ

a ) + m2
ρ	ρµ = P µ

ν gρ

(
�̄γ ντa� − 〈�̄γ ντa�〉

− κρ

2 MN

∂j (�̄σ νj τa�) + κρ

2 MN

∂j 〈�̄σ νj τa�〉
)

,

−∇2(	δa) + m2
δ	δa = gδ (�̄τa� − 〈�̄τa�〉),

−∇2(	ϕaπ ) + m2
π 	ϕaπ = gA

2 fπ

�∇ · �̄γ 5 �γ τa�, (34)

with

P 0
0 = 1, P 0

i = 0, P i
0 = 0, P i

j ≡ P i
j (x) = δij − ∂i∂j

m2
ω,ρ

.

(35)

Generalizing the result of Eq. (32) to all mesons, we can write
the full Hamiltonian, in the static approximation, in a form
reminiscent of the density functional theory:

H = Hkin+Hartree + Hxc. (36)

The first term is a one-body operator containing the kinetic
energy Hamiltonian of the nucleons and the other pieces of
the Hamiltonian contributing to the Hartree energy. Its explicit
form is

Hkin+Hartree

=
∫

dr
[
�̄

(
− i �γ · �∇ + MN (s̄) + gω ω̄0 γ0 + gρ ρ̄0

3 γ0τ3

+ gρ

κρ

2 MN

∂j ρ̄
0
3 σ 0j τ3 + gδ δ̄3 τ3

)
� + V (s̄) + 1

2
( �∇ s̄)2

−1

2
m2

ω(ω̄0)2 − 1

2
( �∇ω̄0)2 − 1

2
m2

ρ (ρ̄0
3 )2 − 1

2

( �∇ρ̄0
3

)2

+ 1

2
m2

δ δ̄2
3 + 1

2
( �∇ δ̄3)2

]
. (37)

Considering only this part of the Hamiltonian we come to
the conclusion that symmetric and asymmetric nuclear matter
are seen as an assembly of nucleons (i.e., of Y-shaped color
strings with massive constituent quarks at the end getting their
mass from the chiral condensate). This nucleons move in self-
consistent scalar (s̄, δ̄3) and vector (ω̄0, ρ̄0

3 ) background fields.
The scalar field, which we associate with the radial mode of the
condensate, modifies the nucleon mass according to MN (s̄) =
MN + gS s̄ + κNS s̄2/2 + · · ·. The term gS s̄ describes the
in-medium dropping of the nucleon mass from its coupling
to the in-medium modified chiral condensate but there is
another term, κNS s̄2, which corresponds to the response of the
nucleon to the background scalar field. The scalar response κNS

depends on the structure of the nucleon and takes into account
the modification of the quark wave functions inside the nucleon
and obviously depends on the confinement mechanism. The
nucleon is also submitted to an isovector field (ω̄0) and in
asymmetric nuclear matter to an isovector vector field (ρ̄0

3 ) or
even an isovector scalar field (δ̄3).

The second piece of the Hamiltonian, Hxc, incorporates the
exchange term mediated by the propagation of the fluctuations
of the meson fields. In particular the scalar fluctuation
(i.e., the fluctuation of the chiral condensate) propagates,
as already stated, with an in-medium modified sigma mass
m∗2

σ = V ′′(s̄) + κ̃NS ρS . Its explicit form is

Hxc =
∫

dr
1

2

[
g∗

S 	s 	(�̄�) + gω 	ωµ(�̄γ µ�)

+ gρ 	ρa
µ

(
	(�̄γ µτa�) − κρ

2 MN

∂j [	(�̄σµj τa�)]

)

+ gδ 	δa 	(�̄τa�) + gA

2 fπ

	ϕaπ
�∇ · �̄γ 5 �γ τa�

]
,

(38)
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where we have used systematically the notation

	(�̄��) = �̄�� − 〈�̄��〉.
We introduce the (static) propagators for the fluctuating fields:[−∇2

r + m∗2
σ (r)

]
Dσ (r, r′) = δ(3)(r − r′),(−∇2

r + m2
α

)
Dα(r − r′) = δ(3)(r − r′), (39)

α = ω, ρ, δ, π,

and solve formally for the fluctuating fields. The Hamiltonian
Hxc can be written as

Hxc = 1

2

∫
drdr′

[
−g∗

S(r) g∗
S(r′) 	(�̄�)(r)

×Dσ (r, r′) 	(�̄�)(r′)
+ g2

ω 	(�̄γ µ�)(r)Dωµν(r − r′) 	(�̄γ ν�)(r′)

+ g2
ρ 	(�̄γ µτa�)(r)Dρµν(r − r′) 	(�̄γ ντa�)(r′)

+ 2 g2
ρ

κρ

2 MN

	(�̄σµj τa�)(r)

× ∂jDρµν(r − r′) 	(�̄γ ντa�)(r′)

+ g2
ρ

(
κρ

2 MN

)2

	(�̄σµiτa�)(r)

× ∂i∂
′
jDρµν(r − r′) 	(�̄σ νj τa�)(r′)

− g2
δ 	(�̄τa�)(r) Dδ(r − r′) 	(�̄τa�)(r′)

+
(

gA

2 fπ

)2

(�̄γ 5γ iτa�)(r)∂i∂
′
jDπ (r − r′)

× (�̄γ 5γ j τa�)(r′)
]
, (40)

where we have introduced the tensor propagator Dωµν(r − r′),
whose nonvanishing components are Dω00(r − r′) = Dω(r −
r′) and Dωij (r − r′) = (δij − ∂i∂j /m2

ω) Dω(r − r′), and a sim-
ilar one for the rho meson.

V. HARTREE-FOCK APPROACH

A. Hartree-Fock energy

In the Hartree-Fock (HF) approximation the ground state
is represented by a Slater determinant made of single-particle
states with Dirac wave functions ϕN

a (�r) χN , with N = p, n for
protons and neutrons. The various densities that appear in the
sources of the classical equations of motions are

〈�̄�〉 =
∑
a<F

ϕ̄p
a ϕp

a + ϕ̄n
aϕn

a ≡ ρSp + ρSn,

〈�†�〉 =
∑
a<F

ϕp†
a ϕp

a + ϕn†
a ϕn

a ≡ ρp + ρn,

〈�̄τ3�〉 =
∑
a<F

ϕ̄p
a ϕp

a − ϕ̄n
aϕn

a ≡ ρSp − ρSn, (41)

〈�†τ3�〉 =
∑
a<F

ϕp†
a ϕp

a − ϕn†
a ϕn

a ≡ ρp − ρn,

〈�̄σ 0j τ3�〉 =
∑
a<F

ϕ̄p
a σ 0jϕp

a − ϕ̄n
a σ 0jϕn

a .

