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Hydrodynamics supplied with single-freeze-out statistical hadronization is used to describe the midrapidity
hadron production in relativistic heavy-ion collisions at the highest RHIC energies (

√
sNN = 200 GeV) and, by

means of a simple extrapolation to higher multiplicities, to make predictions for the LHC (
√

sNN = 5.5 TeV).
Thermodynamic properties of the high-temperature strongly-interacting quark-gluon plasma are taken from
lattice simulations, at low temperatures the hadron-gas equation of state is used, while in the cross-over region an
interpolation between the two equations of state is constructed. Boost invariance is assumed for the midrapidity
calculations. The initial condition for hydrodynamics is obtained from a Glauber profile for the entropy, with
the initial central temperature Ti . The conditions obtained from the hydrodynamic expansion at the freeze-out
temperature Tf are used as input for the thermal event generator THERMINATOR, which accounts for a complete
treatment of hadronic resonances. Basic physical observables are obtained: the transverse-momentum spectra,
the elliptic flow coefficient v2, and the HBT radii. The femtoscopic observables are evaluated with the help
of the two-particle method which accounts for the resonance decays and Coulomb final-state interactions. The
problem of a simultaneous description of all discussed observables is addressed, with the conclusion that at the
highest RHIC energies our approach gives a quite satisfactory global description of soft hadronic observables,
which agree with the data at the level of 10–15%. Some discrepancies may be attributed to uncertainties in the
components of the model or to the absence of the final-state elastic interactions among hadrons. Extrapolating
Ti to higher values allows for the consideration of the results characterized by higher multiplicities. We interpret
these results as predictions for possible behavior of soft hadronic data at the LHC. We test Ti = 400, 450, and
500 MeV, and observe the expected increase of the flow, resulting in smaller slopes of the pT -spectra. The elliptic
flow of pions exhibits saturation, with v2 remaining practically constant, while the HBT radii increase moderately
with Ti .
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I. INTRODUCTION

Hydrodynamics has become the standard framework for the
description of the intermediate stages of relativistic heavy-ion
collisions [1–5]. In this paper, encouraged by the success
of this approach in describing some of the basic RHIC
data [6–13], we use the recently developed hydrodynamic
approach [14–16] followed by the statistical-hadronization
Monte Carlo model [17] to globally describe the midrapidity
hadron production at the highest RHIC energies and, by means
of simple extrapolations to higher multiplicities, to make
predictions for the future experiments at the Large Hadron
Collider (LHC). Our approach uses standard methods of the
field, however we take an effort to combine the best features
for all entering elements of the existing analyses, except
for the absence of elastic rescattering in the final state. We
attempt a global fit to all main midrapidity observables, i.e.,
the transverse-momentum spectra, the elliptic-flow coefficient,
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as well as the pionic HBT radii. The main outcome is
that for pions and kaons a global fit works at the level of
10–15%, which in our view is satisfactory, baring in mind
systematic uncertainties in various elements of the approach,
such as the determination of the initial condition, the lack of
detailed knowledge of the equation of state, the assumed boost
invariance, neglect of viscosity, etc. The quality of the global
fit is calling for predictions for the LHC energies, which is the
main topic of this work. The predictions of other hydrodynamic
models for phenomena expected at the LHC have been recently
summarized in Ref. [18].

Our implementation of inviscid hydrodynamics (Sec. II)
incorporates the state-of-the-art knowledge of the hadronic
equation of state. The relevant quantity is the sound velocity,
cs , considered as a function of temperature. The value of cs for
the high-temperature strongly-interacting quark-gluon plasma
is taken from the recent lattice simulations [19], which exhibit
a substantial departure from the ideal-gas Stefan-Boltzmann
limit even at temperatures significantly above the cross-over
temperature Tc ∼ 170 MeV. In particular, c2

s is significantly
below the ideal-gas value of 1/3. At low temperatures the
hadron-gas equation of state is used, with a complete treatment
of resonances [20]. In the limit T → 0 the function c2

s (T )
approaches zero as T/mπ , characteristic of the massive pion
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gas at low temperatures. In the cross-over region near Tc

a simple-minded interpolation between the high- and low-
temperature equations of state is constructed. In accordance
to the present knowledge, no phase transition but a smooth
cross-over is built in, thus cs does not drop to zero at Tc.
With the assumed features our hydrodynamics leads to smooth,
laminar flow; no shock waves are formed, which facilitates the
numerics.

Boost invariance is assumed for the considered midrapidity
analysis, which is a good approximation for the highest RHIC
and LHC energies in the rapidity window |y| < 1 [21,22].
This assumption reduces the number of independent space
dimensions, which greatly simplifies the numerical analysis.
The hydrodynamic equations are solved with the technique
described in Refs. [14–16] which is a generalization of the
method introduced by Baym et al. in Ref. [23]. The initial
condition for the evolution is obtained from the Glauber
density profile of the wounded nucleons and binary nucleon
collisions, which determines uniquely the profile of the initial
entropy density (Sec. III). The overall normalization of the
entropy density is controlled by the value of the initial central
temperature Ti . The hydrodynamic evolution starts at the
proper time τ0 = 1 fm and proceeds until the temperature
drops down to the freeze-out temperature Tf (the initial
transverse flow is taken to be zero). The two temperatures,
Ti and Tf , and τ0, are the free parameters of the approach.
Entropy conservation is used as a numerical test of the hydro
code. It is satisfied at the relative level of 10−4 or better.
The freeze-out hypersurface and the flow profile obtained
from the hydrodynamic expansion are then used as input
for the thermal event generator THERMINATOR [17]. This
code implements the statistical hadronization, accounting for
a complete treatment of hadronic resonances (the included
resonances and their branching ratios are the same as in
the SHARE package [24]). Rescattering after the chemical
freeze-out is not incorporated, which is an approximation
working fairly well for the pions, as may be inferred from the
results presented in Ref. [13]. We note that a Monte Carlo
generator of functionality similar to THERMINATOR has
been released recently [25].