The kinetic plus Hartree piece of the total energy is

Ekin+Hartree =
∫

dr
[ ∑

a<F

ϕ̄p
a

(
−i �γ · �∇ + MN (s̄) + gωω̄0γ0

+gρρ̄
0
3γ0 + igρ

κρ

2MN

�∇ρ̄0
3 · �
γ5 + gδδ̄3

)
ϕp

a

]

+
∫

dr
[ ∑

a<F

ϕ̄n
a

(
−i �γ · �∇ + MN (s̄)

+ gωω̄0 γ0 − gρ ρ̄0
3 γ0

− i gρ

κρ

2 MN

�∇ρ̄0
3 · �
 γ5 − gδ δ̄3

)
ϕn

a

]

+
∫

dr
[
V (s̄) + 1

2
( �∇ s̄)2 − 1

2
m2

ω(ω̄0)2

− 1

2
( �∇ω̄0)2 − 1

2
m2

ρ

(
ρ̄0

3

)2 − 1

2

( �∇ρ̄0
3

)2

+ 1

2
m2

δ δ̄2
3 + 1

2
( �∇ δ̄3)2

]
. (42)

The Fock term contribution to the energy comes entirely from
Hxc. It can be split as

EFock = E
(s)
Fock + E

(ω)
Fock + E

(ρ)
Fock + E

(δ)
Fock + E

(π)
Fock. (43)

We give here the expression for the scalar field piece:

E
(s)
Fock = 1

2

∫
dr dr′ Tr [Sp(r′ − r)Sp(r − r′)

+ Sn(r′ − r)Sn(r − r′)]g∗
S(r) g∗

S(r′) Dσ (r, r′); (44)

the other contribution are given in Appendix A. Here Sp and
Sn are matrices in Dirac space given by

[Sp(r − r′)]αβ =
∑
a<F

(
ϕp

a

)
α
(r)

(
ϕ̄p

a

)
β
(r′),

[Sn(r − r′)]αβ =
∑
a<F

(
ϕn

a

)
α
(r)

(
ϕ̄n

a

)
β
(r′).

B. Hartree-Fock equations

The single-particle orbitals are obtained by minimizing the
HF energy with respect to the ϕ̄

p,n
a (x), with the constraint that

the single-particle wave functions are normalized, that is,

δ
(
E − ∑

N,a εN
a

∫
drϕN†

a (r)ϕN
a (r)

)
δϕ̄

p,n
a (x)

= 0, (45)

and the Lagrange parameters εN
a have to be identified with

the single-particle energies. According to the results of the
previous section the structure of this HF energy is

E =
∑
a,N

∫
dr

[
ϕ̄N

a

(
−i �γ · �∇ + MN (s̄) +

∑
R

g
(N)
R ϕ̄R �R

+ i h
(N)
R

�∇ϕ̄R · ��R

)
ϕN

a

]
+ EM (ϕ̄R, �∇ϕ̄R)
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+
∑

R,R′;N,N ′

g
(NN ′)
RR′

2

∫
dr dr′ Tr

× [SN (r′ − r) �R SN ′ (r − r′) �R′] DRR′(r − r′). (46)

The first two lines correspond to the kinetic plus Hartree
energy [Eq. (42)], the second line being the purely mesonic
piece; the last line represents the Fock (exchange) term
[Eq. (43)]. The various coupling constants g

(N)
R , h

(N)
R , and

g
(NN ′)
RR′ , Dirac operators �R and ��R , and propagators DRR′(r −

r′) are obtained in an obvious way by direct comparison with
the explicit expressions of the energy given in Eqs. (42)–(44)
and Appendix A. For the the particular case of the scalar
channel the coupling g

(NN ′)
RR′ has to be inserted inside the

integral and replaced by g∗
S(r) g∗

S(r′). In the minimization
procedure the derivative of the expectation values of the
mesonic fields ϕ̄R is not taken since it is already accounted
for by the equations of motion. The last line of the HF
energy actually generates two kinds of contributions in the HF
equations; the first one comes from the functional derivative of
the nucleon propagators, SN (r − r′), and the second one comes
from the derivative of g∗

S g∗
S Dσ in the scalar channel [Eq. (44)].

The latter is actually a rearrangement term associated with the
many-body forces originating from the in-medium dependence
of the scalar meson mass and of the scalar coupling constant.
Ignoring for the moment the rearrangement terms, we write
the Hartree-Fock equations as∫

dr′ 〈r|hN
(ord)|r′〉ϕN

a (r′) = εN
a ϕN

a (r), (47)

where the single-particle Hamiltonian, hN , which is repre-
sented by a matrix in Dirac space, has a local piece (the direct
Hartree piece) and a nonlocal piece (the Fock exchange term).
With the previous schematic notation we have

〈r|γ 0 hN
(ord)|r′〉

=
(

− i �γ · �∇ + MN (s̄) +
∑
R

g
(N)
R ϕ̄R(r) �R

+ i h
(N)
R

�∇ϕ̄R(r) · ��R

)
δ(3)(r − r′)

+
∑

R,R′;N ′

g
(NN ′)
RR′

2
DRR′(r − r′) (�R SN ′ (r − r′) �R′)

+
∑

R,R′;N ′

g
(NN ′)
RR′

2
DRR′(r′ − r)(�R′ SN ′(r − r′) �R). (48)

Let us now come to the rearrangement term originating
from the density dependence of the scalar mass and coupling
constant. Its contribution to the single-particle Hamiltonian is
defined by

〈r|γ 0 hN
(rg)|ϕN

a 〉 = 1

2

∫
dx dx′ ∑

M

Tr (SM (x − x′) SM (x′ − x))

× δ

δϕ̄N
a (r)

(
g∗

S(x) g∗
S(x′) Dσ (r, r′)

)
. (49)

To get the functional derivative of the scalar coupling constant
we start from

δg∗
S(x)

δϕ̄N
a (r)

= κ̃NS (x)
δs̄(x)

δϕ̄N
a (r)

(50)

and take the functional derivative of the equation determining
s̄ [the first of Eqs. (29)]:

(−∇2
x + V ′′[s̄(x)] + κ̃NS(x) ρS(x)

) δs̄(x)

δϕ̄N
a (r)

= −g∗
S(x) ϕN

a (r) δ(3)(x − r). (51)

Notice that the full in-medium sigma mass and the full inverse
sigma propagator D−1

σ appear on the left-hand side of this
equation. The solution of this equation is thus

δs̄(x)

δϕ̄N
a (r)

= −
∫

dx′ Dσ (x, x′)g∗
S(x′) ϕN

a (r) δ(x′ − r)

= −Dσ (x, r) g∗
S(r) ϕN

a (r). (52)

It follows that the derivative of the scalar coupling constant
has the explicit form

δg∗
S(x)

δϕ̄N
a (r)

= −κ̃NS (x)Dσ (x, r) g∗
S(r) ϕN

a (r). (53)

Similarly, the functional derivative of the sigma propagator
can be obtained by taking the functional derivative of Eq. (39).
One obtains(

− ∇2
x + m∗2

σ (x)

)
δDσ (x, x′)

δϕ̄N
a (r)

= − δm∗
σ (x)

δϕ̄N
a (r)

Dσ (x, x′).

(54)

The functional derivative of m∗2
σ (x) = V ′′[s̄(x)] + κ̃NS(x)

× ρS(x) is given by

δm∗
σ (x)

δϕ̄N
a (r)

=
(

V ′′′(s̄) + ∂κ̃NS

∂s̄
ρS

)
(x)

δs̄(x)

δϕ̄N
a (r)

+ κ̃NS(x) ϕN
a (r) δ(3)(x − r)

=
(

V ′′′(s̄) + ∂κ̃NS

∂s̄
ρS

)
(x)

×
(

− Dσ (x, r) g∗
S(r) ϕN

a (r)

)

+ κ̃NS(x) ϕN
a (r) δ(3)(x − r). (55)

The explicit form of the functional derivative of the in-medium
sigma propagator follows as

δDσ (x, x′)
δϕ̄N

a (r)
= −

∫
dy Dσ (x, y)

δm∗
σ (y)

δϕ̄N
a (r)

Dσ (y, x′)

=
∫

dy Dσ (x, y)

(
V ′′′(s̄) + ∂κ̃NS

∂s̄
ρS

)
(y)

×Dσ (y, x′) Dσ (y, r) g∗
S(r) ϕN

a (r)

−Dσ (x, r) Dσ (r, x′) κ̃NS(r) ϕN
a (r). (56)

The rearrangement single-particle Hamiltonian [Eq. (49)] can
be decomposed into two terms. The first one, which comes
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from the functional derivative of g∗
S(x), is

〈r|γ 0 hN
(rg 1)

∣∣ϕN
a

〉 = −1

2

∫
dx dx′ TrM (SM (x − x′)

× SM (x′, x))Dσ (x, x′)
(
κ̃NS(x) g∗

S(x′)

×Dσ (x, r) g∗
S(r) ϕN

a (r)

+ κ̃NS(x′) g∗
S(x) Dσ (x′, r) g∗

S(r) ϕN
a (r)

)
.

(57)

The second term originates from the derivative of the sigma
propagator and is

〈r|γ 0 hN
(rg 2)

∣∣ϕN
a

〉 =
∫

dx dx′ TrM (SM (x − x′) SM (x′ − x))

× g∗
S(x) g∗

S(x′)

×
[∫

dy Dσ (x, y)

(
V ′′′(s̄) + ∂κ̃NS

∂s̄
ρS

)
(y)

×Dσ (y, x′) Dσ (y, r) g∗
S(r)

−Dσ (x, r) Dσ (r, x′) κ̃NS(r)

]
ϕN

a (r).

(58)

Notice that these rearrangement terms are of local nature;
hence the Hartree-Fock equations can finally be written as∫

dr′〈r|hN
(ord)|r′〉ϕN

a (r′) + 〈r|γ 0 hN
(rg 1)

∣∣ϕN
a

〉
+〈r|γ 0 hN

(rg 2)

∣∣ϕN
a

〉 = εN
a ϕN

a (r). (59)

The diagrammatic interpretation of the various terms is
straightforward as shown in Fig. 1. Each contribution cor-
responds to the opening of the fermion lines in the Fock
energy diagram. The ordinary nonlocal piece of the single-
particle Hamiltonian simply comes from the opening of the
fermion lines [Fig. 1(a)] by ignoring the dressing of the

sigma propagator and the in-medium modification of the scalar
coupling constant. These medium effects appear in the other
diagrams and are depicted schematically in Figs. 1(b)–1(e).
Opening the fermion loop renormalizing the scalar coupling
constant [Fig. 1(b)] generates the first rearrangement term.
Opening the fermion lines associated with the dressing of
the sigma propagator [Figs. 1(c)–1(e)] generates the second
rearrangement term.

This formalism can in principle be directly used for finite
nucleus calculations. However, important specific difficulties
occur, particularly because of the density dependence of the
sigma mass and the nontrivial structure of the rearrangement
terms. In practice this requires more study and we limit
ourselves in the present paper to infinite nuclear matter.

VI. INFINITE MATTER

In infinite nuclear matter, the single-particle orbits are plane
waves, labeled by momentum and spin indices k = (k, s) for
each isospin state N :

ϕN
k (r) = 1√

V
u(k, s) eik·r χN. (60)

The Fourier transform of the single-particle potential can be
introduced through

〈r|γ 0 hN |r′〉 =
∫

dk
(2π )3

ei k·(r−r′) γ 0 hN (k) (61)

and always has the general form

γ 0hN (k) = MN + 
S(k) + �γ · k
(
1 + 
V (k)

) + γ 0
0(k),

(62)

where 
S(k), 
V (k), and 
0(k) are the various self-energies
of scalar or vector nature. Notice that these quantities are a
priori different for protons and neutrons. The Hartree-Fock

(a)

g∗s(r )g∗s( )

.

(b)

g∗s( )

g∗s( )

κ̃NS( )

(c)

g∗s( )

g∗s( )

g∗s( )

V (y)

.

(d)

g∗s( )

g∗s( )

g∗s( )

κNS( )

.

(e)

g∗s( ) g∗s( )

κ̃NS( )

FIG. 1. Rearrangement terms;
the crosses indicate the opening
of a line to generate the various
contributions to the single-particle
Hamiltonian. Detailed explanations
are given in the text.
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equation becomes

hN (k)u(k, s) = εN
a u(k, s). (63)

This equation is formally identical to the Dirac equation for a
free particle, giving for our normalization [Eq. (60)]

u(k, s) =
√

E∗ + M∗

2E∗

(
χ

σ ·k∗
E∗+M∗ χ

)
, (64)

where

E∗ = εN
a − 
0 (k) =

√
M∗2 + k∗2,

M∗ = MN + 
S (k) , (65)

k∗ = k [1 + 
V (k)]

are the effective energy, Dirac effective mass, and effective
momentum, respectively. Again notice that M∗ and E∗ are
different for protons and neutrons. In the following formula
we will distinguish them with p and n indices. We also
introduce the Fermi momenta, pF for protons and nF for
neutrons, the occupation numbers for protons, Npk = �(pF −
|k|), and for neutrons, Nnk = �(nF − |k|), and the vector and
scalar density for protons and neutrons,

ρp =
∫

2 dk
(2π )3

Npk,

ρn =
∫

2 dk
(2π )3

Nnk,

ρ = ρp + ρn,
(66)

ρSp =
∫

2 dk
(2π )3

Npk
M∗

p

E∗
p

,

ρSn =
∫

2 dk
(2π )3

Nnk
M∗

n

E∗
n

,

ρS = ρSp + ρSn.