Basic physical observables are calculated from the sample
of events generated by THERMINATOR (Secs. IV, VI, and
VII). For the highest RHIC energies the pion and kaon
transverse-momentum spectra agree well with the data, with a
similar quality matching of the elliptic flow coefficient v2(pT ).
For the protons the model spectra are somewhat too steep and
v2 too large, which is probably due to the absence of the final-
state elastic rescattering. The femtoscopic observables are
evaluated with the help of the two-particle method accounting
for the effects of resonance decays and the Coulomb final-
state interactions (Secs. V, VI, and VII). The use of the
two-particle method imitating the experimental analysis is a
clear advantage over the use of simple parametrizations of
the emitting source [26]. The RHIC pionic HBT radii are
reasonably reproduced in our approach, with Rside10–15%
below the experimental data, Rout within the experimental
errors, and Rlong about 15% too large. The ratio Rout/Rside

is about 1.2–1.25 and almost constant as a function of the the
transverse momentum of the pair, which is still away from the

experimental ratio, but considerably better than in many other
hydrodynamic approaches. All in all, at the highest RHIC
energies the approach gives in our view a quite satisfactory
global description of the soft pionic observables, which agree
with the data at the level of 10–15%. Some discrepancies
may possibly be attributed to the final-state elastic interactions
among hadrons, not included in our description.

Extrapolating Ti to higher energies allows us to make global
predictions for the soft hadronic physics at the LHC, which are
presented in Sec. VII. We start the hydrodynamic evolution
from a higher initial temperatures, using a few values in
the expected range: Ti = 400, 450, and 500 MeV, and keep
all other parameters fixed, in particular Tf = 150 MeV. We
observe the expected growth of particle multiplicities and the
increase of the flow, resulting in smaller slope of the pT -
spectra. The elliptic flow of pions does not increase any more,
showing the expected saturation of v2, and even decreases
slightly at the highest tested temperature of Ti = 500 MeV.
The HBT radii increase moderately with the temperature: Rside

and Rlong roughly 1 fm for each 100 MeV increase of Ti , and
Rout even slower. We provide some simple formulas describing
the change of the considered quantities with Ti .

Finally, we remark that THERMINATOR may be used
straightforwardly to test the soft physics in detector simula-
tions at LHC. It produces particles with full decay history
which can be fed directly to transport codes. It includes
nontrivial and physically well-motivated predictions for flow
phenomena (both the radial and elliptic flow) with particle-type
dependence naturally built in. It also provides information on
emission points for femtoscopic simulation. The nontrivial,
dynamic (containing space-momentum correlations) emission
function allows for the testing more advances femtoscopic
analysis techniques, e.g., the spherical harmonics decomposi-
tion or imaging [27–30].

II. EQUATION OF STATE AND PERFECT-FLUID
HYDRODYNAMICS

In our studies we focus on the description of the midrapidity
region. Statistical models applied to the highest-energy RHIC
data yield the baryon chemical potential µB ≈ 20–30 MeV
[31–35], while the predictions for LHC energies give µB ≈
0.8 MeV [36]. Hence, for the hydrodynamic equations we
can approximately assume that the baryon chemical potential
vanishes. In this situation the whole information on the
equation of state is encoded in the temperature-dependent
sound velocity cs(T ) [14]. In the hydrodynamic calculations
we use the function cs(T ) introduced in Ref. [16] and labeled
there as “case I”. At low temperatures it is given by the
sound velocity of a hadron gas (with a complete set of
hadronic resonances). The function c2

s (T ) approaches zero
as T/mπ , characteristic of the pion gas. At high tempera-
tures the equation of state coincides with the recent lattice
simulations [19]. In the intermediate-temperature region we
take the simple smooth interpolation between the hadron
gas and lattice results, see Fig. 1. As mentioned above, the
knowledge of the function cs(T ) allows us to determine all
other thermodynamic properties of our system. In Fig. 2 we
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FIG. 1. (Color online) The square of the sound velocity as a
function of temperature. The high-temperature part comes from
the lattice simulations of Ref. [19], the low-temperature part from
the hadronic gas with resonances, while the transition region near the
crossover is obtained with a simple smooth interpolation. We take
Tc = 170 MeV as the scale for T .

display the corresponding entropy and energy densities as
functions of T , as well as the pressure and the sound velocity as
functions of the energy density. The region in the energy den-
sity where c2

s drops to zero is exceedingly small and invisible
in Fig. 2, while the full dependence can be seen in Fig. 1. Other
equations of state and their impact on the physical observables
were recently studied in Ref. [37]. We stress that by using
the lattice results we take into account the nonperturbative
aspects of the plasma behavior, which may be regarded as
the effective inclusion of the strongly-interacting quark-gluon
plasma; large deviations from the ideal-gas behavior indicate
directly the non-negligible interactions present in the plasma.
In particular, c2

s is significantly below the ideal-gas value of
1/3 also at temperatures way above Tc. Note that in agreement

FIG. 2. (Color online) The two left panels: the volume densities
of entropy and energy, scaled by T 3 and T 4, respectively, shown
as functions of the temperature. The two right panels: the pressure
and sound velocity shown as functions of the energy density.
The presented thermodynamic functions follow directly from the
temperature-dependent sound velocity shown in Fig. 1.

with the present knowledge, no phase transition is present in
the system, but a smooth crossover, therefore cs does not drop
to zero at Tc but remains a smooth function. Also, the criterion
for absence of shock-waves is satisfied [23,38], which makes
the evolution simple to solve numerically—we use the adaptive
method of lines in the way implemented in MATHEMATICA.
The space directions are discretized, and the integration in
time is treated as solving of the system of ordinary differential
equations with the adaptive time step. Entropy conservation is
used as a numerical test, which is satisfied at the relative level
of 10−4 or better.