The Sp and Sn matrices take the explicit form

[Sp(r − r′)]αβ = 1

V

∑
k

eik·(r−r′)
(

k/∗ + M∗

2E∗

)
αβ,p

Npk,

(67)

[Sn(r − r′)]αβ = 1

V

∑
k

eik·(r−r′)
(

k/∗ + M∗

2E∗

)
αβ,n

Nnk.

The energy density can be written as

ε = εkin+Hartree + εFock. (68)

Once the equations of motion for the expectation value of the
classical ω0, ρ0, and δ fields have been used, the kinetic plus
Hartree contribution to the energy density has the form

εkin+Hartree =
∫

2 dk
(2π )3

∑
N

(
k · k∗

E∗ + MN (s̄)
M∗

E∗

)
N

+ V (s̄)

+ 1

2

(
gω

mω

)2

ρ2 − 1

2

(
gδ

mδ

)2

(ρsp − ρsn)2

+ 1

2

(
gρ

mρ

)2

(ρp − ρn)2. (69)

The Fock contribution from scalar exchange is given by

ε
(s)
Fock = g∗2

S

2

∫
dk

(2π )3

dk′

(2π )3

1

(k − k′)2 + m∗2
σ

×
∑
N

(
1 + M∗

E∗
M ′∗

E′∗ − k∗

E∗ · k′∗

E′∗

)
N

Nk Nk′ (70)

and the other Fock terms are listed in Appendix B.
Let us now come to the various contributions to the self-

energy. If we ignore for the moment the rearrangement terms,
they can be obtained starting from Eq. (48). For the protons
the scalar component of the self-energy is


S (k) = MN (s̄) − MN − g2
δ

m2
δ

(ρSp − ρSn)

+
∑

R,R′;N ′

g
(pN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
�R

k/′∗ + M ′∗

2E′∗ �R′

)
Nk′

+
∑

R,R′;N ′

g
(nN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
�R′

k/′∗ + M ′∗

2E′∗ �R

)
Nk′ , (71)

the time-component part of the vector self-energy is


0(k) = g2
ω

m2
ω

(ρp + ρn) + g2
ρ

m2
ρ

(ρp − ρn)

+
∑

R,R′;N ′

g
(pN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
γ0 �R

k/′∗ + M ′∗

2E′∗ �R′

)
Nk′

+
∑

R,R′;N ′

g
(nN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
γ0 �R′

k/′∗ + M ′∗

2E′∗ �R

)
Nk′ , (72)

and the spatial part is


V (k) =
∑

R,R′;N ′

g
(pN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
γ · k̂ �R

k/′∗ + M ′∗

2E′∗ �R′

)
Nk′

+
∑

R,R′;N ′

g
(nN ′)
RR′

2

∫
dk′

(2π )3

1

(k − k′)2 + m2
R

× 1

4
Tr

(
γ · k̂ �R′

k/′∗ + M ′∗

2E′∗ �R

)
Nk′ . (73)

For the neutrons, the self-energies are the same as those for the
protons except that the p and n indices are exchanged. Note
that in infinite nuclear matter, the expectation value s̄ does not
depend on the position; therefore the Fourier transform of the
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s propagator is as simple as for the other mesons; one simply
replaces the vacuum mass by the in-medium sigma mass. Here
we have decomposed the ρ term into a vector term, a tensor
term, and a crossed term between the vector and the tensor
interactions.

Finally, the rearrangement terms give momentum-
independent contributions to the scalar self-energy:


S (rg 1) = − 2
κ̃NS

m∗2
σ

ε
(s)
Fock, (74)


S (rg 2) = −∂m∗2
σ

∂ρS

g∗2
S

2

∫
dk

(2π )3

dk′

(2π )3

(
1

(k − k′)2 + m∗2
σ

)2

×
∑
N

(
1 + M∗

E∗
M ′∗

E′∗ − k∗

E∗ · k′∗

E′∗

)
N

Nk Nk′ , (75)

where the derivative of the in-medium sigma mass with respect
to the scalar density is

∂m∗2
σ

∂ρS

=
(

V ′′′(s̄) + ∂κ̃NS

∂s̄ ,
ρS

)
∂s̄

∂ρS

+ κ̃NS

= κ̃NS − g∗
S

m∗2
σ

(
V ′′′(s̄) + ∂κ̃NS

∂s̄
ρS

)
. (76)

VII. RESULTS

In the previous section the results for the energy
[Eq. (70)] and the self-energy [Eqs. (71)–(73)] have been
presented in a way that exhibits the structure of the interactions
and in particular the explicit form of the meson propagators.
However, in practice the angular integrations relative to the
angle between k and k′ are performed analytically and we
obtain results that are similar in shape to the one used in
Ref. [17] for the numerical calculations.

As explained before, the spirit of this paper is to study
nuclear matter properties with parameters fixed as much as
possible by lattice data and hadronic phenomenology. For the
well-established masses we take MN = 938.9 MeV, mω =
783 MeV, mδ = 984.7 MeV, mπ = 139.6 MeV, and mρ =
779 MeV. The pseudo-vector coupling constant of the pion is
gA/(2fπ ), where gA = 1.25 is the axial coupling constant and
fπ = 94 MeV is the pion decay constant. For the rho-meson
coupling constant we take the VDM value gρ = 2.65. The
scalar coupling constant in the vacuum is fixed to the linear
sigma model value gS = 10. From a comparison with lattice
data we deduced a sigma mass of mσ = 800 MeV. Hence
the only parameters are the scalar susceptibility κNS [or the
dimensionless parameter C = (f 2

π /2MN )κNS] and the omega-
nucleon coupling constant, gω. Nevertheless, we do not take
them as really free parameters but only allow small deviations
around the lattice estimate C � 1.25 and the VDM/quark
model value gω = 3 × 2.65 � 8.

One uncertainty that is particularly important for the
asymmetry energy, aS , is the tensor coupling constant of the
rho to the nucleon. We will consider different cases between
the pure VDM value of κρ = 3.7 and the value deduced from
scattering data, κρ = 6.6 [14]. For each case the susceptibility
parameter C and gω will be fixed.

Finally, we remark, as did the Orsay group [16,17], that
the pion exchange and the tensor part of the ρ exchange
NN interaction contain a momentum-independent piece that
corresponds in configuration space to a contact interaction. In
realistic many-body calculations this δ(r) contribution has to
be suppressed by short-range correlations. The prescription of
the Orsay group, also used in Refs. [15,18], was simply to
remove the contact term, that is, by making the replacement in
the Fock exchange terms

q2

q2 + m2
π

→ q2

q2 + m2
π

− 1 = − m2
π

q2 + m2
π

,

(77)
q2

q2 + m2
ρ

→ q2

q2 + m2
ρ

− 1 = − m2
ρ

q2 + m2
ρ

.

In other words, the pion and ρ-tensor exchange become ordi-
nary Yukawa potentials and they give an attractive contribution
to the energy per particle. In the following we will refer this
prescription as “without contact term.” We will also consider
a more realistic case where the pion and rho exchanges are
folded with a two-body correlation function G(r) [19,20].
As an example we take G(r) = j0(qC r) (qC = mω). This is
equivalent to making a new change:

− m2
π

q2 + m2
π

→ − m2
π

q2 + m2
π

+ m2
π

q2
C + m2

π

,

(78)

− m2
ρ

q2 + m2
ρ

→ − m2
ρ

q2 + m2
ρ

+ m2
ρ

q2
C + m2

ρ

.

In conventional many-body language this is also equivalent
to including a Landau-Migdal spin-isospin central interaction
characterized by a g′ parameter [19,20]:

g′ = 1

3

q2
C

q2
C + m2

π

+ 2

3
Cρ

q2
C

q2
C + m2

ρ

with

(79)

Cρ =
(

fπ gρ κρ

gA MN

)2

.

Taking the pure VDM value, κρ = 3.7, one obtains g′ = 0.53,
whereas the strong ρ case, κρ = 6.6, leads to g′ = 0.95. These
values have to be compared with the most recent analysis,
which gives g′ � 0.6 [21]. Since in this case it remains a
contact term we will refer it as “with contact term.” Notice that
the case “without contact term” can be recovered by taking the
limit qC → ∞; this corresponds to g′ = 0.73 (κρ = 3.7) and
g′ = 1.7 (κρ = 6.6).

A. Infinite symmetric matter

We vary the ωNN coupling constant and the value of C in
the (small) parameter region described here to reproduce the
saturation density and the binding energy of nuclear matter:
ρ0 = 0.16 fm−3 and E/A(ρ0) = −15.96 MeV. Another cru-
cial parameter (although less well fixed) is the compressibility
modulus K = 9ρ2∂2ε/∂ρ2, which should be around 250 MeV.
As we will see, in the present approach it is difficult to obtain
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TABLE I. Values of the parameters and coordinates of the
saturation point for different cases in symmetric matter. The last
line is the asymmetry energy. The ρ-tensor coupling is κρ = 3.7
(VDM value). The labels “without contact” and “with contact”
interactions are explained in the text. The columns with κ̃NS(s̄)
correspond to the case where the scalar susceptibility is density
dependent and vanishes at full restoration.

Without contact With contact

κNS κ̃NS(s̄) κNS κ̃NS(s̄)

gω 7.775 7.678 6.52 6.42
C 1.33 1.46 1.49 1.62
ρ/ρ0 1.00 1.00 1.00 1.00
E/A (MeV) −15.96 −15.93 −15.97 −15.92
K (MeV) 316 297 298 281
aS (MeV) 29.58 29.45 26.71 26.64

such a low value for K and we choose to first reproduce the
saturation density ρ0 and the binding energy E/A.

Our results are given in Table I and the corresponding
saturation curves are shown in Fig. 2. For this discussion we
keep the ρ-tensor coupling to its VDM value, namely κρ = 3.7.
We give our results with or without the dependence of κ̃NS on s̄

and with or without the contact interaction. The first two lines
of the table correspond to values of the parameters (gω, C)
giving a correct saturation point. In the last line of the table
we give the asymmetry energy parameter aS , anticipating the
next subsection.

What comes out from these calculations is a globally too
large value of the compressibility modulus K even if there
is some numerical uncertainty in its determination and even
if its extraction is not free of ambiguity in the context of
relativistic theories [22]. Removing the contact term (i.e.,
taking the Orsay prescription for the treatment of the pion
and ρ-tensor exchanges) has the advantage of reducing the
C parameter to a value closer to the lattice estimate, C �

0 0.5 1 1.5 2 2.5 3
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FIG. 2. (Color online) Saturation curves for the cases including
the contact terms with (solid) or without (dotted-dashed) the depen-
dence of κ̃NS on s̄ and cases without the contact terms with (dotted)
or without (dashed) the dependence of κ̃NS on s̄.

1.25, but the incompressibility K still increases by about
15–20 MeV. These contact terms in pion and rho exchanges
[the second term of the left-hand side of Eq. (78)] both give a
repulsive contribution linear in density to the binding energy
per nucleon: One finds 11.85 MeV for the rho contact piece
and 0.6 MeV for the pion contact piece and the net attractive
Fock term of the rho (−10.8 MeV) and the pion (−5 MeV)
are thus reduced. Since these contact terms behave like an
effective omega exchange, it is natural that the needed ωNN

coupling constant is reduced when they are incorporated,
as apparent from Table I. The numbers relative to the Fock
pion and rho exchange just given here correspond to the last
column of Table I but they are actually very similar in the
other cases. Incorporating the density dependence of the scalar
susceptibility [κ̃NS(s̄) columns] has approximatively the same
effect as the absence of the contact terms in the sense that
one has to increase the C parameter to compensate for the lost
repulsion.

The main effect of the rearrangement terms is to reduce the
effective nucleon mass by a few MeV but their influence on
the saturation point is essentially negligible. This feature can
be easily understood since these rearrangement terms enter
the binding energy only through the dependence of the single-
particle wave functions on the Dirac effective mass M∗ =
MN + 
S and in the nonrelativistic limit this dependence just
disappears. These rearrangement terms have nevertheless an
important influence on the chemical potential, which is defined
by

µ = dε

dρ
= E∗(kF ) + 
0(kF ). (80)

The Hugenholtz-Van-Hove (HVH) theorem [23] states that the
chemical potential is equal to the binding energy per particle
at the saturation point. In Fig. 3, we show the result of the
calculation for the chemical potential µ and for the binding
energy per particle versus density, calculated again with the
contact terms and with the density dependence of κ̃NS . We
show the values of µ with or without the rearrangement terms,
the former being a few MeV smaller owing to their effect

0.9 0.95 1 1.05 1.1

0

-20

-18

-16

-14

-12

-10
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-6

FIG. 3. (Color online) Chemical potential with (solid line) or
without (dashed line) inclusion of the rearrangement terms. For
comparison, the energy per particle (horizontal line) is also shown.
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TABLE II. The same as Table I but in the Hartree basis.