With the assumed features our hydrodynamics leads to
smooth, laminar flow. In Ref. [16] it was argued that the use
of the sound-velocity function depicted in Fig. 1 is physically
attractive, since it leads to relatively short time scales of the
hydrodynamic evolution. This, in turn, helps to obtain the
satisfactory description of the HBT radii at the highest RHIC
energies.

The relativistic hydrodynamic equations of the perfect
fluid follow from the energy-momentum conservation and the
assumption of local equilibrium. For the baryon-free matter
they read

uµ∂µ(T uν) = ∂νT , (1)

∂µ(suµ) = 0, (2)

where T is the temperature, s the entropy density, and uµ =
γ (1, v) denotes the four-velocity of the fluid. The normaliza-
tion condition uµuµ = 1 implies that only three out of four
equations appearing in Eq. (1) are independent. As mentioned
above, in the analysis of the evolution in the midrapidity region
we additionally assume that the system is boost-invariant. This
assumption introduces another constraint, hence, in this case
Eqs. (1) and (2) reduce to three independent equations, which
may be written in the following form [39]:

∂

∂t
(rtsγ ) + ∂

∂r
(rts γ v cos α) + ∂

∂φ
(ts γ v sin α) = 0,

∂

∂t
(rT γ v) + r cos α

∂

∂r
(T γ ) + sin α

∂

∂φ
(T γ ) = 0, (3)

T γ 2v

(
dα

dt
+ v sin α

r

)
− sin α

∂T

∂r
+ cos α

r

∂T

∂φ
= 0.

Here t, r =
√

x2 + y2, and φ = tan−1(y/x) are the time and
space coordinates which parametrize the transverse plane
z = 0 (for boost-invariant systems, the values of all physical
quantities at z �= 0 may be obtained by the Lorentz transforma-
tion). The quantity v is the transverse flow, γ = 1/

√
1 − v2 is

the Lorentz factor, and α is the dynamically determined angle
between the direction of the transverse flow and the radial
direction, see Fig. 3. The differential operator d/dt represents
the complete time derivative and is defined by the formula

d

dt
= ∂

∂t
+ v cos α

∂

∂r
+ v sin α

r

∂

∂φ
. (4)

Equations (3) are three equations for four unknown functions:
T , s, v, and α. To obtain a closed system of equations one
needs to supplement them with an equation of state, i.e., with
a relation connecting T and s. Alternatively, one may fix the
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FIG. 3. (Color online) The notation for the position and velocity
of the fluid element in the transverse plane.

temperature-dependent sound velocity,

c2
s (T ) = ∂P

∂ε
= s

T

∂T

∂s
, (5)

to a known function. This method is advantageous, as it directly
uses the available information on the sound velocity.

III. INITIAL CONDITIONS

Similarly to other hydrodynamic calculations, we assume
that the initial entropy density of the particles produced at
the transverse position point xT is proportional to a profile
obtained from the Glauber approach. Specifically, we use
the mixed model [40,41], with a linear combination of the
wounded-nucleon density ρW(xT ) and the density of binary
collisions ρbin(xT ), namely,

s (xT ) ∝ ρ (xT ) = 1 − κ

2
ρW (xT ) + κρbin (xT ) . (6)

The case κ = 0 corresponds to the standard wounded-nucleon
model [42], while κ = 1 would include the binary collisions
only. The PHOBOS analysis [41] of the particle multiplicities
yields κ = 0.12 at

√
sNN = 17 GeV and κ = 0.14 at

√
sNN =

200 GeV. In this paper we assume

κ = 0.14 (RHIC), (7)

κ = 0.2 (LHC). (8)

Since the density profile from the binary collisions is steeper
than from the wounded nucleons, increased values of κ

yield steeper density profiles, which in turn result in steeper
temperature profiles.

In the hydrodynamic code, the initial conditions are spec-
ified for the temperature profile which, according to Eq. (6),
takes the form

T (τ0, xT ) = TS

[
si

ρ (xT )

ρ (0)

]
, (9)

where TS(s) is the inverse function to the function s(T ), and
si is the initial entropy at the center of the system. The initial
central temperature Ti equals TS(si). Throughout this paper we
fix the initial time for the hydrodynamic evolution to

τ0 = 1 fm. (10)

The wounded-nucleon and the binary-collisions densities in
Eq. (9) are obtained from the optical limit of the Glauber

model, which is a very good approximation for not too
peripheral collisions [43]. The standard formulas are [42]

ρW (xT ) =

TA

(
b
2

+ xT

) {
1−

[
1− σ

A
TA

(
− b

2
+ xT

)]A
}

+TA

(
− b

2
+ xT

) {
1−

[
1− σ

A
TA

(
b
2

+ xT

)]A
}

(11)

and

ρbin (xT ) = σTA

(
b
2

+ xT

)
TA

(
− b

2
+ xT

)
. (12)

In Eqs. (11) and (12) b is the impact vector, σ is the nucleon-
nucleon total inelastic cross section, and TA(x, y) denotes the
nucleus thickness function

TA(x, y) =
∫

dzρ(x, y, z). (13)

For RHIC energies we use the value σ = 42 mb, while for
LHC we take σ = 63 mb. The function ρ(r) in Eq. (13) is
the nuclear density profile given by the Woods-Saxon function
with the conventional choice of parameters:

ρ0 = 0.17 fm−3,

r0 = (1.12A1/3 − 0.86A−1/3) fm, (14)

a = 0.54 fm.