Without contact With contact

κNS κ̃NS(s̄) κNS κ̃NS(s̄)

gω 7.728 7.615 6.45 6.36
C 1.47 1.62 1.61 1.735
ρ/ρ0 1.00 1.00 0.99 1.00
E/A (MeV) −15.96 −15.96 −16.01 −15.98
K (MeV) 301 284 286 274
as (MeV) 26.15 26.13 24.10 24.11

on EF . We see that, in the presence of rearrangement terms,
the theorem is exactly satisfied. Omitting the rearrangement
terms yields to a significant violation of the HVH theorem.
This failure has only a very moderate effect for the saturation
curve of nuclear matter but would lead to major problems in
finite nuclei, since the position of the Fermi energy would be
displaced by about 5 MeV.

As already mentioned, in the nonrelativistic limit the orbital
wave functions are imposed: These are simply nonrelativistic
plane waves. Consequently, if the system is approximatively
nonrelativistic, the results of the calculations should not
depend very much on the choice of the wave functions.
Thus, the results obtained with a basis other than the fully
self-consistent HF basis would deviate from the HF results
only by relativistic effects. For this reason we introduce the
Hartree basis for which the Fock terms appearing in the
self-energies [Eqs. (71)–(73)] are removed. One advantage
is the considerable simplification of the calculations. The
results for the saturation parameters are displayed in Table II.
As expected, the results are very similar but the results for
C and for the asymmetry energy are slightly better in the
Hartree-Fock basis. However, the compressibility modulus
decreases when the Hartree basis is used.

B. Asymmetric matter

The properties of asymmetric nuclear matter also constitute
a crucial test for any effective theory. This is particularly
true for the study of nuclei far from stability and the
equation of state of asymmetric matter is an important input
in astrophysical studies and in particular for neutron star
properties. For that purpose let us introduce the asymmetry
(isospin) parameter β = (ρn − ρp)/ρ.

1. Asymmetry energy

The first quantity to be considered is the asymmetry energy,
which can be defined according to

aS(ρ) =
[
∂(E/A)

∂β

]
β=0

=
[
∂(ε/ρ)

∂β

]
β=0

. (81)

The contribution of the kinetic plus Hartree term [Eq. (69)] can
be calculated analytically. In a pure Hartree approximation,
omitting the extremely small contribution from the δ meson

TABLE III. Evolution of the asymmetry energy with
the value of the ρ-tensor coupling to the nucleon. The
calculation is done with the inclusion of the contact terms
and when the scalar polarizability κ̃NS depends on s̄.

κρ 3.7 5 6.6
gω 6.42 7.348 8.62
C 1.62 1.32 0.93
ρ/ρ0 1.00 1.00 1.00
E/A (MeV) −15.92 −16.05 −15.94
K (MeV) 281 313 308
as(MeV) 26.64 29.77 35.87

exchange and the very tiny dependence of the scalar density
ρS on β, one obtains the familiar result

(aS)kin+Hartree = k2
F

6
√

k2
F + M∗2

+ g2
ρ

2 m2
ρ

ρ.

In the actual calculation (last column of Table I) the kinetic
energy term gives (aS)kin = 13.9 MeV, and the Hartree
rho exchange term gives (aS)rho−Hartree = 7.07 MeV. Hence
the Hartree piece, (aS)Hartree = 21 MeV, is not sufficient to
reproduce the asymmetry energy. It follows that the Fock terms
are absolutely necessary to get an higher value closer to the
accepted values centered around 30 MeV. As for the binding
energy there is a strong compensation between the scalar
and omega exchanges: (aS)s+ω = −0.75 MeV and the needed
repulsion comes from the pion exchange (aS)pion = 2.75 MeV
and mainly from the rho exchange (aS)rho−Fock = 5.33 MeV.
The important point is the specific contribution of the tensor
piece of the rho exchange, (aS)rho−tensor = 8.03 − 4.12 �
4 MeV, where the first number corresponds to the calculation
within the Orsay prescription and the second (−4.12) comes
from the contact term. The full result, aS = 26.64 MeV,
is nevertheless a little too low. However, one has to keep
in mind that the ρ-tensor piece goes like κ2

ρ and that the
ρ-tensor coupling is not very well known phenomenologically.
Throughout this discussion we took the pure VDM value, κρ =
3.7, but the understanding of π -N scattering data requires
κρ = 6.6 [14]. Given this uncertainty we decided to vary this
coupling between these two limiting values (see Table III). For
κρ = 5 we find aS � 30 MeV. The new fit of the saturation
point gives a value of the nucleon scalar response parameter,
C = 1.32, very close to the lattice estimate but the weak
point is that the compressibility modulus increases beyond
300 MeV. Independently of the details of the model calculation
this discussion strongly suggests that this ρ-tensor Fock term,
which is absent in relativistic mean-field theory, is a crucial
ingredient to get a consistent description of bulk properties
of symmetric and asymmetric nuclear matter. Its importance
has also been stressed in the framework of density-dependent
relativistic Hartree-Fock theory (DDRHF), where it is shown
that it significantly improves the results for the single-particle
spectra in finite nuclei [24]. For completeness we also plot
in Fig. 4 the asymmetry energy against the density. We see
a monotonic increase of aS but with a slope decreasing at
high density, which is very similar in shape to the result of a
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FIG. 4. Asymmetry energy versus density. The calculation is
done with the inclusion of the contact terms and when the scalar
polarizability κ̃NS depends on s̄.

Brueckner-Hartree-Fock (BHF) calculation [25]. In any case
this curve never exhibits the maximum found in the first version
of the in-medium chiral perturbation calculation [26].

2. Proton and neutron effective masses

The nucleon effective mass m∗ is a key property charac-
terizing the propagation of the nucleons through the nuclear
medium. In very exotic systems, the isosvector dependence
of this effective mass (i.e., the mass splitting between the
proton effective mass m∗

p and the neutron effective mass m∗
n

with increasing asymmetry β) should play an important role.
However, so far, no experimental data from finite nuclei have
enabled a determination of the effective mass splitting but
ab initio BHF calculation [25,27] have predicted m∗

n > m∗
p

in neutron-rich matter. This result has been confirmed by
relativistic calculations within the Dirac-BHF scheme [28]
or within the DDRHF scheme [29] (see also Ref. [30]). Thus
the sign of the splitting is rather solidly predicted although
its amplitude is subject to a much greater uncertainty. This
effective mass, which is a momentum-dependent quantity, is
defined from the density of states according to

1

m∗ = 1

k

de

dk
, (82)

where e is the single-particle energy with the bare nucleon
mass subtracted. In our approach it corresponds to

e = εN
k − MN ≡

√
[MN + 
S(k)]2 + k2 [1 + 
V (k)]2

+
0(k) − MN.

With this definition, one finds

m∗ = E∗

(1 + 
V )2
≡

√
[MN + 
S(k)]2 + k2 [1 + 
V (k)]2

(1 + 
V )2
.

(83)

Since there are many effective masses introduced in the
literature a few remarks are necessary.

(i) In the following we will discuss this effective mass taken
at the Fermi momentum. This effective mass is called the
Landau mass.
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FIG. 5. (Color online) Landau masses for neutrons (solid line)
and protons (dashed line) in neutron-rich matter at baryonic density
ρ0. The calculation is done with the inclusion of the contact terms
and when the scalar polarizability κ̃NS depends on s̄.

(ii) This Landau effective mass should not be confused with
the Dirac mass M∗ = MN + 
S(k). The Dirac mass
usually has an opposite behavior to the Landau mass:
In neutron-rich matter, M∗

Dirac(n) < M∗
Dirac(p).

(iii) The effective mass corresponds to the group mass in the
terminology of Ref. [31] and to the relativistic mass
M∗

R in the terminology of Ref. [29]. Notice that the
nonrelativistic mass M∗

NR introduced by these authors
is not directly relevant for our discussion.

Again we consider the case corresponding to the last column of
Table I but the conclusions would be very similar in the other
three cases. These effective masses are plotted in Fig. 5, which
demonstrates that the behavior characterized by m∗

n > m∗
p also

occurs in our approach. It is also important to mention that the
effect of the rearrangement terms is to decrease these two
masses by about 7 MeV independently of the value of the
neutron-richness parameter β.

3. Neutron matter and cold uniform matter in beta equilibrium

In this section we determine the equation of state of cold
uniform matter that might be relevant for studies of the interior
of neutron stars. In this quite preliminary work we take a
simplified point of view where this matter is mainly made of
neutrons in beta equilibrium with protons and a gas of free
electrons. Hence what is presented here should be considered
only as indicative results pending future more detailed work.
The energy density of such a matter is therefore

ε = εnuclear matter + εe− , (84)

where εnuclear matter has been calculated before and εe− is

εe− = 2

V

∑
ke<kFe

√
k2
e + m2

e � k4
Fe

4π2
(85)

if we neglect the electron mass. To ensure the charge neutrality
of the matter, we have to impose equality between the densities
of protons and electrons (ρp = ρe), which implies pF = kFe.
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FIG. 6. Energy per particle vs baryonic density for cold uniform
matter in beta equilibrium. The calculation is done in the scheme
corresponding to the last column of Table I.

The grand potential and its density are given by

� = E −
∑

i

µiNi,

ω = ε − µB (ρp + ρn) − µe (ρe − ρp)

= ε − µp ρp − µn ρn − µe ρe, (86)

which implies µB = µn = µp + µe. For a given total baryonic
density, the proton and neutron densities and Fermi momenta
can be obtained by solving the system of equations

kFe = pF = εn(nF ) − εp(pF ),

ρ = ρp + ρn. (87)

For different values of ρ, we search a solution of this
system around ρp � 0.1 ρ and ρn � 0.9 ρ. With those values
of ρp and ρn, we can calculate the energy density versus
baryonic density. We plot the resulting curve in Fig. 6 for
the case corresponding again to the last column of Table I.
We also determine the equation of state, namely pressure
versus energy density. Two definitions of P can be used. The
thermodynamical one is

P = −ω = −ε +
∑

i

µiρi = −ε + µnρ, (88)

where the charge neutrality condition ρp = ρe has been used.
The other definition of the baryonic pressure is

P = ρ2 ∂(ε/ρ)

∂ρ
= ρ

∂ε

∂ρ
− ε. (89)

Since µ is defined by µB ≡ ∂ε/∂ρ, the two definitions of
P are thus equivalent. With the same conditions as before,
we plot the pressure versus the energy in Fig. 7. For all
realistic calculations we find that the pure neutron matter is
unbound and the energy per particle monotonically rises with
the density. The equation of state (Fig. 7) is rather similar
to the one obtained with the QMC model [18] in the density
range considered (ρ < 3 ρ0). According to this latter work it is
clear that beyond this density the contribution of the hyperons
has to be included to make a realistic study of neutron star
properties.
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FIG. 7. Equation of state of cold uniform matter in beta equi-
librium: pressure vs energy density. The calculation is done in the
scheme corresponding to the last column of Table I.

VIII. CONCLUSION

In this work we have investigated the implications for the
nuclear matter problem of an effective chiral relativistic theory
where the nuclear binding is ensured by a chiral invariant scalar
field associated with the radial fluctuations of the chiral quark
condensate. Nuclear matter stability can be obtained only if
the response of the nucleon to the scalar field is properly
incorporated, which phenomenologically produces three-body
repulsive forces. The saturation mechanism depends on a bal-
ance between these repulsive forces and attractive three-body
forces originating from chiral tadpole diagrams generated by
the Mexican hat effective potential. Once the various inputs are
constrained by lattice QCD data and hadron phenomenology
we obtain encouraging results with very minimal assumptions.
One very positive point concerns the properties of asymmetric
nuclear matter. We obtain the trend for the neutron-proton
Landau effective mass difference to increase with increasing
N − Z. Similarly, the asymmetry energy aS can be reproduced
but a very important contribution comes from the tensor piece
of the Fock rho exchange term. It is important to notice that
the rho Hartree term is by far not sufficient if we keep the
VDM value for the ρNN coupling constant. One difficulty of
the approach is however a too large compressibility modulus.
This is one reason among others to motivate future work. The
first line of investigation is related to the many-body treatment.
Here we limited ourselves to the Hartre-Fock approach in the
static approximation but higher order many-body effects, such
as the inclusion of the correlation energy, have to be studied.
For the pion loop correction this certainly necessitates relaxing
the static approximation. This inclusion of pion loops on top
of the mean-field HF approach can be performed by using in-
medium chiral perturbation or many-body approaches (RPA)
in the line of our work of Ref. [8] but extended to the relativistic
case. According to our nonrelativistic results [8] we expect
that this correlation energy may decrease the compressibility
modulus. Another line of research is related to the very crucial
problem of the nucleon substructure. Here we have implicitly
assumed that the nucleon is made of three constituent quarks
(or possibly a constituent quark and diquark) of the NJL type
linked by strings. Although very attractive this picture has
some problems. For instance, it seems difficult to reproduce the
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value of the parameter κNS characterizing the scalar response
of the nucleon [5]. In such a picture the constituent quarks (or
diquarks) essentially move in the nonperturbative vaccuum.
However, it may very well happen that the confinement
mechanism generates a small region where the quarks are
present with the highest probability. In such a region the chiral
quark condensate (and consequently the quark mass) will drop
owing to the presence of the valence quark scalar density. In
other words the confinement mechanism may generate a “bag”
in which chiral symmetry is restored. We are thus back to the
old dilemma of the nucleon structure. Does the nucleon look
like a chirally restored bag or does it look like a Y-shaped
string with constituent quarks at the ends? We believe that
the scalar response of the nucleon or the chiral expansion
parameter a4, which are both relative to second derivatives
of the nucleon mass, are quantities that are very sensitive to
the nucleon substructure. Certainly important efforts have to
be made to obtain an estimate of these quantities for various
models of the nucleon.
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APPENDIX A: EXPLICIT FORM OF THE FOCK TERM
ENERGY