The atomic number A is 197 for RHIC (gold nuclei) and 208
for LHC (lead nuclei). The value of the impact parameter in
Eqs. (11) and (12) depends on the considered centrality class.

We stress that the shape of the initial condition (9) is
important, as it determines the development of the radial
and elliptic flow, thus affecting such observables as the
pT -spectra, v2, and the femtoscopic features. On qualitative
grounds, sharper profiles lead to more rapid expansion. Several
effects should be considered here. Firstly, as discussed in
Ref. [44], hydrodynamics starts a bit later, when the profile
is less eccentric than originally due to early evolution of
partons in the pre-hydro phase. On the other hand, statistical
fluctuations of the axes of the second harmonic in the distribu-
tion of Glauber sources (wounded nucleons, binary collisions)
[45–52] lead to a significant enhancement of the eccentricity,
especially at low values of the impact parameter. Thus the
initial eccentricity may in fact be smaller or larger than what
follows from the application of the Glauber model. This
contributes to the systematic model uncertainty at the level
of, say, 10–20%. This uncertainty could only be reduced by
the employment of a realistic model of the pre-hydrodynamic
evolution and is outside of the scope of this work. With
this uncertainty in place, one should not expect or demand
a better agreement with the physical observables than at the
corresponding level of 10–20%.
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IV. STATISTICAL HADRONIZATION WITH
THERMINATOR

In order to calculate the physical observables we first use
the hydrodynamic code with the described initial conditions to
determine the freeze-out hypersurface �. In our approach it is
defined by the condition of a constant freeze-out temperature
Tf , and parametrized in the general way by the following
equations:

t = d(φ,ζ, η) sin ζ cosh η, z = d(φ,ζ, η) sin ζ sinh η,
(15)

x = d(φ, ζ, η) cos ζ cos φ, y = d(φ, ζ, η) cos ζ sin φ.

The variable η is the space-time rapidity defined as usual by
the formula

η = 1

2
ln

t + z

t − z
= tanh−1

(z

t

)
. (16)

The parametrization (15) yields the compact expressions for
the proper time τ and the transverse distance r ,

τ =
√

t2 − z2 = d(φ, ζ, η) sin ζ,
(17)

r =
√

x2 + y2 = d(φ, ζ, η) cos ζ.

At any given value of the space-time rapidity η the position of
the point on the hypersurface � is defined by the two angles,
φ and ζ , and the distance from the origin of the coordinate
system, d(φ, ζ, η). The angle φ is the standard azimuthal angle
in the y-x plane as used in the hydrodynamic equations (3),
while the angle ζ is the azimuthal angle in the τ -r plane. We
have introduced the angle ζ because in most cases the freeze-
out curves in the τ -r plane may be treated as functions of this
parameter. The use of the transverse distance r is inconvenient,
since very often two freeze-out points correspond to one value
of r , see Fig. 4.

With the standard definition of the four-momentum in terms
of the rapidity and transverse momentum,

pµ = (mT cosh y, pT cos φp, pT sin φp,mT sinh y), (18)

where mT =
√

m2 + p2
T is the transverse mass, and with the

standard definition of the element of the hypersurface d�µ, we

FIG. 4. (Color online) The parametrization of the freeze-out
hypersurface, see Eqs. (10) and (15).

find the explicit form of the Cooper-Frye integration measure
[53]

d�µ pµ = d 2 sin ζ

[
d cos ζ (mT sin ζ cosh(η − y)

+pT cos ζ cos(φ − φp))

+ ∂d

∂ζ
cos ζ (−mT cos ζ cosh(η − y)

+pT sin ζ cos(φ − φp))

+ ∂d

∂φ
pT sin(φ − φp)

+ ∂d

∂η
cot ζ mT sinh(η − y)

]
dηdφdζ. (19)

This equation, when used in the Cooper-Frye formula [53],
leads to the six-dimensional particle density at freeze-out

dN

dydφppT dpT dηdφdζ

= g
d 2 sin ζ

(2π )3

[
d cos ζ (mT sin ζ cosh(η − y)

+pT cos ζ cos(φ − φp))

+ ∂d

∂ζ
cos ζ

(
− mT cos ζ cosh(η − y)

+pT sin ζ cos(φ − φp)) + ∂d

∂φ
pT sin(φ − φp

)]

×
{

exp

[
βmT√
1 − v2

cosh(y − η)

− βpT v√
1 − v2

cos(φ + α − φp) − βµ

]
± 1

}−1

. (20)

In the transition from Eqs. (19) to (20) we made use of
the boost-invariance and removed the term ∂d/∂η, since the
function d depends only on φ and ζ . The last line in Eq. (20)
contains the equilibrium statistical distribution function, with
−1 for bosons and +1 for fermions. The argument is the
Lorentz-invariant product pµuµ. The parameter β = 1/T is
the inverse temperature and g denotes the spin degeneracy
factor. The four-velocity field has been expressed in terms of
the transverse flow v and the dynamical angle α which depend
on the space-time positions on the freeze-out hypersurface. The
statistical distribution functions include the chemical potential,

µ = µBB + µSS + µI3I3, (21)

with B, S, and I3 denoting the baryon number, strangeness,
and isospin of the particle, respectively, while the baryonic,
strange, and isospin chemical potentials assume the values:
µB = 28.5 MeV, µS = 9 MeV, µI3 = −0.9 MeV at the high-
est RHIC energies , and µB = 0.8 MeV and µS = µI3 =
0 MeV at the LHC [36].

In order to describe the statistical hadronization and
production of particles we first run our hydrodynamic code
and extract the functions describing the freeze-out hypersur-
face and flow: d = d(φ, ζ ), v = v(φ, ζ ), and α = α(φ, ζ ).
In the next step these functions are used as input for the
THERMINATOR code, which generates, according to the
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formula (20), the distributions of the primordial particles. The
primordial particles include the stable hadrons as well as all
hadronic resonances. The resonances decay through strong,
electromagnetic, or weak interactions at the random proper
time controlled by the particle’s lifetime, and at the location
following from the kinematics. As the final result we obtain
the stable particle distributions including the feeding from the
resonance decays. Since the memory on all decays is kept, one
may apply the experimental cuts or the weak-decay feeding
policy, which facilitates the more accurate comparison of the
model to the data. For example, one may extract easily the
model proton spectrum which does not include the feeding
from the � decays.

The momentum distribution functions are obtained by
integrating over φ, η, and ζ ,

dN

dyd2pT

=
∫ ∞

−∞
dη

∫ 2π

0
dφ

∫ π/2

ζ0

dζ
dN

dydφppT dpT dηdφdζ
, (22)

where ζ0 is the minimum of the angle ζ , depending on
φ. For cylindrically asymmetric collisions and midrapidity,
y = 0, the transverse-momentum spectrum has the following

expansion in the azimuthal angle of the emitted particles:

dN

dyd2pT

= dN

dy2πpT dpT

(1 + 2v2(pT ) cos(2φp) + · · ·). (23)

Equation (23) defines the elliptic flow coefficient v2.
The well-known problem of the freeze-out condition in

the Cooper-Frye formulation is that the hypersurface from
hydrodynamics typically contains a noncausal piece, where
particles are emitted back to the hydrodynamic region [54]. In
our approach we follow the usual strategy of including only
that part of the hypersurface where d�µpµ � 0. To estimate
the effect from the non-causal part we compute the ratio of
particles flowing backward (i.e., where d�µpµ < 0) to all
particles. For the cases studied in the following sections we find
this ratio to be a fraction of a percent. Such very small values
show that the known conceptual problem is not of practical
importance for our study.

V. PION CORRELATION FUNCTION

The correlation function for identical pions is obtained
with the two-particle Monte Carlo method discussed in
detail in Refs. [55,56]. In this approach the evaluation of
the correlation function is reduced to the calculation of the
following expression:

C(q, k) =
∑

i

∑
j �=i δ�(q − pi + pj )δ�(k − 1

2 ( pi + pj ))|�(k∗, r∗)|2∑
i

∑
j �=i δ�(q − pi + pj )δ�(k − 1

2 ( pi + pj ))
, (24)

where δ� denotes the box function

δ�( p) =



1 if |px | � �
2 , |py | � �

2 , |pz| � �
2

0 otherwise.
(25)

In the numerator of Eq. (24) we include the sum of the squares
of modules of the wave function calculated for all pion pairs
with the relative momentum q (we use the bin resolution
� = 5 MeV) and the pair average momentum k. For non-
central collisions we only provide azimuthally integrated HBT
radii. For each pair the wave function �(k∗, r∗), including
the Coulomb interaction, is calculated in the rest frame of
the pair; k∗ and r∗ denote the relative momentum and the
relative distance in the pair rest frame, respectively. In the
denominator of Eq. (24) we put the number of pairs with
the relative momentum q and the average momentum k.
The correlation function (24) is then expressed with the
help of the Bertsch-Pratt coordinates kT , qout, qside, qlong and
approximated by the Bowler-Sinyukov formula [57,58]

C(q, k) = (1 − λ) + λKcoul(qinv)
[
1 + exp

(−R2
outq

2
out

−R2
sideq

2
side − R2

longq
2
long

)]
, (26)

where Kcoul(qinv) with qinv = 2k∗ is the squared Coulomb
wave function integrated over a static gaussian source. We use,

following the STAR procedure [59], the static gaussian source
characterized by the widths of 5 fm in all three directions.
Four kT bins, (0.15 − 0.25), (0.25 − 0.35), (0.35 − 0.45), and
(0.45 − 0.60) GeV, are considered. The three-dimensional
correlation function with the exact treatment of the Coulomb
interaction is then fitted with this approximate formula and
the HBT radii Rout, Rside, and Rlong are obtained. They can be
compared directly to the experimental radii.

VI. DESCRIPTION OF THE HIGHEST-ENERGY RHIC
DATA

In this section we apply our model to describe the soft
hadron production in the relativistic heavy-ion collisions
studied at the highest RHIC energy,

√
sNN = 200 GeV, by

the PHENIX [60,61] and STAR Collaborations [59]. We
consider the most central events, given by the centrality class
c = 0–5%, where we use the impact parameters b = 2.26 fm.
We also use the data from the centrality classes c = 20–30%
(transverse-momentum spectra and the HBT radii) and c =
20–40% (elliptic flow), for which we take (for simplicity) the
same value of the impact parameter, b = 7.16 fm.

The link between the centrality class and the impact param-
eter involves the total inelastic cross section, and to a very good
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accuracy for not-too-peripheral collisions c 	 πb2/σinel. [62].
The total inelastic nucleus-nucleus cross section σinel. is not
measured, instead is obtained from Glauber simulations, thus
carries some model uncertainty [43]. With σ = 42 mb and
gold nuclei used for RHIC, the GLISSANDO Monte Carlo
Glauber simulation [50] gives σinel 	 6.4 b, so b = 2.26 fm
for c = 2.5% and b = 7.16 fm for c = 25%. With σ = 63 mb
and lead nuclei used in LHC, the model [50] gives σinel 	 7.2 b,
so b = 2.40 fm for c = 2.5% and b = 7.60 fm for c = 25%.