The various contributions to the Fock term energy, com-
pleting Eq. (44), are as follows:

E
(s)
Fock = 1

2

∫
dr dr′ Tr [Sp(r′ − r)Sp(r − r′)

+Sn(r′ − r)Sn(r − r′)]g∗
S(r)g∗

S(r′)Dσ (r − r′), (A1)

E
(ω)
Fock = −g2

ω

2

∫
dr dr′ Tr [Sp(r′ − r)γ µSp(r − r′)γ ν

+ Sn(r′ − r)γ µSn(r − r′γ ν)]Dωµν(r − r′), (A2)

E
(ρ)
Fock = −g2

ρ

2

∫
dr dr′ Tr [Sp(r′ − r)γ µSp(r − r′)γ ν

+ Sn(r′ − r)γ µSn(r − r′)γ ν

+ 2 Sp(r′ − r)γ µSn(r − r′)γ ν

+ 2Sn(r′ − r)γ µSp(r − r′)γ ν)]Dρµν(r − r′)

− 2
g2

ρ

2

(
κρ

2 MN

) ∫
dr dr′ Tr [Sp(r′ − r)σµj

× Sp(r − r′)γ ν + Sn(r′ − r)σµjSn(r − r′)γ ν

+ 2Sp(r′ − r)σµjSn(r − r′)γ ν

+ 2 Sn(r′ − r)σµjSp(r − r′)γ ν)]∂jDρµν(r − r′)

− g2
ρ

2

(
κρ

2 MN

)2 ∫
dr dr′ Tr

× [Sp(r′ − r)σµiSp(r − r′)σ νj

+ Sn(r′ − r)σµiSn(r − r′)σ νj

+ 2 Sp(r′ − r)σµiSn(r − r′)σ νj + 2 Sn(r′ − r)σµi

× Sp(r − r′)σ νj )]∂i∂
′
jDρµν(r − r′), (A3)

E
(δ)
Fock = g2

δ

2

∫
dr dr′ Tr [Sp(r′ − r)Sp(r − r′)

+ Sn(r′ − r)Sn(r − r′) + 2 Sp(r′ − r)Sn(r − r′)

+ 2 Sn(r′ − r)Sp(r − r′)] Dδ(r − r′), (A4)

E
(π)
Fock = 1

2

(
gA

2fπ

)2 ∫
dr dr′ Tr

× [Sp(r′ − r) γ 5γ i Sp(r − r′) γ 5γ j

+ Sn(r′ − r) γ 5γ iSn(r − r′) γ 5γ j

+ 2 Sp(r′ − r) γ 5γ iSn(r − r′) γ 5γ j

+ 2Sn(r′ − r) γ 5γ iSp(r − r′) γ 5γ j ]

× ∂i∂
′
jDπ (r − r′). (A5)

APPENDIX B: EXPLICIT FORM OF THE ENERGY
DENSITY IN INFINITE NUCLEAR MATTER

The various pieces of the energy density, completing
Eq. (70) (where for simplicity the occupation numbers, NkNk′ ,
have been omitted), are as follows:

ε
(s)
Fock = g∗2

s

2

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m∗2
σ

×
∑
N

(
1 + M∗

E∗
M ′∗

E′∗ − k∗

E∗ · k′∗

E′∗

)
N

, (B1)

ε
(ω)
Fock = g2

ω

2

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ω

×
∑
N,N ′

(
2 − 4

M∗

E∗
M ′∗

E′∗ − 2
k∗

E∗ · k′∗

E′∗

)
N

, (B2)

ε
(δ)
Fock = g2

δ

2

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
δ

×
∑
N

(
1 + M∗

E∗
M ′∗

E′∗ − k∗

E∗ · k′∗

E′∗

)
N

+ 2g2
δ

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
δ

×
(

1 + M∗
p

E∗
p

M ′∗
n

E′∗
n

− k∗
p

E∗
p

· k′∗
n

E′∗
n

)
, (B3)
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ε
(ρV )
Fock = g2

ρ

2

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
∑
N

(
2 − 4

M∗

E∗
M ′∗

E′∗ − 2
k∗

E∗ · k′∗

E′∗

)
N

− 2g2
ρ

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
(

2 − 4
M∗

p

E∗
p

M ′∗
n

E′∗
n

− 2
k∗

p

E∗
p

· k′∗
n

E′∗
n

)
, (B4)

ε
(ρV T )
Fock = −6

1

2
gρ

fρ

2MN

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
∑
N

(
(k − k′) · k∗

E∗
M ′∗

E′∗

)
N

− 12
1

2
gρ

fρ

2MN

∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
(

(k − k′) · k∗
p

E∗
p

M ′∗
n

E′∗
n

+ (k − k′) · k∗
n

E∗
n

M ′∗
p

E′∗
p

)
, (B5)

ε
(ρT )
Fock = 1

2

(
fρ

2MN

)2 ∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
∑
N

(
(k − k′)2 + 3(k − k′)2 M∗

E∗
M ′∗

E′∗

−(k − k′)2 k∗

E∗ · k′∗

E′∗ + 4(k − k′) · k∗

E∗ (k − k′) · k′∗

E′∗

)
N

+ 2

(
fρ

2MN

)2 ∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
ρ

×
(

(k − k′)2 + 3(k − k′)2
M∗

p

E∗
p

M ′∗
n

E′∗
n

− (k − k′)2
k∗

p

E∗
p

× k′∗
n

E′∗
n

+ 4(k − k′) · k∗
p

E∗
p

(k − k′) · k′∗
n

E′∗
n

)
, (B6)

ε
(π)
Fock = 1

2

(
fπ

mπ

)2 ∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
π

×
∑
N

(
(k−k′)2 + (k−k′)2 M∗

E∗
M ′∗

E′∗ − (k − k′)2 k∗

E∗

× k′∗

E′∗ + 2(k − k′) · k∗

E∗ (k − k′) · k′∗

E′∗

)
N

+ 2

(
fπ

mπ

)2 ∫
d3k

(2π )3

d3k′

(2π )3

1

(k − k′)2 + m2
π

×
(

(k − k′)2 + (k − k′)2
M∗

p

E∗
p

M ′∗
n

E′∗
n

− (k − k′)2
k∗

p

E∗
p

× k′∗
n

E′∗
n

+ 2(k − k′) · k∗
p

E∗
p

(k − k′) · k′∗
n

E′∗
n

)
. (B7)
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