A. Central collisions

First, we consider the centrality class 0–5% with the
corresponding value of the impact parameter b = 2.26 fm.
The in-plane and out-of-plane freeze-out curves are defined
as the intersections of the freeze-out hypersurface with the
planes y = 0 and x = 0. They are obtained with the initial
central temperature Ti = 320 MeV and the final (freeze-out)
temperature Tf = 150 MeV and are shown in Fig. 5. The
two freeze-out curves practically overlap, indicating that the
expansion of the system is almost azimuthally symmetric in
the transverse plane. This feature is certainly expected for the
almost central collisions, where the impact parameter is very
small. We note that the shape of the isotherms is consistent
with the result presented in Fig. 2 of Ref. [12], where the same
decoupling temperature of 150 MeV was considered.

In Fig. 6 we present our results for the hadron transverse-
momentum spectra with the same values of the parameters.
The dots show the PHENIX data [60] for positive pions,
positive kaons, and protons, while the solid lines show
the results obtained from our hydrodynamic code linked to
THERMINATOR. Our model describes the data properly up to
the transverse-momentum values of about 1.5 GeV. For larger
values of pT the model underpredicts the data. This effect may
be explained by the presence of the semihard processes, not
included in our approach.

In our model, the values of Ti and b control the overall
normalization. On the other hand, the value of the freeze-out
temperature Tf determines inter alia the relative normalization
and the slopes of the spectra. We note that the correct slope for

FIG. 5. (Color online) In-plane and out-of-plane freeze-out
curves, i.e., the intersections of the freeze-out hypersurface with
the planes y = 0 and x = 0, obtained for central RHIC collisions;
b = 2.26 fm, Ti = 320 MeV, and Tf = 150 MeV. The two curves
overlap, indicating that the system at freeze-out is almost azimuthally
symmetric in the transverse plane.

FIG. 6. (Color online) Transverse-momentum spectra of π+, K+,
and protons. The PHENIX experimental results [60] for Au+Au
collisions at

√
sNN = 200 GeV and the centrality class 0–5% (points)

are compared to the model calculations (solid lines) with the same
parameters as in Fig. 5.

the pions and kaons is recovered at a relatively high value of
Tf . This is possible, since the spectra of the observed hadrons
contain the contributions from all well established hadronic
resonances. This single-freeze-out picture [31,63,64], where
the same temperature is used to describe the ratios of hadronic
abundances and the spectra, was first tested for hadronic
spectra in Ref. [63], see also [65,66]. We note that the value
Tf = 150 MeV agrees with the recent results obtained in the
framework of the single-freeze-out model in Ref. [67]. In the
calculation of the proton spectra, in order to be consistent with
the PHENIX experimental procedure, we removed the protons
coming from the � decays.

In Fig. 7 the model results and the STAR data [59] for
the HBT radii are presented. Again, for the same values
of the parameters, a quite reasonable agreement is found.
Discrepancies at the level of 10–15% are observed in the
behavior of the Rside, which is too small, and Rlong, which is too
large, probably due to the assumption of strict boost invariance.
The ratio Rout/Rside 	 1.25 is larger than one, which is a
typical discrepancy of hydrodynamic studies. Nevertheless,
when compared to other hydrodynamic calculations, our ratio
Rout/Rside is significantly closer to the experimental value.
The ratio is almost constant as a function of kT , contrary to the
decrease observed in the data.

B. Noncentral collisions

Next, we consider the centrality classes 20–30% and 20–
40%. The data are compared with the model results obtained
with the impact parameter b = 7.16 fm. The values of the
initial central temperature and the final temperature are the
same as in the case of the central collisions, i.e., Ti = 320 MeV
and Tf = 150 MeV. The two freeze-out curves are shown in
Fig. 8. We observe that the out-of-plane profile is wider than
the in-plane profile. This difference indicates that the system
is elongated along the y axis at the moment of freeze-out. This
feature is in qualitative agreement with the HBT measurements
of the azimuthal dependence of Rside. The comparison of
the experimental and model transverse-momentum spectra is
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FIG. 7. (Color online) The pionic HBT radii plotted as functions
of the average transverse momentum of the pair compared to the
STAR data [59] at the centrality 0–5%. The calculation uses the
two-particle method and includes the Coulomb effects. The values of
the model parameters are the same as in Fig. 5.

presented in Fig. 9. In this case we also find a reasonable
agreement between the data and the model results.

In Fig. 10 the model results and the PHENIX data [61] on
the elliptic flow coefficient v2(pT ) are compared. We observe
that the v2 of pions+kaons agrees with the data. Taking into

FIG. 8. (Color online) The freeze-out curves for Ti =
320 MeV, Tf = 150 MeV, and b = 7.16 fm. The solid line describes
the in-plane profile, while the dashed line describes the out-of-plane
profile.

FIG. 9. (Color online) Transverse-momentum spectra of π+,K+,
and protons. The PHENIX experimental results [60] for Au+Au
collisions at

√
sNN = 200 GeV and the centrality class 20–30%

(points) are compared to the model calculations (solid lines). The
values of the model parameters are the same as in Fig. 8.

account the uncertainty in the initial eccentricity, discussed
at the end of Sec. III, which is at the level of 10–20%, the
obtained agreement is reasonable. On the other hand, the model
predictions for v2 of protons is too large. The discrepancy
is probably caused by the final-state elastic interactions, not
included in our approach [68].

The HBT radii for noncentral RHIC collisions are shown
in Fig. 11. Similarly to the central collisions, we observe that
Rside is slightly too small and Rlong is slightly too large. Still,
the ratio Rout/Rside is very close to the data. Comparing our
values of Rside with other hydrodynamic calculations we find
that our values are larger. This effect is caused by the halo of
decaying resonances which increases the system size by about
1 fm, see Ref. [55].

FIG. 10. (Color online) The elliptic flow coefficient v2. The
values measured by PHENIX [61] at

√
sNN = 200 GeV and the

centrality class 20–40% are indicated by the upper (pions + kaons)
and lower (protons) points, with the horizontal bars indicating the
pT bin. The corresponding model calculations are indicated by the
solid lines, with the bands displaying the statistical error of the Monte
Carlo method. The parameters are the same as in Fig. 8.
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FIG. 11. (Color online) The pionic HBT radii plotted as functions
of the average transverse momentum of the pair compared to the
STAR data [59] at centrality 20–30%. As in the case of the central
collisions, the calculation uses the two-particle method and includes
the Coulomb effects. The values of the model parameters are the same
as in Fig. 8.

VII. PREDICTION FOR THE LARGE HADRON COLLIDER

We expect that increasing the initial beam energy results
essentially in a higher initial temperature Ti used as the
input for the hydrodynamic calculation (in the midrapidity
region studied here). Therefore, to make predictions for the
collisions at the LHC energies we use a set of values for Ti

which are higher than that used at RHIC, namely, Ti = 400,
450, and 500 MeV. It is not clear which value of Ti will be
“selected” in LHC. Estimates based on extrapolations [18]
suggest an increase of the multiplicity by a factor of 2
compared to the highest RHIC energies, which would favor
Ti around 400 MeV. However, to investigate a broader range
of possibilities, we consider much higher temperatures as well.
As already mentioned, in the case of LHC we also use a larger
value of the nucleon-nucleon cross section in the definition
of the initial conditions (σ = 63 mb, κ = 0.2, A = 208) and
different values of the chemical potentials in the hadronization
made by THERMINATOR (µB = 0.8 and µs = µI3 = 0). The
changes of σ and the nuclear profile imply that for LHC we
use b = 2.4 fm for c = 2.5% and b = 7.6 fm for c = 25%.

TABLE I. Central collisions at RHIC (second row) and LHC
(three lower rows): A set of our results obtained for four different
values of the initial temperature: Ti = 320, 400, 450, and 500 MeV.
The columns contain the following information: dN/dy—the total
pion multiplicity (positive pions only), λ—the inverse-slope param-
eter for positive pions at pT = 1 GeV, Rside,out,long—the three HBT
radii calculated at the average momentum kT = 300 MeV.

Ti [MeV] dN

dy
λ [MeV] Rside [fm] Rout [fm] Rlong [fm]

320 274 237 4.2 5.4 6.5
400 543 288 5.2 5.9 7.7
450 802 320 5.6 6.1 8.2
500 1136 352 6.0 6.2 8.8

In Tables I and II we list our results for the following
quantitites: the total π+ multiplicity dN/dy, the inverse-slope
parameter for pions λ, the pion+kaon elliptic flow v2 at pT =
1 GeV, and the three HBT radii calculated at the pion pair
momentum kT = 300 MeV. The inverse-slope parameter given
in Tables I and II is obtained from the formula

λ = −
[

d

dpT

ln

(
dNπ

2πpT dpT dy

)]−1

. (27)

The tables show several expected qualitative features. Ob-
viously, as the initial temperature increases, the multiplicity
grows. This is due a larger initial entropy, which causes a
larger size of the freeze-out hypersurface. We find that the
following approximate parametrizations work very well for
the multiplicity of π+ at LHC for the two considered centrality
cases:

dN

dy
= 12000(Ti/GeV)3.4, (b = 2.4 fm),

(28)
dN

dy
= 6000(Ti/GeV)3.4, (b = 7.6 fm).

The power 3.4 works remarkably well. This behavior reflects
the dependence of the initial entropy on T as shown in top left
panel of Fig. 2, where for the relevant temperature range of
300–500 MeV we have the approximate scaling s/T 3 ∼ T 0.4.

Similarly, for the slopes in the studied domain we have

λ(1 GeV) = 0.639Ti + 0.033 GeV, (b = 2.4 fm),
(29)

λ(1 GeV) = 0.661Ti + 0.033 GeV, (b = 7.6 fm).

TABLE II. Noncentral collisions at RHIC (second row) and LHC
(three lower rows): The same quantities shown as in Table I with the
additional information on the pion elliptic flow v2 at pT = 1 GeV.

Ti

[MeV]

dN

dy
λ

[MeV]
vπ+K

2 Rside

[fm]
Rout

[fm]
Rlong

[fm]

320 152 244 0.14 3.6 4.5 5.6
400 272 299 0.16 4.2 4.5 6.2
450 401 331 0.16 4.6 4.6 6.7
500 569 363 0.15 5.2 4.9 7.4
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FIG. 12. (Color online) The freeze-out curves for central LHC
collisions; b = 2.4 fm, Ti = 450 MeV, and Tf = 150 MeV. Similarly
to the central RHIC collisions, the two curves overlap indicating that
the system at freeze-out is symmetric in the transverse plane.

The HBT radii increase rather moderately with Ti , as can be
seen from the tables.

In the following sections we show more details, discussing
the spectra, v2, and the HBT radii obtained for the initial
temperature Ti = 450 MeV.

A. Central collisions

In Fig. 12 we show the freeze-out curves obtained from our
hydrodynamic code with Ti = 450 MeV. Comparing to the
corresponding central RHIC collisions with Ti = 320 MeV
from Fig. 5, we observe that the difference in the initial
temperature results in the longer time of the hydrodynamic
expansion and a larger transverse size (both increase by about
3 fm). On the other hand, similarly to the RHIC results, we
find that the two freeze-out profiles overlap, hence the system
at freeze-out is, as expected, azimuthally symmetric in the
transverse plane. We also note that the shape of the isotherms
is consistent with the result presented in Fig. 4 of Ref. [12].
In Fig. 13 we give the model transverse-momentum spectra of
hadrons. Compared to the RHIC results from Fig. 6, we find
much larger multiplicities of the produced hadrons and smaller
slopes of the spectra, indicating the larger transverse flow that
is caused by the larger initial temperature.

FIG. 13. (Color online) The model results for the transverse-
momentum spectra of π+, K+, and protons. The values of the model
parameters are the same as in Fig. 12.

FIG. 14. (Color online) The model results for the pionic HBT
radii. The calculation uses the two-particle method and includes the
Coulomb effects. The values of the model parameters are the same as
in Fig. 12.

Our model calculations of the HBT radii are shown in
Fig. 14. The increase of the central temperature from Ti =
320 MeV to Ti = 450 MeV makes all the radii moderately
larger. The ratio Rout/Rside decreases by about 10% which is
an effect of the larger transverse flow caused, in turn, by the
larger initial temperature.

FIG. 15. (Color online) The freeze-out curves for peripheral
collisions at LHC, b = 7.6 fm, Ti = 450 MeV, and Tf = 150 MeV.
The solid (dashed) line shows the in-plane (out-of-plane) profile.
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FIG. 16. (Color online) The model results for the transverse-
momentum spectra of π+, K+, and protons. The values of the model
parameters are the same as in Fig. 15.

B. Noncentral collisions

In this section we present our results describing the
peripheral collisions with Ti = 450 MeV, Tf = 150 MeV, and
b = 7.6 fm. In Fig. 15 we show the freeze-out curves. One
can observe that the system is initially elongated along the
y axis, but in the end of the evolution it becomes elongated
along the x axis. This behavior is indicated by the crossing
of the freeze-out curves. The change of shape is caused by
the strong flow which transforms the initial “almond” into
a “pumpkin” [69]. Azimuthally sensitive HBT probes such
nontrivial behavior and can be used as a precise confirmation
test for the existence of such effects in the data.

In Fig. 16 we show the model transverse-momentum spectra
of hadrons for the same values of the parameters. Compared
to the RHIC case with Ti = 320 MeV and the same values of
Tf and b, we find flatter spectra with higher multiplicity. In
Fig. 17 we show our results for the elliptic-flow coefficient.
The stronger transverse flow generated in this case induces
larger splitting between the pion+kaon v2 and the proton v2,
with the values of the pion+kaon elliptic flow very similar to
those found in the case Ti = 320 MeV. This result indicates
the saturation of the elliptic flow of light particles for a given
initial space asymmetry. On the other hand, the proton elliptic
flow is significantly reduced. This observation is consistent
with the findings of Kestin and Heinz discussed in Ref. [18].

FIG. 17. (Color online) The elliptic flow coefficient v2. The
parameters are the same as in Fig. 15.

FIG. 18. (Color online) The pionic HBT radii.The values of the
model parameters are the same as in Fig. 15.

Finally, in Fig. 18 we show our model calculations of the HBT
radii. We note that the ratio Rout/Rside is very close to one.

VIII. CONCLUSIONS

Summarizing the results, we note that the increase of
the initial temperature Ti of the hydrodynamic evolution
yields a rather smooth change of the basic soft-physics
observables, summarized in formulas (28) and (29). The
observed multiplicities, spectra, and HBT radii reflect the
increased values of entropy and collective flow. One may of
course wonder on the credibility of the predictions, which
assume that the basic picture at LHC resembles RHIC, with the
initial conditions cranked up. The LHC results in the coming
years will answer that question. Of course, one may undertake
extrapolations only when the current experimental situation
is described well with the given model, which is not an easy
task at RHIC, where no approach describes uniformly and
accurately all the available data, including the femtoscopy.
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In this paper we have used the hydrodynamic approach
linked to the statistical hadronization to globally describe the
midrapidity hadron production at the highest RHIC energies
and to make predictions for the future experiments at LHC.
We have succeeded in the overall quite correct description
of the soft hadron production at the highest RHIC energies,
making fits of the pion spectra, v2, and the HBT radii. For
all observables we have reached agreement at the level of
10–15%, which should be considered satisfactory baring in
mind the approximations used. We have made a best effort
with the presently available tools, that is the perfect-fluid
hydrodynamics with the state-of-the-art equation of state,
the hadronization including all resonances, as implemented
in THERMINATOR, and the two-particle method with the
Coulomb correction for evaluating the HBT radii. The main
physical reasons responsible for the good description of the
RHIC data, including the HBT radii, are the following: the
use of the realistic equation of state without the soft-point, the
assumption of a relatively early freeze-out at Tf = 150 MeV,
and the inclusion of all known resonances. It is the interplay
of these ingredients which makes possible the achieved
description of data.

Having fitted RHIC at its highest energy, we have then
made predictions for LHC. This was achieved by increasing the
initial temperature which is, in our opinion, the main physical
effect expected at larger beam energies. Our predictions for

the LHC are qualitatively consistent with the results of other
similar analyses collected in [18]. They suggest a smooth
change of all soft hadronic observables with the increased
beam energy. Certainly, the breaking of such a picture by the
future data delivered by LHC may be an important discovery
suggesting a major revision of the assumptions used in the
present hydrodynamic calculations.

Possible improvements of the present approach include
the incorporation of the elastic rescattering in the final state,
including viscosity into hydrodynamics, as well as providing
more accurate initial conditions, including the initial evolution
of partons and the fluctuations of the axes of the second
harmonic of the shape generated by the Glauber Monte Carlo
calculations. Finally, we note that THERMINATOR may
readily be used as a Monte Carlo generator in the energy
domain of LHC also for such purposes as the detector modeling
and testing.
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